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STANDARD VERSUS STRICT BOUNDED REAL LEMMA WITH
INFINITE-DIMENSIONAL STATE SPACE III:
THE DICHOTOMOUS AND BICAUSAL CASES

J.A. BALL, G.J. GROENEWALD, AND S. TER HORST

ABSTRACT. This is the third installment in a series of papers concerning the
Bounded Real Lemma for infinite-dimensional discrete-time linear input/state/output
systems. In this setting, under appropriate conditions, the lemma characterizes
when the transfer function associated with the system has contractive values
on the unit circle, expressed in terms of a Linear Matrix Inequality, often re-
ferred to as the Kalman-Yakubovich-Popov (KYP) inequality. Whereas the
first two installments focussed on causal systems with the transfer functions
extending to an analytic function on the disk, in the present paper the system
is still causal but the state operator is allowed to have nontrivial dichotomy
(the unit circle is not contained in its spectrum), implying that the transfer
function is analytic in a neighborhood of zero and on a neighborhood of the
unit circle rather than on the unit disk. More generally, we consider bicausal
systems, for which the transfer function need not be analytic in a neighbor-
hood of zero. For both types of systems, by a variation on Willems’ storage-
function approach, we prove variations on the standard and strict Bounded
Real Lemma. We also specialize the results to nonstationary discrete-time
systems with a dichotomy, thereby recovering a Bounded Real Lemma due to
Ben-Artzi—Gohberg-Kaashoek for such systems.

1. INTRODUCTION

This is the third installment in a series of papers on the bounded real lemma for
infinite-dimensional discrete-time linear systems and the related Kalman-Yakubovich-
Popov (KYP) inequality. We consider discrete-time input-state-output linear sys-
tems determined by the following equations

[ x(n+1) = Ax(n)+ Bu(n),
(1.1) xi= { y(n) = Cx(n)+ Du(n), (neZ)

where A: X - X, B:U > X,C:X —Yand D : U — Y are bounded linear
Hilbert space operators i.e., X', i and ) are Hilbert spaces and the system matriz
associated with X takes the form

= vele n ) ul-15]
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Associated with the system ¥ is the transfer function
(1.3) Fs(z) =D+ 20(I —2A)"'B

which necessarily defines an analytic function on some neighborhood of the origin in
the complex plane with values in the space L(U, V) of bounded linear operators from
U to Y. The Bounded Real Lemma is concerned with the question of characterizing
(in terms of A, B, C, D) when Fy; has analytic continuation to the whole unit disk D
such that the supremum norm of F' over the unit disk ||F||co.p := sup{||F(z)]|: z €
D} satisfies either (i) ||Fx|lcop < 1 (standard version), or (ii) [|Fx|lecop < 1 (strict
version).
We first note the following terminology which we shall use. Given a selfadjoint
operator H on a Hilbert space X', we say that
(i) H is strictly positive-definite (H > 0) if there is a § > 0 so that (Hz,z) >
§||z||? for all x € X.
(ii) H is positive-definite if (Hz,z) > 0 for all 0 # z € X.
(ili) H is positive-semidefinite (H »= 0) if (Hz,x) > 0 for all x € X.
Given two selfadjoint operators H, K on X', we write H = Kor K < Hif K—H > 0
and similarly for H = K or K < H. Note that if X is finite-dimensional, then
strictly positive-definite and positive-definite are equivalent. Then the standard
and strict Bounded Real Lemmas for the finite-dimensional setting (where X, U,
Y are all finite-dimensional and one can view A, B, C, D as finite matrices) are as
follows.

Theorem 1.1. Suppose that we are given X, U, Y, M = [é [B,], and Fxy, as in

@), 2, @C3), with X, U, Y all finite-dimensional Hilbert spaces. Then:
(1) Standard Bounded Real Lemma (see [I]):  Assume that (A, B) is
controllable (i.e. span,~o{Im A*B} = X) and (C, A) is observable (i.e.
Niso ker CAF = {0}). Then ||Fslleop < 1 if and only if there exists a
positive-definite matriz H satisfying the Kalman- Yakubovich-Popov (KYP)
imequality:

A B [H o A B H 0
(14) [O D][O IyHc D}j[o IM]
2) Strict Bounde eal Lemma (see [18]): Assume that all eigenvalues o
Strict B ded Real L A hat all 1 f

A are in the unit disk D. Then ||Fx|lcop < 1 if and only if there exists a
positive-definite matrix H so that
(L5) [A B]*[H oHA B}{[H 0}

' C D 0 Iy C D 0 Iy |’

Infinite-dimensional versions of the standard Bounded Real Lemma have been
studied by Arov-Kaashoek-Pik [2] and the authors [6] [7], while infinite-dimensional
versions of the strict Bounded Real Lemma have been analyzed by Yakubovich
[23, 24], Opmeer-Staffans [I7] and the authors [6, [7].

In this paper we wish to study the following variation of the Bounded Real
Lemma, which we shall call the dichotomous Bounded Real Lemma. Given the
system with system matrix M = [4 B] and associated transfer function F; as
in (LI, (C2), (C3), we now assume that the operator A admits dichotomy, i.e.,
we assume that A has no spectrum on the unit circle T. Under this assump-
tion it follows that the transfer function Fy in (L3]) can be viewed as an analytic
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LU, Y)-valued function on a neighborhood of the unit circle T. The dichotomous
Bounded Real Lemma is concerned with the question of characterizing in terms
of A,B,C,D when it is the case that ||Fx|eor := sup{||F(2)|: z € T} satisfies
either || Fxllco,r < 1 (standard version) or (ii) || Fxl|co,r < 1 (strict version). For the
finite-dimensional case we have the following result.

Theorem 1.2. Suppose that we are given X, U, Y and M = [4 B] and Fx as in
D), @2, @3, with X, U, Y all finite-dimensional Hilbert spaces and with A

having no eigenvalues on the unit circle T. Then:

(1) Finite-dimensional standard dichotomous Bounded Real Lemma:
Assume that ¥ is minimal ((A, B) is controllable and (C,A) is observ-
able). Then the inequality | Fx|lco,r < 1 holds if and only if there exists
an invertible selfadjoint matriz H which satisfies the KYP-inequality (L4)).
Moreover, the dimension of the spectral subspace of A over the unit disk
is equal to the number of positive eigenvalues (counting multiplicities) of
H and the dimension of the spectral subspace of A over the exterior of the
closed unit disk is equal to the number of negative eigenvalues (counting
multiplicities) of H.

(2) Finite-dimensional strict dichotomous Bounded Real Lemma: The
strict inequality || Fx|co,r < 1 holds if and only if there exists an invertible
selfadjoint matriz H which satisfies the strict KYP-inequality (LH]). More-
over, the inertia of A (the dimensions of the spectral subspace of A for the
disk and for the exterior of the closed unit disk) is related to the inertia
of H (dimension of negative and positive eigenspaces) as in the standard
dichotomous Bounded Real Lemma (item (1) above).

We note that Theorem (2) appears as Corollary 1.2 in [I0] as a corollary of
more general considerations concerning input-output operators for nonstationary
linear systems with an indefinite metric; to make the connection between the result
there and the strict KYP-inequality (L5, one should observe that a standard Schur-
complement computation converts the strict inequality (LI to the pair of strict
inequalities

I-B*HB—-D*D > 0,
H—-A*HA-C*C - (A*HB+C*D)Z ' (B*HA + D*C) = 0
where Z =1 — B*HB — D*D.

We have not located an explicit statement of Theorem [[.2] (1) in the literature; this
will be a corollary of the infinite-dimensional standard dichotomous Bounded Real
Lemma which we present in this paper (Theorem [Tl below).

Note that if F' = Fy; is a transfer function of the form (I3]), then necessarily F is
analytic at the origin. One approach to remove this restriction is to designate some
other point zyp where F is to be analytic and adapt the formula (I3)) to a realization
“centered at zo” (see [Bl page 141] for details): e.g. for the case zg = oo, one can use
F(z) = D+C(zI — A)~1B. To get a single chart to handle an arbitrary location of
poles, one can use the bicausal realizations used in [4] (see [§] for the nonrational
operator-valued case); for the setting here, where we are interested in a rational



4 J.A. BALL, G.J. GROENEWALD, AND S. TER HORST

matrix functions analytic on a neighborhood of the unit circle T, we suppose that

A, Byl [x4 Xy X X
~ ~ | — M_ = : —
Cy D { u Y|’ u y

are two system matrices with spectrum of A, (A4 ), and of A_, o(A_), contained
in the unit disk D and that F(z) is given by

(1.7) F(z2)=D+2C,(I—2A,) "By +C_(I-2"'A_)"'B_.

We shall give an interpretation of (L7 as the transfer function of a bicausal expo-
nentially stable system in Section[3below. In any case we can now pose the question
for the rational case where all spaces Xy, U, Y in [L6]) are finite-dimensional: char-
acterize in terms of My and M_ when it is the case that ||F|lcor < 1 (standard
case) or || F|lco,r < 1 (strict case). To describe the result we need to introduce the
bicausal KYP-inequality to be satisfied by a selfadjoint operator

(1.8) H_{ZS gi]oné’(—{i_‘_}

I 0 A*C*
0Ar Ot

0 B} B2C*+D"

iB

1.6) M, =
(1.6) + 5 o

given by

0 0 I _A_C. C_B_+D

A 00| [H- Ho 0l [Z 0B
0 10| |H; HL O 0 I
00

B*o0I 0 0 I

H_ Hp 0 r 0 0
H; Hy 0 0 A+ By
c

(1.9) =

~NOo

as well as the strict bicausal KYP-inequality: for some € > 0 we have
I o ACY TrH_ mH o I 0 0
04 Cr [H;; H+O][~O AL By ~:|+62
0By B*Cr+D*] L O 0 I]LC-

(1.10)

(A= 00| [H_ H 01 [Z 0B

<]l o01Io0 |:H3H+O:||: 10]

| B2 o1 0 0 I 0 I

We say that the system matrix-pair (M, M_) is controllable if both (A4, B,) and
(A_, A_B_) are controllable, and that (M, M_) is observable if both (Cy, Ay)
and (C_A_, A_) are observable. We then have the following result.

Theorem 1.3. Suppose that we are given Xy, X_, U, Y, My, M_ as in (L0
with Xy, X_, U, Y finite-dimensional Hilbert spaces and both Ay and A having
spectrum inside the unit disk ID. Further, suppose that F' is the rational matriz
function with no poles on the unit circle T given by (LT). Then:

(1) Finite-dimensional standard bicausal Bounded Real Lemma: As-
sume that (M4, M_) is controllable and observable. Then we have | F||co, 1 <
1 if and only there exists an invertible selfadjoint solution H as in (L) of
the bicausal KYP-inequality (L9). Moreover Hy = 0 and H_ < 0.

(2) Finite-dimensional strict bicausal Bounded Real Lemma: The strict
inequality ||F|lcor < 1 holds if and only if there exists an invertible self-
adjoint solution H as in (L) of the strict bicausal KYP-inequality (LI0).
Moreover, in this case Hy = 0 and H_ < 0.
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We have not located an explicit statement of these results in the literature; they
also are corollaries of the infinite-dimensional results which we develop in this paper
(Theorem [7.3] below).

The goal of this paper is to explore infinite-dimensional analogues of Theorems
and [[3] (both standard and strict versions). For the case of trivial dichotomy
(the stable case where o(A) C D in Theorem [[Z), we have recently obtained
such results via two distinct approaches: (i) the State-Space-Similarity theorem
approach (see [6]), and (ii) the storage-function approach (see [7]) based on the
work of Willems [21], 22]. Both approaches in general involve additional complica-
tions in the infinite-dimensional setting. In the first approach (i), one must deal
with possibly unbounded pseudo-similarity rather than true similarity transforma-
tions, as explained in the penetrating paper of Arov-Kaashoek-Pik [3]; one of the
contributions of [6] was to identify additional hypotheses (exact or £*-exact control-
lability and observability) which guarantee that the pseudo-similarities guaranteed
by the Arov-Kaashoek-Pik theory can in fact be taken to be bounded and bound-
edly invertible. In the second approach (ii), no continuity properties of a storage
function are guaranteed a priori and in general one must allow a storage function
to take the value +oo; nevertheless, as shown in [7], it is possible to show that
the Willems available storage function S, and a regularized version of the Willems
required supply S, (at least when suitably restricted) have a quadratic form com-
ing from a possibly unbounded positive-definite operator (H, and H, respectively)
which leads to a solution (in an adjusted generalized sense required for the for-
mulation of what it should mean for an unbounded operator to be a solution) of
the KYP-inequality. Again, if the system satisfies an exact or £?-exact controllabil-
ity /observability hypothesis, then we get finite-valued quadratic storage functions
and associated bounded and boundedly invertible solutions of the KYP-inequality.

It seems that the first approach (i) (involving the State-Space-Similarity theo-
rem with pseudo-similarities) does not adapt well in the dichotomous setting, so
we here focus on the second approach (ii) (computation of extremal storage func-
tions). For the dichotomous setting, there again is a notion of storage function
but now the storage functions S can take values on the whole real line rather
than just positive values, and quadratic storage functions should have the form
S(z) = (Hz,z) (at least for = restricted to some appropriate domain) with H
(possibly unbounded) selfadjoint rather than just positive-definite. Due to the less
than satisfactory connection between closed forms and closed operators for forms
not defined on the whole space and not necessarily semi-bounded (see e.g. [20, [15]),
it is difficult to make sense of quadratic storage functions in the infinite-dimensional
setting unless the storage function is finite-valued and the associated self-adjoint
operator is bounded. Therefore, for the dichotomous setting here we deal only with
the case where ¢2-exact controllability /observability assumptions are imposed at
the start, and we are able to consider only storage functions S which are finite
real-valued with the associated selfadjoint operators in an quadratic representation
equal to bounded operators. Consequently our results require either the strict in-
equality condition ||F||oo, 7 < 1 on the transfer function F, or an £2-exact or exact
controllability /observability assumption on the operators in the system matrices.
Consequently, unlike what is done in [6l [7] for the causal trivial-dichotomy set-
ting, the present paper has nothing in the direction of a Bounded Real Lemma
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for a dichotomous or exponentially dichotomous system under only (approximate)
controllability and observability assumptions for the case where || F||co, 1 = 1.

The paper is organized as follows. Apart from the current introduction, the
paper consists of seven sections. In Sections 2] and [l we introduce the dichotomous
systems and bicausal systems, respectively, studied in this paper and derive various
basic results used in the sequel. Next, in Section @] we introduce the notion of a
storage function for discrete-time dichotomous linear systems as well as the available
storage S, and required supply S, storage functions in this context and show that
they indeed are storage functions (pending the proof of a continuity condition which
is obtained later from Theorem[5.2). In Section Bl we show, under certain conditions,
that S, and S, are quadratic storage functions by explicit computation of the
corresponding invertible selfadjoint operators H, and H,.. The results of Sections 4]
and [f]are extended to bicausal systems in Section[Gl The main results of the present
paper, i.e., the infinite-dimensional versions of Theorems and [[L3] are proven in
Section[ll In the final section, Section 8] we apply our Dichotomous Bounded Real
Lemma to discrete-time, nonstationary, dichotomous | inear systems and recover a
result of Ben-Artzi-Gohberg—Kaashoek [10].

2. DICHOTOMOUS SYSTEM THEORY

We assume that we are given a system ¥ as in (ITJ)) with system matrix M =
[& B] and associated transfer function Fy as in (I3) with A having dichotomy.
As a neighborhood of the unit circle T is in the resolvent set of A, by definition
of A having a dichotomy, we see that Fx(z) is analytic and uniformly bounded in
z on a neighborhood of T. One way to make this explicit is to decompose Fy in
the form Fy, = Fx,  + Fx,_ where Fx, 4 (z) is analytic and uniformly bounded on a
neighborhood of the closed unit disk D and where Fs, _(z) is analytic and uniformly
bounded on a neighborhood of the closed exterior unit disk D, as follows.

The fact that A admits a dichotomy implies there is a direct (not necessarily
orthogonal) decomposition of the state space X = X +X_ so that with respect to
this decomposition A has a block diagonal matrix decomposition of the form

A0 X_ X_
(2.1) A_[O AJ-[;@]%{;@}
where A} := A|x, € L(X,) has spectrum inside the unit disk D and A_ := A|x_ €
L(X_) has spectrum in the exterior of the closed unit disk D, = C\D. It follows
that A} is ezponentially stable, repec(A+) < 1, and A_ is invertible with inverse

A~! exponentially stable. Occasionally we will view A, and A_ as operators acting
on X and, with some abuse of notation, write A~! for what is really a generalized

inverse of A_:
_ AV o X X_
1~ — .
o= o] w1 ]

i.e., the Moore-Penrose generalized inverse of A_ in case the decomposition X_+X,
is orthogonal—the meaning will be clear from the context. Now decompose B and
C accordingly:

(2.2) B_{gl}:u_){i} and C=[ C_ C+]:{X+}—>y.
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We may then write
Fs(z) =D+ 20(I —zA)™'B
I—zA_ 0 }‘1 [B]
0 I—zA, By
=D+20 (I -2A)'B_+:C,(I —zA,)'B,
= C ANz T -ATY B+ D+:20.(I-2A,)"'B;
=Iy,(2) + Ix4(2)

:D+Z[Of CJr]

where

(23) Py (5)=-C. AT'(I-z"'A"Y)'B.=-> C (AZ)""'B_z"
n=0

is analytic on a neighborhood of D, with the series converging in operator norm
on D, due to the exponential stability of A~!, and where

o0
(2.4) Fyi(2)=D+2Ci(I-2A,)"'By =D+ > C{AT'B2"

n=1
is analytic on a neighborhood of I, with the series converging in operator norm on
D due to the exponential stability of A,. Furthermore, from the convergent-series
expansions for Fy  in (24) and for Fx _ in [23) we read off that Fx has the
convergent Laurent expansion on the unit circle T

Fx(z) = Z F.z"

with Laurent coefficients F), given by
D-C_AZ'B_ ifn=0,
(2.5) F, = CL AT 'By if n >0,
—~C_A""'B_  ifn<O0.

As ||Fs|looT := sup{||Fu(2)||: z € T} < oo, it follows that F, defines a bounded
multiplication operator:

Mrpy : Liy(T) = L3(T),  Mry: f(2) = Fe(2)f(2)

with || Mgy || = || Fxl|co,1- If we write this operator as a block matrix Mg, = [Mpy)i;
(-0 < i,j < 00) with respect to the orthogonal decompositions
o0 o0
L(m= & "u, 3= @ "y
n=—0oo n=-—oo

for the input and output spaces for M, it is a standard calculation to verify that
[Mpy)ij = Fi—j, i.e., the resulting bi-infinite matrix [Mpg];; is the Laurent matric
Lr, associated with Iy, given by

(2.6) Lry, = [Fiej]75

1,j=—00
where F, is as in (23). Another expression of this identity is the fact that
Mpy,: L/(T) — Lﬁ, (T) is just the frequency-domain expression of the time-domain
operator £py : (H(Z) — (3(Z), i.e., if we let u(z) = > 7 u(n)z" in L3 (T) be
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the bilateral Z-transform of u in ¢3(Z) and similarly let y(2) = >~ y(n)z" in
L3,(T) be the bilateral Z-transform of y in £3,(Z), then we have the relationship
(2.7) yv=£Lpu << ¥(2)=Fx(z)- u(z) for almost all z € T.

We now return to analyzing the system-theoretic properties of the dichotomous
system ([I). Associated with the system operators A, B,C, D are the diagonal
operators A, B,C, D acting between the appropriate £2-spaces indexed by Z:

A = diagyez[A]: (5(Z) = (5(Z), B = diagyey[B]: G(Z) — (5(Z),
C = diagy,c;[C]: (%(Z) — 5(Z), D = diagycy[D]: 65(Z) — ((Z).
We also introduce the bilateral shift operator

S:3(2) = (3(2), S:{x(k)}rez = {x(k —1)}rez

(2.8)

and its inverse
S =8*: {x(k)}rez — {x(k + 1)} rez.
We can then rewrite the system equations (ILI)) in aggregate form

[ §'x = Ax+ Bu,
(2.9) E-—{ y = Cx+Du,

We shall say that a system trajectory (u,x,y) = {(u(n),x(n),y(n)}nez is £2-
admissible if all of u, x, and y are in %: u = {u(n)}nez € (3(Z), x = {x(n)}nez €
03(Z), y = {y(n)}nez € 3(Z). Note that the constant-diagonal structure of A,
B, C, D implies that each of these operators intertwines the bilateral shift operator
on the appropriate ¢2(Z)-space:

(2.10) AS =SA, BS=8B, CS=8C, DS=8D

where S is the bilateral shift operator on £3, with W is any one of i, X', Y depending
on the context.

It is well known (see e.g. [9 Theorem 2]) that the operator A admitting a di-
chotomy is equivalent to S~ — A being invertible as an operator on ¢3,(Z). Hence
the dichotomy hypothesis enables us to solve uniquely for x € ¢3,(Z) and y € Eﬁ, (Z)
for any given u € (3(Z):

x= (81— A Bu=(I-8SA) 'SBu=:Ts;u,

(2.11) . 1 1
y=D+CS " —A) " Bu=(D+C(I—-SA)SB)u=:Txu.

where

(2.12) Tsis = (S = A)'B: 3(Z) — (3(Z)

(2.13) Te=D+C(S™ ' —A)'B: (Z) — 65(Z)

are the respective input-state and input-output maps. In general the input-output
map T% in (ZI3) is not causal. Given an ¢ (Z)-input signal u, rather than specifi-
cation of an initialization condition on the state x(0), as in standard linear system
theory for systems running on Z. , in order to specify a uniquely determined state
trajectory x for a given input trajectory u, the extra information required to solve
uniquely for the state trajectory x in the dichotomous system (1)) or ([29) is
the specification that x € ¢2%.(Z), i.e., that the resulting trajectory (u,x,y) be
(?-admissible.

Next we express various operators explicitly in terms of Ay, By, C+ and D.
The following lemma provides the basis for the formulas derived in the remainder
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of the section. In fact this lemma amounts to the easy direction of the result of
Ben-Artzi-Gohberg-Kaashoek [9, Theorem 2] mentioned above.

Lemma 2.1. Let ¥ be the dichotomous system (1)) with A decomposing as in
@I). Then (87! —A)~' = (I —-SA)~'S acting on (%(Z) is given explicitly as the

following block matrixz with rows and columns indexed by Z
Al_:jfl for i > 3,

. 0 _
—Aiﬁjil fgrlgj y with A_,,_—PXJr.

(2.14) (S =A)y = {
Proof. Viathe decomposition X = X_ 4+, we can identify (% (Z) with (3, (Z)+(%, (Z).
Write S, for the bilateral shift operator and A4 for the block diagonal operator

with A, diagonal entries, both acting on éfm (Z), and write S_ for the bilateral

shift operator and A_ for the block diagonal operator with A_ diagonal entries,

both acting on ¢3, (Z). Then with respect to the above decomposition of £3 (Z) we

have

1A e [ U s F
(I-S8_A_)1 0
:[ 0 (I—S+A+)1]'

Since A4 has its spectrum in D, so do A4 and Sy A, and thus
(T=S1A) T =) (Sp A" Zs’m’f
k=0

where we make use of observation (2I0) to arrive at the final infinite-series ex-
pression. Similarly, A~! has spectrum in D implies that A-' and AZ'S”! have
spectrum in D, and hence

(I8 A) ' = (S_A) H(S_A) 1)

=—ATSTM I = (S_A )T T = —ATIST Y (S_ AR
k=0
=—AZ'SC 12,4 PSR = ZA SR
k=0
Inserting the formulas for (I — Sy A4)~! and (I — S_A_)~! in the formula for

(I —SA)~!, multiplying with S from the left and writing out in block matrix form
we obtain the desired formula for (I — SA)71S = (§71 - A)~L. O

We now compute the input-output map T and input-state map T¥ ;s explicitly.
Proposition 2.2. Let ¥ be the dichotomous system (1)) with A decomposing as
in 1) and B and C as in Z2). The input-output map Tx : (7,(Z) — (5(Z) and

input-state map Ts is : 03(Z) — (3(Z) of ¥ are then given by the following block
matriz, with row and columns indexed over Z:

AT77'By ifi >,

[Teliy =D = C-AZ B ifi=], AT B fi <.

CLATTIBL ifi> g,
[TE 15] - {
—C_AT7B_ ifi<j,
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In particular, Tx, is equal to the Laurent operator £py of the transfer function Fx
given in 2.8), and foru € (3(Z) andy € (5,(Z) with bilateral Z-transform notation

as in (2.7),

(2.15) vyv=Tyu <= ¥(2)=Fx(z)-U(z) for almost all z € T.

Proof. Recall that T% can be written as T = D+C(I —SA)"'SB=D+C(S7! -
A)~!B. The block matrix formula for 7% now follows directly from the block matrix
formula for (S7! — A)~! obtained in Lemma 21l Comparison of the formula for
[Tx];; with the formula ([2.5)) for the Laurent coefficients {F, },cz of Fx shows that

Ty = £p, as operators from LZ(T) to L3,(T). Finally the identity @2I53) follows
upon combining the identity £m, = Tx with the general identity (Z.1). ]

It is convenient to also view Ty, = £, as a block 2 x 2 matrix with respect
to the decomposition ¢%(Z) = (3 (Z_) & €}(Z) for the input-signal space and
(3,(Z) = (3,(Z_) & £3,(Z) for the output-signal space. We can then write

e en=[i 2] 0] [ 3]

where
N CLAT "By for 0>i>
[ZFz]ij: i<0,j<0 = D — OfA‘:lB, fori =75 <0,
—C_A7'B_ fori<j<O0,
CLAT7 "By fori>j >0,
(2.17) [Trulij: is0550 =4 D —C_A"'B_ fori=j>0,
—C_AT7'B_ for0<i<j

are noncausal Toeplitz operators, and

D rcij: i<o,j>0 = —C_A"'B_fori< 0,7>0,
(218) [ﬁFz;]ij: i>0,j<0 = CJrAf;jilBJr for ¢ > 0, ] <0
are Hankel operators.

Next we consider the observability and controllability operators of ¥. For any
integer n, let II,, : ¢%(Z) — X be the projection onto the n'" component of ¢%(Z).
We then define the controllability operator W, and observability operator W,
associated with the system X as

W, :02(Z) - X, W =Tx=TTs su=T(S* — A" 'Bu,

W, X = 5(Z), Wor=C(I—-SA) 'z
Lemma 2.3. Let ¥ be the dichotomous system (1) with A decomposing as in
@1) and B and C as in 22)). Let the observability operator W, and controllability

operator W . decompose as
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Then W and W are given by

(2.19) W/ =row;o[A77 'By], Wi =row;»o[-A"'B_],

c

and W7 maps into Xy and W into X_. Furthermore, W} and W are given
by
(220) VVJr = COli; iZQ[CJ,.Ai_], Wg = COli; i<0[—C_Ai_],

and (WI)* maps into Xy and (W, )* maps into X_. Finally, the Hankel operators

Hr_ and Hr, in @I8) have the following factorizations:
(2.21) Hre =W, W, Hp = WIW/

Proof. The formulas in (219) follow directly by restricting the matrix representa-
tion of Tk, ;s obtained in Proposition 22 to the zero-indexed row. Since A4 and By
map into Xy, it follows directly that W maps into X. The analogous statements
for W, follow by similar arguments, now using (Z.14) to compute the zero-indexed
column of C(I—SA) ! explicitly. The factorization formulas for ), and § . follow
directly from an inspection of the entries in the block matrix decompositions. [

Remark 2.4. Let (u,%,y) be an £2-admissible trajectory for the system Y. Then
x(0) = IIpx = W.u € ImW,,. In fact, by shift invariance of the system ¥ we have
x(n) € Im W, for each n € Z, because

x(n) = I,x = S "x = II,S (I — SA)"'SBu
=Tlh(I — SA)'SBS "u=W.S "u,

which holds since S™" commutes with S, A and B.

Another topic playing a prominent role in the theory of causal linear systems (see
[12]) is that of controllability and observability. For a causal system ¥ of the form
(1) we say that ¥ (or the input pair (A, B)) is controllable if span,;~,Im A*B = X,
which in case W, is bounded is equivalent to W having dense range, while ¥ (or
the output pair (C, A)) is said to be observable if (), ker CA* = {0}, which in
turn is equivalent to Ker W, = {0} in case W, is bounded.

Note that if ¥ in () is a system having a dichotomy with associated decompo-
sition (21 and (Z2)), then the assumed exponential stability of the operators A
and A”" implies that the associated controllability operators W : (3(Z;) — X_
and Wt (7(Z_) — Xy as well as the observability operators W : Xy — (3,(Zy)
and W : X_ — (3,(Z_) are all bounded. We then say that X (or the pair (4, B))
is controllable if W, has dense range and that ¥ (or the pair (C, A)) is observable
if Ker W, = {0}. With (A, B,C) decomposed as in ([2)) and ([Z2]), we see from
Lemma 23] that controllability of ¥ is equivalent to

(2.22) (A4, By) controllable and (A~', A”'B_) controllable,

hence to spans,Im A% B, = X, and span;,ImAZ"B_ = X_, while & being
controllable is equivalent to

(2.23) (Cy,A,) observable and (C_A~' A~') observable,

hence to [, ker Cy A% = {0} and Nis1 ker C_A~F ={0}.



12 J.A. BALL, G.J. GROENEWALD, AND S. TER HORST

We shall have need for stronger controllability /observability notions for a di-
chotomous system defined as follows. We shall say that ¥ (or (A, B)) is dichoto-
mously £2-exactly controllable if

(2.24) ImW} =X, and ImW_ =X_, or equivalently Im W, = X.
Similarly, we say that X (or (C, A)) is dichotomously £*-ezactly observable if
(2.25)  Im(W})* = &, and Im (W, )* = X_, or equivalently Im W* = X.

In case ¥ is both dichotomously ¢?-exactly controllable and dichotomously ¢2-
exactly observable, we shall say simply that ¥ is dichotomously €2-exactly minimal.
We note that these notions for the stable (non-dichotomous) case played a key role
in the results of [6] [7].

Remark 2.5. In that case that X is finite dimensional, the notion of controllabil-
ity (respectively, observability) for dichotomous systems introduced here coincides
with the more standard notion, namely, that pan,~,Im A*B = X (respectively,
MNiso ker CAF = {0}). Indeed, to see that this is the case, note that it suffices to
show that (A~', AZ*B_) being a controllable pair is equivalent to (A_, B_) being
a controllable pair. Since the two statements are symmetric, it suffices to prove
only one direction. Hence, assume the pair (A_, B_) is controllable. Since X is
finite dimensional, this implies there is a positive integer n such that

X=Im[B_. A_B_ .- A"'B_]
=ImA" [ A"B. AZ""'B_ ... AZ'B_ |
=A"Im [ AZ'B_ - AZ""'B_ AT"B_ ].
Thus X =Im [ AZ'B_ ... AZ""'B_  AZ"B_ |,and weobtain that (A_", AZ'B_)
is a controllable pair. For the notions of observability the claim follows by a duality

argument.

If X is infinite-dimensional, it is not clear whether the two notions coincide.
Let us discuss here only the situation for controllability as that for observability
is similar. Let A € £(X) and B € L(X,U) where now both X and U are allowed
to be infinite-dimensional Hilbert spaces. If (A, B) is a controllable pair, then, by
definition, for a given € X’ and € > 0, there is an N = N(xz,¢) € N and vectors
U, U1, . .., un € U so that || Ziv:o A*Buy, — z|| < e. Similarly, given x € X, N € N
and € > 0, thereisa N = N(x, N, €) € N so that there exist vectors ug, uf, . .. ,ugv €

U so that || e, AxBuj, — ANtlz| < €/[|[(A-1)NF1||. Let us say that the pair
(A, B) is uniformly controllable if it is possible to take N(x, N(z,€),€) = N(z,e),
ie., if: given x € X and € > 0 there is an N = N, . € N so that there is a choice
of ug,u1,...,uny €U so that

€

N
AFBuy, — ANPlg|| < ————
2 (A=) N+

k=0

<

Note that the notions of uniform controllability and controllability are equivalent in
the finite-dimensional case—take N, . = dim X and then use the Cayley-Hamilton
theorem to approximate ANT!z exactly by a vector of the form Efgvzo Ak Buy,
(N = dimX). In the infinite-dimensional case arguably the condition appears
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to be somewhat contrived and is difficult to check; nevertheless it is what is needed
for the following result.

Proposition. Assume that A is invertible and that the input pair (A, B) is uni-
formly controllable. Then (A=, A=!B) is controllable.

Proof. Let x € X and € > 0. Let N = N, . as in the uniformly-controllable
condition: thus there exist vectors ug, u1,...,uny € U so that

€

< ———v1 -
(A=) N+

N
Z AFBuy, — ANty
k=0

Rewrite this as

€

< e —
[(A=H) N+

N
AN+1 ( (A_l)kA_lB’u,N_k _ LL‘)
k

=0

from which we get

N
Z(Ail)kAilBuN,k —x

k=0

N
(A—I)N-l-l . AN+1 (Z(A_l)kA_lBuN—k _ (E) H
k=0

€

< [J(ATHNF- AT~ = ©

Asz € X and € > 0 are arbitrary, we conclude that (A=, A= B) is controllable. [J

The following ¢2-admissible-trajectory interpolation result will be useful in the
sequel.

Proposition 2.6. Suppose that ¥ is a dichotomous linear system as in (1),
7)), @2, and that we are given a vector u € U and x € X. Assume that ¥
is dichotomously £%-exactly controllable. Then there exists an £?-admissible system
trajectory (u,x,y) for ¥ such that

u(0) =u, x(0)=uz.

Proof. As Y is ?-exactly controllable, we know that W_ and W are surjective.
Write x = 24 +x_ withzy € Xy, u_ € €3(Z_) sothat Wu_ = z;. Chooseu_ €
(3(Z_) so that WFu_ = x,. Next solve for 2’ so that v_ = A"z’ — AZ'B_u,
i.e., set

(2.26) ¥ =A_x_+A_B_u.

Use the surjectivity of the controllability operator W to find uy. € ¢7(Z) so that
W_u; =2’ . We now define a new input signal u by

u_(n) if n <0,

u(n)=<u if n=0,
uy(n—1) ifn>1.
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Since uy and u_ are £?-sequences, we obtain that u € £7(Z). Now let (u,x,y) be
the ¢2-admissible system trajectory determined by the input sequence u. Clearly
u(0) = u. So it remains to show that x(0) = z. To see this, note that

x(0)=Wau=Wiu_+W_([u 0 - |+8uy)
=2, —AT'Bu+ AW, u, =x, —AT'B u+ A2
=x;+r_ =2 U

3. BICAUSAL SYSTEMS

Even for the setting of rational matrix functions, it is not the case that a ra-
tional matrix function F which is analytic on a neighborhood of the unit circle T
necessarily has a realization of the form (3], as such a realization for F implies
that F' must be analytic at the origin. What is required instead is a slightly more
general notion of a system, which we will refer to as a bicausal system, defined as
follows.

A bicausal system ¥ consists of a pair of input-state-output linear systems >
and Y¥_ with X running in forward time and ¥_ running in backward time

f x.(n) = A.x_(n+1)+ B_u(n),
(3.1) PO { v.(n) = Cx_(n) (neZ)
C ) xe(n+1) = /:1+X+(”)+§+u(”)v n
(32) &“{ i) = Cyxy(n)+Dum) €Y

with X _ having state space X_ and state operator A_on X_ exponentially stable
(ie., o(A_) C D) and ¥, having state space X, and A, on X, exponentially
stable (0(A,) C D). A system trajectory consists of a triple {u(n),x(n), y(n)}nez
such that

i) €U, x(n) =[] €[], yn) =y-(n) +yi(n) with ya(n) € Y
such that (u,x_,y_) is a system trajectory of ¥_ and (u,x;,y+) is a system

trajectory of ¥;. We say that the system trajectory (u,x,y) = (u, [i; ] Y- +y4)
is £2-admissible if all system signals are in £2:

ue KZ,(Z), Xy € €2X+(Z), X_ € @(7 (Z), y+e€ éﬁ,(Z).

Due to the assumed exponential stability of ZJF, given u € ¢%(Z), there is a uniquely
determined x € €2X+ (Z) and y, € (3,(Z) soNthat (u,x4,y+) is an £?-admissible
system trajectory for ¥, and similarly for A_ due to the assumed exponential
stability of A_. The result is as follows.

Proposition 3.1. Suppose that ¥ = (X4,%_) is a bicausal system, with /~1+ expo-
nentially stable as an operator on Xy and A_ exponentially stable as an operator
on X_. Then:
(1) Given any u € (3(Z), there is a unique x4 € Kg(+ (Z) satisfying the first
system equation in (B.2), with the resulting input-state map Tx_ ;s mapping
03(Z) to €2X+ (Z) given by the block matrix

/Nliijilé . .
(3.3) (Tx. is)ij = { + + fOrz. > ].,
0 fori <j.
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The unique output signal y4 € éﬁ,(Z) resulting from the system equations
B2) with given input u € (4(Z) and resulting uniquely determined state
trajectory x4 in Kg(+ (Z) is then given by y4 = Ts, u with T, : (3(Z) —
(3(Z) having block matriz representation given by
o~ o
€+Aﬁr 77 By fori>j,
[Ts.]ij = { D fori=j,
0 fori < j.
Thus Tx, ;s and Tx, are block lower-triangular (causal) Toeplitz operators.
Given any u € (3(Z), there is a unique x_ € (3 (Z) satisfying the first

system equation in B.)), with resulting input-state map Ts_ ;s: (3 (Z) —
E%q (Z) having block matriz representation given by

0 fori>j,
[Ts_islis = 1—ip S
ATT"B_ fori <.

The unique output signal y_ € Eﬁ,(Z) resulting from the system equations
BI) with given input u € Ea(Z) and resulting uniquely determined state
trajectory x_ in f%q (Z) is then given by y = Ts_u with Ts,_: (}(Z) —
Eﬁ,(Z) having block matriz representation given by

0 fori>j,
Ts_lis =9 ~ 1i—in L
C_AT""B_  fori<j.

Thus Ts,_ s and Tx_ are upper-triangular (anticausal) Toeplitz operators.
The input-state map for the combined bicausal system ¥ = (X1,3_) is then
given by

TS s

Z+,is

5 (Z) ]

Tsis = { ] Hu(Z) > () = [ %, (@)

with block matriz entries (with notation using the natural identifications

o2 (2] and X2 (%))

gffj_lﬁr fori > j,
[Ts,is)ij = =5 .
ATT'B_ fori <.
Moreover, the input-output map Ts;: (3,(Z) — (5,(Z) of ¥ is given by
Te =Ts, +Ts_ : G3(Z) — 63(Z),
having block matriz decomposition given by
6+/~lf,__j_1§_,_ fori>j,
[Tg]ij ={D + C_B_ fori=j,
C_A'B_ fori<j.
For u € (3(Z) and y € (3(Z), G and § be the respective bilateral Z-

transforms

o0 o0

u(z) = Y un)z" € LZ(T), ylz)= Y y(n)z" € L(T).

n=—oo n=—oo
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Then
y=Txu <<= ¥J(2)=Fx(z)- -uU(z) for almost all z€ T
where Fx(z) is the transfer function of the bicausal system X given by
Fy(2)=C_(I—2z"A_)"'B_+D+2C,(I — 2A,)"'B,
G B (D+ 0B+ Y G At B,
1 n=1

M

n

Furthermore, the Laurent operator £y : (3(Z) — (3(Z) associated with
the function Fs, € Lzo(u)y)('ﬂ') as in (26) is identical to the input-output
operator Ts, for the bicausal system %

(3.10) Lpy, =Ts,
and hence also, for w € (7, (Z) andy € (3(Z) and notation as in (1),
(3.11) vyv=Tsu <= ¥(2)=Fx(z)-U(z) for almost all z € T.

Proof. We first consider item (1). Let us rewrite the system equations (32) in
aggregate form

—1 _ A R
(3.12) e { Syf+ %zii%;u
where
Ay = diagez[A4] € L(%,),
B, = diagyc,[B1] € LU (Z), (3 ¥, (Z)),
C. = diagc,[Cy] € E(@q( ), 63(2)),
D = diagy,4[D] € L(6(Z), 65(Z)).

(3.13)

The exponential stability assumption on /~1+ implies that A+ has trivial exponential

dichotomy (with state-space X_ = {0}). As previously observed (see [9]), the

exponential dichotomy of A implies that we can solve the first system equation

BI12) of ¥4 uniquely for x4 € f?—,q (Z):

(3.14) xy = (81— A Biu = Ts, isu

and item (1) follows. From the general formula (ZI4) for (S~ —.A)~! in @14), we

see that for our case here the formula for the input-state map T, ;s for the system

Y4 is given by (B3). From the aggregate form of the system equations [B.I2]) we

see that the resulting input-output map Tk, : £7,(Z) — €3,(Z) is then given by
TE+ = 5 + 5(8_1 - AV+)_1BV+ = 25 + 5TZ+,7;5.

The block matrix decomposition (3.4) for the input-output map T, now follows

directly from plugging in the matrix decomposition [3.3)) for Tx, ;s into this last

formula.
The analysis for item (2) proceeds in a similar way. Introduce operators

A = diagyez[A-] € L(63),
(3.15) B_= dlagkez[ e L((2), 65 (2)),
C_ = dingeslC_] € LB (2),65(2))



INFINITE DIMENSIONAL BOUNDED REAL LEMMA III 17

Write the system (B) in the aggregate form

x. = AS'x_ +B.u
3.16 Y ~
( ) { y- = C_x_.

As A_ is exponentially stable, so also is A_ and we may compute (I — A,S’l)’1
via the geometric series, using also that A_ and S~! commute as observed in ([2.10),

(I-AsH 1= ats*
k=0
from which we deduce the block matrix representation

~ = 0 fori>j
I-A S H =%, ’

We next note that we can solve the first system equation in (BI5) for x_ in

terms of u:

x.=(I-A_8 Y 'Bu=:Ty_,u.
Combining this with the previous formula for the block-matrix entries for (I —
.Z,S*l)fl leads to the formula [B.3]) for the matrix entries of T%_ ;5. From the
second equation for the system ([B.I0) we see that then y_ is uniquely determined
via the formula
Y- = 5_X_ = 5_T277isu.

Plugging in the formula B3] for the block matrix entries of Tx_ ;s then leads to
the formula (B3] for the block matrix entries of the input-output map Ts_ for the
system >_.

Item (3) now follows by definition of the input-output map 7% of the bicausal
system X as the sum Tx, = Tx; _ 4+ 1% 4+ of the input-output maps for the anticausal
system ¥_ and the causal system X along with the formulas for Tx, i obtained in
items (1) and (2).

We now analyze item (4). Define Fx, by either of the equivalent formulas in ([B.9]).
Due to the exponential stability of AJF and /NL, we see that Fy is a continuous
L(U,Y)-valued function on the unit circle T, and hence the multiplication operator
Mpy: f(z) = Fx(z) - f(z) is a bounded operator from L2 (T) into L3,(T). From
the second formula for Fx(z) in (8:9) combined with the formula (B8] for the block
matrix entries of Tk, we see that the Laurent expansion for F((z) =307 F,z" on
T is given by F,, = [ITx]n,0 and that the Laurent matrix [£py];; = Fi—; is the same
as the matrix for the input-output operator [Tx];;. We now see the identity (3.10)
as an immediate consequence of the general identity ([2.7). Finally, the transfer-
function property (B11]) follows immediately from (BI0) combined with the general

identity (Z.7). O

Remark 3.2. From the form of the input-output operator Tx, and transfer function
Fx, of the dichotomous system ¥ in (II)-(2) that were obtained in Proposition 2.2l
with respect to the decompositions of A in [21)) and of B and C in [2.2)) it follows
that a dichotomous system can be represented as a bicausal system [B.2)—(B.1]) with

(5+7AV+7§+7‘5) = (C+7A+7B+7D)7

347 (€A B) = (€. A7 -A7'B),
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The extra feature that a bicausal system coming from a dichotomous system has is
that A_ is invertible. In fact, if the operator A_ in a bicausal system (B.2)-BI) is
invertible, it can be represented as a dichotomous system (] as well, by reversing
the above transformation. Indeed, one easily verifies that if ¥ = (X;,X_) is a
bicausal system given by (3.2)-(@I) with A_ invertible, then the system (CI) with

By , C:[a 5_}, D=D

—A~'B_

AL 0

A: ~
0 A~!

)

is a dichotomous system whose input-output operator and transfer function are
equal the input-output operator and transfer function from the original bicausal
system.

To a large extent, the theory of dichotomous system presented in Section
carries over to bicausal systems, with proofs that can be directly obtained from
the translation between the two systems given above. We describe here the main
features.

The Laurent operator £, = Ty can again be decomposed as in @I6) where
now the Toeplitz operators Tp, and Tp, are given by

C_A"7'B_  fori<j<0O,
[‘IFE]ij? i<0,j<0 =8 D+ C_B_ fori =75 <0,
CL A7 'By forj<i<O,
C_AT'B. for0<i<j
[Trelij:iz0550 =8 D+ C_B_ for 0 < i = j,
CL A7 "By for 0<j<i,

(3.18)

while the Hankel operators 5 Fy, and N, are given by
(3.19) [5F>;]ij:i<0,j20 =C_AT'B_, 9 rslij: i>0, <0 = 5+gi_j_1§+-

For the subsystems 3 and ¥_ we define controllability operators W} and W,
respectively, as well as observability operators W} and W, respectively, just as
in the case of regular forward-time and backward-time systems:

Wi =rowjes [AJ7'BY]: 2(Z2) — Xy,
W, =rowjez, [ALB_]: (3(Zy) — X_,

c

(3.20) ~ o~

W = coliez, [C1 AL ] Xy — 5(Z),

W, =coliez [C_AT: X_ — 05(Z-).
Setting X = X, +X_, we put these operators together to define the controllability
operator W, and observability operator W, of the bicausal system ¥ via

2
R

W 3(Z) }
W, = it X — .
Wi |- [
The fact that AJF and A_ are both stable implies that all the operators W, W,
W and W, are bounded. Then it is now easily checked that we still recover

(3.21) } o
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factorizations of the Hankel operators as before:
(3.22) e =W, W,, Hp, =W W

For the bicausal system ¥ = (X;,X_) given by B2)-BI)) we say that ¥ is
controllable (respectively, observable) whenever the two systems Y and ¥_ are
both controllable (respectively, observable), i.e., In W dense in X} and Im W
dense in X_, or equivalently, Im W, dense in X (respectively, Ker W1 = {0} and
KerW_ = {0}, or equivalently, Ker W, = {0}). Analogously, we say that ¥ is
(?-exactly controllable (respectively, £2-exactly observable) whenever In W, = X
(respectively, In W} = X).

An exception to the general rubric that the theory of dichotomous systems carries
over directly to the theory of bicausal systems is the following analogue of the £2-
admissible-trajectory interpolation result (Proposition 2.6]), which has a somewhat
different form for the bicausal setting.

Proposition 3.3. Let ¥ = (X_,X) be a bicausal linear system as in B.I) and
B2) with A_ exponentially stable on X_ and A+ exponentially stable on X4 and
suppose that ¥ is {%-exactly controllable in the bicausal sense. Then given any
vectors x_ € X_, x4 € Xy, u € U, there is an (*-admissible system trajectory
(u,x_ ®x4,y) for X satisfying the interpolation conditions

(3.23) x-()=2z_, x4(0)=z4, u(0)=u.

Proof. By the ¢*-exact controllability assumption, we can find u_ € ¢%(Z_) so
that W u = z. Similarly, we can find uy € ¢3(Z.) so that W, u; = z_. Define
a input signal u € ¢%(Z) by
u_(n) if n <0,
u(n) =<u ifn=0,
ur(n—1) ifn>0.
Now it is simple direct check that the ¢2-admissible trajectory (u,x,y) determined
by the input u has the desired interpolation properties (3.23).
The proof is close to that of the the corresponding result for the dichotomous

setting, Proposition 2.6l The key difference is that we must use x_ (1) rather than
x_(0) as a free parameter since in general we are not able to solve the equation

2 = A_x_(1) — A_B_u for x_(1) (the analogue of equation (Z20)) since A_
need not be invertible in the bicausal setting. O

4. STORAGE FUNCTIONS
Let ¥ be the dichotomous system given by ([LI). A storage function for the
system ¥ is a function S: X — R so that

(1) S is continuous at 0:

{Zn}nen C X, lim 2, =0in X = lim S(z,) = S5(0) in R,
n—oo

n—oo

(2) S satisfies the energy-balance relation:

(4.1) Sx(n+1)) = S(x(n) < la@m)|f = lym)|3  (n€Z)
along all /2-admissible system trajectories (u,x,y) of ¥, and
(3) S satisfies the normalization condition S(0) = 0.
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We further say that S is a strict storage function for ¥ if S is a storage function for
¥ with condition ([@1]) replaced by the stronger condition: there is a € > 0 so that

(42) S(x(n+1)) = S(x(n) + x| < (1= e)u@)ll — ly@)l3 (n € 2)
along all £?-admissible system trajectories (u,x,y) of X.

Then we have the following result.

Proposition 4.1. Suppose that the dichotomous system (1) has a storage func-
tion S. Then the input-output map Tx, is contractive, i.e., |Ts| < 1. In case ¥
has a strict storage function S, the input-output map is a strict contraction, i.e.,

ITs] < 1.

Proof. Let S be a storage function for ¥. Take u € ¢7(Z). Define x by x = Tk ;su
and y by y = Txu, where Ty ;5 and Ty are as in Z12)-(213), so (u,x,y) is an
(2-admissible system trajectory. If we sum (1)) from n = —N to n = N we get

N N
S(N+1) = Sx(=N) < > llumz - > lly®)l3
n=—N n=—N

Taking the limit as N — oo and using the fact that both x(—N) — 0 and x(N) — 0
as N — oo, since x € (3(Z), we obtain from the continuity of S at 0 and the
normalization condition S(0) = 0 that both S(xy+1) — 0 and S(x(—N)) — 0 as
N — oo. Hence taking the limit as N — oo in the preceding estimate gives

0 < ullZe z) — 1%z z) = Ilullfz, z) — 1Tzl 7).

Since u was chosen arbitrarily in ¢3(Z), it follows that || 7% < 1.
If ¥ has a strict storage function we see that there is an € > 0 so that

S(x(n+1)) = S(x(n)) < S(x(n +1)) = S(x(n)) + €||x(n)|*
< (1= u@)[* — [ly(n)]?
so in particular we have

S(x(n+1) = S(x(n)) < (1= )u@)|* - [ly(n)|>.

Summing this last inequality from n = —N to n = N leaves us with
N N
SE(N+1) = Sx(=N) < (1=¢*) Y Jum|z = > ly®)l3-
n=—N n=—N

Taking the limit as N — oo and using again the fact that both x(—N) — 0 and
x(N) — 0 as N — oo along /2-admissible system trajectories then gives us

0< (1= eNullfz ) — ¥l z) = 1 = )l g — 1Tsullf )
and we are able to conclude that ||[T%]|? <1 —€? < 1. O

To get further results on storage functions for dichotomous systems, we shall
assume from now on that the transfer function F¥; is contractive on the unit circle
(| Fslloor < 1) as well as that ¥ is dichotomously ¢?-exactly minimal (see 224)—

@23), ie.,
(4.3) [Felloor <1, ImW,.=4&, ImW;=AX.
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Remark 4.2. A particular consequence of assumption ([@3)) is that ¥ is £?-exactly
controllable. As a consequence of Proposition we then see that the second
condition (£1)) in the definition of storage function can be replaced by the localized
version: given u € U and x € X we have the inequality

(4.4) S(Az + Bu) — S(z) < |jul|* — ||Cz + Du)?
for the standard case, and
(4.5) S(Az + Bu) — S(x) + ||z|* < (1 — ) |lu||* = |Cx + Dul|?

for the strict case. Once we have this formulation, we also see that we could
equally well replace the phrase £2-admissible system trajectories simply with system

trajectories in (A1) and ([@2).

With all the assumptions (3] in force, we now define two candidate storage
functions, referred to as the available storage and required supply functions for the
dichotomous linear system (1), namely

oo
(4.6)  Sa(xo) = sup Yo (y@IP = lam)?) (2, € ImW,)
uel? (Z): Weu=zo ,,—
-1

@) Sio)= o 3T ()P = @) (o € n W)

where y is the output signal determined by (2.13]).

In order to show that S, and S, are storage functions, we shall need multiple
applications of the following elementary patching lemma.

Lemma 4.3. Suppose that (0, x',y") and (0", x",y") are two £*-admissible system
trajectories of the system % such that x'(0) = x”(0) =: zg. Define a new triple of
signals (u,x,y) by

u(n) = {u/(”) if n <0, x(n) = {X’(n) if n <0,

u’(n) ifn>0, x"(n) ifn>0,

a2 1Y () ifn <o,
(4.8) y(n) {y”(n) ifn>0.

Then (u,X,y) is again an £2-admissible system trajectory.

Proof. We must verify that (u,x,y) satisfy the system equations () for all
n € Z. For n < 0 this is clear since (u’,x’,y’) is a system trajectory. Since
x'(0) = x”(0), we see that this holds for n = 0. That it holds for n > 0 follows easily
from the fact that (u”,x”,y”) is a system trajectory. Finally note that (u’,x’,y’)
and (u”,x”,y") both being £2-admissible implies that (u, x,y) is £?-admissible. [

Our next goal is to show that S, and S, are storage functions for X, and among
all storage functions they are the minimum and maximum ones. We postpone the
proof of Step 4 in the proof of items (1) and (2) in the following proposition to
Section [ below.

Proposition 4.4. Let ¥ be a dichotomous linear system as in (1)) such that [{@3)
holds. Then:

(1) S, is a storage function for X.
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(2) S, is a storage function for X.
(3) If S is any other storage function for X, then

Sal(z0) < S(z0) < Sp(x0) for all zo € X.

Proof of (1) and (2). The proof proceeds in several steps.

Step 1: S, and S, are finite-valued on X. Let zp € X = ImW,.. By the
(?-exact controllability assumption, there is a ug € Za(Z) so that xg = W.ug. Let
(ug,X0,y0) be the unique £2-admissible system trajectory of ¥ defined by the input
ug. Then

Sa(@o) = > lyo(m)|I* = [[uo(n)[|* > —[uo||* > —oa
n=0

and similarly
S1(w0) < [luo < oo.
It remains to show S, (z9) < 0o and S, (zg) > —o0.

Let (u,x,y) be any ¢*-admissible system trajectory of ¥ with x(0) = x¢. Let
(ug,X0,¥0) be the particular £>-admissible system trajectory with x(0) = zo as
chosen above. Then by Lemma we may piece together these two trajectories to
form a new ¢?-admissible system trajectory (u’,x’,y’) of ¥ defined as follows:

w'(n) = {uo(n) ifn<0 X' (n) = {xo(n) itn<0

u(n) ifn>0’ x(n) ifn>0’

/v Jyo(n) ifn <0,
y(n)_{y(n) ifn>0"

Since || Tx|| <1 and (u/,x’,y’) is a system trajectory, we know that

—+oo —+oo
Do @IP =Y = 1T < W)= ) ().
n=-—oo n=-—oo

Let us rewrite this last inequality in the form
-1 -1

Doly@IP = la@* < Y0 Juom@)® = Y llyo(n)l* < co.

n=—oo n=—oo

It follows that the supremum of the left hand side over all £2-admissible trajectories
(u,x,y) of ¥ with x(0) = zo is finite, i.e., Sq4(z0) < 0.

A similar argument shows that S.(zg) > —oo as follows. Given an arbitrary
¢2-admissible system trajectory (u,x,y) with x(0) = o, Lemma 3] enables us to
form the composite £2-admissible system trajectory (u”,x”,y”) of ¥ defined by

u’(n) = {u(n) ifn<0 X (n) = {X(n) ifn<0

up(n) ifn>0" xo(n) ifn>0"
n if n <0,
v (n) = y(n) . '
yo(n) ifn>0

Then the fact that 2% |ly”(n)[|? < 32°°___ lu”(n)|? gives us that

-1 —1

Do lmP= Y ly@IP = > lyom)|* = > [uo(n)]* > —oc
n=0 n=0

n=—oo n=—oo
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and it follows from the definition (7)) that S,(x9) > —oo. By putting all these
pieces together we see that both S, and S, are finite-valued on X = Im W..

Step 2: S,(0) = S, (0) = 0. This fact follows from the explicit quadratic form for
S, and S, obtained in Theorem [£.2] below, but we include here an alternative more
conceptual proof to illustrate the ideas. By noting that (0,0,0) is an £2-admissible
system trajectory, we see from the definitions of S, in [@6]) and S, in [@T) that
S4(0) >0 and S,(0) < 0. Now let (u,x,y) be any ¢?-admissible system trajectory
such that x(0) = 0. Another application of Lemma[L3] then implies that (u’,x’,y’)
given by

(0,0,0) if n <0,
(u(n),x(n),y(n)) ifn>0

(u'(n),x'(n),y'(n)) = {

is also an ¢?-admissible system trajectory. From the assumption that ||Ts| < 1 we
get that

0< Y (W®IE = Iy ™13 =D (lum)lz - ly@m)]3),
n=—o00 n=0
SO
(4.9) Y Uy@)Il3 = am)|Z) <o
n=0

whenever (u,x,y) is an £?>-admissible system trajectory with x(0) = 0. From the
definition in (£6) we see that S, (0) is the supremum over all such expressions on
the left hand side of ([£), and we conclude that S,(0) < 0. Putting this together
with the first piece above gives S,(0) = 0.

Similarly, note that if (u, x,y) is an £2-admissible trajectory with x(0) = W.u =
0, then again by Lemma

(u(n),x(n),y(n)) ifn <0,

(u/ () X" () ¥" (n)) = { 000 sy

is also an ¢?-admissible system trajectory. Since ||Ts| < 1 we get
0 —1
0< > (M= lIy"®™I3) = > (umlZ - llym)3)

From the definition (1) of S,(0) it follows that S,.(0) > 0. Putting all these pieces
together, we arrive at S,(0) = S,.(0) = 0.
Step 3: Both S, and S, satisfy the energy balance inequality (£1I]). For
To € X, set

- ~ ~ ~

Uy, ={ac(Z): x(0) = W.a =},
Also, for any Hilbert space W let Py on £3,,(Z) be the orthogonal projection on
03,(Z4) and P_ = I — P,.. Then we can write S,(zo) and S, (z¢) as

Sa(zo) = sup [|P1¥|* —[[P+ull® and  S,(wo) = inf [P-uf?—|P-¥|?
6627)10 UEU 4

where y = Txu is the output of ¥ defined by the input u € ¢7(Z). In general, if
u € (}(Z) is an input trajectory, then the corresponding uniquely determined ¢*-
admissible state and output trajectories are denoted by X := Tx ;su and y := Txu.
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Now let (u,x,y) be an arbitrary fixed system trajectory for the dichotomous
system ¥ and fix n € Z. Set

— ~ ~ ~
U, ={uet2z):x00)=x(n), u(0) =u(n)}.
Note that L{ « 1s nonempty by simply quoting Proposition 2.6 Observe that L{ C
L{x(n) For an (?-admissible system trajectory (u,X,y) with 1 € Z/{ we have
y(0) = y(n) and X(1) = x(n + 1). Furthermore, (S*u,S*%,S*y) is also an ¢*-
admissible system trajectory of ¥ and
(8§*x)(0) =x(1) =x(n+1).
Hence
— = —
S'U.={S"u:uelU.} CUxqpy)
Next, since y(0) = y(n) and u(0) = u(n) we have
IPL 312 = 1Py = | PrS* 31 = 1 PrS™ ) + [y (n)lI* = [lu(n)|®
and
[P-§0|* = | P-§*F|1* = | P-* — | P-F|* + [lu(m)|* — [y (n)]*.
We thus obtain that
Sa(x(n)) = sup [IPyYI* — [Py]l > sup [[Py¥* — | Pa]®
uGZ/{x(n) UGZ/{*
= lly()I” = la(m)|* + sup |[PrS*F|* — | PrS™4|*
uGZ/{*

= lym)I* = u(m)|* + sup [ Pyy[* - [[Pra]?,
ueS* U «

and similarly for S, we have
Si(x(n+1)= inf [P~ |P_F|?
ue Z/{ *x(n+1)

= if [|P_S™a|® | P-S"Y|?
S*ueux(n+1)

< inf_ |P.S*a|® ~ |P-S*Y|?
S*uES*Z/I*
= inf |[P-S"u|? -~ |P_S"y?
ucl .
= [a(m)|? = [ly(m)]* + jr% |P-al® - | P-y|*.
ucl .

To complete the proof of this step it remains to show that

Sa(x(n+1) = sup [|PLF|> — | Pyl]® = s,
ueS* U .
(4.10) Sy(x(n)) = inf |P_u|®—|P-y|*=
aeld.

— —
We start with S,. Since S*U . C U x(n41) We see that
Sa < Sa(x(n+1)).
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To show that also s, > S.(x(n + 1)), let (u,X,y) be an ¢?-admissible system
trajectory with U € U x(n41). The problem is to show

i

oo

(4.11) Y UF)I? = [am)]?) < sa-

n=0

~~ A~ .. . PN =7
Toward this goal, let (U, X,y) be any ¢?-admissible trajectory with G € S*U .. We
then patch the two system trajectories together by setting

& u(k)

(k) = {u(k)
(k) ifk<O,
y(k) ifk>0"

: - L«
%fk<07 (k) = f(k) %fk_O7
itk>0 x(k) ifk>0

Clearly the input, state and output trajectories are all £2-sequences. Note that
(1,%,y) and (1, X,y) are both £2-admissible system trajectories. Note that u(—1) =
u(n), X(-1) =x(n), y(-1) = y(n) and xX(0) = x(n + 1), we see that

X(0) = AxX(-1) + Bu(—1) = Ax(n) + Bu(n) = x(n + 1) = x(0).

We can now apply once again Lemma [£.3] to conclude that &u’ x',y') is also an

(2-admissible trajectory for ¥. Furthermore, we have 0’ € S*U ., P,y = P,y’ and
P.u = P.u'. Thus

|Pe¥ )% = 1Pral? = [Py |I° = [P0 < sup [[P2y]* — [Py =
—
ueS*U .

Taking the supremum on the left-hand side over all £2-admissible system trajectories
with W € U x(y41) then yields S,(z(n + 1)) < s4, and the first equality in (ZI0)
holds as required.

To prove the second equality in (m) we follow a similar strategy, which we
will only sketch here. The inclusion L{ - L{ x(n) shows sr is an upper bound.
Any (U, %,y) be (?-admissible system trajectory with u € Z/{ (n) can be patched

_>
together with an ¢?-admissible system trajectory with input sequence from U , to
3/

form a new £?-admissible system trajectory (0',x’,y’) with 0’ in /., P.u = P_u
and P_.y = P_y’, so that

|P-a|)? — [|P-¥|* = | P-&'|]* - | P-¥||” > lnbf{ IP-a||* — [|P-¥|* =
ue

which then yields that s, is also a lower bound for S, (x(n)) as required.

Step 4: Both S, and S, are continuous at 0. This is a consequence of the
explicit quadratic form obtained for S, and S, in Theorem below.

Proof of (3). Let S be any storage function for 3. Let 2o € Im W, and let (u, x, y)
be any ¢?-admissible dichotomous system trajectory for ¥ with x(0) = 9. Then S
satisfies the energy balance relation

(4.12) S(x(n +1)) = S(x(n) < [um)Z = ly(m)[3-
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Summing from n = 0 to n = N then gives

S(x(N +1)) = S(z0) = S(x(N +1)) — S(x(0))
N
(4.13) <> (@)l = lym@)3) -
n=0

As x € (%(Z) and S as part of being a storage function is continuous at 0 with
S(0) = 0, we see from x(N + 1) — 0 that S(x(IN +1)) — S(0) =0 as N — oo.
Hence letting N — oo in [@I3)) gives
=S(z0) < Y (Il ~ lly(m)]3) -

n=0
But by definition, the infimum of the right-hand side of this last expression over
all system trajectories (u,x,y) of ¥ such that x(0) = zg is exactly —S,(xo). We
conclude that —S(zg) < —Su(x0), and thus S,(z¢) < S(zg) for any zg € Im W.

Similarly, if we sum up (£I2) from n = —N to n = —1 we get

-1

S(xo) = S(x(=N)) = S(x(0) = S(x(=N)) < Y~ ()| = ly()l[3)-
n=—N
Letting N — oo in this expression then gives
—1
S@o) < Y (lum)|Z = ly(m)]13)-
But by definition the infimum of the right-hand side of this last inequality over
all £2-admissible system trajectories (u,x,y) with x(0) = zg is exactly equal to
Sy(x0). We conclude that S(xg) < S, (zp). This completes the proof of part (3) of
Proposition [£.4] O

Quadratic storage functions and spatial KYP-inequalities: the dichoto-
mous setting. Let us say that a function S : X — R is quadratic if there exists
a bounded selfadjoint operator H on X such that S(z) = Sy (z) := (Hz,z) for all
x € X. Trivially any function S = Sy of this form satisfies conditions (1) and (3)
in the definition of storage function (see the discussion around (@II)). To charac-
terize which bounded selfadjoint operators H give rise to S = Sy being a storage
function, as we are assuming that our blanket assumption ([3) is in force, we may
quote the result of Remark to substitute the local version (£4) ((#H)) of the
energy-balance condition in place of the original version ([@I]) (respectively (£2) for
the strict case). Condition (@) applied to Sy leads us to the condition

(H(Az + Bu), Az 4+ Bu) — (Hz,z) < ||u|* = ||Cz 4+ Dul|?,
or equivalently
(H(Az+ Bu), Az+Bu) + (Cx+Du,Cx+Du) < (Hz,z) + (u,u) .

holding for all z € X and v € U. In a more matricial form, we may write instead
H 0 T T
0 I u || u
H 0 A B x A B x
ww (o e s ][R e Bl[E])=
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for all z € X and u € Y. Hence H satisfies the spatial version (AI4) of the KYP-
inequality (I4]). By elementary Hilbert-space theory, namely, that a selfadjoint
operator X on a complex Hilbert space is uniquely determined by its associated
quadratic form z — (Xz, z), it follows that H solves the KYP-inequality (L4]), but
now for an infinite-dimensional setup.

If we start with the strict version ([@3) of the local energy-balance condition, we
arrive at the following criterion for the quadratic function Sy to be a strict storage
function for the system Y, namely the spatial version of the strict KYP-inequality:

(2 ) )
wn (4 )[2 2)(:) (4 202 )=l

and hence also the strict KYP-inequality in operator form (LX), again now for the
infinite-dimensional setting. Following the above computations in reversed order
shows that the spatial KYP-inequality (£I4) and strict spatial KYP-inequality
(#13) imply that Sp is a storage function and strict storage function, respectively.

2

)

Proposition 4.5. Let ¥ be a dichotomous linear system as in (LI). Let H be a
bounded, self adjoint operator on X. Then Sy s a quadratic storage function for ¥
if and only if H is a solution of the KYP-inequality (L4)). Moreover, Sy is a strict
quadratic storage function if and only if H is a solution of the strict K'Y P-inequality

@3).

5. THE AVAILABLE STORAGE AND REQUIRED SUPPLY

We assume throughout this section that the dichotomous linear system X satisfies
the standing assumption (£3). Under these conditions we shall show that the
available storage S, and required supply S, are quadratic storage functions and we
shall obtain explicit formulas for the associated selfadjoint operators H, and H,
satisfying the KYP-inequality (T4).

The assumption that ||Fx||eo,r < 1 implies that the associated Laurent operator
Lry, in ([26) is a contraction, so that the Toeplitz operators T gy, and < ry (2170) are
also contractions. Thus I — £r, £} and [ — £} £x, are both positive operators.
Writing out these operators in terms of the operator matrix decomposition (Z18)
we obtain

I 2 2* D%}E - ‘6FE‘6}‘E _(I’Fg‘ﬁ}‘): - ‘5FES}E
ladiolad 3o T e *
(51) _‘5FESF): _‘I’FE‘VJFZ D%}Z _‘ﬁFE‘ﬁFE
7 £} £F o D%E - ﬁ*gﬁFg _‘6*FEZFZ - ‘I}EﬁFE
s~ e T = =

Ve — O Ty D, — 959k,
In particular, from I — €5, L%, and I — £, £, being positive operators we read
off that

(52) D%, = HrSiy, Di. = 9r9i, Di = 9%9r. Di, = 9%0m.
=

Applying Douglas’ Lemma [11] along with the factorizations in (2:21]) enables us
to prove the following result.
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Lemma 5.1. Assume the dichotomous system ¥ in (1)) satisfies [@3). Then
there exist unique injective bounded linear operators X, +, Xo—, Xc4+ and X
such that

(5.3) Xoq Xy = 04(Zy), W= Dgy Xoy, ImX, i C HD@FE,

o

(54)  Xo—:X_ = y(Z-), W, =Dz X,_, ImX,_C HD@F :

o
Fy o}

(55) Xeq: Xy —=06(Zy), (WH= Dz, Xeq, ImXeyC ED§F2,
(5.6) X :X_ —=3(Z), (W) =Dz, X, ImX._ CImDsg, .

Proof. We give the details of the proof only for X, | as the other cases are similar.
The argument is very much like the proof of Lemma 4.8 in [7] where the argument
is more complicated due the unbounded-operator setting there.

Since D%}E = 9r. 9., the Douglas factorization lemma [IT] implies the exis-

tence of a unique contraction operator Y, | : (7 (Z_) — (?/(Z4) with

VV;FVVZL = ,ﬁFE = D‘I};E Y07+ and Im }/01+ C ED(}:};E.

As Im W, = X, the Open Mapping Theorem guarantees that W} has a bounded
right inverse W} := WH(WIW+*)~1. Moreover, u = Wiz is the least norm
solution of the equation WHu = z:
W} (z) = arg min {HUHZA’A(Z,): ue D(W)), x=Wlu} (reImW/).
We now define X, 4 by
X, =Y, , W/,
We then observe
Dz: Xoy4 =Dgy Y, W/ T =9 WH =WIWIW/T=W}
= =
giving the factorization (5.3) as wanted. Moreover, the factorization X,y =
Y, + WA implies that Im X,  C ImY, 4 C EDQ? ; this property combined with
=
the factorization (B.3]) makes the choice of X, + unique. Moreover, the containment
ImX,  C ED;; combined with the injectivity of W} forces the injectivity of
=
Xo+- O

We are now ready to analyze both the available storage function S, and the
required supply function S, for a system meeting hypotheses (43).

Theorem 5.2. Suppose that ¥ is a dichotomous discrete-time linear system as in
([CI) which satisfies hypotheses @3). Then S, = Sm, and S, = Sy, are qua-
dratic storage functions with associated selfadjoint operators H, and H, bounded
and boundedly invertible on X, and S, and S, are given by

* _ 2
(5.7)  Sal@o) = [ Xour (@0)+ |? = | PuTpXout (w0)+ — PaDs, W, (z0)_ |

(58)  Selwo) = |

with g = (x0)+ & (x0)— the decomposition of xog with respect to the direct sum
X = X, +X_, the operators X, + and X, — as in Lemma 51 and

W= W Wow )™l W = W (WEWE) ™,

~ 2
PEp X0 (w0)— = PrDz, W )| = X0~ (0)-

Pa:P(ngFKerW;)L’ PT:P(D;iFKerW:r)L'
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In particular, S, and S, are continuous.

If we assume that the decomposition X = X_+Xy inducing the decompositions
@) and [22)) is actually orthogonal, which can always be arranged via an invertible
similarity-transformation change of coordinates in X if necessary, then with respect
to the the orthogonal decomposition X = X_ @ X, H, and H, are given explicitly

by

(5.9) I o— Xy (I —=%pP%5) Xo X§7+ZFPGD5FWC_T
' “ W_™Ds, P35 X,y —W.™Dz, P,Ds,W_T|’
+1% D~ - WHt  _Wthrp. p.g*
(5.10) H - W/ DgFPTDQFWc W DZFPT‘{FXQ,

—X;*)_‘IFPTD§FWZJf X, (I -TpP%T5) X, -

Furthermore, the dimension of the spectral subspace of A over the unit disk agrees
with the dimension of the spectral subspace of H, and H, over the positive real line
(= dim X, ), and the dimension of the spectral subspace of A over the exterior of

the closed unit disk agrees with the dimension of the spectral subspace of H, and
H, over the negative real line (= dim X_ ).

Proof. To simplify notation, in this proof we write simply F' rather than Fy;.

We start with the formula for S,. Fix zo € ImW,. Let (u,x,y) be any system
trajectory of ¥ such that g = W u.

The first step in the calculation of S, is to reformulate the formula from the
definition (L) in operator-theoretic form:

(5.11) Salwo) = sw l(Eru)lz, 1z, = 1l 12z,

From the formulas (Z16)), (ZI7), and ZI8) for £, in more detail we have

Sa(zo) = sup [9r 0+ Tpug|* — [Jug |
up,us: Whu=(w0) 4, WZuy=(z0) -

where u_ € (%(Z_) and u; € (}(Zy) and where zy = (9)— + (z9)+ is the
decomposition of xy into X_ and X} components. Recalling the factorization $Hp =
WIW/ from (ZIR) as well as the constraint on u_, we rewrite the objective
function in the formula for S,(xo) as

[Hru- + Tpug | = ug | = W5 (20)+ + Trus|® — [us ],
Furthermore, by assumption W is surjective, so there is always a u_ € (3(Z_)

which achieves the constraint W u_ = (o). In this way we have eliminated the
parameter u_ and the formula for S, (zo) becomes

(5.12)  Su(wo) = sup Wi (o) s + Touy 2 — s |2
uy €07(24): W7 ugp=(zo)-

By Lemma [5.] there is a uniquely determined injective linear operator X, 4 from
X, to Im Dg+ so that W;© = Dg: X, . Then the objective function in (5.12)
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becomes

W (z0)4 + Trugl® — [luy | =

= | Dxy Xo + Trug |* = [Tpui|* — || Depuy |

= | Dy Xo4(20)+ 1> + 2Re(Dx; Xo 4 (0) 4, Truy) — || Depug |
= ||Dxy Xo 1 (z0)4I* + 2Re(Xo 4 (x0) 4, Tr D puy) — || Dy pug])?
= | Dy Xo4(20)+ 1> + 2Re(T5 X0 4 (20)4, Dxpuy) — || Depug |
= ||D‘37;;Xo,+(330)+||2 +1T5 X0+ (m0) 4 * = T3 X0, 4 (z0) + — Dxpuy|?

= [[Xo.+ (o) + I = [F5Xo,+ (0)+ — Drouy®.
In this way we arrive at the decoupled formula for S, (zo):

(513)  Sulwo) = IXos(@o)sl? = inf  [|TiXo(2o)s — Dpus|®

up: Wougp=(zo)—

By assumption W is surjective and hence W is right invertible with right in-
verse equal to W, *(W_W_*)~!. In particular, the minimal-norm solution u% of
W_u; = (x)- is given by

uy = WA (W W) (o) = W (o) -
and then any other solution has the form
up = ug + vy where v € Ker W7 .
By standard Hilbert space theory, it then follows that

inf |15 Xo,+(w0)+ — Depu|?
up: Wougp=(zg)-

= HP(DTFKch;)L (S}X07+(:1:0)+ — D‘IFUE,)_) H

= HPa (E}Xo,-i-(xo)-i- - DTFWC_T(:EO)_) H2

and we arrive at the formulas (1) for S,. A few more notational manipulation
leads to the explicit formula (59) for H, when X = X_+X, is an orthogonal
decomposition.

In a similar vein, the formula ([@7) for S, can be written in operator form as

Se(wo) =t [uc® = [Py oyl

u==xo
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Then the objective function can be written as

lac]? = 1P o Srull® = fuc|? — [|Bruy + Tpu_|?
= P — W, Wous + Fpuc |2 = fJu_ |2~ [W, (20)- + Tpu_|?
= Ju_||? ~ | Dg, Xo—(x0)- +Tpu_|?

la—|* = | D5, Xo,—(20)-|I* = 2Re(Ds, Xo,—(20)-, Tru-) - |Tru_|?

_||D§}X01,(330),||2 - 2Re<X01,(:ZTO),, Dg}‘zFu7> + ||D§Fu7||2

~|Dz, X, (x0)-|]* ~ 2Re(F} X, —(z0)—. Dz, u_) +[|Dg, u_|?
1Dz, X0 (20)- I ~ [F5Xo—(20) "> + |T5-Xo (o) — Dg, u_|?
= | Xo,- (@) | + |Tp-Xo,- (w0) - — Dz, u_|?

where now uy is eliminated and the constraint on the free parameter u_ is Wu_ =
(20)+. Thus

Si(@o) = | Xo(@o)- 2+ inf  [TpX,_(w0)- — Dz u |2
u_: Whu_=(z0)+
We note that all possible solutions u_ of the constraint Wiu_ = ()4 are given
by

u = WHWIW) N (2g)y + v = W (20)4 +v_ where v_ € KerW/.

Then standard Hilbert-space theory leads to the formulas (B8] for S,; a little more
careful manipulation leads to the explicit form (EI0) for H..

We next wish to verify that H, and H, are invertible. This follows as an ap-
plication of results referred to as inertial theorems; as these results are well known
for the finite-dimensional settings (see e.g. [I6]) but not so well known for the
infinite-dimensional settings, we go through the results in some detail here.

As a consequence of Proposition .5 we know that H, is a solution of the KYP-
inequality (I4). From the (1,1)-entry of (I4) we see in particular that

H,—A*"H,A-C*C = 0.

Write H, as a block operator matrix with respect to the direct sum decomposition
X=X, +X_ as

 [Hee Hao X
(5.14) H, = B, Ha+:| on [ X, ]

We can then rewrite the above inequality as

Hoo Ha| [A* 0][Hae Hao|[A- 0 c . )
Hy Hay 0 A% |Hiy Hay| |0 Ayl = |Cp)b— TH&

From the diagonal entries of this block-operator inequality we get

~H,_ + AT 'H, AT' = A'C*C_AT', H,p — ALH, Hi AL = CLOy.
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An inductive argument then gives

N
—H, = Z ACFC_AT" — A NH, AN,

n=1

N
Hop = Y APCLOAT + AN H, AV

n=0

As both A”! and A, are exponentially stable, we may take the limit as N — oo
in both of the above expressions to get

—Hoo = (W)W, Hay = (W7)"W.

By the dichotomous ¢?-exactly observable assumption, both operators (W )* and
(WH)* are surjective, and hence (W )*W, and (W] )*W are also surjective.
Thus we can invoke the Open Mapping Theorem to get that both (W )*W_
and (W1)*W are bounded below. We conclude that both H,4 and —H,_ are
strictly positive-definite, i.e., there is an € > 0 so that H,y = el and H,_ < —el.
In particular, both H,+ and H,_ are invertible.

It remains to put all this together to see that H, and H, are invertible. We do the
details for H, as the proof for H, is exactly the same. By Schur complement the-
ory (see e.g. [12]), applied to the block matrix decomposition of H, in (G.I4), given
that the operator H,, is invertible (as we have already verified), then H, is also
invertible if and only if the Schur complement S(H; Hoy ) := Hy— — HaOH;_&H;‘O
is invertible. But we have already verified that both H,_ and —H, are strictly
positive-definite. Hence the Schur complement is the sum of a strictly positive-
definite operator and an at worst positive-semidefinite operator, and hence is itself
strictly positive-definite and therefore also invertible. We next note the block diag-
onalization of H, associated with the Schur-complement computation:

Hoo Huo| [I HeoHp!| [S(Ha;Hay) O I 0
HYy H.,i| |0 I 0 Hoy| |H O H: I

(Ha§Ha+) 0
0

Thus H, is congruent with {S H@f} where we have seen that

S(Hy;Hoy) = 0on Xy, H,_ <0on X_.

In this way we arrive at the (infinite-dimensional) inertial relations between H and
A: the dimension of the spectral subspace of A over the unit disk is the same as the
dimension of the spectral subspace of H over the positive real axis, namely dim Xy,
and the dimension of the spectral subspace of A over the exterior of the unit disk
is the same as the dimension of the spectral subspace of H over the negative real
axis, namely dim X"_. (|

Remark 5.3. Rather than the full force of assumption (£3), let us now only
assume that ||Fxllcor < 1. A careful analysis of the proof shows that H, and
H, each being bounded requires only the dichotomous ¢2-exact controllability as-
sumption (surjectivity of W.). The invertibility of each of H, and H, requires in
addition the dichotomous ¢2?-exact observability assumption (surjectivity of WZ).
Moreover, if the £2-exact observability condition is weakened to observability (i.e.,
N0 KerCy AT = {0} and >, KerC_AZ""! = {0}), then one still gets that H,
and H, are injective but their respective inverses may not be bounded.
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Remark 5.4. If |||l 1 < 1 (where we are setting F' = Fy), then Dz: and Dz.
F
are invertible, and we can solve uniquely for the operators Xy 4 and Xy — in Lemma

b1
Xo4+ =DZIW/, X,_=Dz!W,.
’ F ’ Tr

We may then plug in these expressions for Xy  and Xy _ into the formulas (57),
GE3), G9), (5I0) to get even more explicit formulas for S, S, H, and H,.

6. STORAGE FUNCTIONS FOR BICAUSAL SYSTEMS

We now consider how the analysis in Sections [ and [, concerning storage func-
tions S: X — R, available storage S, and required supply S, quadratic storage
function Sy, etc., can be adapted to the setting of a bicausal system ¥ = (X,,3_)
with subsystems ([3.2)) and (B.I)), where now ¢?-admissible trajectories refer to sig-
nals of the form (u,x_ @ x4,y) such that y = y_ + y4+ with (u,x_,y_) an
¢2-admissible system trajectory of ¥_ and (u, x4,y ) an £2.-admissible system tra-
jectory of ¥;. We define S: X := X_ @ Xy — R to be a storage function for ¥
exactly as was done in Section H] for the dichotomous case, i.e., we demand that

(1) S is continuous at 0,
(2) S satisfies the energy balance relation (1)) along all £>-admissible system
trajectories of the bicausal system ¥ = (X_, %), and

(3) S(0)=0.
We again say that S is a strict storage function for X if the strict energy-balance re-
lation (2] holds over all £2-admissible system trajectories (u,x,y) for the bicausal
system ¥ = (X_,X). By following the proof of Proposition .1l verbatim, but now
interpreted for the more general setting of a bicausal system ¥ = (X_,3,), we
arrive at the following result.

Proposition 6.1. Suppose that S is a storage function for the bicausal system
Y= (3_,%,) in @1)-B2), with Ay exponentially stable. Then the input-output
map T is contractive (|| Tx|| < 1). In case S is a strict storage function for X, the
input-output map is a strict contraction (|[Tx|| < 1).

To get further results for bicausal systems, we impose the condition (@3], inter-
preted property for the bicausal setting as explained in Section Bl In particular,
with the bicausal £2-exact controllability assumption in place, we get the following
analogue of Remark

Remark 6.2. We argue that the second condition (@I (respectively, [@2) for
the strict case) in the definition of a storage function for a bicausal system ¥ =
(X_,%4) (assumed to be (%-exactly controllable) can be replaced by the local condi-
tion

S(x_ @ (Arzy + Byu)) — S(A_z_ + B_u) ® ay)
(6.1) < Jull® = ICA—z— + Cyas + (C_B- + D)ul|*.
for the standard case, and by its strict version
S(x_ @ (Apay + Byu)) — S((A_x_ + B_u) ® 24)
+ (| Aa— + Boul® + flot |* + [lul®)
(6.2) <|lul|? = |CA_z_ +Cyay + (C_B_ + D)ul?.
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for the strict case. Indeed, by translation invariance of the system equations, it
suffices to check the bicausal energy-balance condition (41]) only at n = 0 for any
¢?-admissible trajectory (u,x,y). In terms of

(6.3) vomx-(n+1), @y i=xi(n), wi=u(n),
we can solve for the other quantities appearing in (£I)) for the case n = 0:
xy(1) = Ay2, + Byu,
x_(0)=A_z_ + B_u,
y(0)=C_A_z_+Cyazy +(C_B_ + D)u.

Then the energy-balance condition (41 for the bicausal system ¥ reduces to (6.1)),
so ([6.1) is a sufficient condition for S to be a storage function (assuming conditions
(1) and (3) in the definition of a storage function also hold). Conversely, given
any r_ € X_, x4 € Xy, u € U, the trajectory-interpolation result Proposition [3.3]
assures us that we can always embed the vectors x_, xy, u into an £?-admissible
trajectory so that (63) holds. We then see that condition (6.1]) holding for all «,
Z', u is also necessary for S to be a storage function. The strict version works out
in a similar way, again by making use of the interpolation result Proposition B.3].

We next define functions S,: X — R and S,: X — R via the formulas (£6) and
(@) but with W, taken to be the controllability operator as in ([B.21]) for a bicausal
system. One can also check that the following bicausal version of Proposition 4]
holds, but again with the verification of the continuity property for S, and S,
postponed until more detailed information concerning .S, and S, is developed below.

Proposition 6.3. Let ¥ = (X_,%;) be a bicausal system as in BI)-B2l), with
Al exponentially stable. Assume that (A3) holds. Then:

(1) S, is a storage function for X.

(2) S, is a storage function for X.

(3) If S is any storage function for 3, then

Sal(x0) < S(z0) < Sp(0) for all zo € X.

Proof. The proof of Proposition 4 for the causal dichotomous setting extends
verbatim to the bicausal setting once we verify that the patching technique of
Lemma holds in exactly the same form for the bicausal setting. We therefore
suppose that

(6'4) (u/7x/7y/)7 (u//7x//7y//)

are (?-admissible trajectories for the bicausal system ¥ such that x’(0) = x”(0).
In more detail, this means that there are two ¢?-admissible system trajectories
of the form (u/,x’ ,y’ ) and (u”,x”,y”) for the anticausal system X_ such that
x_(0) = x”(0) and two ¢*-admissible system trajectories of the form (u’,x/,,y’,)
and (u”, x| ,y’/) for the causal system X with x/, (0) = x/{ (0) such that we recover
the state and output components of the original trajectories for the bicausal system

©4) via
"(n) = X (n) & X (n),
"(n) =y”(n) +yi(n).

3
_|_

+

2
<K

!
X X
y'(n) =y
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Let us define a composite input trajectory by

u(n) = {u’(n) ifn <0,

u’(n) ifn>0.

We apply the causal patching lemma to the system ¥ (having trivial dichotomy)
to see that the composite trajectory (u,x4,y+) with state and output given by

x/ (n) ifn<O0, yi.(n) ifn<0,
x4(n) = ,J,r . y+(n) = ,J,r .
x(n) ifn>0, yi(n) ifn>0,

is an /2-admissible trajectory for the causal system X,. Similarly, we apply a
reversed-orientation version of the patching given by Lemma to see that the
trajectory (u,x_,y_) with state and output given by

x_(n)z{j_(n) if n <0, y_(n):{y’_(n) if n <0,

(n) ifn>0, y'(n) ifn>0

is an £?-admissible system trajectory for the anticausal system ¥_. It then follows
from the definitions that the composite trajectory (u,x,y) given by ([ZLJ)) is an
(2-admissible system trajectory for the bicausal system ¥ as wanted. O

Quadratic storage functions and spatial KYP-inequalities: the bicausal
setting. We define a quadratic function S: X — R as was done at the end of
Section Ml above: S(z) = (Hz,z) where H is a bounded selfadjoint operator on X.
For the bicausal setting, we wish to make explicit that X has a decomposition as

X = X_ ¢ X, which we now wish to write as a column decomposition X = [f(; ] .

After a change of coordinates which we choose not to go through explicitly, we may
assume that this decomposition is orthogonal. Then any selfadjoint operator H on
X has a 2 x 2 matrix representation

(6.5) H:[g; gj]onxz[i]

with associated quadratic function Sy now given by

Sp(z_ ®ay) = (H(x_ Day),o_ ®ay) = <[‘g; Iifﬂ [ij : [ij >

If we apply the local criterion for a given function S to be a storage function in the
bicausal setting as given by Remark [6.2] we arrive at the following criterion for Sy
to be a storage function for the bicausal system 3:

([% i ] | germa) s [errin])
([t 2] ] )
<uf> = |C- A2 + Cyay + (C-B- + D)ul|*.

which amounts to the spatial version of the bicausal KYP-inequality (L9]).
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Similarly, Sy is a strict storage function exactly when there is an € > 0 so that

H_ HU _ "E7~ ~ "E7~
<|:HE; H+:| |:AI++B+U:| ? |:AI++B+U:|>
_ <{H7 HO} {Z,z,ﬂ?,u} {Z,m,+§,u}>
H(); Hy T4 ) T4
+E(|A-z- + Bu|® + o+ |* + [[ul*)
<|ul?=|C-A_z_ +Cyzy +(C_B_ + D)ul?.

One can check that this is just the spatial version of the strict bicausal KYP-
inequality (II0). Ome can now check that the assertion of Proposition goes
through as stated with the dichotomous linear systems in (1)) replaced by a bi-
causal system BI)-([32) (with A, and A_ both exponentially stable), and with
KYP-inequality (respectively strict KYP-inequality (LH)) replaced with bicausal
KYP-inequality (L9) (respectively strict bicausal KYP-inequality (LI0)). We have
thus arrived at the following extension of Proposition to the bicausal setting.

Proposition 6.4. Suppose that ¥ = (X_,34) 4s a bicausal system BI)-B.2),
with /Nli exponentially stable. Let H be a selfadjoint operator as in (G.35), where
we assume that coordinates are chosen so that the decomposition X = X_ & X,
is orthogonal. Then Sy is a quadratic storage function for ¥ if and only if H is
a solution of the bicausal KYP-inequality (L9). Moreover, Sy is a strict storage
function for ¥ if and only iof H is a solution of the strict bicausal KYP-inequality

CI10).

Furthermore, as noted in Section B the Hankel factorizations (322 also hold in
the bicausal setting. Hence Lemmal5.Ilgoes through as stated, the only modification
being the adjustment of the formulas for the operators W, W to those in (3:20)
(rather than (2I9), (220)). It then follows that Theorem holds with exactly
the same formulas (5.7), (6.8), .9), (6I0) for S,, S,, H, and H,., again with the
adjusted formulas for the operators W and W*. As S, = Sy, and S, = Sy, with
H, and H, bounded and boundedly invertible selfadjoint operators on X_ @ X, it
follows that S, and S, are continuous, completing the missing piece in the proof of
Proposition above. We have arrived at the following extension of Theorem
to the bicausal setting.

Theorem 6.5. Suppose that ¥ = (X_,X4) is a bicausal system BI)-B.2), with
Ei exponentially stable, satisfying the standing hypothesis [@3)). Define the avail-
able storage S, and the required supply S, as in [E8)-XT) (properly interpreted for
the bicausal rather than dichotomous setting). Then S, and S, are continuous. In
detail, Sq, and Sy are given by the formulas &.1)-BR)), or equivalently, S, = S,
and S, = Sy, where H, and H, are given explicitly as in (59) and (GI0).

Remark 6.6. A nice exercise is to check that the bicausal KYP-inequality (T3]
collapses to the standard KYP-inequality (I4)) in the case that A_ is invertible
so that the the bicausal system ¥ can be converted to a dichotomous system as
in Remark Let us assume that 3 is a bicausal system as in (3.1) and (3.2).

We assume that A is invertible and we make the substitution @I7) to convert
to a dichotomous linear system as in (L)), ZI), 22). The resulting bicausal
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KYP-inequality then becomes

R
I 0 AT Ct H_ Hy 0 (IJ AO BO
043 o3 H; Hy 0 + ¥

C_A'C, —C_AT'B_+D

0 B} —B*A™"'C*+D" 0 01
AT 00 H_ Hp AT 0 -—AT'B_
(6.6) = 0 I0||H;HyoO 07 o .
—-BrA* o1 0 0 I 00 I

However the spatial version of the bicausal KYP-inequality (L9) corresponds to
x_ (1)

the quadratic form based at the vector [x+(0)} while the spatial version of the
u(0)

dichotomous (causal) KYP-inequality (I.4) is the quadratic form based at the vector

x_(0)
[x+(0)} , where the conversion from the latter to the former is given by

u(0)
<07 A 0B [*
x4 (0) =[o ! 0} x5 (0) | .

u(0) 001 u(0)

To recover the dichotomous KYP-inequality (L) from (G.6l), it therefore still re-
mains to conjugate both sides of (6.6) by T = [A(f ?Bof} (i.e., multiply on the
right by T and on the left by 7). Note next that et

[ (IJ A0+ f?+ } [A07 ?B(Ji}: [AO A0+ g+:|a

C_A~'Cy —C_A~'B_+D 0 D O c_Cy D

AT'0-AT'B| [A_0B_ 100

kst

Hence conjugation of both sides of (6.6) by T results in

[A* 0 C*} [H Ho 0} |:A 0 B] [H Ho 0}

0 AL CY Hy H_ 0 0 A_By | 2| Hy H- 0

B* B} D* 0 o0 I1]LlC-C+ D 0 0 I

which is just the dichotomous KYP-inequality ([4]) written out when the matrices
are expressed in the decomposed form (1)), [2.2)), (65).

The connection between the strict KYP-inequalities for the bicausal setting
(CI0) and the dichotomous setting (L3 works out similarly. In fact all the re-
sults presented here for dichotomous systems follow from the corresponding result
for the bicausal setting by restricting to the associated bicausal system having
A_ = A~! invertible.

7. DICHOTOMOUS AND BICAUSAL BOUNDED REAL LEMMAS

In this section we derive infinite-dimensional versions of the finite-dimensional
Bounded Real Lemmas stated in the introduction.

Combining the results of Propositions 1] 4] and Theorem leads us
to the following infinite-dimensional version of the standard dichotomous Bounded
Real Lemma; this result contains Theorem (1), as stated in the introduction,
as a corollary.

Theorem 7.1. Standard dichotomous Bounded Real Lemma: Assume that
the linear system ¥ in (LI) has a dichotomy and is dichotomously €2-exactly con-
trollable and observable (both W, and W are surjective). Then the following are
equivalent:
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(1) [[Folleo,r := sup.er [Fu(2)]] < 1.

(2) There is a bounded and boundedly invertible selfadjoint operator H on X
which satisfies the KYP-inequality (L4). Moreover, the dimension of the
spectral subspace of A over the unit disk (respectively, exterior of the closed
unit disk) agrees with the dimension of the spectral subspace of H over the
positive real line (respectively, over the negative real line).

We shall next show how the infinite-dimensional version of the strict dichotomous
Bounded Real Lemma (Theorem (2)) can be reduced to the standard version
(Theorem [TT]) by the same technique used for the stable (non-dichotomous) case
(see [18] 6l [7]). The result is as follows; the reader can check that specializing the
result to the case where all signal spaces U, X', ) are finite-dimensional results in
Theorem (2) from the introduction as a corollary. Note that, as in the non-
dichotomous case (see [6, Theorem 1.6]), there is no controllability or observability
condition required here.

Theorem 7.2. Strict dichotomous Bounded Real Lemma: Assume that the
linear system X in (L)) has a dichotomy. Then the following are equivalent:

(1) [Pl = sup.cr | Fo(2)] < L.

(2) There is a bounded and boundedly invertible selfadjoint operator H on X
which satisfies the strict KYP-inequality [L3]). Moreover the inertia of A
partitioned by the unit circle lines up with the inertia of H (partitioned by
the point 0 on the real line) as in the standard dichotomous Bounded Real
Lemma (Theorem [7.1] above).

Proof. The proof of (2) = (1) is a consequence of Propositions [4.1] 4], and [£.5]
so it suffices to prove (1) = (2). To simplify the notation, we again write F' rather
than Fy; throughout this proof.

We therefore assume that || F||co,r < 1. For € > 0, we let X, be the discrete-time
linear system (CI)) with system matrix M, given by

A | B EIX
A B| C | D 0
(7.1) Me = [Ce DJ Tl elx| O 0
0 EIz,[ 0
with associated transfer function
(D 0 C
F(z)=|0 0| +z|ex|(I-2zA4)""[B ely]
_EIz,[ 0 0
I F(z) ezO(I — zA)~1
(7.2) = lez(I—2zA)7'B €I —zA)7!
L EIz,[ 0

As M and M, have the same state-dynamics operator A, the system Y. inherits the
dichotomy property from ¥. As the resolvent expression z(I — zA)~! is uniformly
bounded in norm on T, the fact that || F||co,r < 1 implies that || F||co,r < 1 as long
as € > 0 is chosen sufficiently small. Moreover, when we decompose B, and C.
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according to ([Z2l), we get

' u
B. ey 0 X
B. = - | A — ,
1B+ 0 EIX+] X, [X+]
[Cc_ Oy y
el 0 | [x] |
Ce= 0 e, | [XJ_> x|
0 0 u

or specifically

C o
6[3{7 o 0

CE_ - 0 ’ C€+ - EIX+
0 0

Hence we see that (A,, B.y) is exactly controllable in one step and hence is ¢2-
exactly controllable. Similarly, (A~*, A=*B,_) is {?>-exactly controllable and both
(Cey, Ay)and (C._ A~ A™1) are £2-exactly observable. As we also have ||Fi||oo.r <
1, in particular || Fe||co,r < 1, s0 Theorem [Tl applies to the system ¥.. We conclude
that there is bounded, boundedly invertible, selfadjoint operator H. on X so that
the KYP-inequality holds with respect to the system X.:

A c][H. 0 A B] _[H 0
B DIl |0 Iygxgu| |Cc De| = |0 Iygx|’

Spelling this out gives

A*H A+ C*C + 21y A*H. B+ C*D eA*H, H 0 0
B*H.A+ D*C B*H.B+D*D +¢€’l; eB*H.| < |0 I; 0
eH A eH. B e2H, 0 0 Iy

By crossing off the third row and third column, we get the inequality
A*H A+ C*C + eIy A*H.B+C*D < H. 0
B*H.A + D*C B*HB+D*D+¢eI,| — | 0 Iy

or

A* C*||H. 0||A B e Ix O < He 0

B* D*| |0 Iy||lCc DT |0 IJ=|0 Il
We conclude that H, serves as a solution to the strict KYP-inequality (3]) for the
original system X as wanted. ([l

The results in Section [6] for bicausal systems lead to the following extensions
of Theorems [[.1] and to the bicausal setting; note that Theorem [[3] in the
introduction follows as a corollary of this result.

Theorem 7.3. Suppose that ¥ = (X4,3_) is a bicausal linear system with sub-
systems ¥4 and X_ as in BI) and B2), respectively, with both Ay and A_
exponentially stable and with associated transfer function Fx, as in (3.9).
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(1) Assume that % is £%-exactly minimal, i.e., the operators W, W7, (W1)*,
(W, )* given by B20) are all surjective. Then ||Fx|lcor < 1 if and only

if there exists a bounded and boundedly invertible selfadjoint solution H =

[I;I; 52} of the bicausal KYP-inequality (L9).

(2) Furthermore, ||Fx|oor < 1 holds if and only if there is a bounded and

boundedly invertible selfadjoint solution H = [I;I; gz ] of the strict bicausal

KYP-inequality (LI0).

Proof. To verify item (1), simply combine the results of Propositions [6.1] [6.3]
and Theorem
As for item (2), note that sufficiency follows already from the stream of Propo-
sitions [6.11 and [641 As for necessity, let us verify that the same e-augmented-
system technique as used in the proof of Theorem can be used to reduce the
strict case of the result (item (2)) to the standard case (item (1)). Let us rewrite
the bicausal KYP-inequality (L9) as
H_4+A*C*C_A_ HyA,+A*C*Cy HoB,+A*C*D
[ AL H;+C1C_A_ AL H{ A +CiCy 21H+§++5115]
BiH;+D*C_A_ BiH,A,+D*Cy BL1H.B,+D"D
A*H_A_ A*Hy, A*H_B_
(7.3) = l HiA_  Hy H;B_ 1
B H_A_ B Hy B*H_B_+I
where we set
D=C_B_+D.

Let us now consider the e-augmented system matrices

r ~ ~ g+ I §+ 6IX+ X
—_——— X <4
M. — Ay By Ci | D o .| FE By
+,e — ~ = . u — X )
O+,e D, elx, | 0 0 Xy Zj
- 0 | ely 0
r o~ ~ A_ | B_ elx_ x
A7 B7 € 5 | 0 0 L 77
Mo =% “|=| ¢ S vl B A
’ C—,e 0 elx_ | O 0 X N
- 0 | 0 0

Then the system matrix-pair (Me 4, M _) defines a bicausal system X, = (X, 4+, X —)
where the subsystem ¥ ; is associated the system matrix M, ; and the subsystem
3¢, is associated the system matrix M, . Note that the state-dynamics operators

EJF and A_ of ¥, are exponentially stable and has transfer function F, given by

~ & B B
Fe(z) = |: §034§:| +z |:€I;+:| (I—ZA+)71 [B+ eIXJr]
¢ 0

+ {i] (I—2z""A_)"'[B elx ]

0
F(z) eza+(1—zg+)71+65,(I—ZAV,)71
= | ez(I—2A) 'Bi4e(I—z""A_ ) 'B_ z(I—2A,) '4+(I-2z"1A_)"!
ely 0

Since by assumption the transfer function F' associated with the original bicausal
system X = (X4, ¥_) hasnorm || F'||oc,r < 1 and both A, and A_ are exponentially
stable, it is clear that we can maintain || F¢|lco,r < 1 with € > 0 as long as we choose
e sufficiently small. Due to the presence of the identity matrices in the input
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and output operators for M, . and M_ ., it is clear that the bicausal system X,
is £2-exactly controllable and ¢?-exactly observable in the bicausal sense. Then
statement (1) of the present theorem (already verified) applies and we are assured

that there is a bounded and boundedly invertible solution H = [ﬁ* Hf] of the
bicausal KYP-inequality (Z.3) associated with X = (X4,.,%X_¢). Replacing By,

Cy and D in [@3) by Bi & C’i . and D, leads to the e-augmented version of the
bicausal KYP-inequality:

H_ 4+A*C*C_A_+A* A_ HoA +A*CrC, HoB,+A* C*D+e*A* B_ X4
ngfj-‘,—éié,A, K1H+g++515++621 E+H+§++515 Xoyg
BiH;+D*C_A_+€’B*A_ BjH{A,+D*Cy, B}H{By+D*D+e’B* B_+e’Iyy Xs4
engLeéia,g,Jrezg, eH+g++56ia+ eéiﬁJrezé, Xaa

(7.4)

A*H_A_ A*Hy, A*H_B_ €A*H

< _HiA- Hy H;B_ cH}

B*H_A_ B*Hy B*H_B_+I eB* H_
eH_A_  eHy eH_B_  EH_+1
where o N
¥ eHo+eA* C* C_+e?A*
X;i o EAV:H++66:,5,
Xsa | eﬁ*5,+e2§i
Xaa

626i57+€21x‘7
The (4 x 4)-block matrices appearing in (4] are to be understood as operators on

X
lfj} where the last component X further decomposes as X = [fé; } Note that

X
the operators in the fourth row a priori are operators with range in X_ or Xy ; to get

the proper interpretation of these operators as mapping in X, one must compost
each of these operators on the left by the canonical injection of Xy into X = [f(; ] .

Similarly the operators in the fourth columns a priori are defined only on X_ or
X4 ; each of these should be composed on the right with the canonical projection of

X onto X1. On the other hand the identity operator I appearing in the (4, 4)-entry

of the matrix on the right is the identity on the whole space X = {?é*
v

With this understanding of the interpretation for the fourth row and fourth
column of the matrices in (Z4)) in place, the next step is to simply cross out the
last row and last column in (Z4]) to arrive at the reduced block-(3 x 3) inequality

lH +A*C*C_A_ HyA +A*C*C, HoBi+A*C* D]

)

A H0+C C A A H+A++C C+ A+H+B++C D

B+H0+D C_A_ B+H+A++D C+ B+H+B++D D

A*A_ 0 A*B_ A*H_A_ A*Hy, A*H_B_
+ e 0 Ik, 0 =< | mgAi  H.  HB.
B_A_ 0 B*B_+Iy B*H_A_ B*Ho B*H_B_+1Iy

This last inequality amounts to the spelling out of the strict version of the bicausal
KYP-inequality (I9), i.e., to (LIQ). O
8. BOUNDED REAL LEMMA FOR NONSTATIONARY SYSTEMS WITH DICHOTOMY

In this section we show how the main result of Ben Artzi-Gohberg-Kaashoek in
[10] (see also [14, Chapter 3] for closely related results) follows from Theorem
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by the technique of embedding a nonstationary discrete-time linear system into an
infinite-dimensional stationary (time-invariant) linear system (see [I3, Chapter X])
and applying the corresponding result for stationary linear systems. We note that
Ben Artzi-Gohberg-Kaashoek took the reverse path: they obtain the result for the
stationary case as a corollary of the result for the non-stationary case.

In this section we replace the stationary linear system (II]) with a nonstationary
(or time-varying) linear system of the form

x(n+1) = A,x(n)+ Byu(n),
y(n) = Cpx(n)+ Dyu(n),

where {A,}nez is a bilateral sequence of state space operators (A4, € L(X)),
{Bn}nez is a bilateral sequence of input operators (B, € L(U, X)), {Cp}nez is
a bilateral sequence of output operators (C,, € L(X,))), and {D,}nez is a bilat-
eral sequence of feedthrough operators (D,, € L(U,))). We assume that all the
operator sequences { A, }nez, {Bn}nez, {Cn}nez, {Dn}nez are uniformly bounded
in operator norm. The system X,on_stat is said to have dichotomy if there is a
bounded sequence of projection operators { Ry, }necz on X such that

(81) Znon—stat: = { (n S Z)

(1) Rank R,, is constant and the equalities
Aan = RnJrlAn

hold for all n € Z,
(2) there are constants a and b with a < 1 so that

(8.2) |Apsjo1 - Anz|| < bal||z| for all 2 € Tm R,,,
1
(8.3) |Ant -1 Anyl > W”y” for all y € Ker R,,.

Let us introduce spaces

—

— —
U:=106(2), X:=02), Y:==~052).

— - = - — - —
and define bounded operators A € L(X), B € L(U,X),C e L(X,)), D e LU,Y)
by

A =diag,;[An], B=diag,c;[B,], C=diag,;[Cyn], D = diag,c;[Dy].

—
Define the shift operator S on X by
S = [0ij+11xijez
with inverse S=! given by
S = [bi+1,i0x)ijez,

Then the importance of the dichotomy condition is that S™' — A is invertible
on (%(Z), and conversely, S™' — A invertible implies that the system @) has

dichotomy (see [I0, Theorem 2.2]). In this case, given any ¢?-sequence x’ € X, the
equation

(8.4) S7lx = Ax +x

admits a unique solution x = (S7! — A)7!x’ € (%(Z). Write out x as x =
{x(n)}nez. Then the aggregate equation (84) amounts to the system of equations

(8.5) x(n +1) = Apx(n) +x'(n).
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In particular we may take x’(n) to be of the form x'(n) = Byu(n) where u =

{u(n)}nez € €4(Z). Then we may uniquely solve for x = {x(n)},ez € X so that
x(n+1) = A,x(n) + Bu(n).

We may then use the output equation in (&Il to arrive at an output sequence

N
y ={y(n)}nez € ¥ by
y(n) = Cpx(n) + Dpu(n).

—

Thus there is a well-defined map Ts which maps the sequence u = {u(n)}pez in Y
—

to the sequence y = {y(n)}nez in Y. Roughly speaking, here the initial condition
is replaced by boundary conditions at +00: Rx(—oc0) = 0 and (I — R)x(+00) = 0;
we shall use the more precise albeit more implicit operator-theoretic formulation
of the input-output map (compare also to the discussion around (B2) and GBI

for this formulation in the stationary setting): Tx: ﬁ — 5 is defined as: given a
u = {u(n)}nez € Zj, Tsu is the unique y = {y(n)}nez € 5)) for which there is a
x = {x(n)}nez € X so that the system equations &) hold for all n € Z, or in
aggregate operator-form, by

Ts =D+C(S'-A)"'B=D+C(I -SA) 'SB.
The main theorem from [I0] can be stated as follows.
Theorem 8.1. (See [I0, Theorem 1.1].) Given a nonstationary input-state-output

linear system &1l), the following conditions are equivalent.

(1) The system 1) is dichotomous and the associated input-output operator
Ts. has operator norm strictly less than 1 (||Tx|| < 1).
(2) There exists a sequence of constant-inertia invertible selfadjoint operators

{H, ynez € L(X) with both ||H,| and || H, || uniformly bounded in n € Z

such that
Ar C¥| |Hpy1 O A, Bn H, 0
O Al s A R
for allm € Z.

Proof. One can check that the nonstationary dichotomy condition ([82)—(B3]) on
the operator sequence {A }nez translates to the stationary dichotomy condition

on A with X+ =ImR, X, = KerR where R = diag,,c;[R,]. Then

— —
A B X X
U=lc o] 7| 7 |3
U y
is the system matrix for a big stationary dichotomous linear system
®.7) 5. X(n+1) = AX(n)+Bu(n)
' ' y(n+1) = CX(n)+Du(n)

where
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To apply Theorem to this enlarged stationary dichotomous system X, we first
need to check that the input-output map T is strictly contractive. Toward this
end, for each k € Z introduce a linear operator

Ohu: Z{ =0}(Z) — f%(Z)

defined by
(k)
u={um)}nez = oxu={u (n)}nez

where we set

*)(k) 2 =

u  (n) = {mn+ru(n)tmez € (u(Z) =U.
In the same way we define o, x and oy, y, changing only U to X and Y, respectively,
in the definition:

%M}:@@pmym %yﬁzgmpwym

Then one can check that oy, ox,x and oy y are all isometries. Furthermore, the
operators

0’27:[... o_1u Oou O1u ...]:g%(z)ﬁéz%(z),
. P2 2
op=[ ox oox onx ]2 > (),
o = _ . %Z iZ
o=l oy oy oy ] E2) = E(2),

are all unitary. The relationship between the input-output map Tx for the station-
ary system 3 and the input-output map Tx for the original nonstationary system
is encoded in the identity

Tg = k@oo O'kﬁy S;;k TE Sllf{ UZ,Z/{ = U}diag keZ [TE] O'Z%
where Sy is the bilateral shift on 7, (Z) and Sy is the bilateral shift on £3,(Z), i.e., the
input-output map 7% is unitarily equivalent to the infinite inflation 7% ® Ip2(z) =
diag ez [Tx] of Tx. In particular, it follows that | Tx|| = ||T%||, and hence the
hypothesis that |Tx|| < 1 implies that also ||Tx|| < 1.
We may now apply Thegrem to conclude that there is a bounded invertible

selfadjoint operator H on X" such that

A Cc*l|H 0

{A B}_{H 0

< 0.
C D 0 Iﬁ}

Conjugate this identity with the isometry og:

o5 0] A" C* H O|[[A Blfoy, 0

0 o} |IB* D*| |0 I; C D||0 o
B o5 0 H 0]fop 0
(8.9) {0 05} {0 Ia} {0 o =< 0.

If we define H,, € L(X) by

H, = oyHogt,
where (,, is the embedding of X into the n-th coordinate subspace of ¢3,(Z), then
one can check that the identity (B8] collapses to the identity (8.6]) holding for all
n € Z. This completes the proof of Theorem Rl O
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