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MAXIMAL OPERATORS ASSOCIATED WITH BILINEAR
MULTIPLIERS OF LIMITED DECAY

LOUKAS GRAFAKOS, DANQING HE, AND PETR HONZIK

ABSTRACT. Results analogous to those proved by Rubio de Francia
[28] are obtained for a class of maximal functions formed by dilations
of bilinear multiplier operators of limited decay. We focus our attention
to L? x L* — L' estimates. We discuss two applications: the bounded-
ness of the bilinear maximal Bochner-Riesz operator and of the bilinear
spherical maximal operator. For the latter we improve the known results
in [1]] by reducing the dimension restriction fromn > 8 ton > 4.

1. INTRODUCTION

Coifman and Meyer [6, |8, [7] initiated the study of bilinear singular in-
tegrals and set the cornerstone of a theory that has recently flourished in
view of the breakthrough results in [24} 25] and of the foundational work
in [20,23]]. The study of multipliers of limited decay in the bilinear setting,
such as of Mihlin-Hormander type, was initiated in [31] and pursued fur-
ther in [10, 18, 19} 27] and other works. Many of these results have found
weighted extensions in terms of the natural multilinear weights introduced
in [26]. Meanwhile, the simple characterization of multipliers bounded on
L? does not have a bilinear analogue; see [2] and [16].

In this work we investigate the L> x L?> — L' boundedness of maximal
operators related to bilinear multipliers with limited decay. This line of in-
vestigation was motivated by the study of the bilinear spherical maximal
operator introduced in [11] and further studied in [[1]; another bilinear ver-
sion of the spherical maximal operator is studied in [21].

The spherical maximal operator was shown to be L” bounded by Stein
[29] in dimensions n > 3 (see also [30, Chapter XI]) but its planar version
(n = 2) was completed by Bourgain [4]]. Rubio de Francia [28] introduced
a different approach to study this operator in dimensions n > 3 and proved
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the following theorem concerning general maximal functions that include
the spherical maximal operator.

Theorem ([28, Theorem B]). Let s be an integer with s > n/2, leta > 1/2,
and suppose that m is a function of class C**1 (R") that satisfies

ID*m(E)| <CIE|™*  forall|a] <s+1.
Then, T:(f) = sup,o |(m(t-)f)"| is bounded on LP(R") for

2n 2n—2
a = n+2a—1 <p< n—2a —a
(with the understanding that g, = 1 if a > (n+ 1)/2 and rq = oo ifa >n/2).
Here f is the Fourier transform of f given by f fRn e 2 E gy

In this paper we are concerned with maximal operators formed by dila-
tions of bilinear multiplier operators of the form

1(f.g)) =swp| [ [ mteg.m)FiEgmeEmazan)

t>0

for all Schwartz functions f and g on R”. Our main result is the following
theorem, which presents a bilinear analogue of the aforementioned result of
Rubio de Francia.

Theorem 1.1. Let a > %+ 1. Suppose that m(&, 1) € C(R*") satisfies
0P m| < Cgl(&,m)| ™
for all |B| < [5]+2, where [5] is the integer part of 5. Define

S(.8)0) = [ mEm) T agan.
Then the bilinear maximal operator defined by

(1) M(f?é’)zsup‘st(f?g)‘

>0
is bounded from L*(R") x L>(R") to L' (R").

In studying linear and bilinear spherical maximal operators, we often de-
compose the multiplier m = Y7 oM with m; = my; for smooth bumps y;

supported in annuli [(£,7n)| ~ 2/, j > 1 and y supported in a neighbor-
hood of the origin. We recall the Sobolev space L} of all functions g with
(I —A)*/?g||1r < oo, where A is the usual Laplaciand and s > 0.

Motivated by Hormander type conditions, we obtain Theorem [I.1] as a
consequence of the following more general result, which is the main contri-
bution of this paper.
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Theorem 1.2. Let A > 1, 1 <r <4, s> 27” +1,j > 1. Suppose that for
each j € N, M;(§,1n) is a multiplier supported in

{(€.m) eR™: 2771 < (&) <2714,

that satisfies
(2) M| (e <A27M.
Let
Si(f.8) Y Mj(t&,m) f(§)g(m)e ™ Mg an.

R2" j=>0
Then the maximal operator

T(f7g) = Sup|St(f7g>|

t>0

is bounded from L*(R") x L*(R") to L' (R") with bound a constant multiple
of A.

We prove Theorem [IL.2]in Section3l Below we derive Theorem

Proof of Theorem[I 1 assuming Theorem[[.2l We fix a smooth function @
supported in B(0,2) whose value is 1 in the unit ball, and define

~

v() =02 ") -a()
and

m;(&,n) =m(&,m)y(27'(&,n))
forj>1,and mo=m—Y ;> mj.
Then my is a compactly supported smooth function, so the corresponding
bilinear maximal operator

Ty (F.8)(0) = sup| [ mo(eE.em) FL&)gm)e™ € Mg

t>0
is bounded by CM(f)M(g), where M is the Hardy-Littlewood maximal
function. So Tj is bounded from LP'(R") x LP2(R") to LP(R") for all
1 <p1,p2<ooand1—17:%—|—é.
Let r = 4, then [|m;]| ;4 < C27792/"/2 Hence m; satisfies conditions of
Theorem [L.2] with the decay A = a — 5 > 1. Theorem [L.2] then implies that
the bilinear maximal operator (I)) is bounded from L? x L* to L!. U

As an application of Theorem [I.Il we improve the known results con-
cerning the boundedness of the bilinear spherical maximal operator. It was
shown in [T] that this operator is bounded from L?(R") x L*>(R") to L' (R")
for n > 8. Here we reduce the dimension restriction to n > 4.
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Theorem 1.3. Let my(E, 1) = Wzﬂfw for o € R, then the bilinear

maximal operator My defined by
My ( = sup

wp| [[| mateg.amg)aimen e dédn'

is bounded from L* x L* to L' when n >3 —20.
In particular, for ¢ = 0, the bilinear spherical maximal operator

3) Mo(f,8) = sup f(x—10)g(x—19)do(6,¢)

t>0

is bounded from L*(R) x L>(R) to L' (R) when n > 4.

Sanl

Proof. The function my, satisfies the conditions of Theorem [I.1] with a =
n+o — % Hence when n > 3 — 2a, we obtain the L? x L* — L' bound-
edness of M. Now recall that the (2n — 1)-dimensional surface measure
o satisfies 675' = my, 1.e., mg with o = 0. Hence the bilinear spherical
maximal operator (3) is bounded from L?(R") x L?>(R") to L!(R") when
n>4. U

It was pointed out in [[1]] that L[? x L* — L! boundedness fails in dimen-
sion n = 1. As of this writing, we are uncertain about the behavior of this
operator in dimensions n = 2, 3.

We discuss another application of Theorem concerning the bilinear
maximal Bochner-Riesz means in Section 4.

2. WAVELET DECOMPOSITION

We use the wavelet decomposition of multipliers as in [15]. So we need
to introduce the tensor type wavelets due to [9], and the exact form we use
here can be found in [32]].

Lemma 2.1 ([32, Section 1.7.3]). For any fixed k € N there exist real com-
pactly supported functions W, Wy € CK(R), which satisfy that |y || I2(R) =
Wl 2y = 1 and [ x*yy(x)dx = 0 for 0 < o < k, such that, if WO is
defined by
WOF) = v, (x1) - Yo, (¥20)
for G=(Gy,...,Gy,) in the set
T:={(G1,....G): Gie {FM} ],

then the family of functions

U {{\W ----- F>(z—ﬁ>}u6 {2mwori-p): GEI\{(F,...,F)}}]

y=0
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forms an orthonormal basis of L*>(R*"), where ¥ = (x1,. .., X2,).

For simplicity, we use often below @ (&,n) = wx;(&,n) to denote the
wavelet 279 (2Y(E, 1) — (k,1)) when the dilation factor ¥ is fixed. More-
over we may write @ (&, 1) = o) x(§)wy,;(n), where

@) o k(&) = 2"y, (2781 k1) - WG, (2760 — k)
and @, ;(n) is defined in an obvious similar way. For a good function m,
we denote by ay ; as the inner product (m, @y ;) of m and oy ;.

Let F,fq(]Rz”) and f}, be the Triebel-Lizorkin spaces of functions and
sequences, respectively; see [13, Sections 2.2 and 2.3]. To characterize
general function spaces, we need the following lemma.

Lemma 2.2 ([32, Theorem 1.64]). Let 0 <r < oo, 0 < g < oo, s € R, and
foryeNand ji € N*" [et Xyii be the characteristic function of the cube Q.
centered at 277 [i with length 2'~. For a sequence 1 = {ng’G} define the

norm
7G 1
= [ X 270 xu ()1
’}/7G7l'l'

Let N 5 k > max{s, % +n—s}. Let ‘Pg’G be the 2n-dimensional
Daubechies wavelet with smoothness k as in Lemma 2.1l Let m € S'(R*").
Then m € Fr‘fq(Rz”) if and only if it can be represented as

— Y7G —'}’I’L Y7G
m= Zﬁ np 2Ty
Y7G7“

with ||n| f,|l < e with unconditional convergence in S'(R"). Furthermore
this representation is unique,

%G_ yn ’}/G
nﬁ =2 <m7‘Pﬁ >7

||n|fr7q Lr(RZn)

and
I:m— {27"(m,‘P£’G>}

is an isomorphism from Fr‘fq(]RZ") onto f; ..

We now return the multipliers considering their wavelet decompositions.
Before doing so, we make some comments. The functions Yr and yy
have compact supports, and all elements in a fixed level, i.e., of the same
dilation factor 7, in the basis come from translations of finitely many prod-
ucts, so their supports have finite overlaps. Consequently we can classify
the elements in the basis into finitely many classes so that all elements in
the same level in each class have distant supports, which means that if
® and @' are in the same class with the same dilation parameter ¥, then
5 supp @ N5 supp @' = 0, where 5 supp @ = B(cp,5d) with ¢ inside the
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support of ® and d the diameter of the support of ®@. So, from now on, we
will assume that the supports of @’s related to a given dilation factor y are
far disjoint.

For the multiplier M; in Theorem [.2] we have a wavelet decomposition
using Lemma[2.2] i.e.

5) M; =Y awo,

where the summation is over all ® = ‘PZ’G in the orthonormal basis de-

scribed in Lemma [2.1] the order of cancellations of yy; is M = 4n+ 6, and
e = <Mj 9 (D)
Concerning the size of a, = ay;, we have the following estimate.

Corollary 2.3. The coefficient ag in (3)) related to @ with dilation v is
, 28
bounded by C2~i*2~(+1=)7,

Proof. Since F, (R?") = LI(R?"), we have

. 1/2
‘ <222%‘2y akyle%kﬂz)

k1
by Lemma where Qy; is the cube centered at 277(k,l) with length
21=7_ Take just one term on the left hand side, and notice that |Oy k1| ~
27217, then

< C|Mj]|,
Lr

a j 27 —+n v n . n
|:|

With the wavelet decompositions in hand, we are able to prove Theo-
rem The proof is inspired by [14] and the square function technique
(see [3]] and [28]]). We control

©  n=sw| [ wugmi©wm e magan

t>0

by two integrals with the diagonal and the off-diagonal parts. For the di-
agonal part we have just one term, which can be handled using product
wavelets. For the off-diagonal parts we introduce two square operators with
each one bounded by a product of the Hardy-Littlewood maximal function
and a linear operator bounded on L?(R").

We need to decompose M further. Take N to be a fixed large enough
number so that N/10 is greater than d, the diameters of the support of ®
with dilation factor y = 0. We write @(&,n) = @y (&, 1) = @1 4(&) w2, (),



BILINEAR MAXIMAL OPERATORS 7

where i = (k,[) with k,I € Z", and denote the corresponding coefficient
<(Dk71,Mj> by ag.1- We define

(7 Mj = ZM}W: Y Y ) a0y

r>0 Y |k|>N|l|>N
() MJZ' = ZMJZ',y: Y)Y agooy
r=0 Y k |l|<N
©) Mi=YM,=) Y Y auooy
r=0 Y |k|<N|I|>N

Here M} is the diagonal part such that the support of each level is away from
both £ and 7 axes, MJZ- is the off-diagonal part with each level’s support near
the £ axis, and the support of each level of M]3- is near the 1 axis.

Remark 1. This decomposition is more delicate than that in [[1]. and allows
us to handle more singular operators. Actually for each fix ¥, the supports
of the wavelets in MJZ- related to y are contained in {(&,n) : |n| < Nd277},

while the corresponding part in [1]] is contained in {(&,n) : |n| < 2/¢}.

Corresponding to M} - i=1,2,3, we define

B y(ro) = [| M agamFig)gm e € magan.

We can define By, ina similar way and By, (f,g)(x) = ¥i_ B’] vt (f:8)(x).

Moreover we can define TJ’ y in the way similar to (€) so that 7; = lel Yy Tji v

3. PROOF OF THEOREM [1.2]

For f,g € S(R"), using the fundamental theorem of Calculus, we rewrite

B .(f.8)()
// SE ) F(E)E ) E M agan

/ //Rzn (s&,5m) - VM] ,(sE,sm) F(€)g(n)e?™ (&) dédn—

where the existence of VM}-J, is guaranteed by that all components in MJ1
are contained in the same level.

Define the operator related to (s&,sn) - VM}-J,(Sé ,s1) as

By () = [ (585m)- V(o8 sm)FE)gm)e €z an.

Y
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Then we have the pointwise estimate
A0 T80 =sup B (£ < [ 1By, (.00

We now turn to the study of the boundedness of g}-’%t. The basic idea is

the observation that when r € (1,4), [14, Remark 2] shows that whenever
o is supported in B(0,R) we have

176 (f, &)l 12xr250r < Cllolizg

with C independent of R.
To make this argument rigorous, in the case t = 1, we have the following
estimate, whose proof can be found in the Appendix (Section 5).

Proposition 3.1. Let E = {£ € R": C277 < |&| < 2/}. Then we have
(1D) 1B} 11 (f:8)llr < CAC(i, 1)1 2 218t 2
with

C(y) = n(j+y)2 730210379 whenr=4

C(jy) = 2774 )pr(+5s) when 1 < r < 4.

In both cases we have good decay in j.
Corollary 3.2. For the diagonal part we have
1T}5(f+ &)l < CACG, G+ D fl2llgl 2

Proof. From (1Q) we know that

dt
1
170 (f.8) s < / 1B (o) s /||B,y1ft,gt %,

where f,(€) =t "/2f(& /1), and /(&) = +~"/?g(E /t). Applying Proposi-
tion[3.1l the last integral is dominated by

< ~ - dt
cA / PNl @l 2

<CC(j,7) // \fxel? —di // gixel? —dé

The double integral involving f; is bounded by [[f(&)[? . 221/ |7§/‘| ¢ digg

which is less than C(j+7)|| f ||%2 Hence the last expression is controlled by
CAC(j, )T+ V2l gll2- .
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We next deal with the off-diagonal parts. More specifically, we consider
B3, since the analysis of B3, , is similar in view of symmetry. Recall that

it
B, = // (18 F(E)g ()P S g dn.

We denote (&,1)- (VMJZ-J,)(E ,1n) by m,(é ,M). Then similar to Bit(f,g) (x)
we define

B yu(r.0)0 = [[ | 5,08 m)7(©gme € agan.

With these notations, by the fundamental theorem of Calculus, we have

Bl £ 00 = 2 [ Byl 205 sl )0

2 [ 18 ) 0 B 00
< 26;,5(£.8) )G 1(f.8) ).

d 1/2
]Yf? </ | 7,7 f7 )|2_S)
_ 1/2
Gt = ( [ Bprowps)

These g-functions are bounded from L? x L? to L! with good decay in j.
Indeed, we have the following.

| /\

where we set

Lemma 3.3. For any € > 0 there exists a constant C¢ independent of j such
that for all f,g € S(R"),

1G (£, < CeA2™ 7R 20 VY| ]| o g2

and
1G;4(f+8) |l < CeA2IAD20517| £l g 2.

The proof of this lemma is inspired by [15]].

Proof. We will focus on G j,y first. For G j,y we need to consider two typical
cases, the derivative falling on & and the derivative falling on 7.
Let us consider the multiplier

E10, M3, =Y ar v (&) (1)
ki

with vi (&) = &1 dg, 01 1 (§). Using (@) we observe that
lve(E)] < €2721/20Y = C2721n+2)/2,
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The g-function related to 61851M12-7}, is denoted by é}y( f,&)- By the defini-
tion (8), for a fixed y at most N of @, ; are involved, so we can consider a
single fixed /. Observe that

//2 Y ac (&)@ () f(§)g(m)e™ M ddn
"k

a2 2220 ( [ on gt nan
/ Yrarvi(§)
R

n ||al]e2?(n+2)/227

F(&)eP™dé.

By || < C27"*2)/227 |ay ;| < ||a]|¢=, and the disjointness of the supports
of v, we know that (&) := (Searvi(§))/(l|af|=27"+2/227) s a com-
pactly supported bounded function. Hence the bilinear operator related to
the multiplier Yy ax ;v (&)@, (1) is pointwise bounded by

(12) Cllall=2""D27M(g) (x) T (f) (x),
where Ty (f) satisfies that || T (f)||;2 < C||fxF| ;2 with
F={EecR: 271 <jE| <2/

The operator 6}y is then bounded from L? x L? to L'. Indeed we can

estimate it by a standard dilation argument as follows. Setting fs(é) =

sT2F(E/s), and g(§) = s "/2G(& /5), we have

| Gt

:/R” {/:)/haaklvk Sé)“’zz(»"?)f(é) 3 (1)e2mix (6 dﬁdn) ds} 3 W

LU [ Zami©oumi@ame 5"d5d"\2dsrx.

Since there are only finitely many / in the sum above, we can use the point-
wise estimate (I2)) to estimate the last displayed expression by

Clali-220407 [ ([T To() 0] )

R" 0

§C||a||ew2j2(”+1)7||M(g)||L2(/OM/RHS_"If(é/sﬂzﬂ(é)dé%)7

. _ @F/IE] gg AL
<Clale22 sl ([ FOR [ Tag)”
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The integral with respect to s is log %j—i < C. This, combined with the bound

. 2n
of [|a|p~ < CA27722~6F1=5)Y obtained in Corollary 23] shows that the
last displayed expression is smaller than

(13) Cllall =272 gl 21 F 2 < CA2Z A D21 F =0 gl £l o

When the derivative falls on 1, for example we have differentiation with
respect to 7y, using the notation v;(n) = N1y, @ ;(N) we have a similar
representation

/Rz Zakvlwl,k(é)Vl(n)J?(é)g(n)ezmx'(é’n)dédn
"k

:||a||gw27’n/2 (/Rn vl(n)g\(n)eﬁti}ondn) &%J—Mf(é)ezmx'édé_

e al| =21/

The integral in the parenthesis in the last line is dominated by 2Y"/2M (g) (x)
as both 9y (@)Y (x)e*™! and ()" (x)le*™*! are Schwartz functions,
and the number of the second type of functions is finite because |/| < N. The
bilinear operator related to the multiplier Y, a; ;@; ¢ (&)v;(n) is therefore
bounded by

Cllalle=2""M(g) (x) T () (x),
where T satisfies the same property as 7. For the L' norm of the g-
function G%y related to the multiplier Y a; ;@; (&)v;(N) we apply an ar-

gument similar to that used for || G}YH 1. We obtain
(14) G ls < CA2 427 g o 2
This estimate and (I3]) show that

1Gj(f8)l < CAZ IR D215 0] £ o g 2

For G;y(f,g) an analogous, but simpler argument, applied to the stan-
dard representation Y a; ;@ x (&) @z (1) yields

1G4(f.8)llpr < CA2TA277C 7D | o g 2
The additional decay of 27/ comes from the fact that in the multiplier of
B? y,s We miss the term (&,m), which is controlled by 2/. O

Corollary 3.4. For the off-diagonal part the estimate below holds:

(15) nyu,my<aujmlm2“ DN fll2llel e
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Proof. By the calculation before Lemma[3.3] we have the pointwise control
T3y(f.8)(x) < V2AGj(f.8) ()G f(f.8) (X)),
which, combined with Lemma[3.3] implies that
IT(£,8) s <IV2(Gi£:8)G1(F.8)) 1
<C(|Gj (£, G @)l

' ' B 2 1/2
SCA(zfﬂzﬂMz P £ )2

=CA2 /A=Y g 1o
In this case we have nice decay in j for Tm, since A > 1>1/2. U
We collect the known results to finish the proof of Theorem
Proof of Theorem[[.2l We observe that

Z Z JY f?
j=07v
It is straightforward to verify that
Y CUNG+7) < C2 178 < g2 I*-D2,

Y
if we choose € small enough. So we obtain

(16) ZZII (S8 ||L1<ZCA2 2 fllzligllz < CANF gl o

This Concludes the argument of the diagonal part. A similar argument using
(13) show the boundedness of the off-diagonal part. Hence we deduce the
conclusion of Theorem O

4. APPLICATIONS TO BILINEAR MAXIMAL BOCHNER-RIESZ

Theorem [L.2] can also be used to study the boundedness of the maximal
bilinear Bochner-Riesz means. These are the means

A ix-
(17) AX(f.g) // (&)@ (1~ €2~ [m[2) 2™ &g an,
which coincide with B{L I (f®g)(x,x) with B{L ), the linear Bochner-Riesz op-
erator on R?" and x € R”. For test functions we should have A;l (f.e)— fg
ast — 0 in the L? or in the pointwise sense. [17, 3, 22] have proved positive
results for A = 0 and A > 0 respectively, concerning their L” convergence.

In this section, we are concerned with the pointwise convergence of the
means (I7), in particular with the boundedness of the maximal bilinear
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Bochner-Riesz operator, which of course implies the boundedness of the
bilinear Bochner-Riesz operators in the same range.
The bilinear maximal Bochner-Riesz operator for A > 0 is defined as

() THFg) W =sw| [ [ wtugmFEzmE E agan|

>0

where m* (&, 1) = (1 |£|>—|n|*)%., which is equal to (1~ (| |*+|n[*))*
when |(&,71)] < 1 and O when |(&,n)] > 1.

Our main theorem concerning the boundedness of bilinear maximal Bochner-
Riesz means is as follows:

Theorem 4.1. When A > #, for T in (I8) we have that

ITX ()l < Clfll2 N8l o

We fix a nonnegative smooth function @(s) supported in [— %, %] and a
smooth function y supported in [8, 8] such that Y77 y;(1 —s) =1 for s €
[0,1), where y;(s) = y(2/s) for j > 1 and Yy = @.

We decompose the multiplier m(&,n) = (1 — (|€]>+ |n|?))* smoothly
asm =1} j>omj, where

mj(&,1n) =m(&,my;(l(S,n)])
is supported in an annulus of the form
{(EmerRM: 1-27<|(gm)|<1-277%)

for j > 1 and my is supported in a ball of radius 3/4 centered at the origin.
If

(19)  T;(f,8)(x) = sup

t>0

|| F@ammeg.m)eEmagan
n Rﬂ

then
< Y Ti(f,8)(x)
j=0

The following are straighforward facts about 7} and Tj. Let |T||xxy—z
denote the norm of 7 from X X Y to Z.

Proposition 4.2. Assume 1 < pj,pr <o, and 1/p =1/p1+1/ps. Then
for A > n—1/2, there exists a finite constant C = C(py,p>) such that
| T || 1 x 17210 < C. For any fixed j, there exists a finite constant C;(p1, p2)
such that ||Tj||zr1 x1r2 10 < Cj(p1,p2).
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Proof. Let us consider the kernel K(y,z) = m"(y,z) of A} defined in (D),
which satisfies that |K (y,z)| < C(1 + [y| +|z|)~*+*+1/2) (see, for example,
[12]), hence for A > n—1/2, we have

MW= | [ KD s d:

t

t
< Clorx |fD () (@1 x [g]) (x)
< CM(f)(x)M(g) (%),

where M is the Hardy-Littlewood maximal function, and ¢, (y) =t "¢(y/t)
with @(y) = (14 |y|)~"t*+1/2)/2 which is integrable when A > n —1/2.
Then T..(f,g)(x) < CM(f)(x)M(g)(x), which implies that ||T:.(f,g)||rr <
C(p1,p2) | fllerillgllLre for 1 < pi,p2 <eowith 1/p=1/p;+1/py in view
of the boundedness of the Hardy-Littlewood maximal function.

We observe that each m; is smooth and compactly supported, hence for
each j a similar argument yields || T} ||z xzr2— 10 < Cj(p1,p2) < oo. O

With the aid of the preceding decomposition and the boundedness of 77,
the study of the boundedness of T; is reduced to the decay of C; in j.

We now go back to the multipliers and will apply Theorem For this
purpose we should study kinds of norms of m;.

Lemma 4.3. There exists a constant C such that
Imjl| 2 < c27/F12)

and for any multiindex o,

(20) 10%m;|| 1= < Co2~ /A1),

Proof. A change of variables using polar coordinates implies that

stz =( [ im&om)Pagan)

1—2-/-2
SC(/ (1 —;’2)211’2"71(1;’)1/2
1-2-J

Sc(zfzjlzfj)l/z
:CZ*jUH*l/Z)

To estimate the o-th derivatives, we use the Leibniz’s rule to write

*mi(§,m) =}, Coyd™m(&,m)?y;(|(E,M)]).

o +om=ao

Noticing that [0%m(&,n)| < 27/~ and 9% y;(|(€,m)]) < €271,
we derive the bound 9%m (&, n) by C2~/(*~1a), O
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The multiplier m; is not supported in the annulus of radius 2/ and one
can verify that its Sobolev norm is not as good as would wish. Actually
the norm increases as the number of derivatives is large. So a dilation is
necessary to apply Theorem [L.2

Let us define M;(&,m) =m;(27/€,27/n), which is supported in the an-
nulus {(&,n) € R : 2/ —1 < |(&,n)| < 2/ —1/4}, whose width is 3/4.
Based on Lemmal4.3] we have the following corollary.

Corollary 4.4. The multipliers M;(§,m) =m;(27/&,27In) satisfy

10%M || 1= < C2*  for all multiindex c,

Vm;(&.m) =2/ (VM;)(2'€,2'm),
and
||MJHL€ < szjlzj(anl)/r,
where |M;||1r = ||[(I— A)/?M;| 1r is the Sobolev norm of M;.
Proof. We have
0%M;| <27/1%|(9%m;)(279¢,27/m)| < co /e iAlel = e A,

using (20). The verification of the last identity is straightforward once we
notice that M is supported in the annulus

{(&,n):2/—4<|(& <2 -1}
whose volume is about 2/(27=1) O
Proof of Theorem It is easy to verify that 7} in (19) stays the same if we
replace m; by M;. We apply Theorem [.2]to M; with r = 4, then it follows
from this and Proposition [4.2] that T, is bounded from L? x I[? to L' when
A > 2 O

Using complex interpolation between Theorem and Proposition
we can obtain a larger range of boundedness, which we will not pursue
here.

As a corollary of Theorem [4.1] we obtain the pointwise convergence, as
t — 0, of the operator A*(f, g)(x), which we denote by A, (f,g)(x) as well.

Proposition 4.5. Suppose A > znj 3 then for f € L? and g € L* we have
an lim,(£,8)(6) = f()elx)  ae.

The proof of this proposition is similar to the linear case, but we sketch
it here for completeness.
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Proof. Ttis easy to establish when both f and g are Schwartz functions.
To prove for f € L? and g € L? it suffices to show that for any given
0 >0theset Ef4(0) ={y € R": Of,4(y) > 8} has measure 0, where

Of.¢(y) = limsuplimsup|Ag (f,2)(y) — Ae(f,8) ()|

60—0 e—0

For any positive number 1 smaller than || f||;2, ||g||;2, there exist Schwartz
functions fj = f —a and g = g — b such that both ||al|,2, and ||b]|,2 are
bounded by 1. We observe that

Erg(O) < |Ef;.6,(8/4)+ [Eag (8/4) +|Ef 5(8/4)| +[Eap(5/4)]-
Notice that |Ey, ,,(6/4)| = 0 since is valid for f1,g;. To control the

remaining three terms, we observe that, for instance,

|Eag (6/4)] < [{y: 2T.(a,81)(y) > 6/4}]
lall2llgnll .2
< L e 7 e
<C 5
nllgllr
6 )

where the last term goes to 0 as 7 — 0 since g and 9§ are fixed. U

<C

5. APPENDIX: PROOF OF PROPOSITION [3.1]

The proof of this proposition is essentially contained in [14, Lemma 6],
but for the sake of completeness we include it, ignoring some routine cal-
culations that can be found in [14].

Proof of Proposition[3.1l Notice that in the support of VM ]1 },(5 ,1), we have

£ € E and 1) € E, hence we may alway assume that f = fxE and g = 2¥&.
In other words, it suffices to establish without yg.
It suffices to consider, for example, the typical term &; 8§IM}7},(§,17),

which is ¥, ¥ ax 19, 01 £ (§) &1, () for allowed k, [ in M},y- We rewrite
this as

(22) 227Ny biyn (&) @ra(n),
k [

where @1 (&) =219, @ 4(&)&1 /110, 01.4(E) |, @21 = @21/ 021 and
by =2""ay||0g, @1 1 ()| @2 -
We need some estimates of @ ; which will be useful later. The func-

tion dg, @ 4(&) is of the form 27212 (27E) for a compactly supported

smooth function ¢, hence [|dg, @ 4 (&) || ~ 2"1+3=%). This implies that
| @1 | = < C27/" since |&| < C2.
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We have

H(Zzys|2ynak7lXQy.k,l|2>1/2 SCH]M]HL??
k,l L’

by Lemma where Qy; is the cube centered at 277(k,l) with length
2!=7. This leads to

(Zz?’s‘z*jzfyalﬁlagl (1)17]((& )51 COZJ(T’) |2) 1/2
Kl

< C||M;] ;-
Lr
Recall that ||M;||r < C2~/*. Then using the disjointness of supports of O 1
we obtain further that

B — <Z|bk7l‘r)1/r S szjﬁ,zfsj/

Each o in level 7 is of the form ® = @@ with i = (k,1), where k and
[ both range over index sets of cardinality at most C2/"2"". Moreover we
denote by by, the coefficient by, and we define a bilinear multiplier

Gy=), @ Y bud.
kel leU,

Let A be a number between ||b||. and B = ||b||,. Related to 7 > 0 we
define Uz = {(k,1) : 27"71A < |by | <27"A}. Denote by coly = {(k,l) €
U: : k fixed}. Define

Ul = {(k,]1) € Uy : #coly, > N1},
where N is a to be determined number. So U/ is a union of long columns.
We denote by PiU! = {k:31s.t. (k,1) € U}}, the projection of U] onto the
k-axis. Then the number of columns is #P,U} < B"(277A) "N ' := N,.

Let U2 be the complement of Ul in U;. Associated to U: we can define
a bilinear multiplier ¢; = 2/ 27’2(,{7 Neu: by.1G 1, and a bilinear operator Tg%- .
A well-known argument (see, for instance, [15] or [14]) shows that

i 1/2 _

175 (F.8) s < CP2TN, 2222 A 212
and _ "

1T (£, 8) o < C272TNZ 22772 A| £ 2 g o
Identifying N; and N,, and taking A = B in our situation, we obtain that
N; = N, = C2%/2, which implies that the |Till 22— 11 is bounded by
Co— iA1= 1s—Z—1)y—2(1-§)

Summing over 7, we obtain the claimed bound for r < 4.

For the case r = 4, we may assume that T < 1, = 2(j + y)n/4 since
N> = 27/2 < 2NN with r = 4. Actually we define

UTm = {(k7l) : |bk7l| S zfrmA}‘
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Then the previous argument gives the bound C(j + y)n2~/ (A=1)p=Y(s=5=1)
when r = 4. O

A lemma concerning the decay of the coefficients related to the orthonor-
mal basis in Lemma[2.1lis given below.

Lemma 5.1 ([13]). Suppose ¢(&,m) defined on R*" satisfies that there ex-
ists a constant Cyy such that |0%(g(&,M))||.= < Cy for each multiindex
|| < M, where M is the number of vanishing moments of Wy. Then for any
nonnegative integer Yy € No = {n € Z : n > 0} we have

(23) (W19, 6)] < copy2 T,

This lemma can be proved by applying Appendix B.2 in [13]], and we
delete the details which can be found in [[15]].

By this lemma we have a better decay in j for by ; compared with Corol-
lary 2.3, namely |by ;| < C27/927Y+1) using |9Pm| < C|(€,m)|~ in The-
orem if we assume s number of derivatives. It is natural to conjecture
that this better decay in j can lower the restriction on a. This, unfortunately,
is not true.

As we did before, setting N; = N, implies that Ny = 2%7/2. An important
observation is that |b;;| < B. Actually the smallest T such that 27°B ~
bk 1] = < C2Jap=Ys+n) s 75 = 2% +n7y, which means that the summation
in 7 starts from 7y other than 0.

Another observation is that N, related to Ty is 25" /2 0 2niFnYr/2 \which
is smaller than 2%7/2 ~ 2/+"Y when r > 2. So for r € (2,4), we take Ny =
27+ And the summation in 7 consists just one term T.

By the calculation in the proof of Proposition [3.1] the norm of T, Y. T,
which consists of one term with T = 7y, is bounded by a constant multiple
of 2—J(a=n/2=1)2=¥(s=/2=1) 'Thjs provides no new information except for a
bound independent of r, which is natural since there is no r in the conditions
of Theorem

So we still have the restriction a > % + 1. It is also easy to verify that
when r = 4 the bound for Tgé does not change, so in this case we need
a>5+1as well.

Remark 2. We use mainly the case r = 4 in applying Proposition[3.1] while
a smaller A, which reduces the number of 7’s involved, does not change the
exponential decay in j at all.

Remark 3. Lemmal3.1limplies also a better decay of the off-diagonal part in
J, namely 2-Jj(a=1/2) , which, howeyver, is useless for us due to the restriction
of the diagonal part.
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