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Abstract: For a one-dimensional super-Brownian motion with density X(¢,z), we construct a random
measure L; called the boundary local time which is supported on d{x : X (¢,x) = 0} =: BZ;, thus confirming
a conjecture of Mueller, Mytnik and Perkins [14]. L; is analogous to the local time at 0 of solutions to an
SDE. We establish first and second moment formulas for L+, some basic properties, and a representation in
terms of a cluster decomposition. Via the moment measures and the energy method we give a more direct
proof that dim(BZ;) = 2 —2X\o > 0 with positive probability, a recent result of Mueller, Mytnik and Perkins
[14], where —\g is the lead eigenvalue of a killed Ornstein-Uhlenbeck operator that characterizes the left tail
of X(t,z). In a companion work [7], the author and Perkins use the boundary local time and some of its
properties proved here to show that dim(BZ;) = 2 — 2X¢ a.s. on {X¢(R) > 0}.
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1. Introduction & Statement Of Main Results

Super-Brownian motion is a Markov process taking values in the space of finite measures on R?, M p(R?), equipped
with the topology of weak convergence. We denote this process by X = (X; : ¢ > 0) and denote by P))((O and
E))go, respectively, a probability and its expectation under which X is a super-Brownian motion with initial data
Xo € Mp(R9). In one dimension, X; is almost surely an absolutely continuous random measure and thus has a
density we denote by X (¢, ). The density is jointly continuous (and will exist) for ¢ > 0, and is continuous with
Holder index % — € in the spatial variable for all e > 0 (see [17], for example, where this is implicit in the proof
of Theorem II1.4.2). Tt was shown by Konno and Shiga in [10] and independently by Reimers in [18] that X (¢, )
satisfies the following stochastic partial differential equation (SPDE):

(1.1) aX;’ 2 _ AX;t’x) +VX (o)Wt ),

where W(t, x) is a space-time white noise. For a complete discussion of such equations, including the precise defi-
nition of a solution, see [20] and [10].

Before we discuss our results, we briefly introduce the canonical measure of super-Brownian motion. The canonical
measure Ny is a o-finite measure on C([0,00), M p(R))\{0} defined as the weak limit

No(X €)= lim_ NP y(X €).
When restricted to {X; > 0} for ¢t > 0, Ny is a finite measure; in particular we have No({X; > 0}) = 2/t (see Theo-
rem I1.7.2 of [17]). Ny is a fundamental object; it describes the behaviour of a single cluster, that is, the descendants
of a single ancestor at the origin, of super-Brownian motion. (Likewise N, is a cluster started from z and is just
a shift of Ny.) An important fact, which we will describe more precisely later on, is that super-Brownian motion
under P))({D can be understood as a superposition of canonical clusters. We will use the notation X; and X (¢, ) to
denote the superprocess and its density, respectively, under both P))f0 and Ny. The law of the process will always
be clear from context. For a complete overview of the canonical measure, including proofs of the properties just
stated, see Section I1.7 of [17].
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In a recent work by Mueller, Mytnik and Perkins [14], the authors studied the small-scale asymptotic behaviour of
X (t,x), as well as the boundary of its zero set. We define the random set Z; = {z € R : X (¢,z) = 0}. The boundary
of the zero set BZ; is then defined as

BZ,:=0Z; ={x € Z: (x —e,x+e)NZ # 0 Ve > 0},

where the second equality holds by continuity of the density. The results in [14] involve an eigenvalue )y € (%, 1)
which we describe in greater detail shortly. The authors of [14] show that the left tail of the distribution of X (¢, x)
behaves like

1.2 PE(0 < X(t,x) <a)=t /20 g2ro-1
(1.2) o ( (t,z) <a)

as a } 0, where f(a) < g(a) means that f(a) is bounded above and below by cg(a) for different constants c. The
upper bound is uniform in x and the lower bound required a localizing assumption. For details, see Section 4 and
in particular Theorem 4.8 of [14]. Let dim(B) denote the Hausdorff dimension of a set B C R.

Theorem A. (Mueller, Mytnik, Perkins [14].) Under P3 , dim(BZ;) < 2 — 2 almost surely on {X; > 0} and
dim(BZ;) > 2 — 2)\g with positive probability.

Because Ao € (1/2,1), the dimension satisfies 2 — 2X¢ € (0,1). The lower bound was conjectured to hold with full
probability on {X; > 0}, implying that dim(BZ;) = 2 — 2\g almost surely on {X; > 0}. The difficulty in proving
that the lower bound for the dimension holds with probability one on {X; > 0} is owing to the delicate nature of
the BZ;. It is not monotone in the initial conditions nor in the measure X; itself.

We will construct a random measure L;, which we call the boundary local time of X;, supported on BZ;. (See
Theorems 1.1 and 1.2.) The existence of L; was conjectured in Section 5.1 of [14]. Once we have constructed Ly,
we use it to give a simpler alternative proof of the lower bound in Theorem A. Our method is to show that L;
has finite p-energy for all p < 2 — 2)g; in particular, see Theorem 1.3 below. In a future work [7], L; and several
of its properties derived here, including Theorem 1.2(a), Proposition 1.6 and Theorem 1.9, will be used to resolve
the problem left open in Theorem A and Theorem 1.3, showing that dim(BZ;) = 2—2\¢ almost surely on {X; > 0}.

We now give a description of A\g. Define a function F(z) by
(1.3) F(z) == —log P;; ({X(1,2) = 0}) = No({X(1,2) > 0}) > 0.

The second equality is standard and is a consequence of (1.14) below. Section 3, from (3.5) to (3.13), provides a
thorough overview of F' as the limit as A — oo of the family of functions {V}},s¢ which characterize the Laplace
transform of the density X (¢,z). Let Af(z) = & f"(z) — Zf'(z) denote the infinitesimal generator of a standard,
one-dimensional Ornstein-Uhlenbeck process Y. For a bounded, continuous function ¢ with limits at infinity (F'
is such a function), A?f = Af — ¢f is the generator of an Ornstein-Uhlenbeck process with Markovian killing
corresponding to ¢; that is, for a sample path {Y; : s € [0,00)} € C([0,00); R), we define the lifetime of the process
as p?, after which it is “killed,” or put into an inert cemetery state. The distribution of p? is given by

(1.4) Plp>t|Y)=exp (_ /Ot (b(Ys)ds) for ¢ > 0.

Section 2 develops the relevant theory for these processes and their generators. In particular, Theorem 2.1 states
that A?, taken as an operator on the appropriate Hilbert space, has countable orthonormal family of eigenfunctions
{¥®}2° , with corresponding discrete spectrum 0 > —)\g’ > —)\‘f > ... = —oco. We define \g = A}’ > 0. As we
have noted, it was shown in [14] that Ao € (1/2,1). Numerical estimates by Zhu [22], for which the stated dig-
its are expected to be accurate, suggest that Ao ~ 0.8882. This implies that the value of dim(BZ;) from Theorem
A, 2—2), is approximately 0.224. A more detailed discussion of the numerics can be found in the introduction of [7].

The method the authors of [14] used to show (1.2) involved computing the asymptotic behaviour of the Laplace
transform of the density. In particular (see Proposition 4.5 of that work),

lim % \?0 BY ( / ¢(:c)X(t,x)e_’\X(t’m)d:v>

A—00

(1.5) = Co // ¢(wo + Vtz)exp (—% /F(Z + 7% (wo — o) dXo(w0)> g (2) dm(z) dXo(ao)



for every bounded Borel function ¢, where m(dz) denotes the unit variance Gaussian measure in one dimension, ¢
is a positive constant and 1" is the lead eigenfunction of A¥". For a super-Brownian motion with density X (¢, z), for
A > 0 we define the measure L} € Mp(R) by dL)} () = A0e X ®2) X (¢, 2) dr. That is, for a bounded measurable
function ¢ : R — R, we define

(1.6) LY (¢) = A / $(a) X (t, ) e XD dg,

L3 is defined the same way under P))f0 and Ny. The scaling factor of A?** can be deduced from (1.5). The convergence
of EX, (L} () as A — oo, noted in (1.5), led the authors of [14] to conjecture (Section 5.1 of that reference) that
there is a random measure L; on R such that L} — L; in Mp(R) in probability. Our main result is the verification
of this conjecture. In all that follows, Xg € Mp(R).

Theorem 1.1. Lett > 0. Under both P))({D and Ny there is a random measure L,(dz) € Mp(R), supported on BZ,,

such that Li‘ — L; in measure as A — oo, and there is a sequence \, — oo such that Li‘" — L a.s. as n — oo.
Moreover, under Pj’f0 or Ng, for all bounded and continuous functions ¢, L} (¢) — L(¢) in L2 as X\ — co.

Theorem 1.2. (a) P{ (Ly > 0| X, > 0) >0 and No(Ly > 0| X, > 0) > 1220 for all t > 0.
(b) Ly is atomless almost surely under Pg. and No.

Definition. L; is the boundary local time of X;.

We note that Z; will contain intervals, unlike the zero set of a Brownian motion (which is equal to its bound-
ary). It is easy to see that L, is supported on BZ; from the fact that as A gets large, L} concentrates on
{z :0 < X(t,z) = O(A"1)}, and properties of the weak topology on Mp(R) (see the proof of Theorem 1.1 in
Section 4). For fixed ¢ > 0, z — X (¢,x) is a continuous path taking values in RT = [0, 00). BZ; is the set of points
where this path begins and ends its excursions from 0. As L; is supported on BZ;, in this sense L; is a local time
of z — X (¢, ) on these excursion endpoints, and hence the boundary local time of X (¢, ).

The existence of a measure supported on BZ; allows us to use the energy method to study its dimension. We will
provide a second moment formula for L;, with which we compute the expectation of energy integrals of the form

(L.7) / (& — y| P dLy(z) dLi(y).

If L; > 0 and the above energy is finite, then dim(supp(L;)) > p by Frostman’s connection between energy integrals
and Hausdorff dimension (see Theorem 4.27 of Mérters and Peres [13]). We introduce some notation. For h : R? — R,
define (L; x Ly)(h) by

(ex L) = [ [ e.g) dLete) L),

For p > 0, we define hy(x,y) = |z — y|~P. The second moment formula for L, allows us to establish the following.

Theorem 1.3. Ex ((LixL¢)(hy)) and No((Lyx Ly)(hy)) are finite for all p < 2—2Xg. Moreover, dim(BZ;) = 2—2)g
almost surely on {Ly > 0} under both measures.

The fact that dim(BZ;) < 2—2X¢ Pg -a.s. is already known from Theorem A, and from this it follows easily under
Ny, as we point out in the proof of Theorem 1.3. By the above, the lower bound, ie. dim(BZ;) > 2 — 2]y, holds
with at least the probability that L; > 0, as in Theorem 1.2(a). This plays an important role in Hughes-Perkins
[7]; in Theorem 1.2 of [7] we show that with respect to both Pg and No, L; > 0 almost surely on {X; > 0},
thus improving part (a) of Theorem 1.2 above and establishing almost sure non-degeneracy of L;. Combined with
Theorem 1.3, this will show that dim(BZ;) = 2 — 2o almost surely on {X; > 0}.

There are a number of other potential uses for such a local time. We now discuss some possibilities. By sampling
a point from Ly, we are able to “view X; from the perspective of a typical point in BZ;.” More precisely, one can
define Qx,((Z, X;) € A) = Ex ([ 1a(z,X;) dLi(z)) and study properties of the Palm measure Qx,(X; € - | Z = z).
The behaviour of X; near BZ; is complex and there is still much that is not understood about it. For example,
the density has an improved modulus of continuity and is nearly Lipzschitz (ie. Holder 1 — 7 for all n > 0) at
points in BZ; (see Theorem 2.3 of [16]). This suggests that BZ; would be small, but despite this BZ; has positive
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dimension. Constructing and studying the Palm measure described above would give a more structured approach
for investigating this phenomenon.

As a local time, L; has the potential to study pathwise uniqueness in the SPDE (1.1), a problem which remains
open, assuming a similar role as that of the semi-martingale local time in the Yamada-Watanabe Theorem for one-
dimensional SDEs (see Theorem V.40 of Rogers and Williams [19]). It may also provide insight in the behaviour
of some discrete processes; super-Brownian motion in high dimensions is the scaling limit of a number of lattice
models and interacting particle systems. In dimension one, it is still the scaling limit of branching random walk
(for example see [21] or Theorem II1.5.1(iii) of [17]). One could obtain information about the boundaries of such
approximating processes by proving a limit theorem establishing weak convergence of the laws of their discrete local
times to that of L;. Of course, L; allows for us to study BZ; more directly, as we have done in Theorem 1.3. In
fact, with L; it may be possible to determine the exact Hausdorff measure function of BZ;.

We now discuss the method of our proof. Upper bounds on second moments of L} were obtained in Section 5.1 of
[14], but in order to establish the existence of L; we require exact asymptotics, which are more delicate. The main
ingredient is the following convergence result. In order to state it we need to introduce some notation. Recall that
m(dz) denotes the centred unit variance Gaussian measure. Let ¢y = ¥{" (the eigenfunction of A corresponding
to eigenvalue —Xg). The constant Cq 4 is given explicitly in (5.80), and the function p is defined in (5.81). The
function V> is defined in Section 3 as V> (21, x2) = No ({X (¢, 1) > 0} U {X (¢, z2) > 0}) (see (3.20)).

Theorem 1.4. There exists a constant C| 4 > 0 and continuous function p : R x R — (0,1] such that for bounded
Borel h : R? - R,

lim No((L} x LY )(h))

AN oo
t s
= 05.4/ (t =) [//E§<exp (—/ VX (Vt—s21 + By — By, Vt— 523+ By — By) du)
0 0
X h(Vt — 521+ Bs, Vt — 529 + BS)) p(z1, 22) Wo(z1) Yo (22) dm(z1) dm(z2) | ds.

Moreover, the limit is finite for all bounded h.

That the formula above is finite is not obvious, as A\g > 1/2; we discuss this in more detail shortly. From the above
we can deduce that {L}(¢)}xso is Cauchy in £2(Np) and therefore has a limit by completeness; in particular see
Corollary 4.1 and its proof. We then argue that the limit is in fact the integral with respect to a unique measure,
which is L;. The proof of Theorem 1.4 is long and technical; Section 5 is entirely devoted to it. We use the Laplace
functional to obtain a Feynman-Kac type representation for No(L}(¢) th (¢)) and then establish its convergence.
The reason we do so under Ny is because the Feynman-Kac formulas are simpler in this setting. We now present
first and second moment formulas for L; under Np; as one would expect, the second moment formula in part (b)
agrees with the limit of No((L} x L}")(h)) given in Theorem 1.4. The terms C1 4 and p are the same that appeared
in that result.

Theorem 1.5. (a) For a bounded or non-negative Borel function ¢ : R — R,

(1:8) No(Li(@) = Cpat™ [ (V) o(a) dm(a)
(b) For measurable h : R? — R, either bounded or non-negative,
No((L: x Li)(h)
=Ci 4 /Ot(t —5)7 o {//Eég(exp (— /OS ViVt — 521 + Bs — Bu, VT — sz + B, — By) du)
(1.9) x h(VE =521+ By, Vi— 522 + BS)> p(z1, 22) to(21) o (22) dm(z1) dm(z2) | ds.

Moreover, (1.9) is finite for all bounded h.



As we noted earlier, finiteness of (1.9) is not obvious since Ao > 1/2 (although it is implicit in the proof of
Theorem 1.4), which can make (1.9) hard to use; for applications, the following upper bound for second moments
is easier to apply than the exact formula. The value 0 is defined as 6 = f Yodm. Y is an Ornstein-Uhlenbeck
process started at z; with corresponding expectation EZ The exponential term in the first bound of the following
proposition can be interpreted as a survival probability of Y, producing a w™® term which makes the integral finite.
(The proofs of Theorem 1.3 and Theorem 1.2(b) in Section 4 both use this technique.)

Proposition 1.6. For a non-negative Borel function h : R? — R,

Ro((tex L) <6 [ w2 ] [ 8 (o (= [ rov )

(1.10) X h(VtY5og(tjuw)> VE¥iog(tjw) + V(22 — Zl))) Yo(21) Yo (22) dm(z1) dm(z2) | dw.
Moreover,

Cc? 62
(1.11) No(Li(1)?) < L4 41-2%

1—Xo

As we have alluded to, applying (1.10) with h(z,y) = |x — y| P gives an upper bound for the expectation of energy
integrals of the form (1.7), which is how we prove Theorem 1.3.

Thus far, we have not commented on the proofs of existence and properties of L; under P))((O . The proofs rely on
the conditional representation in terms of canonical clusters, which we will discuss shortly. First, in order to keep
the moment results together, we state our results regarding the moments of L; under P))((O.

Theorem 1.7. For a bounded or non-negative Borel function ¢ : R — R,
X _ —Xo 1 —1/2
(1.12) EX (Li(9)) = C 4t oz + Vtz)exp =5 [ Fle+t7"2(w0 = yo) dXo(o) | vo(2) dm(z) dXo(wo)-

b) There is a constant C such that
1.7
(113) Ei((o (Lt(l)Q) < 017 (Xo(l) t172>\o + XO(1)2 t72)\0) )

We note that the right hand side of (1.12) is equal to that of (1.5), and so was originally computed in Proposition
1.5 of [14] as limy 0 Ex, (L} (¢)). The fact that the same formula gives the mean measure of L; then follows from
the £2 convergence of L} (¢), as in Theorem 1.1.

We first establish the existence of L;, as well as its properties, under the measure Ny, owing to the fact that the
second moments of L} admit simpler formulas in this case. In order to prove the same for super-Brownian motion,
we need to use the relationship between super-Brownian motion under Pj’f0 and the canonical measure, which we
now describe. We recall that N, is a o-finite measure such that N,({X, > 0}) = 2/¢ which describes the “law”
of a single cluster of super-Brownian motion started at x; that is, the descendants of a single ancestor at x. More

precisely, super-Brownian motion is a superposition of canonical clusters; for a bounded, non-negative Borel function
¢:R—=R,

(1.14) B, (exp (~Xi(9))) = exp (— [[1-em @, w dxo<xo>) .

This expression for the Laplace functional is in fact a consequence of a distributional equality between super-
Brownian motion under P))({D and a Poisson point process of canonical clusters. For Xy € Mp(R), let Nx,(-) =
J Ng()dXo(x) and let ©x, be a Poisson point process on C([0,00), Mp(R)) with intensity Nx,. We define a
Mp(R ) valued process (X; : t > 0) by

(1.15) Xi() {g% Ol i:ig



By Theorem 4 of Section IV.3 of [11], (X; : ¢ > 0) is a super-Brownian motion with initial measure X¢. The “points”
of the point process Ox, are the clusters of X. For fixed ¢ > 0, (1.15) leads to

X = ZM{;

JEIL:

where {1 : j € I} are the points of a Poisson point process with finite intensity Nx, (1 € -|ps > 0}. Let
Xo(-) = Xo(+)/Xo(1). Assuming our probability space is rich enough to allow us to choose random relabellings of
these points, by the above we can write

N
(1.16) X=X},
=1

where N is Poisson(2X(1)/t) and, given N, {X} : i =1,..., N} are iid with distribution N, (X; € -| X; > 0). We
can and do condition on the values of the initial points of the clusters, denoted by 1, ...,z N, which are iid points
with distribution X, in which case X} has conditional distribution N,,(X; € -|X; > 0). In order to prove the
existence and properties of L; with respect to a super-Brownian motion X;, we realize the super-Brownian motion
as a point process and express X; as above. Conditioning on N and applying (1.16), we can write L} (¢) as

L) = [ [Z Xi(t,2)

The almost sure existence of boundary local times corresponding to the canonical clusters allows us to take this
limit quite easily and so establish that L, exists under P))((0 (ie. Theorem 1.1). Furthermore, we obtain a conditional
representation for L; in terms of its clusters; this allows us to transfer the properties of L; under Ny to L; under
P))((O. Let Li denote the boundary local time of X;. In the statement that follows, we assume that we have realized
X, using (1.16).

e A Tl X () o(z) dx.

Theorem 1.8. Let X; be super-Brownian motion under P))((O and Ly be its boundary local time. Conditional on N,
we have

dLi(z) = > 1() X(t,z) = 0) dL}(x)

i=1 i

N
(1.17) = 1(X(t,z) =0)>_dLj(x).
j=1

Remark. Given the nature of BZ;, we expect this behaviour. In the cluster decomposition, each cluster has a
boundary local time of its own. Since each is supported on the boundary of its respective zero set, the local time
L; of X; will be equal to the sum of cluster local times, except the boundary of the zero set of one cluster may be
“swallowed” by the support of another, hence the indicator functions.

The idea of representing the boundary local time of X; in terms of the boundary local time of its clusters is
not restricted to a super-Brownian motion and its comprising canonical clusters. The following formulation of the
same principle will be useful in Hughes-Perkins [7]. Recall that a sum of independent super-Brownian motions is a
super-Brownian motion.

Theorem 1.9. Suppose X',..., X" are independent super-Brownian motions with corresponding boundary local
times L} at time t >0, fori=1,...,n. Let X = > | X' and let L, be the boundary local time of X;. Then

n

dLi(z) = > 1() X7(t,z) = 0) dLj(x)

i=1 i

= 1(X(t,x) =0) Y _dLi(x).
i=1



One example of superprocesses satisfying the above conditions follows from (II1.1.3) of [17]. Let Xy € Mp(R) and
suppose that {A;,...,A4,} is a Borel partition of R. Define X as the contribution to X from ancestors at time
0 which are in A;. (This makes X* a super-Brownian motion with initial measure Xo(- N 4;); a precise definition
of X* may be given in terms of the historical process as in the above reference.) Then X = Zfil X% satisfies the
conditions of the above theorem.

Notations. We will make use of the common convention that C' denotes any positive constant whose value is not
important. The value of C' may change line to line in a derivation; to bring attention to the fact that the constant
has changed, we will sometimes label the new constant C’. We write f ~ ¢ if lim, f(z)/g(x) = 1, where the limit
will be clear from context. As the reader has probably inferred, we will write g > 0 when a measure has positive
mass (that is, to indicate that p(1) > 0). For an interval I C R, let C'(I,R) denote the space of continuous maps
from I to R.

Let S¢ denote the semi-group of Brownian motion and p; the associated heat kernel (the Gaussian density of vari-

ance t). Let N(zo,0?) denote the law of a one-dimensional Gaussian with mean x and variance o2.

Organization of Paper. The paper is organized as follows. Section 2 gives a brief overview of the theory of
one-dimensional Ornstein-Uhlenbeck processes with Markovian killing. Our method relies on a change of variables
which allow us to express certain quantities in terms of eigenvalue problems involving these processes’ generators.
Section 3 describes fundamental background connecting the Laplace functional of super-Brownian motion to a
family of semi-linear PDEs. We also introduce the families V* and VAV)‘/, which play a key role in our analysis.
Section 4 contains the proofs of all our main results, including existence and properties of L; and the cluster
representations, with the exception of Theorem 1.4. The proof of this result is reserved for Section 5.

Acknowledgements. The author gratefully acknowledges the assistance of Ed Perkins, his thesis supervisor, who
introduced him to the problem and provided many useful insights and suggestions during its resolution, and gave
close readings of the manuscript at several stages during its preparation. Any remaining inconsistencies are the sole
responsibility of the author.

2. Killed Ornstein-Uhlenbeck Processes

As above, we define the operator A by Af(x) = fHQ(m) — @ The Markov process generated by A is a one-
dimensional Ornstein-Uhlenbeck process with mean zero. We denote this process by Y, denote its law when started
at x by PY with corresponding expectation EY . For general initial conditions Yy ~ u € M;(R) (the space of prob-
ability measures on R), we write its law as Pﬁ/ . Y has a stationary measure, the unit variance Gaussian measure,
m. When Y ~ m, the process is reversible and can be defined for time values in R. We will denote the law of this

stationary process on R by PY.

We now introduce the notions of killing and lifetime for the process (Y; : ¢ > 0). Let ¢ € CT([—o0, 0], R), the
space of non-negative continuous functions with limits at +co. We will call such functions killing functions. Let
A?f(x) = Af(x) — f(x)d(x). A? is the generator of an Ornstein-Uhlenbeck process subjected to Markovian killing
at rate ¢(V;). The lifetime of the killed process is p? = inf{t > 0 : fot ¢(Ys)ds > e}, where e is an independent
Exp(1) random variable. We recall that the distribution of p? is given by (1.4).

The generators A and A? correspond to strongly continuous contraction semigroups on £2(m). The following
theorem is proved in [14], where it is stated as Theorem 2.3. We note that the statement of the result in that paper
had a misprint when describing the convergence of of the transition densities, which appeared in part (c). We have
corrected the statement, which is in part (b) of the following.

Theorem 2.1. For ¢ € C*([—o0,]), the following statements hold.
(a) A? has complete orthonormal family of C? eigenfunctions {1, : n > 1} in L2(m) satisfying A%, = —Autn,
where 0 < A\g < A < -++ = 00. Furthermore, —\g is a simple eigenvalue and g > 0.



(b) For t > 0, the diffusion Y generated by A® has a jointly continuous transition density qi(x,y) with respect to
m, given by
o0

(2.1) @(z,y) =Y e M ()i (y),

n=0

where the series converges in L£2(m x m) and uniformly absolutely on sets of the form [e,00) x [—e~ 1, e71]2 for all
e> 0.

(¢) For 0 < & < %, there exists a constant cs > 0 such that
(2.2) q(z,y) < cgeMoted (@ +v7) for all t > s*(9),

where s*(§) > 0 is the solution of

st /2 st
(2.3) 25 = & - e_f*
(d) Denote 0 = [1gdm. For allt >0 and x € R,
(2.4) M P (p? > t) = O () + r(t, ),
where, for any § > 0, there is a constant cs > 0 such that
(2.5) Yolz) < c5e’,
(2.6) Ir(t,x)| < c5ed" e= (a0t

(e) AsT — oo, Po(Y €| py > T) — PY°° weakly on C([0,00),R), where PY>*>° is the law of the diffusion with the
transition density

o (y) Aot

2.7 Gi(z,y) = gz,
(2.7) @t(z,y) = q(z,y) Yolo)
with respect to m.

The bounds in part (c) of the above easily imply the following estimates, which we will often use. For 0 < § < 1/2,
there is a constant Cs > 0 such that

(2.8) PY(py>1t) < CseP et Vo e Rt > 0.
This implies that there is a constant C' > 0 such that
(2.9) PY(py >t) < Ce ! Vi > 0.
The following limit result is a simple consequence of the eigenfunction expansion for ¢:(z,y).
Lemma 2.2. For all x,y € R,
Jim g, (2, y) = vo ()t (y).

The convergence is uniform on compact sets.

Proof. For all t > 0 and z,y € R, from (2.1), we have
(2.10) i (x,y) = vo(z)vo(y) + i em On=20)y ()b (y).
n=1
The absolute value of the sum above is bounded above by
M) $ = On My (21 ()],
n=1

By Theorem 2.1(b) with ¢ = 1, the series in the above is convergent, and the convergence is uniform on compact
sets. Part (a) of the same theorem states that —\g is a simple eigenvalue. Hence A\; — \g > 0 and the above vanishes
as t — oo; in fact, because the series converges uniformly on compacts to a continuous limit, the above vanishes
uniformly on compacts as ¢ — 0o, so (2.10) gives the result. O
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It will be useful for us to study the distribution of the process Y when conditioned on survival and its endpoint.
Hereafter we assume that Y has killing function ¢ € C*([—o0,00],R) and we denote its lifetime by p. For fixed
T > 0 and z € R, consider the [0, T]-indexed inhomogeneous Markov process taking values in R with transition
density (with respect to dm(ys))

R qt—s(Y1,92) qr—1(y2, 2)
2.11 Gs.t(y1,y2) =
(2.11) t( ) P

for 0 < s <t < T. (The kernels are degenerate when ¢ = T, since Yr = z.) Below we verify that the finite
dimensional distributions defined by this transition kernel have an extension to a (necessarily) unique law on
C(]0,T],R), which we denote by PY (-|p > T,Yr = z) when the initial point is € R, and show that it gives
an explicit version of the suggested regular conditional distribution for all z € R. We then establish that for fixed
S >0, P:EY(Y|[O_S] €-|p>T,Yr = z) converges weakly to PQ/VOO(Y|[075] €-)asT — oo forall z€R.

Lemma 2.3. (a) Let x € R and T > 0. For all z € R, the finite dimensional distributions described in (2.11), with
initial value z, have a unique extension to C([0,T],R). The resulting laws PY (-|p > T, Yy = z) are continuous in
z and define a reqular conditional probability for Y|[0 ) under PY conditioned on Yr.

(b) Let x,z € R, S > 0 be fized. Then Py( € -|p > T,Yr = z) converges weakly on C([0,S],R) to
PX’OO(YHO s € ) as T — 0.

(c) For all S,K >0, {PI(Y|[O 5 € lp>T,Yr =2):|z|,|z| < K,T > S} is tight on C([0,5],R).

Y.s)

Before proving the lemma, we make an observation concerning time reversals of Y under PY(-|p>T,Yr = z). For
T >0andt € [0,T], define Y; = Y. Let 2,2 € R. For 0 < t; < to < T and ¢1, ¢2 bounded Borel functions, we
have

EX (61(Ye,) 62(Ya,) | p> T, Yr = 2)

- ! // ®1(y1) P2(y2) ar—1, (2, Y2) Qo —t, (Y2, Y1) @, (Y1, 2) dm(y1) dm(yo)

B qr (Ia Z)

= EZ(d)l(}/tl) ¢2(}/752) ‘ p>T,Yr = ZE),
where the last equality uses ¢;(z,y) = q:(y, ). The above equality of distributions can be extended to general finite
dimensional distributions. Because the extension of the finite dimensional distributions to a law on C([0,T],R) (ie.
from Lemma 2.3(a)) is unique, we therefore have that for all z, z € R,

(2.12) PwY(Yl[o,T] € lp>T.Yr=2)=P (Y| €-|lp>TYr=2).

As a last note, we will sometimes denote the law PY (-|p > T, Yy = 2) simply by PY (-|Yr = 2) when it is clear
from context that we are working with the killed process.

Proof of Lemma 2.5. Let x,z € R and T > 0. We define a distribution P} (-|p > T, Y7 = 2) on finite (time indexed)
collections of random variables which describes the finite dimensional distributions (FDDs) of the inhomogeneous
Markov process with transition density (2.11). For 0 = t9 < t; < ... < t,, < T and bounded, continuous functions
$1,- .., Pn, the n-dimensional FDD of (Y;,,...,Y;,) under PY (-|p > T,Yr = 2) is defined as

n

/ Llf[l Gi(Yi)at, —to 1 (Yn—1, yn)] qr—1, (Yn, 2) [ [ dm(y:)

i=1

1
qr(z, 2)

213 B (T[ot)|p>Tvr =) -
i=1

where we use the convention yy = x. We note that (2.13) also defines the FDDs of a regular conditional distribution

of (Y; :t €[0,T]) under P} conditioned on Y7 = z (which is why we have used this notation). Thus when we have

established that these laws extend to a probability on C([0,T],R), we will have explicitly constructed a version of

the regular conditional distribution.

To prove that PY (-| p > T, Y7y = z) extends to a probability on C([0,7],R), we will establish a tightness criterion.
We consider the fourth moments of increments of Y. Let 0 < s < ¢ < T. Expanding using (2.13), we have

Ey (Vi =Ys) [p>T,Yr = 2)

(2.14) = @ //(y2 —y1) qs(z, 1) @i s (1, 92) qr—1 (Y2, 2) dm(y1) dm(yz).



We now collect some elementary bounds and inequalities which will allow us to obtain a useful upper bound for
the above. First, we note that while ¢;(x, y) is a transition density with respect to m, it will sometimes be useful to
express it as a density with respect to the Lebesgue measure. Since p;(-) is the density of m, we have

(2.15) qt(x,y) dm(y) = qi(x,y) p1(y) dy.

We will use a comparison with an un-killed Ornstein-Uhlenbeck process. The transition kernel of a standard
Ornstein-Uhlenbeck process is described by, for 0 < s < ¢,

(Y = Yo | Yy = y) ~ N(e=9)/2y 1 — = (t=9)y,

Let ki(x,y) denote the a transition density of an un-killed Ornstein-Uhlenbeck process with respect to Lebesgue
measure. Then for z,y € R and ¢t > 0,

(2m)~1/2
=

The transition densities of the killed Ornstein-Uhlenbeck process are bounded above by those of the un-killed
process. This implies that

(2.17) (1) ai(z,y) dm(y) < ki(z,y) dy, (ii) (@, y) p1(y) < ke(,y)

It is easy to establish from (2.16) that there is a constant ¢ > 0 such that

(2.16) k(x,y) = exp (—(y - eft/Q:v)2/2(1 - eft)) .

(2.18) ki(z,y) < epi(y — xe™¥?) for all t < 2 and z,y € R.

where we recall that p,(-) is the Gaussian density of variance ¢. Let K > 0. From (2.17)(ii) and (2.18) it follows

that there is a constant C(K) such that

1 _Gi(K)
VT =T

Next, we note that it holds by elementary formulas for moments of Gaussians that there is a constant ¢ > 0 such
that

(2.19) qr—1(y2, 2) < kr—i(ya, 2)p1(2)~ Vyp e R,z € [-K,K], and t <T' < T.

(2.20) /(yz —y1)*'pe(y2) dy2 < c(t® + |in]*) Yy €R, > 0.

Finally, observe that ¢r(-,-) is bounded below by the transition density of Y with constant killing function [|@||sc-
Thus for all K >0 and M > 1, from (2.15) we have

(2.21) qr(z,z) > e NPl (2, 2)py (2)7! > 6(K, M) Va,z € [-K,K], T e [M~', M|
for a sufficiently small constant §(K, M) > 0.
Let 0 < T < T and suppose that 0 < s <t < T’ such that t — s < 1. Let K > 0 and suppose that x, z € [-K, K].

Using (2.17)(i) to bound gs(z,y1)dm(y1) and ¢ —s(y1,y2)dm(y2), and (2.19) to bound gr—_+(y2, 2), from (2.14) we
obtain that

B (Y =Y)' | p>T,Yr =2)
_ny—1/2
S““2§;§> ‘/h@mﬂ/@rﬂm%tﬂmmmmkm
Ol(K) (T_T/)fl/Q
<
QT(anZ)

(2.22)

/ks(xvyl) [/C(yz —y1)*pr—s(y2 — 6(t5)/2y1)dy2]dy1,

where the second inequality uses (2.18). Changing variables and applying (2.20), we obtain that
(2.23) /C(yz — 1) Py — e Pyn)dys < Ol (1 — eI 4 (1= 5)%) < O+ [y |)(E = )%,
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where in the second inequality we have 1 —e™® <z for z > 0 and (t — s)* < (¢t — s)? (since t — s < 1). Substituting
this into (2.22), we obtain that

Cy(K) (T —T")71/?

y 1y — 5
(2.24) By (Vi = Yo)' |[Yr = 2) < (@, 2)

(t - 5 / Chalen) (' + 1) dy.

Recall that we have assumed z, z € [-K, K|. By (2.16) it is clear that for K > 0, the integral is bounded above by
some constant Cy(K) > 0 for all z € [-K, K] and s > 0. Using this along with (2.21), with a choice of M > 1 for
which T' € [M~!, M], from the above we deduce the following:

For all =,z €[—K,K],0< s <t <T such that t —s <1,
(2.25) EY (Y, =Y | Yr = 2) = Co(K) 6(K, M) L CL(K) (T —T") "2 x (t — 5)%.

Let T = 2T/3. Hereafter we consider increments of size at most 1 A T/3. We have that (2.25) holds for all
0 < s <t<2T/3suchthat t —s <1 A T/3 with constant Cy(K)§(K, M)~ Cy (K)(T/3)~ /2. It remains to show
that it also holds on [27/3,T]. To do so, we make use of reversibility. Suppose T/3 < s <t <T. Then

EY ((Ys = Yo)* [ Yr =2)
// Y52, y1) Gr—s (1, y2) ar—i (y2, 2) dm(y1) dm(y2)
QT I Z
(2.26) =EY (Yr—s — Yr_4) y Yr =),

where the last equality uses ¢;:(z,y) = ¢:(y, z) (a consequence of (2.1)) and (2.13). Since 0 < T —t < T — s < 2T/3,
by (2.25) and (2.26) we have that for all z,z € [-K, K] and T/3 < s <t < T such that t —s <1AT/3,

EY (Y, =Yo) | p> T, Yr = 2) = Co(K) §(K,T) " C1(K) (T/3)7/? x (t - 5)*.
Combined with the previous statement that this holds for all 0 < s < ¢ < 2T'/3, we have that

For all 2,z €[-K,K],0< s <t <T such that t — s <1AT/3,
(2.27) EY((Yi =Y )* | Y = 2) < Co(K) §(K, M)~ L C1(K) (T/3)"Y? x (t — 5)%

The above proof can be easily modified to obtain the same bound (with a potential change to the constant) for
increments in which s = 0 or t = T, and we omit it. Thus by (2.27) and the Kolmogorov Continuity Theorem,
PY(-|p>T,Yr = z) has a unique extension to a probability on C([0,T],R), also denoted by PY (-|p > T, Yy = z).
As we noted earlier, this gives an explicit construction of the regular conditional distribution (Y7 : ¢ € [0,7T]) under
PY given p > T and Yy = z, Additionally, suppose that z, — 2z and that z, € [-K, K] for all n > 1. From
(2.27), {PY(:|p > T,Yr = 2,) : n > 1} is tight. It is clear from (2.13) and continuity of ¢/, ) that the FDDs of
PY(-|p>T,Yr = z,) converge to those of PY (-|p > T,Yr = z). Thus the aforementioned tightness proves that
PY(-|p>T,Yr = 2,) converges to PY (-| p > T,Yr = z,) as a law on C([0, T],R). Thus we have proved part (a).

Before proving (b), we note the following consequence of (2.27) and its proof. Let S, K > 0 and fix M > 1 such
that S € [M~1, M]. By considering increments of (Y : s € [0,5]) but allowing the time 7" at which we condition
Y1 = z to take values in [S, M], we have that

(2.28) {PY(Y|gs € 1p>T.Yr =2):|z|,|2| < K,T €[S, M]} is tight.

Next we turn to part (b). Fix S > 0 and z,z € R. We now check that the FDDs of (Ys : s € [0,5]) under
PY(-|p>T,Yr = z) converge to those of (Y; : s € [0,5]) under PY'>° as T — oco. Let 0 < t; < t2 < S and let ¢;
and ¢3 be bounded and continuous functions. Then from (2.13), we have

E;/(¢1(Y;51)(]52(Y;§2)‘p > T7YT = Z)

/ &1(Ye,) 02(Ye,) qey (2, 91) Qa2 (Y1, ¥2) 17— 15 (Y2, 2) dm(y1) dm(y2)

(JT
)\otg

(2.29) - m/ $1(Yny) 62(Ye,) Gy (%, 91) Gro 10 (1, y2) €T ) g4, (y2, 2) dm(y1) dm(ys).
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By Lemma 2.2, we have

(2.30) lim e T gp_(ya, 2) = Vo (y2)1ho(2), i e*Tqr(z, z) = vo(z)o (2).

T—o0 —00

Moreover, applying (2.2) with § = 1/8, we have that
(2.31) ATV (g, 2) < ce¥3/3T /8 gy, 2 eRte (0,5) and T > S + s*(1/8),

where s*(1/8) is as in (2.3). Using (2.31) (replacing ¢t with ¢2) and (2.17)(i) we obtain the following bound for the
integrand in (2.29):
|61(Yer) d2(Yea) @2 (2, 91) et (91, 92) €T g, (3, 2)| dim(yr) dm(y2)
2 2
< e 3 bulloollallooe?™ ¥ir, (2, y1)kry —1, (y1,y2) dyr dys

forall T > S+s*(1/8). By (2.16), k¢, (x,y1) and ki, —+, (y1, y2) are Gaussians with variance at most 1, and so a short
argument shows that the above quantity is integrable. This allows us to use Dominated Convergence in (2.29), so
by (2.30) we have

Jim B, (61(Ye,) ¢2(Yi,) | Yr = 2)

elot2

- e / / 61(Yer) d2(Yia) i (2 91) a1, 92) 0 (2) (=) dim(yn) dm ()

/ / o1(¥i,) (Vi) [ <x,y1>‘f;0(§’;j] [ewt1>qt2t1<y1,yz>Z§Ey3 dm(yr) dm(ys)

- / 61(Yr) 02(Yia) s (2, 51) a1, y2) din(yn) dm(y) = EX°(61 (Vi) d(Yin)-

The above argument can be easily generalized to n-fold FDDs for all n > 2, (the § = 1/8 in (2.31) can be reduced
to handle larger n) and thus we have the desired convergence of the FDDs as T — oo. In order to obtain weak
convergence of the laws on C(]0,S],R), we need tightness of the distributions as T — oo. To prove that the
distributions are tight we will analyse the fourth moments of increments, as in (2.14), but first we obtain one more
bound. We note that by Lemma 2.2 and joint continuity of (7' (z,y)) — ¢r(z,y), it holds that for all K > 0,

(2.32) T gp(z,2) > 8(K) >0 Yo,z € [-K, K|, T >1

for sufficiently small 6(K) > 0. Let K > 0 and z, z € [-K, K. In (2.14), we bound ¢r—_¢(y2,z) above using (2.31)
and bound the other transition densities using (2.17), which gives

EY (Y, =Y)*|p>T,Yr =2)

6)\0t+z2/8 4 5 s
= W/ks(x,yﬂ{/(yz —y1)* ke (g1, y2) €2/ 5dys | dy,

< MSTEE/S 5 ()~ / s(, g1 )e/4 {/C (= y1(1— e =92))p () v /4 dy} dy
< MoSTRY/8 5(j0) 1 /c’ ks (z,y1)e?i/d [/Cl (y—y1(1—e 9 po g (y) dy] dy,

for all T > S + s*(1/8). In the second inequality we have used (2.32) as well as (2.18) and a change of variables.
The third follows from a short calculation and the fact that ¢ — s < 1. Applying (2.20) to the above and arguing as
n (2.23), we obtain that, for all T > S + s*(1/8),

EY (Vi =Ys) [ p>T,Yr = 2)
< POSTRTS 51y (1 — )2 C / Koz, ) 74 (1 + i |*) dun,

(2.33) <C3(8,K)(t—s5)> Va,z€ [-K,K],0<s <t<S such that t — s < 1,
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for a constant C5(S, K) > 0, where to see that the integral is bounded uniformly for |z| < K, we use the fact, from
(2.16), that ks(z,y1) is Gaussian with mean absolutely bounded by |z| and variance less than 1. The fact that (2.33)
holds for all T'> S + s*(1/8) implies that the laws Pg)j./(Y|[0 5 € |p>T,Yr = z) are tight as T — oco. Combined

with the convergence of the FDDs to those of PY:>°, this proves (b).

Observe that (2.33) proves part (c) if we restrict to T > S + s*(1/8). If we choose M > 1 such that M~! < S <
S +s*(1/8) < M, then (2.28) gives tightness of the laws for T € [S, S + s*(1/8)]. Combining these two cases gives
desired tightness and proves (c). O

3. Some non-linear PDE

Let By+(R) denote the space of bounded, non-negative Borel functions. Recall that S; denotes the semigroup of
Brownian motion. By Theorem II1.5 of [11], for ¢ € By+(R), there exists a unique non-negative solution, denoted
V2 (), to the evolution equation

1) vi=sio) - ([ seavzas),
such that

(3.2) BY (e @) = e Xo(Vi)

for all Xo € Mp(R). Applying the above with X¢ = 0., (1.14) gives

(3.3) N, (1 - e @) = V().

We are interested in the case when the initial data is a measure, and also in the differential form of the equation.
The integral equation (3.1) has a corresponding PDE, which is the following:

o 1PV VP

(34) o1 —gw—T for (t,x)E(0,00)XR, ‘/t—)gb a,StJ,O

In [1], this equation was shown to have a unique C1? solution when ¢ € Mp(R), where V; — ¢ is understood as
weak convergence. By Lemma 2.1 of [15], this solution is also the unique solution to (3.1). We denote the unique
solution to (3.1) and (3.4) by V;%. Part (d) of the same lemma establishes that if ¢, — ¢ weakly as n — oo, then
Vo (z) — VP (x) for all t > 0,2 € R. We note from (3.1) that V,*" < S;¢, < ct~1/2¢,(R). Using this and the
fact that X; has a bounded, continuous density, if we approximate measures by functions in By+(R), we can take
bounded limits in (3.2) and (3.3) to establish that (3.2) and (3.3) hold for V,* when ¢ € Mp(R).

Notation: As X; is absolutely continuous, when ¢ € Mp(R) we interpret X;(¢) as [ X (¢, z) dg(x).

We now state some useful properties of solutions to (3.4). For a proof, see Lemma 2.6 in [15].

Proposition 3.1. Let ¢, € Mp(R).

(a) (Monotonicity) If ¢ <, then 0 < V2 <V, for all t > 0.

(b) (Sub-additivity) VSTV < V2 + V¥ for all t > 0.

We now let ¢ = A5, € Mp(R) for A > 0, so that X;(¢) = AX(¢,z). Denote by V;* the unique, non-negative C2!
solution to the initial value problem

v 19V V2

(35) E = gw — 7 for (t,.f) S (0,00) X R, Vi — /\50 Weakly as t J, 0.

This family was originally studied in [8]. It is an exercise to use (3.5) or the scaling properties of super-Brownian
motion to show that V;*(x) satisfies the following space-time scaling relationship. For A,7 > 0, we have

(3.6) VA (x) = N2V, (Ax).
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By translation invariance in the initial conditions of (3.5), and by (3.2) and (3.3) we have

3.7) B (e_’\X(t’””)) — V(@
0 )
NO (1 _ 67>\X(t7x)) — %A(x)
for all z € R and t > 0. It is clear from (3.7) that V;* increases to a limit as A — co. In the PDE literature this
was established in [8], where it was shown that V* converges locally uniformly as A — oo to a function V> on

(0,00) x R. Heuristically, V;>° is the solution of (3.5) when A = +oo. Rigorously, it is the unique solution to the
following problem:

oV 192V V2
ot 202 2 for (t,z) € (0,00) X R,

(3.9) lim Vi (z) =0 Va £ 0, lirn/ Vi (z) de = +o00 Ve >0,
10 tl0 Jp,
where B. = B(0,¢€), the ball with radius € centered at the origin. V,>° was introduced and shown to solve (3.9) in

[2]; uniqueness of the solution is a consequence of Theorem 3.5 of [12]. Taking A — oo in (3.8), we see that V,>°
satisfies

(3.10) Ve (@) = No({X (¢, 2) > 0))

We recall that (see Theorem I11.7.2 of [17])

(3.11) No({X; > 0}) = 2/t.

Thus (3.10) implies that

(3.12) Vio(x) <2/t V.

Taking A\* = 1/t and letting r — oo in (3.6), one obtains that V,>°(z) = ¢t~V (t~1/2x).
Definition: F(z) := V> (z).

Then we have V,>°(z) = ¢~ F(t~'/%z). It was shown in [2] that F is the solution to an ODE problem. (In fact, their
PDEs and ODEs have different (constant) coefficients, but Section 3 of [14] shows that F' is a rescaled version of
the function they study.) F'is the unique solution of
(i) F"(x) + 2F'(2) + F(x)(2 - F(x)) =0
(3.13) (i) F > 0,F € C*(R)
(iii) F'(0) = 0, F(z) ~ c1lz|le " /2 as |z| — oo
for some ¢ > 0. We recall that f(z) ~ h(z) means f(z)/h(z) — 1 as x — oo. This F is the function we discussed

in the introduction, for which — )¢ is the lead eigenvalue of the operator A". In particular, by evaluating (3.10) at
t =1 we can recover (1.3), our preliminary definition.

As part of the proof of Theorem A, the authors of [14] computed the rate of convergence of V* to V,>. In particular,
Proposition 4.6 of that reference states that

(3.14) sup [V (z) — VA (2)] < Ct=1/27 20 \1=2%
z€R

for some constant C. (This is closely connected to (1.5).) A similar lower bound with the same power of X is
established in the same proposition. We will make frequent use of (3.14) in this work to bound error terms arising
when we make approximations to obtain an eigenvalue problem. Let Y be an Ornstein-Uhlenbeck process. We define
Zr(Y) as

(3.15) Zr(Y) = exp ( / AR ds).
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Since st/2 1T V° = F as s — o0, the integrand is converging to zero. As Zp(Y) is increasing in T, we can define
Zoo(Y) :=limp_ 00 Z7(Y). By (3.14), we can easily deduce that the (monotone) limit

(3.16) Zso(Y) = hm Zr(Y)

— 00

exists and is finite, and that moreover there is a constant C'z > 0 such that, uniformly for all Y,
(3.17) Zr(YV)< Zo(Y)<Cz <00 VT > 0.

Finally, we introduce another family of solutions to (3.4), which arise when we compute second moments of L};
we will evaluate expressions that involve the density at two points x1, x5 € R. Let Vt(’\’)‘ )(@122) qenote Vﬁb when

¢ = Nz, + Ny, € Mp(R). When we evaluate this function at 0 we simply write Vt(’\’)‘/)’(wl’”)(()) = VtA’)‘/ (z1,22).
In particular, by (3.4), this is equivalent to

(318) ‘/t)\,)\’ ($1,332) _ NO (1 _ e*}xX(t,xl)f)\,X(t,Iﬂ).

We will make frequent use of the fact that this family of solutions is translation invariant in the initial conditions of
(3.4). This implies that V,**#122) () — AN (21— 2,). The family satisfies the following scaling relationship:

(3.19) VNN (a1, 20) = NV A e, M) = (X)2VNE (W, Vaa),

for all A\, \',r,¢ > 0. Taking limits and applying bounded convergence in (3.2), we see that VtA’)‘/ (z1,22) has a
monotone limit as A\, \' — oo (by Proposition 3.1(a)). We denote this limit V,°”"°(x1,z2). In agreement with our
previous notation we define the following.

Definition. FQ(Il, IQ) = ‘/100,00(171, IQ).
By taking the limit as A\, \’ — oo in (3.18) (and in (3.2) with ¢ = Ad,, + N'd,,) we obtain that
(3.20) VO (@1, m2) = No({X (t,21) > 0} U {X (t,22) > 0}) = —log Py ({X (t,21) = X (t,22) = 0}).

We conclude by stating a version of (3.14) for the functions Vt)"x
Lemma 3.2. There is a positive constant C' such that for all t,\,\' > 0,

sup |:Vvtoo,00(x1,x2) _ V;’\’)‘/(xl,xg)] < OtV [)\172>\0 + )\/172%] _

z1,22€R

Proof. Let x1,29 € R and £, A, N > 0. We write

Vo (a1, w2) = VM (a1, 22)
(3.21) = [V ma) = VI (o w0) | 4+ [V @, m0) = 1V

/

(21,22)] -
By (3.20) and (3.3), the first term is equal to

No (1= 1(X (1) = X (£ 72) = 0) = No (1= e X E01X (1, 20) = 0))
= No (X (£ 22) = 0) (¢ 2XE2) — (X (t,21) = 0)))
(

e M) (X (8, 2) = 0))

= V(1) = V{M(a1)
S Ct_1/2_)\0)\1_2)\0,

<Ny

where the second last line follows from (3.10) and (3.3), and the final inequality is by (3.14). We use similar reasoning
to bound the second term of (3.21) by the same expression with X" replacing A, which gives the desired result. O
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4. Existence and Properties of L;

As stated in the introduction, our method first establishes the existence and properties of L; under Ny and then
uses the cluster decomposition to establish them under P))({D. The main ingredient in the proof of Theorem 1.1 is
the convergence of second moments of L) (¢) as A — oo. For a bounded Borel function ¢, we show that No(L}(4)?)
converges as A — oo. In fact, we prove convergence of second moments of general functions of two variables. For
h : R? — R we recall the notation

(L2 % 1)) = [ ha) L @) L),
LtA (¢)? is easily recovered by taking h(z,y) = ¢(x) ¢(y). The following result is the workhorse of this paper.

Theorem 1.4. There is a constant C1 4 > 0 and continuous function p : R x R — (0,1] such that for bounded
Borel h : R? - R,

lim No((Z} x LY)(h)

AN = oo

t s
= Cﬂ/ (t—s)" 2% [//E69<6XP (—/ Vi (Wt —sz1 + Bs — By, Vt — s 22+ By — By) du)
0 0
X h(vVt—sz1+ Bs,V/t —s29 + Bs)) p(z1, 22) Yo(z1) Yo (22) dm(z1) dm(z2) | ds.

Corollary 4.1. For a bounded Borel function ¢, L}(¢) converges in £2(Ng) as A — oo.
Proof. Since £2(Np) is complete, it is enough to show that {L}(¢)} =0 is Cauchy in £2(Np). For A\, \' > 0, we have

No((Z7(¢) = Li¥ (6))) = No((L2(#)*) + No((L (#)*) — 2No (L () L7 ()-
By Theorem 1.4, this converges to 0 as A, \' — oo. O

The proof of Theorem 1.4 is long and technical. We defer it to Section 5, which is devoted to its proof. For now, we
take it as a given and use it to establish our other main results, the first being the existence of L; under Np.

Proof of Theorem 1.1 for Ny. Fix t > 0. Because X; = 0 implies that L} = 0 for all A > 0, without loss of generality
we can work under the finite measure No(-N{X; > 0}). By Corollary 4.1, for a bounded continuous function ¢, there
exists a random variable [(t,¢) such that L}(¢) — I(t,¢) in £L2(Ng) as A — oo. It follows that L} (¢) — I(t,¢) in
measure. We will now establish that there exists a unique random measure L; such that the random variable [(¢, ¢) is
the integral of ¢ with respect to a random measure Ly, ie. [(t, ) = L¢(¢) for all continuous and bounded functions ¢.

We need to establish that the measures {L; : A > 0} are tight Np-almost surely. To see that this is true, we recall
that X (t,-) is compactly supported No-a.s., (see Corollary IT1.1.4 of [17] for the result under P;X; condition the
cluster representation on N =1 to get it for Ny) and hence the mass of X is contained in a ball B(0, R) for some
R = R(w) > 0. Since L}(A) = A\ [ X (t,2)e (%) gz, this implies that the mass of Ly is contained in B(0, R)
for all A > 0, which implies that {L(w) : A > 0} is tight.

Let {¢,,}22, be a countable determining class for M p(R) consisting of bounded, continuous functions. We choose
#1 = 1. L'-boundedness of the total mass and tightness are sufficient conditions for a family in Mg(R) (with
the weak topology) to be relatively compact. By Corollary 4.1, {L}(1) : A > 0} is £2(Np)-bounded, and hence
L' (Np)-bounded, and so from the above we see that

{L}: XA >0} is relatively compact No-a.s.

As we have noted, L} (¢,) — I(t, ) in measure as A — oo. Using the fact that convergence in measure implies
almost sure convergence along a subsequence, we can iteratively define subsequences and take a diagonal subsequence
{Am }5°_, which satisfies

(4.1) L} (¢n) = U(t, dn) as m — oo for allm >1 Ny-a.s.
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As we have noted, {Lg\m >_, is relatively compact Np-almost surely. Combined with the above, this means that
for No-a.a. w we have the above convergence for all n and relative compactness of the measures {L; }2°_;. Choose
such an w. By relative compactness of {L}}x~0, any subsequence of {\,,}3°_;, admits a further sequence along
which the measures converge in the weak topology. It remains to show that all subsequential limits coincide. Sup-
pose Li(w) and Li(w) are two such limit measures. Since w has been chosen so that (4.1) holds, we have that
Li(w)(¢n) = Li(w)(¢y) for all n. Since the family {¢n }n>1 are a determining class, this implies that L;(w) = Li(w).
Hence all subsequences admit a further subsequence with the same limit L;(w) in the weak topology. Since the
weak topology on M g (R) is metrizable, the “every subsequence admits a further converging subsequence” criterion
for convergence applies, and we have L™ (w) converges to Li(w) € Mp(R) as m — oco. This gives the almost sure
convergence along {\,, }>°_,. As the weak topology is metrizable we also have L} — L; in measure. Furthermore,
we observe that for continuous and bounded ¢, L;(¢) = I(t, ¢). To see this, recall that L™ (¢) converges to I(t, ¢)
in £2(Np). As we have just shown that lim,, s L™ (¢) = Ly(¢) No-a.s, it must hold that L,(¢) = I(t,$). This
implies that L} (¢) — Li(¢) in £2(Np).

Finally, we verify that L; is supported on BZ;. We fix w outside of a null set such that L?’" — Ly in Mp(R) as
m — oo. For an open set U, Ly(U) < liminf,, ,o L} (U) (a consequence of the Portmanteau theorem). From
(1.6), we have L} (Z;) = 0 for all m > 1, which implies that L,(int(Z;)) = 0. Moreover, X (¢, z) > 0 implies that
Ao X (¢, x)e AmX (B2 5 0 as m — oo, so for € > 0, Ly({x : X(t,z) > ¢}) = 0, and hence L;(Zf) = 0. Since
L(int(Z;) U Z7) = 0, we must have supp(L;) C BZ;. O

Proof of Theorem 1.5. To prove (b), by Theorem 1.4 it is enough to show that No((L x L) (h)) = limy, e No((L3™ x
L) (h)) for a sequence A, — oo, which we choose to be the sequence from Theorem 1.1 on which L}" — L, almost
surely. Because Ly = 0 when X; = 0, we can work on the probability measure No(- | X; > 0). For bounded and
continuous h : R? — R, |(L; x L) (h)| < ||hlleLi™ (1)2. By Theorem 1.1, L} (1) converges in probability and in
L2(No(-| X; > 0)) to Ly(1), which implies that L} (1)? and hence (L} x L )(h) are uniformly integrable (see,
e.g. Theorem 4.6.3 of [5]). We can therefore exchange limit and expectation, giving

No( lim (L™ x L2)(h)) = lim No(Z3" x L*)(h))
Since Li‘" — Ly in Mp(R) and h is bounded and continuous, the integrand on the left hand side is equal to
(L¢ x L) (h), which gives the result. By a Monotone Class Theorem (e.g. Corollary 4.4 in the Appendix of Ethier
and Kurtz [6]), the same holds for all bounded and measurable h.

We now turn to part (a). Let ¢ : R — R be bounded and Borel. We recall from the Introduction (see (1.5)) that
Proposition 4.5 of [14] states that

Jim B, (L3(6))
(4.2) =0t // d(wo + Vtz)exp (—% /F(z + 72 (z9 — yo) dXo(yo)> o(2) dm(z) dXo(zp).

(The fact that the constant appearing in Proposition 4.5 of [14] equals C7 4 is implicit in the proof.) The proof uses
the Palm measure formula for X; under P))((O ; see Theorem 4.1.3 of Dawson-Perkins [4]. The corresponding Palm
measure formula for the superprocess under Ny is in fact simpler, and the same proof shows that

(43) Jim No(L2(0) = Cp gt [ 9(vE) boz) dma).

Consider now a bounded and continuous function ¢; we can also clearly assume that ¢ > 0. By Theorem 1.1 (under
No), L} (¢) converges in £2 with respect to the probability measure No(X; € -| X; > 0), which implies that it also
converges in £!, allowing us to exchange limit and expectation in (4.3), which gives part (a) for bounded and contin-
uous ¢. This extends to all bounded and measurable ¢ by a monotone class argument (as above for part (b)). Finally,
it is clear that both (a) and (b) hold for general non-negative functions by the Monotone Convergence Theorem. O

We now describe how to ascertain the existence of L; when X; is a super-Brownian motion under Pj’f0 via the
cluster representation. In particular, we recall (1.15) and (1.16). Let Xy € Mp(R) and ¢t > 0.
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Proof of Theorem 1.1 for P))((O and Theorem 1.8. Let N,x1,...,xn,X},... X} be as in the cluster decomposition

(1.16). For A > 0, define the measure L) via (1.6) using X,. For i = 1,..., N, let L denote the measure defined in
(1.6) corresponding to X;. By Theorem 1.1 for Ny and translation invariance, N, (X} € - | X} > 0)-a.s. there exists
Li such that L — L; in Mp(R) in measure. Define L, € Mp(R) by (1.17). That is,

dLi(z) = > 1(>_XI(t,z) = 0) dLj(x).

i=1  j#i
Let ¢ : R — R be bounded and continuous. We will show that
(4.4) L}¢) — Li(¢) in probability as A\ — oc.

Once we establish (4.4), the proof of Theorem 1.1 for Ny applies and shows that L; — L; in probability in M (R)
as A — oo. With the exception of £2 convergence, which we show afterward, this proves Theorem 1.1 for P))((O .
Furthermore, since L; is defined by (1.17), this also proves Theorem 1.8.

Turning to (4.4), we will argue conditionally on (N, z,...,2y). That is, we argue under the regular conditional
distribution for (X},..., X}N) given (N,z1,...,2x). As such, we treat N > 1 and 1,...,2y € R as fixed, and
X}, ..., X} are independent random measures with respective laws N, (X; € -| X; > 0) fori = 1,...,N. Let E

denote the expectation of a probability realizing this conditional representation for X;. Expanding L} (¢) in terms
of the clusters, we have

LM6) = / N0 X (1, 2)e K0 b(o) do
N

_ / A2 [Z X'(t,2)
=1

N
:Z/)\QA“Xi(t,:zr)efAXl(t’z) [e*Azj#Xj(t*z)qﬁ(:z:) dx
i=1

e A Xi(t’m)¢(x) dx

N .
(4.5) = LM ¢ e M),
i=1

where we define Z§(t,z) = > i X (t,z), in which the indices are understood to sum from 1 to N. Using this

notation, L:(¢) = Zi\il Li(¢ - 1(Z5(t,-) = 0)). Thus by (4.5), to prove (4.4) it is clearly enough to show that for
any 1 <i <N,

(4.6) LiMp- e N E)) 5 Li(g - 1(Z4(t,-) = 0)) in probability as A — oo.
Without loss of generality, assume that A > 1. Let 1 < X < A. Then
L@ e MNED) — Li(g- 1(Zi (¢, ) = 0))]
SILpN @ (e MNE) — e N NI 4 |LPN (- eV AN ) - Li( - e N AN (D))
+ Ly (N0 —1(Z4y(t, ) = 0))]
<@llool LA e AN EIU(ZY (8,) > 0)] + | LA (G- e N A1) — Li(g - eV (b))

Il Li(e N AN EIL(Z4 (1, ) > 0))
(4.7) =@l Bi(N, A) + Ra(, X) + 6]l Rs (X, A).

We first consider R;. Since X} and Z4(t,-) are independent and L is a measurable function of X}, conditional on
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X} we have, for all A > 1 and 1 < N < ),

E(Ri(N,N)| X;) = /E(e”\lzx(t’””)l(Z}'v(t,:v) > 0)) | X7) dLi (x)

— [ B B RS X (1,2) > 0)) L)

J#i
<Z/ 7)\/Xf(t,z)1(Xj(t7x)>O)|th>0)dLi,>\(x)
J#i
=D N, (X7 > 07! / N, (e MY —1(X(t,2) = 0)) dLi* ()
J#i

t/2 Z/ m] 1_1 Xj(t (E) —0)) N (1 _)\/XJ(t’w))dL?)‘(x)

J#i
(4.8) = (t/2) Z/V T — ;) — VN (@ - ;) AL (),
J#i

where in the second last line we have used (3.11), and the last follows from (3.8), (3.10), and translation invariance.
We apply (3.14) to the integrand and take the expectation of the above to obtain that

N-1 - ,
E(Ry(N',\)) € —— /272 X" UN,, (LA (1) | X] > 0)
N -1 3/2=Xo \/—(2X0—1) A
= S0 Na, (L;*(1)) (by (3.11)
(4.9) < O(t, N)N~Er 1),

for all A > 1 and 1 < N < X, where the last inequality is by Theorem 1.5(a) and the fact that L*(1) — Li(1) in
L£2(N,,) (from Theorem 1.1). Next we consider R3. Note that we can expand and bound this term in exactly the
same way as we did R; in (4.7) but with L! replacing Li”\. Taking the expectation and proceeding as above then
gives
(4.10) E(Rs) < N =120 (Li(1))N~@ro—1)

. 3) = 4 x; \ g .

Fix 6 > 0. By (4.9) and (4.10) and Markov’s inequality there exists A(§) such that for X > A(6),
(4.11) P(Ry(N,\) > &) + P(R3(N,\) > 6) < C'(t, N)N~Zo=D /5,

Now consider Ry(¢). Since ¢ - e~ N Zx(t) is a bounded, continuous function for all X' > 1, by Theorem 1.1 for N.,
Ra(¢,\') — 0 in probability as A — oo for all A’ > 1. From this and (4.11) we conclude, by choosing X' < A
sufficiently large, that (4.7) converges to 0 in probability as A — oo. As we noted in (4.6), this is sufficient to prove
the result.

It remains to show that L(¢) — L¢(¢) in £L*(Pg,) for all continuous and bounded functions ¢. Let ¢ be such a

function, and suppose that X, is realized as in (1.16) under a probability P5 . Under Pg (-|N), from (4.5) and
(1.17) we have

(L)) - Lu(9) <ZL” (N gy LHA(Zig(t, ) = o>-¢>>

2

N
(4.12) Z [Li (e 2N g) — Li(1(Zi (L) = 0) - 6)] .

We recall that X}, ..., XN are iid with distribution Ng (X; € -| X; > 0), where Xo = Xo(-)/Xo(1) and Nx,(-) =
J N (-)dXo(z). This implies that the N summands in (4.12) are identically distributed; in particular, conditional
on N we deﬁne identically distributed random variables efv’)‘ >0,fori=1,...,N, by

(4.13) NN = [LiMNe AN L g) — Li(1(Zi(t-) = 0) - 6)] 7.
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By (4.6), elN’A converges to 0 in probability as A — oo when conditioned on (1, ..., zy). However, one can integrate
the conditional probabilities over (z1,...,2x) € RV to determine that

(4.14) eM* = 0 in probability under P (| N) as A — oo.
It is clear from (4.13) that for all A > 0,
(4.15) el <2l|p)3 (LEM1)?2 4+ Li(1)?) Vi=1,...,N,VN > 1.

By Theorem 1.1 for No, Ly (1)2 — Li(1)? in probability under Ng, (X; € -| X; > 0) and hence under PZ (-|N).
Furthermore, since L*(1) — Li(1) in £2(Ng, , (-] X¢ > 0)) (by Theorem 1.1 for Ny), it follows from Cauchy-Schwarz
that L;‘;”\(l)z — Li(1)% in LY(Ng, (-| X; > 0)); since X/ has distribution Ng (X; € | X; > 0) under P5 (-| N),
this implies L2 (1)2 — Li(1)2 in £ (P%, (-] N)). Hence {2/l lloo (LM (1)2 + Li(1)2) : A > 1} is uniformly integrable.
Thus by (4.15), {eX* : X > 1} is uniformly integrable, and by (4.14) we have £ convergence. That is,

(4.16) E% (eMMN) = 0 as A — .
Conditioning on N = n and summing over n € N, by (4.12) and Fubini’s Theorem we have
n,A
EX, (L2 (9) = La(0)®) < Y PR, (N =n)n) EX (]| N =n).
n=1 i=1

Since B () | N) < 2[|¢lloo BX, (L1 (1) + Li(1)%) < C(t, ¢) for all A > 1, for some constant C(t, ) > 0 (by uni-
form 1ntegrab1hty) the nth term in the above is bounded above by C(t, ¢) P5, (N = n)n?. Dominated Convergence
therefore allows us to exchange limit and summation in the above, which by (4.16) gives the result. O

Proof of Theorem 1.9. This is virtually identical to the above proof of Theorem 1.8 and is omitted.

As we have commented on, the expression in Theorem 1.4, which is the same as (1.9) in Theorem 1.5(b), is finite
for all bounded h, despite the appearance of non-integrability (since Ao > 1/2). Proposition 1.6, which we restate
here for convenience, provides a useful upper bound on second moments which is our main tool for studying L;.
The bound is not difficult to obtain. Its derivation relies only on applying trivial upper bounds to several terms
and making a few changes of variables. Recall that EY denotes the expectation of a standard Ornstein-Uhlenbeck
process Y with Yy = 2.

Proposition 1.6. For measurable, non-negative function h : R? — R,

No((L: x L¢)(h)) < 05_4/ [//E (exp( /log(t/w) F(Yu)du>

(1.10) X h(VtYiog(tjw)> VY iog(t/w) + V(22 — 21))) Yo(21) Yo(z2) dm(21) dm(zz) | dw.
Moreover,

c? 02
(1.11) No(Li(1)?) < 147 j1-2x

1—Xo

Proof. Let h : R? — R be Borel measurable and non-negative. We use the formula for No((L; x L;)(h)) given by
(1.9). We recall that p(z1,22) < 1 and use this bound, and we bound above by using V,>°(z,y) > V,>°(z) in the
exponential. This gives

No((L¢ x L) (h ))<C14/ (t — s) ”0[/ EB (exp( / Vit — 521+ By B)du)>

X W(VTT5 21 + By VT3 7 + By) tho(21) o(22) dim(z1) dm(zﬂ] ds.
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Since z1 ~ m, v/t — s z; has a normal distribution with variance ¢ — s, and we interpret it as the Brownian increment
B; — Bs. Hence the above is equal to

Ci4/0t(t—s)2>‘°[/E§(exp<—/s VtO"U(Bt—Bu)du> X By T~ 52 + By)
(B2 i
= Ci49/tw2’\° U EgV(exp (—/w Vu”(Wu)du) h(Wy, Vw 29 + Wy — Wy,)

<o (U2) vl amea) )

where in the second line we have used w = t — s and defined W,, = B; — B;_,,. Hence W, is a standard Brownian
motion under PJV. Recall that V,>°(z) = u~'F(u~'/?z). Applying this and letting v = e” in the integral, we obtain
that the above is equal to

t logt
i 49/ w20 [/ EY (exp (— / F(e_T/2W€T)dT) h(Wi, vVw 2o + Wy — Wy,)
’ 0 1

og w

con( 1) i .

We now define a stationary Ornstein-Uhlenbeck process Y (with stationary measure m) by Y, = e~ "/2W,- for
r € R. Recall that we denote its law by EY. The above is therefore equal to

t logt
0%49/ s [/ B (exp < - / F(Y;) du)h(\/iylogt, Vi 23+ VE Yiogt — V0 Yioguw)
0 1

ogw

X 1o (Yiog w) 1o (22) dm(zz))}dw-

By stationarity of Y, we can shift time by logw to obtain that the above is equal to

t log(t/w)
Of.49/ w= e U EY(GXP (—/ ’ F(Yr)dU) h(VE Yiog(t/w)s VI 22 + VE Yiog(t/w) — V0 Yo)
0 0
< Un(Y0) vz ) )

Yy has distribution m, so we condition on the value of Y and call it z;. This gives the desired expression and proves
that (1.10) holds. The proof of (1.11) is a consequence of the following lemma.

Lemma 4.2. Fort >0,
/PZY(pF > t) o (2) dm(z) = e 0L,
Returning to (1.11), we apply (1.10) with A = 1. Separating the integrals, we obtain that

(L)) < 6340 [ w2 ([ PY (" > toxte/w) vale) am(e) )

where we have used f odm = 6. The inequality (1.11) now readily follows from Lemma 4.2, which completes the
proof of Proposition 1.6. |

Proof of Lemma 4.2. Expanding in terms of the transition densities, we have

[P > vtrame) = | ( [atzw dm<y>) (=) dm(2)

(417) — <(Jt7 1® 1/10>£2(me)7
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where (-, ) z2(mxm) denotes the inner product on L%(m x m) and ® is the tensor product of functions. Recall
from that Theorem 2.1(a) that the eigenfunction expansion (2.1) converges in £2(m x m) to ¢(,-), and that
140l £2(m) = 1. Thus by the above and Fubini’s theorem, (4.17) is equal to

o0

Z e (W ® n, 1 ® Y0) 22 (mxm) = € (Yo ® Yo, 1 ® Y0) £2(mxm)

n=0

= e_’\ot/wg dm/z/Jo dm = Qe ot

where the first equality follows from orthogonality of the eigenfunctions, which implies that [ 1,10 dm = 0 for all
n > 1, and the last line has used [1odm = 6 and [ 3 dm = 1. O

We now use the bounds in Proposition 1.6 to derive prove the remaining properties of L.

Proof of Theorem 1.2(a). Via the second moment method, we have

No(Ly(1))? CF 407t 2% 1=
2

L,(1 > i > —
No (L) > 0) 2 {UT, 3 = & o)t~ 7

where we recall that [ 1o dm = 6 and we have used Theorem 1.5(a) and (1.11). We recall that Ny (X; > 0) = 2/¢,
which implies that No (L¢ > 0|X; > 0) > 522, O

Proof of Theorem 1.5. Recall that for p > 0, hy(z,y) = |x — y|7P. We first establish that
(418) No((Lt X Lt)(hp)) < o0

for all p < 2 —2X\g. Applying (1.10) with h,, we have

No((L¢ x Ly)(hp)) <CF 4 /Otw—”o [// EY (exp (— /Olog(t/w) F(Yu)du>)

< V(2 = 20 o) vo(za) dm) dime) |
t log(t/w)
:C’f4/ w”“’p/Q[//EZ<exp<—/ F(Yu)du)>
Jo 0
X |21 — 21| P40 (21) Yo(z2) dm(z1) dm(@)} dw.
Recalling (1.4), the expectation is equal to the survival probability P} (p* > log(t/w)), so the above equals
t
C%A/O w—2ho—p/2 [// PZ (pF > log(t/w)) ‘zl — 22’_1) o(z1) Yo (22) dm(zl)dm(ZQ)] dw.
Applying (2.5) and (2.9), both with § = 1/8, this is bounded above by
t
C'/ w™ProP/2 [// |21 — 22|7p 20 o =i/4 023 /8 dm(z1) dm(zz)] dw
0
t
=C(p) tf)“’/ w™ TP 2 gy,
0

The second line follows because the integrand has Gaussian tails in z; and z3 and p < 2 — 2\g < 1. Finally, the
integral in the final line is finite because —Ag — p/2 > —Ao — Ao + 1 > —1, which proves (4.18). In fact, we have
shown that

(4.19) No((L¢ x Li)(hp)) < C(p)t'—2207P/2,
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Next, we establish the same under P))((O. That is, we will show that
(4.20) EX,((Ly x Ly)(hy)) < 0o

for p < 2—2Xo. We use the cluster decomposition and argue conditionally as in the proof of Theorem 1.1 (for P)){(U)

above. Suppose that P))({D is a probability under which X} is realized as in (1.16). Conditioning on N, z1,...,2y, by
(1.17) we have

N
dLi(z) < dLj(x).
i=1
Thus we obtain that

[[ 12 = sl rari@ aLiw)

N ) N )
</ |x—y|-P(;sz<w>)(iz_;sz@)
(1:21) - i [ 12 = sl rati azi) + Sy [[1e=uirazi aziw.

i=1 j#i

Recall that the X; are independent with distributions N, (X; € - | X; > 0). By (3.11) and (4.19), we therefore have

(4.22) Nz, <// |z — y|"PdLi(x) dLi(y) ‘ Xi > 0> = C(p)tt =2 P/2 (2/t) =: Oy (p) 1220 /2

which provides a bound for the summands in the first term of (4.21). We now consider the mixed integrals in
(4.21), that is, the summands in the second term. Without loss of generality, let ¢ = 1 and j = 2, and denote their
(independent) laws N} (X} € -| X} > 0),N2 (X7 € -| X7 > 0). Because the integrands are non-negative, we can
change the order of integration and obtain

N @ N2, (//|x—y|-dei<x> dL2(y) \X& S 0,X2> o)

(4.23) =N </ N2, </ |z — y|"PdL?(y) }Xf > 0) dL}(x)

To compute the inner expectation we apply translation invariance and (3.11), which gives
w2, ([ - ol razi | x> 0)
= /2o ( [ ly- ol atity o)
=280 ([ ly—2+arl PaLo)
= Cua(t/2r ™ [ IVEz (@ = 22)| Puin(2) d(e),

th>0)

where the last line follows from the mean measure formula (1.8). By (2.5) with § = 1/4, we have that ¢y (z2) dm(z2) <
ce=%/ 4dz,. Thus the above is bounded above by

Cti=ro /(|\/Ez —(r— @) PV 1)e /M dz
= Ot /(|w —(x—a9)|7PV 1)t71/267w2/4t dw
< Ol / W — (& = 22)| ™" L (o) <1 dw + C 70 /t*l/Qe*“ﬂ/‘“ dw

= C'(p)t' /2?0 4 Ot < .
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By the above bound and another application of (1.8), (4.23) is bounded above by
(4.24) C'(p)t/27%0 + O | NL (EH(1) | X} > 0) = Co(p) [£9/27 20 442720 ).

We note that both (4.22) and (4.24) are independent of the points z1, ..., zx. Therefore by these bounds and (4.21)
we have shown that

X, (L x Lo) (hy) | N) < Co(p)NEZ2207P/2 4 Cy(p) (N? = N) [9/272%0 427200
Taking the expectation above with respect to N, which we recall is Poisson with mean 2X(1)/¢, gives
(4.25) EX((Li % Ly)(hy)) < C1(p)Xo(1) 1722077/ 4 Oy (p) Xo (1) {t—l/z—m\o I t_2,\0} < o,
which proves (4.20).

Under both P))f0 and Ny, we have shown that the p-energy of L, has finite expectation, and hence L; has finite
p-energy almost surely, for all p < 2 — 2)y. By the energy method (see, for example, Theorem 4.27 of Morters and
Peres [13]), this implies that dim(BZ;) > 2 — 2Xo a.s. on {L; > 0} under P{ and No. Combined with Theorem
A, this completes the proof of Theorem 1.3 for P))((O. To see that the upper bound on the dimension holds for Ny
follows from the cluster decomposition. Consider X; under Pg{f . In the cluster decomposition of X;, the probability
that N = 1 is positive. Conditioning on this event, X; is equal to X}, which has law No(X} € -| X; > 0). Because
dim(BZ;) < 2 — 2Xg a.s. on this event, we therefore have No({dim(BZ;) < 2 —2Xg} | X; > 0) = 1. This completes
the proof. O

Proof of Theorem 1.7. To see part (a), we note that (4.2) gives an expression for limy o Ex (L?(¢)). On the sub-

sequence {\,}%, from Theorem 1.1, L}"(¢) — Ly(¢) a.s. for bounded and continuous ¢, so it is enough to show
that lim, . EX, (L} () = B, (limy, o L}"(¢)). By Theorem 1.1, L}(¢) converges in and hence is bounded
in £2 (P))((O). It is therefore uniformly integrable, which justifies the above exchange of limit and integration. This
proves the result for bounded and continuous ¢. We extend the moment formula to bounded measurable functions
by a Monotone Class Lemma and to non-negative measurable functions by Monotone convergence.

We now prove part (b). Suppose we realize X; under a probability P))((O such that (1.16) holds. Conditionally on N,
by (1.17) we have

N 2 N N
OGNS S IINES ) AL
i=1 i=1 i=1 j£i
The clusters are independent with laws Ng (X{ € -| X{ > 0) = (t/2)Ng, ({X; > 0, X} € -}), the equality by (3.11).
Thus, applying Theorem 1.5(a) and Proposition 1.6(b) to the above and using independence, we obtain

(4.26) Ex,(Li(1)? | N) < ON(t/2)t' 2% + C(N? — N)(t/2)* >,

As in the proof of Theorem 1.3, we take the expectation with respect to N, which has a Poisson(2X(1)/t) distri-
bution. This proves part (b). O

Finally we consider the atomless property of L; (see Theorem 1.2(b)). Once again we carry out the necessary
moment calculations under canonical measure. L; has an atom of mass ¢ > 0 at z if L,({z}) = ¢. We decompose
L; as -

Ly = Li+ s,

where L, is atomless and v, is strictly atomic. We begin with an elementary observation which provides an upper
bound for the mass of the atoms of a measure. Let M € N. Let I = [-M,—M + 27 "], and for k =2,3...,2M2",
define the dyadic interval I} = (=M + (k—1)27", =M + k27 "]. Then {I}' : k < 2M2"} is a partition of [—M, M]
into disjoint intervals of length 27". The following lemma is elementary.
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Lemma 4.3. Fiz M € N and suppose that u is a finite measure supported on [—M, M| with decomposition u = p+v,
where p is atomless and v =, ; ¢;i0, is strictly atomic. Then for every n > 1,

2M2™
> urhr= Y
k=1 el

The next lemma gives an upper bound for the second moment of L; on a ball. We denote by B(x,r) the ball of
radius r > 0 centred at € R. We recall s*(9) from Theorem 2.1(c); in what follows we use 6 = 1/8, and s* denotes

s*(1/8).
Lemma 4.4. There is a constant Cyq 4 > 0 and t-dependent constant Cy 4(t) > 0 such that for all x € R and
r<e %t

No(Li(B(z,1))%) < Cy g [t 122 BY (Wi € B(w,r) + =202 BV (W, € B(x,1))]
< Cyat) P72 407,
where W is a standard Brownian motion under PyV.
Proof. We apply (1.10) with h(z1,22) = 15(z,r)(21) 1 B(2,r)(22). This gives
No(Lt(B(z,7))?)

_ O/Otw—2>\0 {// B <exp (— /Olog(t/w) F(Yu)du>

(427) X 1B(m,r)(\/¥}/10g(t/w)) 1B(m,r)(\/giflog(t/w) + \/5(22 - Zl))>¢0(zl) 1/10(22) dm(zl) dm(z2) dw.

We now divide the above into two cases depending on the size of w. We first consider the singular case, where w is
small.

Case 1: w < e * t.
We interpret the exponential in (4.27) as the probability that Y survives until time log(t/w) when it is subject to

Markovian killing with rate F'(Y,,). Because this probability is equal to the integral of the transition density over
all of R, the portion of the integral corresponding to w € [0, e t] equals

C/Oes*tw_”” [/// Dog(t/w) (21, 9) 1) (V) 1@ (VEy + Vw(zs — 21))

X o(z1) Yo(z2) dm(z1) dm(z2) dm(y)] dw.

et
< O/ w—2>\0 |:/// e—)\o log(t/w) ezf/8ey2/8 1B(z,r)(\/gy) 1B(z,r)(\/zy+ \/1_0(22 _ Zl))
0

X 1o (21) o(22) dm(z1)dm(z2) dm(y)] dw.

e t
<ct / w0 / e/ Blp(en(Viy)
0
(4.28) [// e*1/4e73/8 13(9“0)(\/@ +Vw(ze — 21)) dm(z1) dm(z2) | dm(y) dw.

The first inequality uses (2.2) with ¢ = 1/8, which applies because log(t/w) > s* for all w in the above integral,

and the second uses (2.5), both with § = 1/8. In the integral in the last line we collect all the Gaussian terms. The
square-bracketed term is equal to

c / / Lo (Vi + Va(za — 21)) e~/ 4e 3378 gz, dzy
= / 1B(xyr)(\/gy +Vwz) e=37°/20 g
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We have used the convolution property for independent Gaussians. We define Gaussian random variables g; ~
N(0,4t/3) and go ~ N (0,10/3). Substituting the last expression into (4.28), we obtain

e "t
Ct=o / w™ o |:// 1B(ac,r)(\/iy) 1B(ac,r)(\/gy +Vwz) 7320 =38 g dy] dw
0

675*t
o [T [p(gl € Ble,1), 01 + Vigs € Bl r))] dw
0

o /Oe : tw,Ao |:P(gl c B(x,r)) P(\/Egg S B(O,QT))]dw

—s*

e t
(4.29) = CtiAOP(gl € B(z,r)) / wf)“’P(gg € B(0, 2rw71/2))dw.
0

Suppose that 472 < e=*"t. If 2rw="/2 > 1, we bound the probability in the integral above by 1. If 2rw=1/2 < 1,
the probability is simply bounded by the diameter of the ball, 4rw='/2. Thus (4.29), and hence (4.28), is bounded
above by

o
et

ar?
Ct=*P(g, € B(z,7)) {/ w0 dw + 4r/ w_’\o_l/zdw}
0 4

T2
o W 4r 2= (ho=1/2) _ (1 —s"\—(ho—1/2)
=Ct " P(g, € B(z,7))|4 + (47%) (te™*")

(4.30) < Ct™P(g, € B(x,r))r*= 2.
Finally, note that if 412 > ¢~*"¢t, then (4.29) is bounded above by

et
CtiAOP(gl c B(x,r))/ w N dw < C'tf)“’P(gl € B(x,r))(efs* t)lf)“’ < CtiAOP(gl S B(x,r))r272)‘°,
0

so the upper bound for (4.28) obtained in (4.30) holds in this case as well.
Case 2: w € (e™*'t,1].

In this case we simply bound the exponential term in (4.27) above by 1, effectively ignoring the killing, in which
case Yiog(t/w) ~ m. We also use (2.5) with § = 1. Hence the contribution to (4.27) from the w € (e~% ¢,#] case is
bounded above by

C/: - we [/// 1.y (VI) 1p (o) (VEy + V(22 — 21)) €51/4 €5/4 dim(21) dim (22) dm(y)] o

t

<0 [ w0 ] Vi) it (Vi VG = 20/ iy di )|
e~s"t
t

= C/, *tw*2A0 [// Lt (VE) (o) (Viy + Vo) 712 dz dm(y) | dw

t
< Ct™™P(gs € B(UC,T))/ w22 P(gy € B(0,2rw™/?)) dw.
et
In the above, g3 ~ N(0,t) and g4 ~ N(0,1). The third line follows by the convolution property of Gaussians. We
again bound the probability in the integral by the size diameter of the ball, which gives the following upper bound
for the above:
t

Ct *P(g3 € B(z,7)) 4r/ w2 gy,
e—s"t

< Ot P(gs € B(z,r))4r (e7* )2 ot1/2
(4.31) = Ct ¥t 12P(gy € B(z, 7))
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By combining (4.30) and (4.31) and interpreting the Gaussian probabilities in terms of Brownian motion, we obtain
the first inequality of the result. The second bound is obtained by bounding the Brownian density above by its
maximum value. O

Proof of Theorem 1.2(b). First consider L; under Ny and recall the decomposition (4.27), ie. L; = f/t + 14, the latter
strictly atomic. Fix M € N and consider the restriction of L, to [—M, M], ie. dL,gM) (z) := 1— ) (2) dLi(2), with
decomposition LgN) = E§M) + I/t(M). Note that the radius of the dyadic intervals is 7(1¥) = r = 2= ("1 By Lemma
4.4, we have

2M2™ 2M2™
No ( > LEM’<L’:>2> = 3 N (£ h?)
k=1

k=1
< O(t) 202" (27 ()32 4 (22

< C(t)2M [(27™)* 2 4277
—0 as n — o0

because 2 — 2)\¢g > 0. Moreover, by Lemma 4.3, the first expression is greater than or equal to the expectation
(under Np) of the sum of the squares of the atoms of LEM). The above implies that this expectation must in fact be
Z€ero, SO Vt(M) = 0 Np-a.s. As this holds for all M, v; = 0 and L; is atomless under Ng. To obtain the result under
Pj’f07 we note from the cluster decomposition and (1.17) that (conditionally) L; is a sum of N measures which are

atomless by the above, and hence is atomless. O

5. Proof of Theorem 1.4

We begin by obtaining an expression for second moments of L under the canonical measure. In particular, we
study No(L} (¢1) Ly (¢2)) for A, X > 0. The moment representation formula is naturally suggested by a branching

particle heuristic. Its proof uses PDE methods and the Laplace functional. Let EP denote the expectation of a

B

1 2
Brownian motion started at x. E( _"B denotes the law of two independent Brownian motions B' and B? started

z,y)
from points x and y respectively. We recall that ps(-) denotes the Gaussian density with variance 4.

Proposition 5.1. Let h: R? = R be a bounded Borel function and X\, N ,t > 0. Then

t
No((Ly x Ly )(h)) = (AN)?*e /0 Ey (Efﬁdfz {h(Bs + Bl Bs+ BL))

X exp < _ / VtA_f;l (B} .+ Bs — By,B? .+ Bs — By) du>
0
t—s ,
cox (= [ VBB B - BL)ar)
0

t—s
X exp ( - / VI (B2 + Bl , — B2, B?) dr)Dds.
0

The proof of Proposition 5.1 requires the following lemma.

Lemma 5.2. Let ¢ € Mp(R) and 1,92 € L1(R) be non-negative and continuous. Then

o (el = [ 89 (e (= [V B
< [T B¢ {exp (— /Ots Vi o—(Bs + By) dr) ¢i(Bs + Bi_s)DdS-

i=1,2

Proof. Let €1,e2 > 0 and ¢, 1 and @9 be as in the statement. Viewing ¢1 and ¢ as the density functions of the finite
measures they induce (ie. p;(4) = [, i(x) dz), let V7" denote the solution to (3.4) when ¢ = o+ €191 +eagpp €

Mp(R). By (3.3),
No(1 — e*Xt(thréllerEthz)) = Ve (),
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We differentiate this expression once with respect to €; and once with respect to e5. The derivatives of the inner
expression of the left hand side are bounded above by integrable quantities (i.e. X¢(¢1) and X¢(p1)X:(¢2)) so we
can take the differentiation inside the expectation in the probabilistic representation, and the derivatives of the
right hand side exist. The resulting equation is the following:

82
B (961 662

(5.1) No (Xi(pr) Xilpg) e ¥rprerertenea)) - ViZere(0).

We note that the limit of the left hand side as €1, €5 | 0 is the desired expression. We now obtain an expression for
the first derivatives of V,**""*(0) with respect to €; and e3. Consider the following partial differential equation:

0 A
(5.2) % = U VP 2y, for (t,z) € (0,00) xR, ug — @1 ast )0,

where the u; — ;1 in the sense of weak convergence of measures. The above can be obtained heuristically by
formally differentiating (3.4) with respect to €; when the initial conditions are ¢ + €11 + €2p2. By Lemmas 2.3 and
2.5 of [15], (5.2) has a unique solution, which we denote by U“***, which satisfies

€1
VP (z) = Vt%On (z) _|_/ Utl’e’62 (2) de.
0

Thus U2 = 2202 We can apply the same argument to obtain a similar representation for -2V,
t 861 t 862 t ’

which we denote by U>“**2. Both U}*"* and U2*"*** have Feynman-Kac representations; for example, see Theorem
7.6 of Karatzas and Shreve [9] (on p. 366). For i = 1,2 we have

t

(5.3 o) = 22 (B e (- [ vies s as) ).
0

We take the expression for i = 1 and differentiate it with respect to es. We obtain

82 P,€1,€2
B 662861 ¢ ({E)

t ¢
— Ef (cpl (B:) exp (—/0 V2 e (By) ds) / Uffsl’ez (Bs) ds)

0
t
= Ef (cpl (B:) exp (_/ Vt@?,q (Bs) ds)
0

t t—s
« [ B (wz(Bs LB )exp (— [ v, +Bf)dr> d))
0 0

where the final line follows from another application of (5.3), this time with ¢ = 2. First we note that all the terms
are non-negative, so we can take the internal integral over time outside the expectation. For s < ¢, the integrand
then describes one Brownian motion started at 0 and run to time ¢, and a second which branches from the first
at time s and evolves independently. By applying the Markov property at time s we equivalently view it as a
Brownian path that branches at time s into two independent Brownian motions B' and B? which themselves run
for a duration of ¢t — s. This formulation combined with the independence of the Brownian motions gives us

2 t s
g Ve == [ (e (- [veremaa)
€20¢€1 0 0

. ) t—s )
< I & [w(Bs + B )exp (— / e g, +Bf_)dr> }ds)
0

i=1,2

The derivatives in €; and €5 are one-sided at 0 so we cannot exactly evaluate at ¢; = e = 0. However, Vt“b’el’€2 (x) is
continuous in €; and ez and the integrand is bounded above by |1 ||oo|/¢2]|co 80 We can apply bounded convergence.
As 1,63 10, V2O o5 V? by Lemma 2.1(d) of [15]. We also take €, ez | 0 in the left hand side of (5.1) and apply
Dominated Convergence. Evaluating at @ = 0 gives the result. O
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Proof of Proposition 5.1. We will prove the result for functions of product form, ie. h(x,y) = ¢1(z) ¢2(y), and
then use a monotone class theorem. Let x1,29 € R and A\, A > 0. Consider the expression from Lemma 5.2 with
© = ANz, + Nd,,. For now we simply let ¢1 and @9 be functions satisfying the assumptions of Lemma 5.2, but we
will shortly choose them to be approximate identities at x1 and z2. Applying Lemma 5.2, we have

No (Xu(p2) Xa(pg)e™ X (e ¥ X(0e2)) — / B (e (= [ VBB

(5.4) < ] E ' [exp ( / VMY (By+ BY — z1, By + Bl — 1) dr> ©i(Bs + B;’S)D ds,

1=1,2

where we have used translation invariance of VA (x1,22). Now let @; = ps(- — 2;), and let @1, p2 be bounded,
continuous functions and integrate ¢ (1)1 (z2) multiplied by the above over 21 and x5. The left hand side is then

(5.5) // $1(x1) p2(x2) No (Xt(pé(' — 1)) Xe(ps(- — I2))€7Ax(t’xl)7)‘lx(t’z2)) dzy dxs.
The above is absolutely bounded by
(56) Iorllcliézlocti ([ Xetol: — )i [ Xitoat: ~ 22 aza).

where the change of order of integration follows because all the terms are non-negative once we bound |¢;(x;)| by
|¢i]lco- Now we note that

6:0) [ Xt~ wdo = [ [ Xtewpstos - ) ayds = [ x(e) | <p5<xi—y>dxi) dy = X,(1).

Combined with (5.6), this implies that (5.5) is absolutely integrable and absolutely bounded above by
|11l 00 || 22]| coNo(X¢(1)?). Thus we can apply Fubini and rewrite (5.5) as

(5.8) No (/ 61(51) B () Xe(ps (- — 1)) X (s (- — o)) X Eo) =X X(ta2) g ‘“2> |

As noted, the expression inside Ny is absolutely bounded above by ||é1]oo||¢2]|co X¢(1)?, which is integrable under
Ny, for all 6. We take § | 0 and apply Dominated Convergence to obtain that the limit of (5.8) as § | 0 is equal to

Np (513})1+/ $1(x1) Pp2(x2) No (Xt(pa(' —x1))Xe(ps(- — I2))€7Ax(t’xl)f)‘lx(t’x2)) dz, dxz)

69 =t (i ([ oro) Xulost ~ o)X ) ([ oalion) Xiloat: — 22X, ) ).

We know that
Xo(ps(- — 72)) = / X (¢, y)ps(y — ) dy = X # pa(zs).

Moreover, X (t,-) € C.(R) (ie. X (t,-) is continuous with compact support) Nop-a.s. and {ps}s>0 are an approximate
identity family, which together with the above imply that X;(ps(- — z;)) — X (¢, ;) as 6 | 0. Applying (5.7) shows
that the integrals in (5.9) are absolutely bounded by ||¢;|lcocX:(1) for ¢ = 1,2 uniformly in 6 > 0, so by another
application of Dominated Convergence in (5.9), the limit of (5.5) as 4 J 0 equals

N0(</¢1(I1)X(t,x) eAX(t’xl)daq) </¢2(x2)X(t,x2)eAX(t’“)da:Q)).

When rescaled by (AN)2 this is equal to No(L}(¢1) L) (¢2)). We now turn our attention to the right hand side
of (5.4). With ¢; = ps(- — x;), integrating against ¢(z1)@(x2)dr1drs, we have

/ o1(21) pa(z2 (/ (E(% O;B {QXP (—/0 ‘/;5):2/(-311, —x1, By — 72) du)

Xexp(/ VﬁiT(BS+BT1—x1,BS+B}—xz)dr>p5(Bs+Bt1S—:cl)
0

t—s
X exp <—/ VA (B + B2 — 21, Bs + B2 — 13) dr> ps(Bs + B, — xg)]> ds) dzy dxs.
0
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Since the above is equal to (5.5), which we have shown is absolutely integrable, we can take the spatial integrals
inside the expectations. At this point we note that we are integrating a bounded function of x; and x5 with respect
to the densities ps(Bs + Bf_, — x;), which, because ps is the kernel of the Brownian semigroup, is the same as
viewing x; as Bs + B,f_S_H;. Hence the above is equal to

t 1 2
/0 Eg (Ef),(;f [«bl(Bs +Bl_.5) $2(Bs + Bl 15)

X exp <_/ ‘/tii, (Bu - BS - Bg75+5, Bu - BS - Bt275+6) du>
0

t—s
coxp (= [V (B B s BE - B ) i)

t—s
(510) X exp <_ 0 ‘/tié—r(B?‘ - Btl—s—i-éu B72‘ - Bt2—5+5) d’f‘) :|)d8

Taking 0 | 0 and applying Dominated Convergence, we note that because B,f_S_H; — Bi_, and ¢1, ¢2 and VSA”\/
are continuous, the limit is equal to the above with 6 = 0. To obtain the desired form we make a time reversal of
the Brownian motions. Let B!, = Bj_, — Bi_._,. We note that the B are standard Brownian motions and that
Bi =B _ Bi=0and Bi —B!_,=—Bi _ . Making this substitution shows that (5.10) with § = 0 is equal to
t
él 732 A~ N
| B8 (B8 o+ B Jouta+ B2
X exp (—/ VMY (B, — Bs— B}, B, — B, — B2 ) du)
0

t—s—r

t—s
X exp <_/ ‘/tiyi\fr(_éffsfr + Bffs - Bgfsa _Bffsfr) dT) :|)d$
0

The time index of the Brownian motions now matches the time index of the function V> in the last two lines,
allowing us to reverse the time of the integrals for a simpler expression. To obtain the desired expression we
now apply the fact that VtA’)‘/ (a,b) = Vt)"'x(—a, —b) and relabel B to be simply B‘. This proves the result for
h(z1,x2) = ¢1(x1) pa(x2) when @1, s are bounded and continuous. The result for general bounded measurable

h : R? — R now follows from a standard monotone class argument such as Corollary 4.4 in the Appendix of Ethier
and Kurtz [6]. O

t—s
X exp <_ V>\7)\ (_B,},S,T, —B,},S,T + Bgfs - Bt275) dT)
0

Definition. Let MY (s) denote the integrand in Proposition 5.1, so that the proposition states that

(5.11) No((L} x L)) (R)) = (AN)?0 / " (s)ds.

I‘A”\/(s) also depends on h, but we omit this. The next lemma changes variables to obtain an expression involving
Ornstein-Uhlenbeck processes. We first introduce some notation. For bounded and measurable i : R? — R and a

(continuous) path (B, : u € [0, s]), define \If)g)’\s/(-, -) by

38

(5.12) UNY (2,y) = h(z + Be,y + By) exp <— / VM (@ + B, — Bu,y + By — Bu) du) .
0

We define Hf as a scaling of Vf"’\/:
(5.13) H (w,y) = Vb (Vaw, Vay) = VYV ().

The scaling in the following lemma cannot be done uniformly for all s € [0,¢] because it requires A> > (¢ — s)~!

and A2 > (t—s)~!. We derive an expression for " (s) in terms of two independent Ornstein-Uhlenbeck processes
1 2

which we denote Y! and Y2, for which we denote the joint (independent) expectation E(}; y))/ .

30



Lemma 5.3. Let 0 < s < t, T} = T1(s) = log(\2(t — s)), To = Ta(s) = log(N?(t — s)). Then for all X > (t —s)~'/2
and X' > (t — s)~'/2, we have

’ 1) 2 17 2 )\))\/
A (s) = EP (ESO)B [E(’;;;%) (\IJB)S (Vt—sY} ,VE—3sYZ)

1
e ( - /0 Vi A (B, By + NP (YR, = Y)) + VNN (BE B + e Yy, — V7)) d“)

T1 ,
X exp (— /0 HAL YY) 4 e (v2 —YL) du>
T2 ,
xexp(— i HYY (Y2, Y2 + T2y —Yé))du))]).

Proof. We begin with the expression from Proposition 5.1. We observe that \Ilg’)gl appears and we may write the

quantities in the first two lines as \I/)ﬁi, (Bi_,, B?_,). In the third and fourth lines we apply (3.19) to obtain

t—s»

Bi,)

P () = 2 (B85 |3 (L

t—s ,
X exp <—/ NV OB B+ B2 — Bl)) dr)
0

t—s
<o (- [ aeRe v B - BB ) ]).
0

We define BL = ABL , and B2 = X'B?,_, , which are both standard Brownian motions. Making a time change in
the integrals (ie. letting u = A?r or \?r) gives

’ Al) D2 )\))\/ _ A~ _ ~
Y (s) = By (Efé,o)B |:\I]B,s (AT Bragpg)s N BR2i )

)\2(t—s) , . R R R
X exp <—/ VN NBLL B+ %B§/2(t—s) —Byasy) du)
0

)\lz(tfs) , R I . .
X exp <_/ VML 4 %B;(H) — B BY) du> D
0

Because we have assumed A\, N > (¢t — s)_l/ 2, the upper bounds of integration in the integrals are greater than 1.
We now apply the Markov property for Bt at time u = 1. We collect the portions of the integrals from the second
and third lines on the interval [0, 1], leaving the integrals from 1 to A2(t — s) and X'2(t — s). Conditional on B?, the
Brownian motions in the integrands’ arguments are Brownian motions with initial position B{ If we denote these
by Bl (in which case, essentially, B}, = B._ ), we obtain

’ 31_32 91732 )\7)\/ 1~ 1=
N (s) =EP (E(O_’O) {E(B}7Bf)<\11375 A" Brer_sy_ 1, N ' Brer_g)1)

1
, . . A~ -
X exp < - /0 VA NB,, B+ yBi/z(ps)q — Ble(r_s)_1)

/

PN N~ - R
+ Vu)‘/A ’1(35 + N B>1\2(t—s)—l - B§/2(t—s)—l’ Bﬁ) du>
)\Q(t—s)fl 17)\//)\ S A - .
X exp | — ) Vs (B, B, + yBkQ(t—s)—l - B>\2(t—s)—1) du

N2 (t—s)—1 NI A o~ B N
(5.14) X exp ( - /O VB + XB}@(t—s)—l — Bl g)—1, Bh) du))} )

Recall that if a process Y is defined by
S/t,‘ = €7T/2Be7‘_1
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where B is a standard Brownian motion, then Y is a standard one-dimensional Ornstein-Uhlenbeck process with
Yy = Bo. For i = 1,2 we let Y = ¢7"/2B!, . Recall that Ty = log(A\?(t —s)) and Ty = log(\?(t — 5)). We therefore
have that

B;\Z(tfs)fl = NPy, Bi’z(tfs)fl = ePYE .

Expressing A and X\ in terms of T4, T shows that

A = N o~
YB/Q\Q(t—S)—l = eTl/QYng’ XB}\’Q(t—s)—l = €T2/2Y:%1'

Likewise, we express the argument of \If)g)’\s/ in terms of Y? and T;. We substitute © = ¢” — 1 and apply the above
in (5.14) to obtain

’ Rl H2 1 2 ’
I (s) = By’ (Efé,af [EY ¥ >(\Ifi;,ﬁ (V=5 Y} Vi—5YE)

(Bi,B?
1
e ( - / VININBL, BL 4 eT2(Y2 = YA)) + VI N(B2 4 /%Y, - YA), B2) d“)
T1 ,
X exp ( B / VNN YL e Y 4 2 (VE — V) d?‘)
0

Ty .
X exp ( - / VN PYE 4 (Y - YR), YY) d))p
0
We now apply (3.19) and (5.13) in the third and fourth lines. In the third line this gives

er‘/e{‘,)\’/)\(er/QYrHer/Qy;l 4 €T1/2(Y7%2 _ Y]]:l))
€T/2,€T/2)\/ A —r
=V B A e Y)

= HYP VLY 4 eTnR(vE — ),

and similar in the fourth. Noting that V,%%(a,b) = V;*“(b, a), we have obtained the desired expression. O

We now obtain an upper bound for "' (s) and show that the contribution to No((L} x L}")(h)) from the integral
over [t — €, t] vanishes as (e, \") — (0, 00).

Lemma 5.4. Suppose \>t > 1, and let h : R? — R be bounded. There is a constant Cs 4 > 0 such that the following
hold.
(a) For all N > (t — s)~1/2,

(W)X [T ()] < Cs glllloct 0 (t = 5) 7.

(b) For 0 < e <t,

t
(AN)2 / DAY (5)| ds < O gllh]|oct ™ (1720 4 X720720)),
t—e

Proof. To begin we use |h| < ||h]lss and apply monotonicity (Proposition 3.1(a)), ie. VX (z), V> (y) < VAN (z,y),
to obtain

()\)\/)2>\0 ‘1—0\,)\' (S)‘

< ||l so(AN)? EF (Effa)w [exp (— / V) J(BL+ B, — B.) du)
’ 0

X exp ( - OH W(B;)dr) exp ( - /Ot_s VN (B?) dr)])
~ X5 (e (- [ VB au) ) (e (- T ir),
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where the final line follows from a time reversal of B and concatenating the time-reversed B with B!. Applying
(3.6) twice and changing the time variable, the above is equal to

L A%t , N2 (t—s)
1]lco (AN )20 BB <exp < - / V.EAB)-2,) du>)E§ (exp ( - / VN B3 2,) du>) .
0 0

The rescaled Brownian motions in the above are themselves standard Brownian motions which we will denote by
B!, B2. We next let e” = u in both integrals and apply (3.6) to see that the above equals

oy log(A?t) 2 . . log(\? (t—s)) 2 .
|12]|oo (AN)2M EF <exp < — / Ve (e7/2BL) dr> ) Ep <exp < — / Ve (e7T/2B2) dr> > ds

— 00 — 00

log(A?t) log(A\?(t—s))
1 r/2 2 r/2
(5.15) < ||Alloe(AN)22 EY <exp<—/ Ve (le)dr>>EY <exp<—/ Ve (Yf)dr)),
0

— 00

where Y} = e~/ 2B, which makes Y} a stationary Ornstein-Uhlenbeck process for u € R, and we recall our

e’

assumption that A%t > 1. We condition on the value of Y, which has distribution m.

We first use the above to prove (a). Assuming that A\ > (¢ — s)~/2, the upper endpoint of the second integral is
positive, so by (5.15) we have

()\)\/)2)\0 |F>\,)\' (S) ‘
o YL log(A%t) /2 . 2 log(\'2(t—s)) 2o
(5.16) <|hloocAN)ZOEY | exp [ — ; Ve (Y )dr ) |E) | exp | — ; Ve (Y )dr ) ),

where we have also conditioned on Y. In order to approximate the expectations above with survival probabilities
for killed Ornstein-Uhlenbeck processes, we add and subtract F(Y;) in the integrals. Recalling the definition of
Zr(Y) from (3.15), we define ZL(Y'!), Z2(Y?) in the same way. Thus (5.16) is equal to

1 log(A\?t)
N B (Zhoeg (e (= [ PO au) )
vl ) log (VA=)
XEm (Zlog()\’z(ts))(y )exp ( — ‘/O F(Y; ) dr))
. log(A%t)
< [hlloAN)o 7 B, (exp ( - [ Ee du))
0

. log(\2 (t—5))
x CzE), (exp<—/ F(Y;?) dr>>ds
0

(5.17) =C Bl ANV PY (o7 > log(A2)) PY (o7 > log(\(t — 5)))

In the first inequality we have used (3.17) twice, and the second equality follows by recognizing the expectations as
survival probabilities of killed Ornstein-Uhlenbeck processes killed at rate F(Y,}). By (2.9), we have

PY(pF > 1og(A%)) < Ct2 o020 PYZ(HF S log(A2(t — s5))) < C(t — s) 0N 2o,

Using the above in (5.17), which is an upper bound for (A\)?* ‘l")‘”\/(s)

, proves (a).

We now show (b). Let 0 < € < t. Using (5.15) we obtain that

t , log(A\t) .
o [ s < Il ey (o (< [ v )
t—e 0

t ) log(A\2(t—s)) /2
(5.18) ></ EY (exp(—/ Ve (Yf’)dr))ds.
t—e — 00
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We can approximate the first expectation with the survival probability of Y1, just as we did in the proof of (a),
and bound it above by CA~2*0¢=*0_ Furthermore, by the proof of part (a), we know that when X' > (t —s)~'/2 the
expectation in the integral above is bounded above by C(\)~2* (¢ — s)~*0. When this is not the case we bound it
above by 1. Thus (5.18) is bounded above by

t—N "2 t ) log()\’Q(tfs)) e
e [ e s e [ B (exp (— / vi <Y3>dr>>ds]
t—e t_)\/—2 — 0

< ot [0 + X202

Cllhfloct ™

The result now follows. O

Proof of Theorem 1.4. Let h : R? — R be bounded and measurable. Clearly we may assume without loss of generality
that » > 0. We recall from (5.11) and Proposition 5.1 that

No((L} x LY (b)) = /Ot(M’)”“FA’X(S) ds,

where h > 0 implies that T»*'(s) > 0. Our strategy is to compute the limit of (AX)2*T** (s) as A\, \' — oo and
pass the limit through the integral. However, the scaling we use cannot be done uniformly in s. In order to handle
this and the singularity at s = ¢, we fix e > 0 and analyse the integral on [t — €, ] separately. We have

(5.19) No((L} x L} (b)) = / H(M’)%rm’(s) ds + (AN) 2o / t M (s) ds.
0 t—e

By Lemma 5.4(b), the limit superior of the absolute value of the second term as X — oo is bounded above by

C||h|| st =20t~ 20. Hence, if
t—e

lim (AN)2TAA (5) ds
AN oo Jo
exists for all € > 0, then by the Cauchy condition limy x 0 No((L} x L} (h)) exists and is the limit of the above
as €} 0. Thus it suffices to fix € > 0 and establish the convergence of, and find the limit of, the first term of (5.19),
first as A, ' — oo and then as € | 0. By Lemma 5.4(a), we have

(AN)22 DM (5)] < g(s) for all s € [0, — €]

for all \,\ > e '/2 for a function g(s) > 0 satisfying fo s)ds < oo. Thus if (AN)2T Y (s) converges as
A, A — oo, Dominated Convergence implies
t—e
. A N T . N\2X0 A, N
i Rl 20 = i i[NP (5
t—e
(5.20) = lim lim  (AN)2OTM () ds,

e—0t Jo AN =00
and so it suffices to find the limit of (AN)22T*A (s) as A, X — o.
Let s € (0,¢) and assume A\, \' > (¢ — s)~'/2. By Lemma 5.3,
()TN (5) = (AN)2N BB (Ef) Of’ (E’;1 EQ [\Ifgfs/(\/t —sY}, VE—sYE)

1
X exp ( — / VIA/NBL BL 4 eHYE V) + V. AN (B2 B2 + e/ (YE — Y2 ) du>
0

T Cu
xexp( H)‘/)‘ Yl,Yul—i-ele (YT22—YT11))du>

- ) ).
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where T} = T (s) = log(A\%(t — s)), To = Ta(s) = log(AN?(t — s)). Inside the integral in the third term we add and
subtract F(Y,') and decompose as follows

exp < / YLV 4e = (YT22 -Y4)) du>

T 1 —u
= exp ( /0 (Yul)du) exp </0 FYY) — HANYLY) 4 e (V2 - Yﬁ))du).

We do the same to the fourth term with the obvious changes of indices. The first term in the above is the probability
that the Ornstein-Uhlenbeck process Y'! with killing function F survives until time T;. We extract a similar term
from the symmetric term corresponding to Y2 and 7. Weighting the expectation of a functional with this survival
probability is equivalent to restricting the expectation to the event that the process survives; in our case, we restrict
to the event that Y and Y2 survive until 77 and T5, respectively. Thus (5.21) is equal to

(AA/)Q)\OEOB (E(BO,(;)B <E§1 32 |: (\/ YT17 \/ YT2)

xexp<—/ VININBL, BE 4+ eT2(Y2 — VL)) + VIV (B2 B2 T2/ (Y YT2))du>
0

" e

T Cu
X exp </ F(YY) — HAMMNYLY) + 677 (Y2 - Y) du)
0

(5.22) X exp </0T2 F(Y2)— HXY (V2 Y2 + e 7 (Y, —Y2)) du) 1(p1 > T)1(p2 > Tg)] >)

where p; = pI’ is the lifetime of the killed process Y. Recall the transition density g;(-,-) (with respect to m) of the
killed diffusion . We condition on the endpoints Y7, = z; (recall from Lemma 2.3(a) that the regular conditional
distributions exist for all z; € R) and integrate against ¢z, (-, z;) dm(z;) to obtain that (5.22) is equal to

(}\)\/)2,\0E59(E%0§3 (// \Ilg’\s (Vt — sz1,Vt — s22)
X exp (— / VININBL B + T (2 — 1)) + VNN (B2, B2+ €™/2(z — 22>>du)
0

Ty ’ —u
x B}y (exp (/ FOYY) — HXAYL Y 4 e (20 — 21)) du) ’ pr > Ty, Y = 21>
0

—u

T
x E§§ <exp </ FOY2) — BN (Y2, Y2 e (21 — 22)) du) ‘ p2 > To, Y2 = 22>
0

(5.23) < g1y (B 22) any (B 22) dmi(1) dm(zn))

:;//(/\A’)”O [E(?(E(%Of’ (G()\,X,S,B,Bl,BQ,zl,,@)qu(Bll,zl)qTQ(Bf,ZQ)>>}dm(zl)dm(@).

The conditional probabilities that appear are the same that are defined in Section 2, in particular Lemma 2.3. We
have used that the terms in the third and fourth lines are independent conditional on the endpoints. Hereafter, Y!
and Y2, and their respective laws, refer to killed Ornstein-Uhlenbeck processes with killing function F. Furthermore,
after this point we will suppress the conditioning on p; > Tj, as it is implicit in the conditioning YTl = z; that p; > T;.

We introduce notation for the terms appearing in G(\, X', s, B, BY, B%, 21, 25). We define
(524) Q(Av)‘/aBlaBQVZDZQ)

1
= exp (— VI BL B e = ) + VI (B B e - zg>>du),
0

~ ~ Tl —u
(5.25) Zh = ZL (Y 21,20, X /X) == exp (/ FYY) — YAV Y 4 e77 (2 — zl))du>,
0
~ ~ T2 -
(5.26) 72 =72 (Y2 20,21, \/N) == exp (/ FY2) — HXNY (V2 Y2 + 75" (21 — 2)) du>.
0
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We recall that \If)é’”\s/(\/t — 521,/ — 822) was defined in (5.12). From (5.23) we have
G()\u )‘/7873731732721722)
(5.27) = U (VI— 521, VT = 522) QA X, B, B2 21, 2) B! (Z;l\ Vi = zl) EY; (Z%2| Y2 = zQ) .

We note that Z}l and Z%z are perturbations of the corresponding Zj, terms. In particular, we defined Zj, by

(5.28) 75 (V) = exp </OT FY) —ve” (v du>.

By Proposition 3.1(a) and (5.13), we have that HS, (z,y) > Vfu/2(:v), and hence
(5.29) Zk, < 7k (Y') < Cg,

where the second inequality is by (3.17). Using Q(\, N, B, B2, 21, 22) < 1 and |\I!?3§| < ||h]|so, both of which are
obvious from these terms’ definitions, we therefore obtain that for a constant C; > 0,

(530) |G()‘7)‘/7873731732721722” SCI

uniformly in its arguments. We now define ©(\, X', s, B, B, B2, 21, z3) as the function in the square-bracketed term
in (5.23) multiplied by the scaling factor (A\')2*. That is,

(5.31) O\, N,s,B, B B? 21, 2) := G\, X, s, B, Bf, B?, 21, 25) (AN)?2 qr, (B, 21) g, (B, 23).
Note from (5.23) that

(5.32) (s /Eo (B (O X5, B, B, B2 21, 25))) dim(z1) dm(zs).

Recall that T} = log(A\*(t — s)) and Ty = log(\?(t — s)). Taking s*(1/8) as in Theorem 2.1(c), we note that if
AN > e /2(t — 5)=1/2 then Ty, Ty > s*(1/8). We define A(s) as

(5.33) A(s) i= [ VB2t — 5)71/2] v 1
and 7(s) by
(5.34) 7(s) = log(A(s)2(t — s)).

Applying (2.2) with § = 1/8, we obtain
a7, (b1, 21) qr, (ba, 20) < C(t — S>72>\0(/\/\/)72)\0el/8(b?+b§+z?+z§)
for all Ty, Ty > 7(s) (equivalently, A\, \" > A(s)). Using the above and (5.30), we obtain
O\, N, s, B,B", B 21, 2)|
(5.35) <C@t—s)Mexp ([(B)?+ (BY)? + 21 + 23] /8) forall A\, X > A(s).

Since B} ~ m, (5.35) implies that © has a (uniform in A, \ > A(s)) upper bound which is integrable with respect
to dPBdPB dPP’ dm(z1) dm(zs). From (5.32), this implies that (AN )22T Y (s) is bounded for A, X' > (s) (for

fixed s < t). Moreover, if limy y/ 00 O(\, N, 5, B, BY, B2, 21, 25) exists for PP ® PB B4 w and Lebesgue-a.a.

(0, 0)
z1, 22 € R, then by (5.32) and Dominated Convergence (using (5.35)), we have
(5.36) lim  (AN)2oT A ( // EJ(E *BQ lim O\ N, s, B, B, B% 21, 23)]) dm(z1) dm(z2).
AN =00 )\ N =00

In view of (5.20), the above implies the following:

If lim O(\N,s,B,B' B? 2, 2) exists PP P(Jg O)B -a.s. for a.e. 21,29 € R, then
AN 00

t 1 2
(5:37)  lim NO((Lg\ng\/)(h)):/ U/E(?(Egdf lim O(\ N, s, B, B', B? z1,2)]) dm(z1) dm(z) | ds.
5 oo 0 5

AN —o00
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As h > 0, and hence TV (s) > 0, the right hand side of the above is equal to the last expression of (5.20) (provided
© converges) by Monotone Convergence. Thus it suffices to compute the limit of O(\, X, s, B, B, B?, 25, 25) as
A, N — oco. As we only need to find the limit a.e. in (21, 22), we will hereafter assume that z; # z9. We also take
this opportunity to reiterate our assumptions about A and . Originally we assumed A, \' > (t — s)_l/ 2. in view of
the above, we augment the assumption to A, X > A(s), or equivalently, 77, T, > 7(s). This implies that A\, \" > 1
and Ty, T> > s*(1/8).

© is the product of the function G and the rescaled transition densities, ie. A2*qp, (B, z1) and N**oqr, (B2, 25).
We will show that both of these approach finite limits as A\, \’ — oo. First, let us handle the transition densities.
By Lemma 2.2,

lim e "qr, (B1, 2;) = vo(B1) vo(z)

Ti‘)OO

for i = 1,2. Using the definitions of T} and T3 (e.g. Ty = log(\%(t — s))), we readily obtain from the above that

)\2’\°qu (B},zl) — (t— s)_’\OwO(B%)wo(zl) as A — oo, and
(5.38) N2 (B2, 25) — (t — s) "o (B2) o (22) as N — oo

for all Bf, B?, 21,22 € R.

We now compute the limit of G. We begin by focussing on the components of G for which the analysis is most
technical, which are the conditional expectations of Z .. We will focus on ¢ = 1, but the analysis carries over to the
i = 2 case. For now, we replace B with a generic point z € R. We will show that

(5.39) lim  EY (Zh (Y, 21,20, NN Y = 21) = EX™(Zao (V) EX X (Weo (Y, 22)),

AN —oo  F

where we recall that EY*>° is the expectation under the law of the killed process Y with Yy = z conditioned to
survive for all time, as defined in Theorem 2.1(e). Zr(Y) is as defined in (3.15) and we recall from (3.16) that
Zoo(Y) = limp_, o Z7(Y) exists and is bounded by Cz. Ws (Y, 2) is defined as

S
(5.40) Ws(Y,2) = exp (/O F(Y,) = Fy(Y,, Y, —e¥?(z = Y))) du>.

The integrand in Wg(Y, z) is negative, which implies that 0 < Wg(Y,2) <1 for all S > 0, and so W (Y, z) exists
and is bounded by 1. Heuristically, the Z., term comes from the early part of the integral in Z%Fu and the W term
comes from the tail part, and these two contributions are asymptotically independent. Since the time at which we
condition is T" and goes to infinity, in the limit the expectations are computed under the measure of the process
conditioned to survive forever. Because z; and zo are fixed, we will hereafter suppress the dependence of Z}l on
them and simply write Z}l (Y1, X /A). Moreover, we will only be analysing Y, T} and Z}l (Y1, \/A) for the time
being, so we simply denote these by Y, T and Z7(Y, X' /\).

Let us now proceed more carefully. Let 0 < K < T/2. We apply the Markov property to EY (Z7(Y, X/)\)’ Yr =2)
at times K and T — K and expand in terms of the joint density of (Yx,Yr_g). As in (2.11), the joint density of
(Yie, Yr_r) at (w,y) with respect to m x m under PY (Y € -|Yp = 21) is

qK (357 w)‘]T72K (U% y)QK (% 2’1)
qr (ZE, Zl)
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Thus we obtain the following:

EY (ZT(Y, NN | Yr = 21)

T ! —u
—EY(exp</ F(Y,) - H’\/)‘(Y,Yu+eT2(zg—zl))du>‘YT:zl>

//EY(exp(/ F(Y,) — HX (Y, Yu—i-eT?u(ZQ—zl))du) Ysz)

T—2K , e
X Eu’j(exp (/ F(Yy) = HNO (Y, Y +e 2 (20— 21)) du) ’ Yr_ox = y>
0

K , .
X E;”(exp (/O F(Ya) = HY s (Ya, Yo+ e 2 (22 — 21)) du> ‘ Y = zl)

o 4x(z, w)ar—2x (W, y)qx (y, 1) dm(w) dm(y).
qr(z, z1)

Denote the three conditional expectations by Ay (z,w, A\, N, K), As(w,y, \, N, K) and As(y, 21, A\, X', K). That is,

(5.41)

K ’ T—u
(5.42)  Ay(z,w, AN, K) = E}[<exp </ F(Y,) — HN (Yo, Yo 4 e 7 (20 — 21)) du) ‘ Yi = w>
0

T—-—K—u
- 2

T—2K ,
(5.43)  As(w,y, AN, K) = E§<exp </ F(Yy) = HOD (Ya, Y + e (22 — 21)) du) ‘ Yo —or = y>
0

YK = 2’1>.

We observe that A, A; and As all depend on z; and z3 in addition to their listed arguments, as these values appear
in their integrands. As for the time being we are viewing z; and 29 as fixed, we omit this additional dependence.
Noting that the integrand is bounded above by F(Y,,) — Vf u/z( Y,) in each case, from (3.17) we have A; < Cyz for
1 =1,2,3. In terms of the A;, (5.41) can be rewritten as

K ’ K—u
(544)  As(y, 2, N, K) = BY <exp< / F(Yu>—H:T/§<+u<yu,yu+e7<@—zmdu)
0

EBY (Zr(Y,N /)| Yr = =)

(2, 0) ar-a (0,9 4 (U 21) g o),

(5.45) :/ Ag(z,w, M N K) Ag(w, y, \, N, K) As(y, 21, \, N, K)
QT(I;ZI)

There are two main contributions in the A4;. The first comes from F' and the first argument of the H function, and
is approximately equal to F(Y,,) — Vfu/2 (Y); the second comes from the second argument of the H function. We
will see that, asymptotically, A; is only affected by the first contribution and gives the Zo(Y) term in (5.39); Asg is
only affected by the second contribution and gives the W (22, 00) term in (5.39). The contribution of As is will be
seen to be negligible. We first show that As is arbitrarily close to 1 as K is made large, uniformly in 7" sufficiently

large depending on K. Define Z&(Y, N /A, K) as Zr(Y, X' /A, K) with Ay replaced by 1; that is,
K
ZH(Y, N [N\ K) = exp (/ F(Y,) — Hu (Yo, Ya 77 (22 —zl))du)
0

T , .
(5.46) X exp (/ F(Y,) — He)‘u/’\(Yu, Yy+e =" (20 — 21)) du>.
T-K
As in (5.41) and (5.45), we therefore have
By (Z3 (Y, NN K) [ Y = 21)

(5.47) = // Ay w0, AN ) Aa(y, 21, N, ) 2002 0) QT(;(I;(Z’;)Z/) 9221 4 0) dm(y).

By monotonicity (Proposition 3.1(a)) and (3.14) we have

(K +u)/2

(5.48) F(Yy) = HY A (Y, Y4 2 (22— 21)) < F(Y,) = Vi (Y,) < Ce~ EHm(2A0-1)/2
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uniformly in 7' > 2K. Integrating this over u shows that the exponent in A is bounded above e~ (2A0=1K/2 for
a constant C’; uniformly in 7' > 2K. We choose K large enough so that exponent in As is smaller than 2. Then by
(5.45) and (5.46), applying the mean value theorem, we have

\EY (Zr (YN /X) = ZE(Y, N /N K) | Yo = 21))|

< 7/ Ag(z,w, N K) | Ag(w, y, M, N, K) — 1 A3(y, 21, \, N, K)
qr(x, z1)
X qx (2, w)qr—2k (W, Y)qx (y, 21) dm(w) dm(y)
202 v T-2K )\//)\ T-—K—u
//E (/ |F(Yy) = H /L (Yo, Y e 2 (22— 21))|du | Yr ok = y)
(JT T, 21)
(5.49) X qx (@, w)qr—2x (0, y)qx (Y, 21) dm(w) dm(y),
uniformly for all T > 2K, where we have also used A1 A3 < C%. The term in the absolute value inside the integral
can be positive or negative; (5.48) provides an upper bound for F — H;\K/ﬁ To obtain a lower bound, we note
N /A

that H',/”, (a,b) < Fy(a,b) < F(a) + F(b) by Proposition 3.1 (using part (a) and then part (b)). Using this bound
1mp11es that

(5.50) F(Y,) = HYA(YVuYate 2 “(2a—21)) > —F(Yu+e 2 (20—21)).

Together, (5.48) and (5.50) imply that the absolute value appearing in the integral in (5.49) is bounded above by

Co—(E+u)(2Xo— 1>/2+F(Y +e —_ (22 — 21)).

We have already noted that when integrated over u, the first term is bounded by e~ (2*0—=1/2 (yniformly in T).
The first term has no dependence on the spatial parameters w and y, so in (5.49) the transition densities and can

be integrated and cancelled with the denominator. We get that for all T' > 2K, (5.49) is bounded above by

o T—2K e
Cle—K(2>\0—1)/2 + m / EI(/ F(Y +e 2 ( zZ2 — Zl)) du
5 0

X qr (2, w)qr—2x (W, Y)qx (y, 21) dm(w) dm(y).

Yr ok = y)

We consider the time reversed process in the above and apply (2.12), which implies that the above is equal to, and
hence for all T > 2K, (5.49) is bounded above by

C T-2K Ku
Cle—K(2>\0—1)/2 S // E;/</ F(Yu +e 2z (22 —_ Zl)) du
qT(xuzl) 0

(5.51) X g (z, w)gr -2k (w, Y)qx (Y, 21) dm(w) dm(y).

Yr_okx = w>

We recall the asymptotic behaviour of F' from (3.13)(iii), ie. that F(z) ~ ¢1]z|e=* /2 as |z| — co. This implies there
is a constant co > 0 such that

(5.52) F(z) <eco(l + |£C|)€_m2/2 for all =z € R.

In order for this to give a useful upper bound in (5.51), we’ll need to show that the argument of F' is large in

absolute value. It is enough to show that |Y,| < e%k@ — z1| with high probability when conditioned on its
endpoint. Recall that we have assumed z; # 2z2. We bound the integrand over the two cases mentioned above and
exchange the integral and expectation, which is justifiable since F' is positive. We have

T—2K cin
Ez/(/o FY,+e 2 (22—21))du

Yr ok = w)

T—-2K
K+u K+u
gE;”(/O Fle 3" |z —21|) + F(O)1(|Yu| > € 3 |22 — 1) du
(5.53)

(e o) w K+u T-2K w
< 02/ (1+ eKT+|22 —2z1])e ¢ * z2—1l*/2gy, 4 F(O)/ P;/(|Yu| > eKT+|22 — 21| | Yr—2kx = w) du,
0 0

Yr_ox = w)

39



where we have used (5.52) and the fact that F' is radially decreasing. A simple substitution shows that

> Kitu 7e%|22721|2/2 > —1\,—a?/2
Co (I+e 1 |22 —2z1|)e du < 4¢p (I+a e da
0 eK/4|z0—21]

oo 1
< C/ e 2da + C1(ef/4 |z — 21| < 1)/ a e 2dq
I(/4|Z2 le

eK/4 20— 24|

(5.54) < c/ e™/2da — C |log(e"/4|z5 — z1]) A o} .

eK/4|20—21|

To bound the second term in (5.53) we expand the probability of the large excursion in terms of the transition
densities. There are two cases, which we handle in the following lemma. In what follows, s* = s*(1/8) from
Theorem 2.1(c).

Lemma 5.5. Let M > 0 andand w,y € R.
(a) There is a constant C' > 0 such that for S,u > 0 satisfying u, S —u > s*,

C 2 2 67M2/4
PY (Y| > M|Ys = w) < —— e oSy +w?)/8 All.
y (¥ul 2 MYs w)_qS(y,w)e ‘ M

(b) For fized ug > 0 the families
{PJ(Yu€-|Ys:w):SZuO,OSuSuO} and {PJ(YS_UE-|Ys=w):SZuo,Oguguo}

are tight.
Proof. To see (a), we use (2.11) and (2.2) with 6 = 1/8 to obtain that for u, S —u > s*,

2 00
< s [ e

IN
®

a2
¢ —Aose<y2+w2>/s[e o Al}
M )

where the last line uses a standard upper bound on Gaussian tails and bounds the integral above by a constant
when M is small. The bound for Y;, < —M is the same. The first family in part (b) is tight as a consequence of
Lemma 2.3(c). To see that the second family is tight we consider the time reversal of Y and use (2.12), from which
tightness now also follows from Lemma 2.3(c). O

Applying Lemma 5.5(a), using (5.54) and separating the integrals depending if u, S —u > s* or not, we have that
(5.53) is bounded above by

C/ e 2da — C [log(eK/4|22 —z1]) A O}
K/4‘Z2 Zl‘

K+u
T—2K—s* —e 2 |zp—z1]%/4
n #efwmmeyz/%wz/z%/ GK# Al du
qr—2k (Y, w) s* et 29 — 21|
T—2K
(555) +C(/ / )PY |Y|>6 T |22—2’1|’YT gK—w)du
2K —s*

As the above is an upper bound for the expectation appearing in the second term of (5.51), and (5.51) is an upper
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bound for (5.49), we have

|EY (Zo(Y, N [X) = Z5(Y, X [N K) [ Yr = 21))|

< Ce K@ro=1)/2 4 _¢ // {/ e 2da — C {log(eK/4|22 —z1]) A0
qT(xVZl) eK/4|20—21|

K4
T—2K—s* efeTL |za—21]2/4

n ;edo@fzmey?/%w?m/ R P
qr—2K (y7 ’LU) s* 6# |ZQ — Zl|
T—-2K
(/ / ) |Y|>e4 |22—21|‘YT gK—w)du]
2K —s*
(5.56) X gk (2, w)qr—2x (0, Y)qxK (Y, 21) dm(w) dm(y).

Note that the first two terms in the integral with respect to y and w are independent of these variables. We can
therefore integrate them out; using the fact that

[ (o wiar-aicw y)are . 2) dim(w) di(y) = gr (2. 21)
(and an obvious cancellation) we obtain that
\EY (Zr(Y, N /X) — ZE(Y, N /N K) | Yo = 21))|

< Ce K@h-1)/2 4 C/ e 2da - C {log(eK/4|22 —z1)) A O}

K/4‘22 Zl‘

. K+4u
c —Xo(T—2K) 2/8 w?/8 T-2K=s" | j—e" 2 |z2—z1|?/4
+ 5 eV 5 B i (w, w)qx (y, 1) dm(w) dm(y) C | da

QT(Iazl * €T|22—21|

T—2K
+ // K/ / )PY [Ya] > ™5 o — | | Yoo 2K—w)du]
le 2K —s*

X qr (2, w)qr—2x (W, Y)qr (y, 21) dm(w) dm(y)

(5.57)
=:01 + 02 + 03 + 04 + 05,

where §; = 0;(T, K, 21, z2). We first note that
0:(T, K, z1,22) = 0 as K — oo (uniformly in 7' > 2K) for i = 1,2, 3.
Turning to d4 and &5, we observe that by Lemma 2.2, e*Tqr(z, 21) = o(x)o(21) as A — oo. Since T — qr(x, 21)

is continuous, gr(z,z1) > 0 for all T > 7(s) and o (z)to(z1) > 0, this implies that there exists 8(z,z1) = 8 > 0
such that

(5.58) gr(z,z1) > Be M o(x)o(1) VT > 7(s).
Applying (2.2) twice with § = 1/8 and using (5.58), we have

|64(T7K7 21, Z2)|

K+u
—1 T—2K—s* —e 2 |z0—21|%2/4

< 76% 2N K g=200K o(a®+27)/8 // ey2/4ew2/4dm(w) dm(y)</ SR K+2u i du)
Yo(w)bo(21) s et |29 — 21]
Cole®+3)/8 (/szs* o€’ 3 |za—zi[2/4 ) )

< _ — du

B ’(/JQ(.’II)’(/JQ(Zl) s* 6% |ZQ - Zl|
4C (z2+22)/8 0 —a?/4

(5.59) = 671/ 6_2 da,

Yo(2)Yo(21) Jes/aer/ajzy—2y| @
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where the last line follows from a simple substitution. Thus we have 04(T, K, 21, 22) — 0 as K — 0o, and again we
note that convergence is uniform in 7' > 2K. It remains to handle 5. By three applications of (2.2) with 6 = 1/8
and (5.58), we have

|55(T K 21, 22)

_wo wo 21) //K/ /T;(KS*> |Y|>e T |2’2—21||YT ok = w)du

x ¥ /8ew/4cy®/4e71/8 dm(w) dm(y).

The square bracketed term vanishes as K — oo uniformly in 7' > 2K + s*(1/8) by Lemma 5.5(b). The probabilities
are bounded so the integrand obviously has a uniformly integrable upper bound. By Dominated Convergence,
we have that d5(7T, K, z1,22) — 0 as K — oo, uniformly in T > 2K + s*(1/8). We have therefore shown that
Zle 6:(T, K, 21, 2z2) is arbitrarily small as K — oo, uniformly in 7 > 2K + s*(1/8) and in A > A(s), where
we recall that we have assumed A, A" > A(s). From (5.34), A > A(s) is equivalent to T' > 7(s). As 7(s) > s*(1/8),
T > 2K+7(s) implies that T > 2K +s*(1/8). Thus by (5.57) we have proved the following. Recall that Zp (Y, X' /\) =
ZT(Y, Z1, %2, )\//)\)

Lemma 5.6. For all x,z1,20 € R such that z1 # za, for all K >0,

(K) = sup \EY (Zr (YN /X) = ZE(Y, N /N K) | Yr = 21)| = 0 as K — oo.
T>2K47(s), N'>X(s)

Given this Lemma, it suffices to find the limit of (the conditional expectation of) Z%(Y, X'/, K), and so A has
been replaced by 1.

Next we consider As(y, z1, A, N, K), which we recall from (5.44) is defined as

K , »
EY (exp (/ F(Y,) = HY oo (Y, Yo 4 €775 (25 — 21)) du> ‘ Y = z1>.
0

We will show that in the limit as A\, \" — oo, the integrand will be F' — F5. Define A%(y, z1, K) by

K
(5.60) Aj(y, 21, K) = E) <exp (/ F(Yy) = Ba(Ya,Yu+e 7 (22— 21)) du) ‘ Yi = 21>.
0

The difference between the integrands of As and Aj is equal to (Fz — Hj;/,’\;<+u)(Yu, Y, + e 7" (22 — 21)), which we

bound below by monotonicity and above via Lemma 3.2. We have

) (20 —1)
O B ¥y 55— s 2 ey (X)) ]
= eT— u Uy - u )\

(5.61) < Ce(Kfu)(Q)\ofl)/Q(t _ 5)7(2)\071)/2 [/\7(2%71) 4 /\/7(2%71)} .

The first line uses the definition of H€¢, which we recall from (5.13), and in the second line we have used that
T =log(\?(t — s)). Since A\, ) > A(s) > 1, the last expression in (5.61) is bounded by Ce®/2(t — 5)=(22=1)/2 for all
u € [0, K. Thus by using |e* — e¥| < (e” V e¥)|x — y| and (5.61), we have

|A§(y7217 K) - A3(y7 21, )\7 )‘/7 K)'

K
< exp (CK /2 (1 — )70 0/2) pY ( / (Fo — HY ) (Ya, Yu + €/ (20 — 21)) du
0

YK = Zl)

K
< exp (CKeK/Q(t — s)_(2’\°_1)/2> (t — s)_(”‘o_l)/2 [,\—(2%—1) + /\/—(2/\0—1)} / ColE—w)(2x-1)/2 4,
0

(5.62) < C(K,t—s) [/\_(2>\0—1) n /\/—mo_l)]
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for some constant C(K,t — s) > 0. Define Z2(Y, N /A, K) as we defined Z&(Y, X' /A, K) in (5.46) but with F — F5
replacing the integrand in the second term. That is,

K ’ —u
ZE(Y,N /N, K) = exp (/ F(Y,) — HN (Y, Yy 4+ e 2" (22 — 21)) du)
0

(5.63) X exp (/TT_K F(Y,) = Ba(Y,Yute 2 (22— 2)) du).

In particular, we have
EY(ZR(Y, N /N K) | Yr = 21)
ax (z, w) gr—2x (0, y) gk (y, 21)
qr(z, z1)

(5.64) = / Aq(z,w, NN K)AS(y, 21, K) dm(w) dm(y).

Because (5.62) is uniform in y and z; and |4;| < Cz, we can integrate out the transition densities to obtain the
following.

Lemma 5.7. For K >0 and s € [0,t), there is a constant C(K,t — s) such that
SH(E NN = |EY (ZE(Y, NN K) = ZB(Y, N /N K) | Yr = 21)| < C(K,t — 5) {A*@*O*l) + /\’*@AO*”]

for all \, N > X(s).

We now analyse Aj in greater detail. In particular, we perform a time reversal on the process Y. By (2.12), we have
K
A5y, 1, K) = EZ (exp (/ F(Y,) — Fa (Y, Y, + 6%(22 —21)) du) ‘ Y = y)
0

This is the term that in (5.39) we claimed converges to E}Z/’IOO(VVOO (Y, 22)), defined in (5.40), in the limit. However,
the above expectation is still conditional on the endpoint. We now show that the contribution from the tail of the
integral is vanishing, making the quantity asymptotically independent of the endpoint y. Let 0 < M < K. Define
Aj(y, z1, M, K) by truncating the integral in (5.65) at time M. That is,

YK = y>

We now define Z¢(Y, X' /A, M, K) by truncating the corresponding integral in Z?(Y,\ /A, K) (the integral over
[T — K,T] in (5.63) becomes the integral over [I' — M, T]) so that A%(y,z1,M, K) replaces A%(y,z1,K) in the
conditional expectation.

M
A4y, 21, M, K) = BY <exp < | F0) = R Yot e - ) du)
0

Lemma 5.8. For all x, 21, z2 € R such that z1 # za,
So(M) = sup sup |EX (Z5 (Y, NN K) = Z§(Y,N /AN M,K) | Yr = z1)| = 0 as M — occ.
K>M+s*(1/8) T>2K47(s), \'>X(s)

x

Proof. Using the inequality |[e™* — e Y| < |z — y| for ,y > 0, we have

K
(5.65) |A5(y, 21, K) — A3(y, 21, M, K)| < EY, (/ |F(Y,,) — Fy (Yo, Yy + e“/%(20 — 21))| du
M

YK = y) .
By Proposition 3.1(b), the absolute value of the above integrand is at most F(Y, + e? (22 — z1)) (for a similar

argument see (5.50)). Exchanging expectation and integration, we proceed as in (5.53), (5.54), and (5.55), and
apply Lemma 5.5 to bound (5.65) above by

K—M Mtu Mitu 2 K u
01/ (I4e 7 |zp—z|)e® 7 ==l /2+F(O)/ PY(|Yul = %]z — 21| | Y = y) du
0 M

[e'e] 5 Oef)\OK 5 5 K—M—s* 678@‘Z27Z1‘2
§4Cl/ (1+a Ve ¥ /?da+ ———es1Hv )/8/ ——— N1 du
eM/4| 25— 2| qr (21, 9) 0 e |z — 21
K
Miu
(5.66) —i—C’/ PY(Yu| = e 7 |22 — 21| Yk = y) du.
K—s*
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Expanding in terms of transition densities and using |A;| < Cz, we have

‘E;/(Z%(Yu A//)‘aK) - Z’%(Yu A//)‘aMa K) ‘ Yr = Zl)’
C
< ° / |As(y, 21,0 X, K) — A3y, 210, M, K lar—xc (@, 9) g (v, 21) dm(y).
qT(I;ZI)

Using (5.66) as an upper bound for the integrand, we obtain an expression which closely resembles (5.57); in
particular, four terms appear, directly corresponding to ds,d3,d4 and 5 of that expression. Moreover, they can be
handled using the exact same arguments, as in the proof of Lemma 5.6, but with (M, K) playing the roles of (K, T).
Because the arguments are the same, we omit them. O

We now comment on the limit of Aj(w, M, K) as K — co. Recalling (5.65) and the definition of W), in (5.40), we
have

M
Al(y,z1, M, K) = EY, (eXp (/ F(Y,) — Fo(Yy, Yy + e¥%(20 — 21)) du> ‘YK = y> =EY (Wun(Y,22) | Y = y).
0
The functional W, (Y, 22) is a bounded continuous function of Y| g.a- By Lemma 2.3(b), we have
(5.67) VM >0, lim A3(y,z1, M, K) = EY° (W (Y, 22))
—00
We define Z4(Y, N /A, M, K) by
K XA\ T—u
(5.68) ZE(Y, N /A, M, K) := exp (/ F(Y,) = HXA (Y, Ya+ e 7 (22— 21)) dU> X EX> (Wi (Y, 22)) -
0

Note that the second term is now deterministic; it no longer depends on the original Ornstein-Uhlenbeck process

Y or the spatial variable y. We then have

z, w) gr—r (W, 21)
qr (Ia Zl)

EY (ZEY N /NM,K) | Zp = 2) = /Al(x,w,)\, N, K) axc( dm(w) x EX>® (W (Y, 22)) -

Bounding 4; < Cz and integrating out the transition densities, by (5.67) we obtain the following.

Lemma 5.9. For all x,z1,29 € R,

SS(M,K) = sup |EX (ZG(Y, N /AN M, K) — ZEY, N /AN M, K) | Yr = 2)| 50 as K — oo
T>2K47(s), N >X(s)

for each fired M > 0.

From our starting expression for Z7 (Y, X'/A) in (5.45), all that remains to be handled in Z%(Y, N /A, M, K) is the
A; term, whose definition we recall from (5.42) is

K / —u
Ay(z,w, N, K) = EY <exp </ F(Y,) — HN (Y, Yy 4+ e 2" (22 — 21)) du) ’ Yi = w>.
0

The dominant contribution to the integral in A; resembles F(Y,) — Vfu/2 (Y,). By Proposition 3.1 we have the
following upper and lower bounds for the difference of the integrand and this term:

(5.60)  — F(Yy+e T (20— 21)) < [F(Yu) — HN MY, Yo + €7 (20 — 21))] - [F(Yu) — e (Yu)} <.
Recall from (3.15) that Zx(Y) is defined as

K s

2itv) =esp ([ PO -V () )
0
Because both the exponential in A; and Zx(Y') are bounded above by Cz, by (5.69) we have
K
(5.70) |Ar(z,w, A\ N K) — EY (Zg(Y) | Yk =w)| < Cz E}[</ F(Yy+e 7 (20 — 21)) du | Y = w)
0
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We define Z¢(Y, M, K) by
(5.71) Z9Y,M,K) = Zg(Y) x EL>® (W (Y, 22)) -
Using (5.70) and proceeding as in the proofs of Lemmas 5.6 and 5.8, we obtain the following.

Lemma 5.10. For all x,z1,22 € R such that z1 # z2, we have

SUM,K)= sup |EY(Z{(Y,N/N\M,K)—Z(Y,M,K)|Yr =z)|—=0 as T — o0
N >X(s)

for all fivred M and K satisfying 0 < M < K.
From (5.71), we have

EY (Z°(Y,M,K)|Yr = 21) = B} (Zx(Y) | Y = 21) x EL;® (War(Y, 22)) .
Thus by Lemma 2.3(b) and the fact that Zx(Y) < Cz (and is a continuous function of Y') we have the following.

Lemma 5.11. For all x, 21,29 € R,
§HT,M,K) = |EY (Z°(Y,M,K) |Yr = z1) — E}**(Zx(Y))EL™ (War (Y, 22)) | = 0 as T — oo
for each firted 0 < M < K.

We are now ready to establish the limiting form of EY (Zr(Y,N/A) | Yr = z1) (provided z; # z5). Let M > 0,
K > M, T > 2K +7(s) and A > A(s). Bounding above by the sum of the ¢ terms in Lemmas 5.6-5.11, we have
that

B2 (Zr(Y NN | Y1 = 21) = By (Zr(Y)EL™ (War(Y, 22)) |
(5.72) <67 (K) + 65 (K A X) + 02(M) + 65(M, K) + 64(M, K) + 65(T, M, K).

Let € > 0. By Lemma 5.8, we can choose My > 0 to be sufficiently large such that 6%(M) < €/4 for all M > M,
and choose some M > My. By Lemma 5.6 and Lemma 5.9, we can then choose Ky to be large enough such that
07 (K)+05(M,K) < ¢/4 for all K > K. Fix K > Kj. Next, by Lemmas 5.10 and 5.11 we can choose Ty > 2K +7(s)
such that for all T' > Ty, 64(T, M, K) + 6%(T, M, K) < €/4. Finally, Lemma 5.7 allows us to choose A(€) > A(s) such
that T' = log(A\%(t — s)) > Ty and 6% (K, A\, \') < €/4 for all A, N > A(e). We therefore obtain from (5.72) that

limsup |E) (Zr(Y, N /) | Yr = z1) = EY > (Zi(Y)EL™ (War(Y, 22)) | < e

AN =00
for the M and K chosen above. This holds for all € > 0 for sufficiently large M and K (with M < K). It therefore
holds that if lim]u)K_)oo)K>M EZ’OO(ZK(Y))EZ’OO (WM (Y, 2’2)) exists, then lim)\))\/_)oo E;/(ZT(K )\I/)\) |YT = Zl)
exists and is equal to it. Thus it suffices to find the limit of EY-*°(Zg (Y ))EY:>° (W (Y, 22)) as M, K — oo with
M < K. As the first term depends only on K and the second depends only on M, we can consider the limits
independently. First consider EY-*°(Zx(Y)). By (3.17), Zx 1 Zoo < Cz, so the limit of the first term as K — oo
is BY°°(Z+(Y)) by Monotone Convergence. We recall the definition of Wy, from (5.40). The integral in Wy is
monotone in M and hence converges to the integral on [0, 00] as M — oo. Using the fact that |[Was (Y, 22)| < 1 for
all M and continuity of the exponential, we can bring the limit inside, and EY,>° (W, (Y, 22)) = EX>°(Wao (Y, 22))
as M — oo. Thus we have shown that
(5.73) i EY(Zr(Y NN | Yr = 21) = By (Zoo (V) EL™ (Weo (Y, 22)).

,A/ =00

Finally, recall that Zp(Y, X' /X) was in fact Z}, (Y1, N'/A). The analysis for Z2, (Y2,A/X) (under its respective
conditional expectation) carries through unchanged. Since (5.73) holds for all € R, we have therefore shown the
following:

For all Bll, Bf € R and all z1, 22 € R such that z; # 2z
(5.74) lim E’g (Z3, (YL NN Y = 21) = BN (Zoo(YV)) BN (Weo (Y, 22)), and

AN o0 B

lim By (23,(Y2 /) | Y2, = 2) = By (Zoo(Y)) EX (Wao (Y, 21)),

AN 00
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To find the limit of G it remains to identify the limits of \If)é’”\s/(\/t — 521, Vt — 829) and Q(\1, A2, BY, B?, 21, 22).
From (5.12) we recall that the former prelimit is defined as

\Ilg’g/(\/t — 821,V — 823)
= h(v/t — sz1 + Bs, V't — sz + Bs) exp (_/ Vti;\/( [t — sz1 + Bs — By, V't — 29 + Bs — By,) du) .
0

For all 21,22 € R and all Brownian paths (B, u € [0, s]), the obvious limit of the above as A\, \' — oo is obtained

by replacing Vtii, with V,2:°°. By monotonicity (in A\, \) of the integral and continuity of the exponential we can

take the limit inside. Denoting the limit by W3 (v/T — 521, /t — s22), we have
(5.75) R )l\im \I/%’);(\/t — 521, Vt — 822) = U5 0 (Vt — sz1, V't — s22).
A —o00 ’ >
This leaves Q(\, N, BY, B2, 21, 2), which we recall from (5.24) is defined by
Q\, N, B, B?, 21, 2) = exp ( — /1 Vul’)‘//)‘(Bi, Bl +eT/2(25 — 21)) + YA (B2, B2 + ™2/2 (2 — 2)) du).
0

The integrand is the sum of two terms that are very similar; for now we restrict our attention to the first. In
particular, we will show that

(5.76) lim sup

T1—00 N> (t—s)—1/2

1 1
exp < - / Vul’)‘l/)‘(B}U Bl 4+ eT1/2(25 — z1)) du> — exp ( - / VB du> =0.
0 0

We claim that since the second argument of the integrand goes to infinity, asymptotically the function resembles
V.Y(BL). To see this use both parts of Proposition 3.1 to conclude that
u

0 < [VE“(BL, BL + €™/2(2 — 21)) = VA(BL)| < Vi (Bl + e /2(25 — )

for all ¢ > 0. P-a.s., there is a constant R(w) > 0 such that |B}(w)| < R(w) for all u € [0, s]. Provided 2, # 22,
for X sufficiently large, e71/2|zy — 21| > 2R. Then for \ sufficiently large and A, X' > X(s),

1 1
exp(—/ VIAINBL BY 4 eT1/2(2y — 7)) du) —exp(—/ V.H(BL) du)’
0

0

1
g/ Vuoo(eTl/2(22 —2z1) — R) du.
0

The integrand is bounded above by V.>°(R), which is integrable on [0, 1]. We take A — oo and apply Dominated
Convergence; since V,°(y) = u~'F(u"'/2y) and by (3.13)(iii), we have lim,|_, V,°(y) = 0, and hence limit of

the above as A — oo (le. as Ty — o0) is zero. Thus (5.76) holds. We handle the second term the integral in
Q(\, N, B, B2 21, 22) in an identical fashion, now with the roles of A and ) reversed, thereby establishing that

(5.77) For all z1, 2o € R such that z; # 2o, CZPOBIdP0B2—aL.s.7
1 1
lim Q(\ X, BY, B?, 21, 25) = exp (—/ V(B du> exp (—/ V(B?) du>.
AN —roo 0 o

We have therefore found the limit of G(\, X', s, B, B, B2, 21, 25) and hence of ©(\, X', s, B, B, B2, 21, 25). In particu-
lar, recall the definitions (5.27) and (5.31). From (5.38), (5.74), (5.75) and (5.77), we have shown that dPBdPB' dPB*-
a.s., for all z1, 29 € R such that z; # 2o,

1
\ )1\irn O\ N, 5, B, B B% 21, 20) = (t — ) 20U (/T — 521,V — s22) exp (/ ~-VNBY - vH(B?) du>
,A =00 ’ 0

(5.78)
X BY(Woo (Y, 22)) EL™ (Woo (Y, 21)) E ™ (Zoo (V) E ™ (Zoo (Y)h0 (BY) w0 (BF) o (21) v (22).

46



Thus by (5.37), limx x 00 No((L} x L} )(R)) exists and satisfies
t
0 AN oo

619) Kol < 2290) = [ | [[EPEEGT 000N 5B B B s )] () )| s

To obtain the desired expression, we note that the terms in (5.78) that depend on B! and B? can be collected in a
constant. In particular, we define a constant C7 4 > 0 by

o2 :EBl,Bz< (_/1 Vl(Bl VYB2Ydu \EY-2(7 EY® (g B! B2
1.4~ Eoo | &P w (By) +V (By) du | Ep™(Z(00)) Epy™ (Z(00))10(Br) Yo (B7)

0
1 2
(5.50) = (88 (e (- [ Vim0 BE=Zutr) (e )|
We also define a function p(-,-) by
(5.81) pler.22) = B (Wa (Y, 22)) B (W (Y, 2).

It is clear that p(-,-) is jointly continuous and bounded by 1 from the definition of W (Y, z). Thus by (5.78),
1 2
E(me’f lim O(\ N, s, B,B', B? 21,2)| = C%A(t - s)_Q’\O\II?)’:O(\/t — 821, V't — 822)p(21, 22)Y0(21) Yo(22).

AN =00

Substituting the above into (5.79) completes the proof. O
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