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1. Introduction

We consider the following stochastic partial differential equations with obstacles (OSPDEs
for short)

dug(x) + [%Aut(ac) + fi(x, ue(x), Vue ()] dt + he(z, ur(x), Vue(x)) - c%
u(x) > ve(x), (t,x) €10,T] x R%:
ur(z) = ®(z), z <€ R

=0, (t,z) €[0,T] x R%;

(1)
The operator A, which is non-local, is an symmetric infinitesimal generator of a Markov process
with jumps. f and h = (hl, e ,hdl) are non-linear random functions. The differential term with

cﬁt refers to the backward stochastic integral with respect to a d'-dimensional Brownian motion
on a probability space (Q, F, IP’), so that the doubly stochastic framework introduced by Pardoux
and Peng [17] could be applied. Given an obstacle v : Q x [0,7] x O — R, we study the OSPDE
(1), i.e. we want to find a solution that satisfies "u > v" where the obstacle v is regular in some
sense.

Nualart and Pardoux [16] have studied the obstacle problem for a nonlinear heat equation on the
spatial interval [0, 1] driven by a space-time white noise with the diffusion matrix ¢ = I. Then
Donati-Martin and Pardox [10] proved it for the general diffusion matrix. Various properties of the
solutions were studied later in [3], [20], [21] etc.. Denis, Matoussi and Zhang ([9]) study the OSPDE
with null Dirichlet condition on an open domain in R%. Their method is based on the techniques of
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parabolic potential theory developed by M. Pierre ([18], [19]). The solution is expressed as a pair
(u,v) where u is a predictable continuous process which takes values in a proper Sobolev space and
v is a random regular measure satisfying some minimal condition. The key point was to construct
a solution v which admits a quasi-continuous version defined outside a polar set and the regular
measures v which in general are not absolutely continuous w.r.t. the Lebesgue measure.

As backward stochastic differential equations (BSDEs for short) was rapidly developed, obstacle
problem associated with a non-linear partial differential equation (PDE for short) with more general
coeflicients, and the properties of the solutions for OSPDESs were studied in the framework of BSDEs
([1], [11], etc.). Matoussi and Stoica [15] have proved an existence and uniqueness result for the
obstacle problem of backward quasilinear stochastic PDE on the whole space R? and driven by
a finite dimensional Brownian motion. The method is based on the probabilistic interpretation of
the solution by using the backward doubly stochastic differential equation (BDSDE in short). The
solution also is expressed as a pair (u, v). It is essential to give the regular measure v a probabilistic
interpretation in term of the continuous increasing process K where (Y, Z, K) is the solution of a
reflected generalized BDSDE.

The stochastic partial differential equations in (1) without the obstacle was studied in [7], which
is the main motivation of this article. It inspires us to generalize the obstacle problem in [9] and
consider a more general linear integral-differential operator. Reflected BSDE with jumps, which is a
standard reflected BSDE driven by a Brownian motion and an independent Poisson point process,
has been studied by Hamadéne and Ouknine in [13]. After that, parabolic integro-differential
partial equations with two obstacles are solved by Harraj, Ouknine and Turpin in [14]. But in the
framework of BSDEs, they concern on viscosity solutions for obstacle problems.

Our aim is to study the OSPDE (1) with a non-negative, self-adjoint operator associated with
a symmetric Lévy process by using the probabilistic method in [15] and prove the existence and
uniqueness of the weak solution. The quasi-continuity of u makes it possible for us to find the
regular measure v satisfying v(u > v) = 0. In this paper, the difficulty mainly lies to the estimate
on the jump part of the 1évy process during the approximation so that the uniform convergence of
the penalization sequence on the trajectories can be obtained. But in the present work, the model
does not contain the term of divergence as in [15], since the Lévy process is considered here, and
we will leave this problem into the future work.

The remainder of this paper is organized as follows: in the second section, we set the function
spaces, probability space and introduce the notion of regular measures associated to parabolic
potentials. The quasi-continuity of the solution for SPDE without obstacle is also proved in this
section. The third section is devoted to proving the existence and uniqueness result.

2. Preliminaries

Let L?(R9) be the set of square integrable functions with respect to Lebesgue measure on RY. It
is a Hilbert space equipped with the usual scalar product and norm as follows,

(u,v) = /Rd u(z)v(x)de, ||lul2= (/Rd u%:v)d:v) i .

We also use the notation
(u,v) :/ u(x)v(zx) de,
]Rd

where u, v are measurable functions defined in R% and uv € L*(R?). We will consider an evolution
problem over a fixed time interval [0, 7] and define the norm for a function in L2([0,T] x R?) as

T 3
HUHZ)Q = </ / |u(t,I)|2dxdt> .
0 R4



Another Hilbert space that we use is the first order Sobolev space H'(R?). Its natural scalar
product and norm are

1
2
(0,01 ey = (0,0) + (Y, 90), [l s oy = (Jull3 + [ 9))

where Vu(t, z) = (O1u(t,z),- -+, dqu(t, z)) denotes the gradient.
Of special interest is the subspace F' C L2([0,T]; H'(R?)) consisting of all functions u(t,z) such
that ¢ — u; = u(t,-) is continuous in L2(R?). The natural norm on F is

T
|Mu=sw|mm+</|vwm@
0<t<T 0

The space of test functions is denoted by Dy = C* ([0, T]) ®C° (R?), where C>° ([0, T]) denotes the
space of real functions which can be extended as infinite differentiable functions in the neighborhood
of [0,T] and C° (Rd) is the space of infinite differentiable functions with compact support in R¢.

1
2

2.1. The corresponding Markov process
We consider a Dirichlet form (€, H'(R9)) on L?(R9) as follows:
E(u,v) = EX(u,v) + E%(u,v)

with

O P | (u(a) — v (v(x) = o) |
£'(w,0) = 5(Vu, Vo) and E%(u,0) 2/Rded\r e dady,

where T is the diagonal ' := {(x, )|z € R%} and « € (0,2).
From classical probability theory, we know that such a Dirichlet form is related to a Hunt process,
whose infinitesimal generator A is

1 d
Au(z) = iAu(x) + /Rd (u(:z: +y)— u(x))lm%
Let Q! = ( ,Rd) be the space of continuous trajectories. The canonical process (W ):>¢ is
defined by Wt( ) = wh(t), for any w! € Q! ¢ > 0 and the shift operator, 6; : Q' — Q! i
defined by 0;(w')(s) = w'(t + s), for any s, t > 0. The canonical filtration F} = o (Wy;s < t) is

completed by the standard procedure with respect to the probability measures produced by the
transition function
Qi(z,dy) = q(xz —y)dy, t>0, zeR?

where ¢:(z) = (27rt)_% exp (—|z|?/2t) is the Gaussian density. Thus, we get a continuous Hunt
process (Q', Wy, 01, F*, F},P7). P! is the Wiener measure, which is supported by the set Qf =
{w! € QY w(0) = 0}. We set IT(w!)(t) = wt(t) — w'(0), t > 0, which defines a map Iy : Q! —
Q. Then I = (Wp,Ip) : QF — R? x Q} is a bijection. For each probability measure on RY, the
probability P# of the Brownian motion started with the initial distribution p is given by

Py =T" (noPy).
In particular, for the Lebesgue measure in R?, which we denote by m = dx, we have

PP =1"" (dz ®PY).
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Denote Q2 := D([0,T];R?) as the Skorohod space. The canonical processs V; and the shift op-
erator 07 can be defined similarly to W; and 6} given above. Hence, we get a Hunt process
(%, V4,02, F2, F2,P%) related to the Dirichlet form £2.

We consider the sample space Q' = Q! x Q? and the process (X;)i>o defined by X;(w!,w?) =
Wi(wh) + Vi(w?) for t > 0. The shift operator ©; : Q' «— Q' is defined by ©,(w', w?)(s) =
(wh(t + s),w*(t + 5)), for any s, t > 0. The o-field F and filtration F; are given by F := F1 x F?
and F; = F} x F2. The family of probability measures {P*}, is defined by P* := P¥ x PY. Therefore,
we see that (', Xy, O, F, F;, P¥) is a homogeneous Markov process related to the Dirichlet form
(€, H(R)). For the process X, we have the following decomposition:

t t
Xy =W, —I—/ / 2N (dz, dt) —I—/ / ZN(dz, dt),
0 Jiz|>1 0 Jz|<1

where N(dz,dt) is the jumping measure of X with v(dz)dt := ‘z‘ﬁdzdt as its predictable com-

pensator and N (dz,dt) := N(dz, dt) — v(dz)dt the associated compensated measure.
Denote by P; the corresponding semigroup which is strongly continuous on L2(R%). It is easy to
verify that the transition function is absolutely continuous with respect to the Lebseque measure:

Pi(z,dy) = pi(y — x)dy,

where p;(x) is the density. It is easy to see that
Pif(z)de = / fy) Pz, dy)dx = / fW)pe(x — y)dydzx
Rd Rd JRd Rd JRd
— [ [ s amazdo= [ [ g+ ope)dods
Rd JRd Rd JRd
= f(z)dx.
R4
Thus, the Lebesgue measure is an invariant measure for the semigroup P;.

Next, for future purposes, we give some results concerning the deterministic PDE with respect to
A. As the proofs are similar to that in [15], we omit them.

Lemma 1. Let f € L*([0,7] x R:;R) and denote by (u™)nen the sequence of solutions of the
equations
((%—!—A)u”—nu”—!—f:(), Vn € N,

with final condition w}p = 0. Then we have

T 1 T T
| ende<e|s [z [Fe a0y | @)
0 nJo 0

T
Obviously, (2) implies that lim E(uy)dt = 0. We present a strengthened version of this relation

n—oo 0
in the next corollary.

T
Corollary 1. Let f and f™, for anyn € N be in L2([0, T]xR% R) such that lim / |7 —fell3dt =
n—00 0
0. Then, the solutions (u™)nen of the equations
(3t + .A)u" —nu™ + f" =0,
T

with final condition u}. = 0, satisfy the relation lim E(uy)dt = 0.

n—oo 0



2.2. Regular measures

In this section, we shall be concerned with some facts related to the time-space Markov process,
with the state space [0, T[ x R?, corresponding to the generator d; + A. Its associated semigroup

will be denoted by (P;)¢~0. We may express it in terms of the density the semigroup (P;);~o in the
following way

0, otherwise,

ﬁtw(s,x):{ Joa e (@, 0) 0 (s + ty)dy, if s+t<T,

where v : [0,T[ x R — R is a bounded Borel measurable function, s € [0,T[,z € R? and ¢ > 0.
So we may also write (P”/))S = Py if s+t < T. The corresponding resolvent has a density
expressed in terms of the density p; too, as follows

T
Oatr () = [ [ e (@ =) (s.9) s,
t
or
- T
(an)t = / e_a(s_t)Ps—tws ds.
t

In particular this ensures that the excessive functions with respect to the time-space Markov
process are lower semicontinuous. In fact we will not use directly the time space process, but only
its semigroup and resolvent. For related facts concerning excessive functions the reader is refered
to [2], [12] and [5]. Some further properties of this semigroup are presented in the next lemma. The
proof of it is almost the same to that of Lemma 2 in [15]. Thus we omit the proof.

Lemma 2. The semigroup (16,5),5>0 acts as a strongly continuous semigroup of contractions on the
spaces L2([0, T[xR?) = L2([0, T[; L*(R%)) and L*([0,T[; H'(R?)).

Now we give the definition of the potentials belonging to F , which appears in our obstacle problem.

Definition 1. (i) A function ¢ : [0,T] x RY — R is called quasicontinuous provided that for each
e > 0, there exists an open set, D. C [0,T] x R%, such that v is finite and continuous on DS and

P” ({w' € Q3L €[0,T] s.t.(t,X: (W) € D.}) <e.

(ii) A function u : [0,T] x R — [0, 00| is called a regular potential, provided that its restriction to

[O,T[de is excessive with respect to the time-space semigroup, it is quasicontinuous, u € F and
limy 7 u; = 0 in L?(R?).

Observe that if a function ¢ is quasicontinuous, then the process (¢ (X¢))¢cjo,7] is cadlag and has
only inaccessible jumps. Next we will present the basic properties of the regular potentials. Due
to the expression of the semigroup (P;):~¢ in terms of the density, it follows that two excessive
functions which represent the same element in F should coincide.

Theorem 1. Let u € F. Then u has a version which is a reqular potential if and only if there
exists a continuous increasing process A = (At)epo,r) which is (F)iejo,r)—adapted and such that
Ay =0, E™[AZ] < 0o and

Ut(Xt) =E [AT |Ft] - At, ]P)m—CL.S., (’L)
for eacht € [0,T). The process A is uniquely determined by these properties. Moreover, the following
relations hold:

d T T
(X)) = Ap—4,- Y / Vs (X, ) dW, — / / (X +2) (X )N (dz, ds), P —as.,
i=1 t t R
(i0)
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T
Jull+ [ Euaus)ds =B (Ar — 497 (i)
t

T T
(uo, o) + /0 E(us, s) + (us, 8Sg05) ds = /0 /Rd ¢ (s,2) v (dsdz) , (iv)

for each test function ¢ € Dy, where v is the measure defined by

T
v(p) = Em/o o (t,Xy)dAy, ¢ €C, ([O, T] x Rd) . (v)

Before proving Theorem 1, we recall a useful lemma.

Lemma 3. ([/], pp.202) Let {f.} be a decreasing sequence of positive cadlag functions on [0, 0]
which tend poitwisely to 0 as do their left limits. Then the sequence {f,} converges to 0 uniformly.

Proof of Theorem 1: The uniqueness of the increasing process in the representation (i) comes
from the uniqueness in the Doob-Meyer decomposition. Let us now assume that @ is a regular
potential which is a version of u. We will use an approximation of u constructed with the resolvent.
By the resolvent equation one has

aUu = aﬁo (E — aﬁaﬂ) .

Set f* = n(u — nﬁnﬂ) and u" = nU,u = Uyf". Since U is excessive, one has f* > 0 and
u”,n € N* is an increasing sequence of excessive functions with limit w. In fact ©™,n € N*, are po-
tentials and their trajectories are continuous. Moreover, the trajectories ¢t — u:(X;) are cadlag on
[0, T[ by the quasi-continuity of @. The process (us(X¢))icjo, 7 is a super-martingale and, because
lim;_,7u¢ = 0 in L2, it is a potential and the trajectories have null limits at 7. By quasicontinuity
of the functions and the fact that X is quasi-left-continuous, we have ?(u?(X;)) = uy(X;—) and
P(ug(Xy)) = ue(Xy—), where P(-) denotes the predictable projection. Therefore, (u"™ — u)(X) de-
creasingly converges to 0 as do their left limits. Then, Lemma 3 implies that this approximation
also holds uniformly on the trajectories, on the closed interval [0, 77,

lim sup |uf (Xi) — @ (Xy)] =0, P —a.s.
n—roo 0<t<T

The function u™ solves the equation (9, + A)u™ + f* = 0 with the condition v’ = 0 and its
backward representation is

T d T T
ul(X;) = / fM(Xs)ds — Z/ O™ (X )dWi — / / U (X + 2) — u (X, )N (dz,ds).
t = Jt t JRrd
If we set A} = fg I (Xs) ds, after conditioning, this representation gives
d_ T _ T ~
ul' (X;) = A% — A — Z/ diul (X)) dW? — / / u (X + 2) — u (X, )N(dz, ds)
i t Jra
= E™ [A7]F] — A (%)

By the relation (x), it follows that

E™ (A} — A7)
d T ) T ~ 2
—E™ (ug(xt) + Z/ Du™ (X )dW! +/ / u(Xo 4 2) — u?(Xs_ )N (dz, ds))
i— Jt t JRd

T
= |2+ / £(ul)ds, (%)
t



A similar relation holds for differences. In particular, one has

S

T
E (A — 45)? = [lull — ub|® +2 / E(ul — u)ds.

Moreover, the preceding lemma ensures that limg_so ally = I in the space L2([0,T[; H'(R)),

which implies
T

lim E” —u¥) ds = 0.
n—0 Jo
These last relations imply that there exists a limit lim,, A% =: Ar in the sense of L?(P™).
Set M* := E™ [A%|F], My := E™ [Ap|F;]. Then one has lim,_,oc M" = M in L? (P™) and hence

lim E™ sup |M} — M,;> = 0.

n—00 0<t<T

Then the relation uy (X;) = M;*— A} shows that the processes A", n € N*, also converge uniformly
on the trajectories to a continuous process A = (At)te[o 7] - The inequality

sup [A} — A¢| < Ar + |A7 — Arl,
0<t<T

ensure the conditins to pass to the limit and get

lim E™ sup |A? — A|* = 0.

n—oo 0<t<T

Passing to the limit in the relations (%) and (xx) one deduces the relations (i), (ii) and (iii). The
rest of the proof are almost the same as that of Theorem 2 in [15], so we omit it. O

The following lemma is concerning on the uniqueness of the potential related to a Randon measure
via relation (iv). For its proof, one can refer to [15].

Lemma 4. Let u be a reqular potential and v a Radon measure on [0,T] x R? such that relation

(iv) holds. Then one has

T
= [ [ ([ 0@ nio-de) sy,
for each ¢ € L* (R?) and t € [0,T].

We now introduce the class of measures which intervene in the notion of solution to the obstacle
problem.

Definition 2. A nonnegative Radon measure v defined on [0,T] x R? is called regular if there
exists a regular potential u such that the relation (iv) from the above theorem is satisfied.

As a consequence of the preceding lemma we see that the regular measures are always represented
as in the relation (v) of the theorem, with a certain increasing process. We also note the following
properties of a regular measure, with the notation from the theorem.

1. A set D € B([0,T] x R%) satisfies the relation v(D) = 0 if and only if fOT 1p (t, Xy) dA; =
0, P"—as..

2. If aset D € B(]0,T[ x R?) is polar, in the sense that
P™ (fw € 3t € [0, 7], (t, X; (w)) € D}) =0,

then v(D) = 0.
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2.3. Hypotheses

Let B = (By);>0 be a standard d*-dimentional Brownian motion on a probability space (Q2, FZ,P).
Over the time interval [0,7] we define the backward filtration (ffT)se[O,T] where }'fT is the

completion in FZ of 0(B, — Bs;s <r <T).
We denote by Hr the space of H!(R%)-valued predictable and ffT—adapted processes (ut)o<t<T

such that the trajectories t — u; are in F' a.s. and
2
[ullg < oo

In the remainder of this paper we assume that the final condition ® is a given function in L2?(R%)
and the coeflicients

f @ 0TI xAxRIxRxR? =R,
ho= (hi,.yhgt) 1 [0,T] x Q x R x R x RY — R

are random functions predictable with respect to the backward filtration (ffT)te[o,T]- We set
f(0,0):=f% and h(-,--0,0):=h" = (K], ... h).

and assume the following hypotheses :

Assumption (H): There exist non-negative constants C, § such that

() |fe(w z,y,2) — ft,w, 2,y 2 ) < Cly—y'|+ 2= 2)

=

i) (208 hse(wra,9.2) = hy(tow,a,y 2)2) " < Cly—y |+ Blz = 2]

(iii) the contraction property (as in [7]) : 8% < 1.
Assumption (HD2)
E (1705, + 15°1]5,,) < +oe.
Assumption (HO) : The obstacle v(¢,w, ) is a predictable random function w.r.t the backward

filtration (]:t],ST)' We also assume that (¢,x) — v(t,w,z) is P-a.s. quasicontinuous on [0,7T] and
satisfies v(T,-) < ®(+).

We recall that a usual solution (non reflected one) of the equation (1) with final condition up = ®,
is a processus u € Hp such that for each test function ¢ € Dy and any t € [0, 7], we have a.s.

T -

T T
/t [(us,ﬁs@s)—l—é‘(us,(ps)]ds—(fl),gaT)—i-(ut,gat):/t (va<Ps)d5+/t (hs,@s) - dBs.  (3)

By Theorem 8 in [7] we have existence and uniqueness of the solution. Moreover, the solution
belongs to Hy. We denote by U(®P, f, h) this solution.

2.4. Quasi-continuity properties

In this section we are going to prove the quasi-continuity of the solution of the linear equation, i.e.
when f and h do not depend of u and Vu. To this end we first extend the double stochastic [t6’s
formula to our framework. We start by proving the following doubly representation theorem.



Theorem 2. Let u € Hp be a solution of the equation
<_
dut + Autdt + ftdt + htdBt = 0,

where f, h are predictable processes such that

T
E/O [Hft”; + HhtHz} dt < oo and H<I>H§ < 00.

Then, for any 0 < s <t < T, one has the following stochastic representation, P"-a.s.,

u(t,Xt) —u(s, Xs) 22/6iu (r, X,) dW! —|—/ /Rd U (Xp— 4 2) — up (X, )N (dz, dr)

/fr dr—/h (X,) - dB,.

Noting that Fr and }'0 o+ are independent under P @ P™ and therefore in the above formula the

(4)

stochastic 1ntegrals with respect to dW; act independently of ]-"O - and similarly the integral with
respect to dBt acts independently of Fp .

Proof. The proof will be similar to that of Proposition 11 in [7]. Thus we only give a sketch of
it. The solution can be decomposed into two terms each corresponding to one of the coefficients f
and h. It is enough to treat them separately.
a) In the case where h = 0, one can use It6’s formula to get the desired result. Thus we omit the
proof.
b) In the case where f = 0, we first establish the formula for the elementary process,

hi(w, ) = XA(W)X[ry 70 (D)e(),

where 0 <r; <ro <T, A€ fgﬁT and e € D(A%) N L°°. In this case, let

T
o = / P._h"dB.,,
t

where hi = 2"(By — Byp, ey, for t € (t7,17,] and {7 = 5=T. Then, Lemma 10 in [7] implies
that

limE sup E(v; —u) =0.
no0<i<T

We may have the following relation:

T T T
vf(Xt):—/ h"(s,Xs)ds—i—/ vug(xs)dws+/ V(X + 2) — 0 (X, )N (dz, ds).
t t t

Letting n — oo, one has

T
—/ h"(s, Xs)ds — — / ET
t
T
/ Vol (Xs)dWs —>/ Vus(Xs)dWy
t

//Rd (Xoo + 2) — (X, )N dzds—)/ /RdusXs,—l—z ) — us(Xs— )N(dz, ds)

Thus we proof the formula for the elementary processes. The general cases can be proved by
approximation. O
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In particular the process (u:(X¢))sepo, ) admits a cadlag version which we usually denote by ¥ =
(Yi)tejo, ) and we introduce the notation Z; = Vuy(Xy) and Uy (2) = ue(Xi— + 2) —ug(X;—). As a
consequence of this theorem, with the application of Itd’s formula and BDG’s inequality, we shall
have the following result.

Corollary 2. Under the hypothesis of the preceding theorem one has the following stochastic rep-
resentation for u?, P @ P™-a.e., for any 0 <t < T,

T
ui (Xy) — ®*(Xr) = 2/ [us fs(Xs) — | Z,)° — /Uf(z)v(dz) + %|hs|2(Xs)} ds

_22/ (ur0pur) (X,) dW; — / /Rdut (Xi— +2) —u2(X,_)N(dz,dt) (5)

+ 2/T (urhy) (X,) - 4B,

T T
m 2
EE™ ( sup fus “E[/t s<us>ds}Sc[H¢||§+E/t (1705 + 1Rsl3] ds]. (6)
for each t € [0,T).

Proof. Firstly, we may represent the solution in the form

up (X)) — us (Xs) Z/aur dWl / / Up (X + 2) — un (X, )~(dz,dr)
Rd

/fr dr—/ he(X,.) - B,

By similar proof in Lemma 1.3 of [17], it follows that

t -

uf(Xt>—u§<Xs>=—2/ [ur fr(Xr) = |V, [*(X7) — |he (X Hdr—?/ (urhr) (X,) - dBy

// (up (X + 2) —up (X)) dzdr+22/ uT(?uT ) dW!
Rd

t
+/ / w}(X,_ + 2) — u?(X,_)N(dz,dr).
s JR4
Then the standard calculations of BSDE involving Young’s inequality, B-D-G inequality and Gron-

wall’s lemma give the estimate (6). O

From Corollary 2, one can easily obtain the following.

Lemma 5. Let h and h", for n € N, be L2(Rd;Rdl)—valued predictable processes on [0, T] with
respect to (-FET)tZO and such that

T T T
IE/ | hell3dt < oo, IE/ |ht||3dt < oo and lim E / | A — hy|3dt = 0.
Let (u™)nen be the solutions of the equations

dul + [Aul — nul dt + b - dB; = 0,

T
with final condition u} = 0, for each n € N. Then, one has lim E(uy)dt = 0.

n—oo 0
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Thanks to estimate (6), we can do a similar proof as that of Proposition 1 in [15] and get the
following proposition which concerns the quasicontinuity of the solution of an SPDE.

Proposition 1. Under the hypothesis of Theorem 2, there exists a function @ : [0,T] x Q x R4 —
R which is a quasicontinuous version of u, in the sense that for each € > 0, there exits a predictable
random set D¢ C [0,T] x Q x R? such that P-a.s. the section DS is open and (-, w,-) is continuous
on its complement (D<) and

P@P" ((w,w’)| 3t €[0,T] s.t. (t,w,Xs(w')) € D) <e.

In particular the process (ﬂt(Xt)) has cadlag trajectories, P @ P™-a.s.

te[0,T]

We also need the quasicontinuity of the solution associated to a random regular measure, as stated
in the next proposition. We first give the formal definition of this object.

Definition 3. We say that w € Hy is a random regular potential provided that u(-,w,-) has a
version which is reqular potential, P(dw) — a.s. The random variable v : @ — M ([0,T] x R?)
with values in the set of reqular measures on [0, T] xR is called a regular random measure, provided
that there exits a random regular potential u such that the measure v(w)(dtdzx) is associated to the
regular potential u(-,w,-), P(dw)-a.s.

The relation between a random measure and its associated random regular potential is described
by the following proposition, the proof of which results from approximation procedure used in the
proof of Theorem 1.

Proposition 2. Let u be a random regular potential and v be the associated random regular
measure. Let T be the excessive version of u, i.e. (-, w,-) is a.s. an (P)i>o -excessive function
which coincides with u (-,w,-), dtdx-a.e. Then we have the following properties:

(i) For each € > 0, there exists a (ffT)te[o,T] -predictable random set D C [0,T] x Q x R? such
that P -a.s. the section DS, is open and 7 (-,w,-) is continuous on its complement (DE)° and

PRP" ((w,w') /3t e0,T] st (t,w,X; (W)€ D) <e.

In particular the process (Ut(Xt))iejo,r) has cadlag trajectories, P @ P™—a.s.
(it) There exists a continuous increasing process A = (A¢),co) defined on Q x Q' such that

As — A is measurable with respect to the P ® P™-completion of ffT Vo(W,,r € [t,s]), for any
0 <s<t<T, and such that the following relations are fulfilled a.s., with any ¢ € D andt € [0,T],

T T
(@) (ue, 1) +/t <% (Vus, Vi) + (us, 35905)) ds = /t /]Rd ¢ (s, ) v(dsdx),
(b) Ut(Xt) =E [AT |]:t \Y2 ‘FET] — A,

d T . t ~
(¢) ug(Xy) _AT_At_;/t Oius (Xs) dW, —I—/O Us(Xs— + 2) — us(X5)N(dz, ds),
T
(@)l + [ Eu)ds = E" (g - 4)°.

T
() v(g)=E" / o (4. X)) dA,.

3. Existence and uniqueness of the solution of the obstacle problem
3.1. The weak solution

We now precise the definition of the solution of our obstacle problem. We recall that the data
satisfy the hypotheses of Section 2.3.



12 Y. Dong, X. Yang and J. Zhang

Definition 4. We say that a pair (u,v) is a weak solution of the obstacle problem for the SPDE
(1) associated to (@, f, h,v), if

(i) uw € Hy and u(t,x) > v(t,x), dP @ dt ® dz — a.e. and u(T,z) = ®(z), dP @ dz — a.e..
(ii) v is a random regular measure on (0,T) x R<.

(iii) for each ¢ € Dy and t € [0,T],

T
/ [(us,as@S)‘F‘g(USa@S)]dS_ ((I)7<PT Ut,<ﬂt / fs Usavus s) ds
t

+/tT(hs (ue, Vus) s o) - B / / v(dz, ds).

() If w is a quasicontinuous version of u, then one has

/ /Rd ) = vs (2)) v (dsdz) = 0, as.

We note that a given solution u can be writen as a sum v = u; + ug, where u; satisfies a linear
equation u; = Z/{(<I>, fu, Vu), h(u, Vu)) with f, h determined by u, while uy is the random regular
potential corresponding to the measure v. By the Propositions 1 and 2, the conditions (ii) and (iii)
imply that the process u always admits a quasicontinuous version, so that the condition (iv) makes
sense. We also note that if @ is a quasicontinuous version of u, then the trajectories of X do not
visit the set {u < v}, P @ P™-a.s.

Here it is the main result of our paper

Theorem 3. Assume that the assumptions (H), (HD2) and (HO) hold. Then there exists a
unique weak solution of the obstacle problem for the SPDE (1) associated to (®, f, h,v).

(7)

In order to solve the problem we will use the backward stochastic differential equation technics. In
fact, we shall follow the main steps of the second proof in [11], based on the penalization procedure.
The uniqueness assertion of Theorem 3 results from the following comparison result which can be
easily proved.

Theorem 4. Let &', f' v be similar to ®, f,v and let (u,v) be the solution of the obstacle problem
corresponding to (®, f,h,v) and (u',v') the solution corresponding to (®', f', h,v"). Assume that
the following conditions hold

(1) @ <P, drx®dP -ae.

(i) f(u,Vu) < f'(u,Vu), dtder@P -a.e.
(ti1) v <0/, dtde @P -a.e.

Then one has u < v, dtdr QP -a.e.

3.2. Approximation by the penalization method

For n € N, let u™ be a solution of the following SPDE
duy (z) + Auy (z)dt + f(t, z,up (z), Vui (x))dt + n(uf (x) — v(z))~ dt
F Rtz (@), Val () dB, = 0 ®)
with final condition u/, = ®.

Now set fo(t,2,y,2) = f(t,z,y,2) + n(y — ve(x))” and v"(dt,dz) = n(u}(z) — v(z)) dtde.
Clearly, for each n € N, f,, is Lipschitz continuous in (y, z) umformly in (t, :1:) For each n € N|
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Theorem 8 in [7] ensures the existence and uniqueness of a weak solution u™ € Hr of the SPDE
(8) associated with the data (®, fy, g, h). We denote by Y;" = u"(t, X}), Z, = Vu™(t, X4), Ul (z) =
uP (Xy— +2) —up(X¢—) and Sy = v(t, X¢). We shall also assume that v is quasicontinuous, so that
Y™ is P® P"-a.e. cadlag. Then (Y", AL U”) solves the BSDE associated to the data (®, f,,, h)

T T «—
Yy :<1>(XT)+/ fT(XT,YT",Z,’?)dr—i—/ he(X,, Y, Z") - dB,
t

T
—|—n/ (m”—Sf)*dr—Z/ Z7dw) — / / U™ (2)N(dz, dr) .
t A R4

t
We define K}' = n/ (Y,' — S5)"ds and establish the following lemma.
0

9)

S

Lemma 6. The quadruple (Y™, Z™, U™ K™) satisfies the following estimates
T T
EE™ |Yt"|2+/\€EIEm/ |Z:f|2dr+E1Em/ / |UP(2)|?v(dz)ds
t t R4

T T
<cBE™ [0t + [ (£ +R(X)P) ds] + e BE™ [ ypar (10
t t

+EE™ ( sup |S,[%) + SEE™ (Kf — Kp)?

where A\e = 1 — 3% — ¢, c., cs are a positive constants and € > 0, § > 0 can be chosen small enough
such that \¢ > 0 .

Proof. Applying Ito ’s formula to (Y™)2, it follows that

T T T
Yo [ izipds+ [0 ] UR@Ped)ds = @0 +2 [ Yif(s, X, Y 22)ds
t t R4 t
T T T «—
+2/ YSdK;wr/ |h(s,XS,YS",Zg)|2ds+2/ Y'hs(Xs, Y, Z1) - dBs (11)
t t

t
T T ~
— 2/ Y Z" AW, —/ / Y™ + 2% — Y |2N(dz, ds).
t t R4

Using assumption (H) and taking the expectation in the above equation under P ® P™, we obtain
t

T
E]Em|1/tn|2+1mm/ |Zg|2ds++1EEm/ U (2)|?v(dz)ds
t T JR4

T T
<E[B(X0) + cEE™ [ [IfCXP + BCXP]ds + e BE™ [y ds
t t

1
+([32+a) EEm/ |Z"| ds + EEm[ sup |S[*] + YEE"[(K} — K[')?]
t<s<T

where €, are positive constants and c. is a constant which can be different from line to line.
Finally Gronwall’s lemma leads to the desired inequality. O

Lemma 7.
5 T
BE™ (K~ K7)?) < [BE™ V2?4 03] +c. B [ (12213 + 1AS13] ds

T
+EEm/ [yr? +|Zg|2+/ U™ (2)[?v(dz)]ds .
t R4

[ S
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Proof. Let (u™)nen be the weak solutions of the following linear type equations
. ~ —
duy + Aa} + hy (uf, Vuy) -dB, = 0,

with final condition @ = 0. Set Y* = @™ (t, X;), 21" = Vu"(t, X;) and U(z) = a"(t, X;— + z) —
u"(t, X;—). Then, by estimate (6), one has

T T
E}Em[m"f +/ |Z7| ds+/ / |U;(z)|2v(dz)dt] <A (13)
0 0o Jre
T
where A = IEE’"/ |hs(Xs, Y, Z)|2ds. Since u™ — 4™ verifies the equation
0

On(uf — W) + A" =) + fu(uaf, Vup) + n(uf — o) dt = 0,
we have the stochastic representation

T T
YT —e )+ [5Gz s Ky - K-S [ (2 - 2 aws
t i t

_ /tT /R (Ug(z) — ﬁt”(z)) N(dz, ds),

from which one obtains the estimate
T
m n n m n vn 2 n n
BE™ (K} — K7') < cBE™ [ V7 + T2 + 12 (n) [+ [ (200 + Y7+ | 2217 s
t

T T T _
+/ |Zg|2ds+/ / |Ut"(z)|2v(dz)dt+/ |Ut"(z)|2v(dz)dt]
t t R4 t R4

Hence, using (13), we get
2 2 g
BEM (K} — Ky?) < B (1Y P+ 006 |+ clBen | [ [IR00)R + (P ds
t

+/tT [|Y5n|2+|Zg|2+/RdIUt"(Z)Izv(dz)]ds},

which gives our assertion. O

Lemma 8. The quadruple (Y™, Z™, U™, K™) satisfies the following estimate

T T
EE™ ( sup [Y7|*) +]EEm/ |Z2|? ds + EE™ (K;)2+EE’”/ / |U(2)[Po(dz)dt
0<s<T 0 0 R4

T
<c[l01+BE" ( sup [S.2)+E [ (L7218 + 4313 ds |
0<s<T 0

where ¢ > 0 is a constant.

Proof. From (10) and (12) we get

T T
(1—6¢)EE™ |Y]|* + (1-pB%—e—dc) EEm/ |Z™ | dr + EEm/ / \U™(2)[*v(dz)dr
t JRA

S

T
< (1+¢9) ||<I>||§+<ce+6c;)A+(c#écé)EE’”/ Y"[?ds + cs EE™ ( sup [S,[?),

s t<r<T
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T
where A = EE™ / [1£2(Xs)|? + [h2(X,)[*]ds. It then follows from Gronwall’s lemma that
t

T T
sup EE™ (|YS"|2) +]EEm/ |Zf|2dr+EEm/ / U (2)[2v(dz)dt + EE™ (K3)?
0<s<T s 0 JR4

T
<o [l + BE™ ( sup |S,)+E [ [I£205 + 1218 | ar .
0<r<T s

Coming back to the equation (9) and using Bukholder-Davis-Gundy’s inequality and the last
estimates we get our statement. |

In order to prove the strong convergence of the sequence (Y™, Z"™ U™ K") we shall need the
following essential result.

Lemma 9.

2

lim EE™ { sup_ (1" = 51)7) } —0. (14)

n—00 0<t<T
Proof. Let (u™)nen be the sequence of solutions of the penalized SPDE defined in (8). From Lemma
8, it follows that the sequence (f(u", Vu™), h(u", Vu™))nen is bounded in L2([0, T]x Qx R% RI+d1),
By double extraction argument, we may choose a subsequence which is weakly convergent to a
system of predictable processes (f, k). Moreover, we can construct sequences (f*); and (h¥); of
convex combinations of elements of the form

fE=3 aff, V), W=7 afh(ul, V)
i€l i€l
converging strongly to f and h respectively in L2([0, 7] x Q x R%R) and L2([0,T] x Q x R%; R%).
For i > n, we denote by u*™ the solution of the equation

dup™ + [Auy™ — nuy™ + nog + fi(u', Vu')]dt + he(u', Vu') - dBy = 0 (15)

with final condition u}" = vp. By comparison theorem, we know that u®" < u'. We set 4% =

Yicr, afub™ where nj, = inf I, and deduce that

k< Z aful < lim ", (16)

where the last inequality comes from the monotonicity of the sequence u”. Moreover, it is clear
that 4* is a solution of the equation

A ~ <
dik + [AGF — npal + ngoy + f5]dt+ b - dBy =0 (17)

with final condition 4. = vr.
Now we are going to take the advantage of the fact that the equations satisfied by the sequence of
solutions @* have strongly convergent coefficients. Let us denote by Y* the cadlag version on [0, 7]
of the process (ﬂk(Xt))te[O)T], for any k € N. We will prove now that there exists a subsequence
such that, for any stopping time 7 < T
lim V¥ — S5, =0, P®P"-a.s. (18)
k—o0
Since equation (17) is linear, the solution decomposes as a sum of three terms each corresponding
to one of the coefficients f*, h* v. So it is enough to treat separately each term.

a) In the case where f = 0 and h = 0, one obtains the term corresponding to v. The equation
becomes:
(0 + A) @" — ki* + kv = 0.
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It is well known that Y* has the following representation:

T
vk =E™ [e’k(T’T)ST +k / e k=g, dr gT]

-
Then, it is easy to get that limy_, }A/Tk - S, =0.

b) In the case where v =0, h = 0, the representation of Yk is given by
T . T
v}l = / e O fRE(X ) ds — / e Ik (X ) dW,
t

/ /R e (@ (X, + 2) — b (X)) N(dz, ds).

Since

[ ] < ([ dtocoras)”,

then hm sup ’ / et fh(x S)ds’ =0, P®P™-a.s.. For the second and the third term in
k=00 o<t<T

the expression of Y* we make an integration by parts formula and get

T
/ e~ nk(s— t)vu ) dW, +/ / —np(s— t) (XS_—i—z)—u (X, ))N(dz,ds)
t Rd

=e IOyl _ Uk 4 opy, / Ukeme(s=t) s
t

¢
where U} = / Vak (X, ) dw, +/ / M(Xo_42)—u¥(X,_)N(dz,ds). According to Corollary
0

1, we know that the martmgales U*, k € N converges to zero in L?, and hence on a subsequence
we have limy_, o0 Supg<; <7 |UF| = 0, ]P’ ® P —a.s.. Therefore, the desired result (18) holds also in
this case.

¢) In the case where f =0, v = 0, the representation of Yk is given by
T A — T
v}l = / e~ DR (X,) - dB, — / e VAl (X ) dw,
t

/ /Rd e T (AE (X 4 2) — A5(Xo-) ) N(dz, ds) .

On account of Lemma 5, the same arguments used in the previous cases work again.

Since Y™ is increasing and bounded, it converges to a limit process Y. Due to (16) and (18), we
see that Y, > S, for any stopping time 7. From this and the section theorem ([4], pp.220), we
deduce that Vt, Y; > S;, P®P™—a.s.. Hence, V¢, (Y;* —S;)” 0, P®P"—as.. Since Y 1Y,
if we denote by PX the predictable projection of X, then PY"™ 7 PY and PY > PS. But the
jumping times of Y™ are all inaccessible. Henceforth PY"™ = Y, where Y is the left limit process
of Y". In the same way, we have S = S_. So we have proved that PY™ A PY > PS  which
implies that (Y, — S;—)~ \( 0,P ® P"—a.s. for any ¢. Consequencely from Lemma 3, we deduce
that supge;<p(Yy* —S¢)~ — 0, a.s.. Finally, we finish the proof of the lemma, due to dominated
convergence theorem. O

Then, we have the following result.
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Lemma 10. There exists a predictable measurable set of processes (Yi, Zt, Uy, Kt)te[o,T] such that

T
BE" | sup V7 <P+ [ 127 =z s |7 - Ko
0<s<T <t<T (20)

/ /Rdwt (2)[*v (dZ)dt] —50 asn— oo

T

Moreover, we have that (Y:, Zy, Uy, Kit)iejo,1) satisfies Yy > Sy, Vit € [0, 7] and/ (Ys—S5)dK, =0,
0

PR P"—a.e..

Proof. From the monotonicity of the sequence (f,)nen and comparison theorem (see Theorem 4),
we get that u™(t,x) < u"t(t,z), dtdr @ P-a.e., therefore one has Y;* < V"™ for all t € [0, 7],
P ®P™ -a.s. Thus, there exists a predictable real valued process Y = (Yt)te[O,T] such that Y;* 1Y},
for all ¢ € [0,7T] a.s. and by Lemma 8 and Fatou’s lemma , one gets

EE" ( sup Vi) <c

0<s<T

Moreover, from the dominated convergence theorem one has

T
EIE’”/ V" — Yi|?dt — 0 as n — oo. (21)
0
Moreover, for n > p,
T T
ey [Cizz-zmpass [ U - vze)Pude)ds
t t R

T T
- / (Y7 Y2)[fo(Xa YT Z7) — fu(X0 YD, Z0))ds + 2 / (Y7~ YP)d(KT — K?)
t t

T T
+ / (X, Y, 20) — (X, Y2, 20)Pds — 23 / (VI - YPY(ZE, — 2P )W (22)
t i t
T —
+ 2/ (VI = YP)[ho(Xo, YT, Z2) — ho(X,, YE, ZP)] - dB,
t
/ / V" 4+ UM —YP —UP)2—|Y" —Y? |2N(dz,ds).

By standard calculation one deduces that

T T
E]Em/ |ZQ—Z§|2ds+E1Em/ / |U™(2) — UP(2)*v(dz)ds
t t R4
T

. . (23)
§cEEm/ Y —YP|? +4EIEm/ (Y — S5~ dK§+4EIEm/ (YP —S,)” dKY
t t t
Therefore , by Lemma 9, (21) and (23), it follows that
T T T
EEm/ |Y;" — VP |2dt + EJE’”/ |z — ZP|2dt + EEm/ / U (2) — UP(2)[Pv(dz)dt
0 0 0 Jrd (24)

— 0 as n,p— oo.

Then we can do a same argument as in Hamadéne and Ouknine [13] and obtain (10). It is obvious
that (K):efo,7) is an increasing continuous process.



18 Y. Dong, X. Yang and J. Zhang

Moreover, Lemma 9 implies that
;> S, VvVtel0,T], PP"—as., (25)

which yields that [, (Y; — S,)dK, > 0.

Finally we also have fOT(Ys — Ss)dKs = 0 since on the other hand the sequences (Y"),>¢ and
(K™),>0 converge uniformly (at least for a subsequence) respectively to Y and K and

T T
o= saarz = —n [ (v -5y <o,
0 0

Proof of Theorem 3: Since

T T
|t =+ e —abyar =B [y -¥PR 120 - 2P+ [ 0P - UG Potaslat,

by the preceding lemma, one deduces that the sequence (u™),en is a Cauchy sequence in L?(Q x
[0,T); H'(R4)) and hence has a limit u in this space. Also from the preceding lemma it follows
that dK}* weakly converges to dK;, P ® P — a.e.. This implies that

T
hm/ / — )" p(t,x) dtde = hmEm/ o (Xy)dK} —/ / (t, z)v(dt, dz),
Ré 0 Ré

where v is the regular measure defined by

/OT /Rd o(t,z)v(dtdz) = E™ /OT ou(X1) dEK.

Writing the equation (8) in the weak form and passing to the limit one obtains the equation (7)
with v and this v. The arguments we have explained after Definition 4 ensure that u admits a
quasicontinuous version . Then one deduces that (u:(X¢))¢cjo,7] should coincide with (Y).eo, 17,
P ® P™—a.e.. Therefore, the inequality Y; > Sy implies u > v, dt ® P ® dx—a.e. and the relation

fOT (Y; — S¢)dK: = 0 implies the relation (iv) of Definition 4. O
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