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1. Introduction

Our aim is to prove the existence and uniqueness result for the following OSPDE with
Neumann boundary condition that we write formally as:

arXiv

dug(x) = 0; (@i j(x)05ue(x) + gi(t, x,u(x), Vg (x))) dt + f(t, z,ue(x), Vug(x))dt

“+oo
+ Zhj(t,a:,ut(a:),Vut(x))dBt], V(t,z) € RT x O,
j=1

> (i 0ui(x) + gilt, , wy(x), Vue(2)))ni(2) = U(t, 2, w(x)),  V(t,z) € RT x 00,
i,J

u(z) > Sy(z), V(t,z) € RT x O,

ug(r) = &(x), Ve O,

(1)
where 7i(x) = (n1(z), na(x), ..., ng(z)) is the outer normal to @ C RY at = € dD and we also
use the notation % =2 i j0ju(x)ni(x). a = (ai;)1<ij<d 1s a symmetric bounded
measurable matrix which defines a second order operator on O, with Neumann boundary
condition. The initial condition is given as ug = £, a L?(O)—valued random variable, and
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f,9="(91,...,94) and h = (hq,...h;,...) are non-linear random functions. Given an obstacle
S :Qx[0,T] x O — R, we study the OSPDE (1), i.e. we want to find a solution that
satisfies "u > S" where the obstacle S is regular in some sense and controlled by the
solution of a stochastic partial differential equation (SPDE for short).

The obstacle problems for SPDEs have been widely studied since Nualart and Pardoux
obtained the existence and uniqueness of solution for the obstacle problem with the diffu-
sion matrix a = I (|20]). Then Donati-Martin and Pardoux [12] proved it for the general
diffusion matrix. Various properties of the solutions were studied later in [8], [25], [26] etc..
As backward stochastic differential equations (BSDEs for short) were rapidly developed,
obstacle problem associated with a nonlinear partial differential equation (PDE for short)
with more general coefficients, and the properties of the solutions for OSPDEs were studied
in the framework of BSDEs (see [13], [4], [18], etc.).

This article is motivated by a serial research of the obstacle problems ([11], [18], etc.). The
approach used in [18] is based on the probabilistic interpretation of the solution presented
by backward doubly stochastic differential equations (BDSDEs for short). In [11], the au-
thors studied the OSPDE with null Dirichlet condition on an open domain in R?. Their
method was based on the technics of parabolic potential theory developed by M. Pierre
([21], |22]). Inspired by this analytic method, we will continue the study on this obstacle
problem but with Neumann boundary condition in this paper. The key point is to con-
struct a solution which admits a quasi-continuous version defined outside a polar set and
the regular measures which in general are not absolutely continuous w.r.t. the Lebesgue
measure, do not charge polar sets. Due to the Neumann boundary condition is considered,
the boundary behavior of the solution should be estimated, and thanks to trace theorem,
this term can be controlled, with leads to the contraction condition on the coeflicients
should be strengthened in some sense.

The remainder of this paper is organized as follows: in the second section, we set the
assumptions then we recall in the third section some useful results on SPDEs with Neumann
boundary condition. In Section 4, we introduce the notion of regular measures associated
to parabolic potentials. The quasi-continuity of the solution for SPDE without obstacle
is proved in the fifth section. The last section is devoted to proving the existence and
uniqueness result, and Itd’s formula and comparison theorem are also established.

2. Preliminaries

We consider a sequence ((B!(t))¢>0)ien+ of independent Brownian motions defined on a
standard filtered probability space (Q, F, (F¢)>0, P).

Let O C R? be a bounded open domain with a smooth boundary and L?(O) the set of
square integrable functions with respect to the Lebesgue measure on O, which is an Hilbert
space equipped with the scalar product and norm as follows

u,v) = u\x)vlix)ax ull = U2Jf I‘l/2.
(4, ) /o”“d’ Ju </O (2)dz)

We assume the boundary 0O of O is smooth, and define a Hilbert space L?(00) with the



scalar product and norm as follows
(u,v) 12 (00) = / uw(@)v(z)do(z),  lullr290) = (/ u?(w)do(x))'/?,
00 00

where do(z) is the Lebesgue measure in R4,

For the simplicity of the notations, we sometimes also denote (-, -)r2(50y and | - [[z2(s0) by
(-,-) and || - ||. But it will be clear which space we are referring to from the context.

We assume that a = (a;j)1<i j<a is a smooth symmetric matrix defined on O satisfying
the uniform ellipticity condition

d
)‘|£|2 < Z az,j(x)ézgj < A|£|27 Vo € @7 g € Rda
i,j=1
where A and A are positive constants.

Consider the second order generator (A, D(A)) with null Neumann boundary condition,
where
D(A) = {u € L*(0)|Au € L*(0) and > a; ;0;un; =0 on JO}
Y]

and 5 5

U
Au = div(a; ;Vu) = —(aij=——).
J ZZ’]: al‘l J 8:Ej

Let (F, &) be the associated Dirichlet form given by
F:= HY(0) := {u € L*(0)|Vu € L*(O) in weak sense}

and
n

E(u,v) == Z (a; j05u,0;v) and E(u) = E(u,u), Yu,v € F.
ij=1

The semigroup associated with (A, D(A)) on L?(O) is denoted by {P}+>o.
We have the following theorem (Theorem 7.26 in [14] and Theorem 5.22 in [1]):
Theorem 1. Let O be a smooth bounded domain in R?. Then

(1.) if 0 <m < k — % < m+ 1, the space H*(O) is continuously imbedded in C"™*(0),

with o« = k —d/2 —m;

(2.) The trace operator Tr admits a continuous extension from H'(O) to L*(90).
Note that for any | € L?(D0), one can associate it with an element [ € H~(©) (the dual
space of H'(0)) by l(u) = [, l(z)u(x)do(x), for any u € H'(O). Due to the continuity
of the trace operator, we have ||I|| -1 < 177 (|12l 22 50
We assume that we have predictable random functions

FRTxOxOxRxRI SR,
g=(g1,.90) Rt x 2 x O xR xR - RY,
h=(hi,...hi,..) : RTxQx O xRxRY— RV,
I:RTxQx00xR—R.
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In the sequel, | - | will always denote the underlying Euclidean or [?—norm.
Assumption (H): There exist non-negative constants C, «, 3, € such that for almost
all w, the following inequalities hold for all (z,y, z,t) € O x R x R? x RT:

L. |f(t,w,x,y, Z) - f(tvwv$7ylvzl)| < C(|y - y,| + |Z - Z,|)7

2. (szzl \g,-(t,w,x,y,z) - gi(trwvxvy/vz/)‘2)% S C‘y - y/’ + 04’2 - Z/‘7
3. (|h(t,w,2,y,2) — h(t,w, 2,5/, 2)?)2 < Cly — /| + Blz — 2/,
|l(t,w,x,y) - l(t7w7$7y/)| < 0|y - y,|7

5. the contraction property: 2a + 82 + 2||T7||?0 < 2.

e~

Remark 1. The last contraction property ensures existence and uniqueness for the solution
of the SPDE without obstacle. (see [10])

Assumption (I): Moreover we assume that for any 7' > 0,
£ € L*(Q x 0) is an Fy-measurable random variable;
f(++0,0) := f0 € L*([0,T] x Q x O;R);
9(,,0,0) = (g1, .., ga) € L*([0,T] x Q x O;RY);
h(-,+,+0,0) i= (hY,...hY,...) € L*([0,T] x Q x O;R™Y);
I(-,-,0) := 19 € L*([0, T] x Q x dO;R).

Now we introduce the notion of weak solution. For simplicity, we fix the terminal time
T > 0. We denote by Hr the space of H'(O)-valued predictable processes (u;)¢>0 which
satisfies

T
E sup |w|*+E E(uy)dt < +00.
te[0,T 0

It is the natural space for solutions.

The space of test functions is denote by D = C°(RT) ® C?(0), where C2°(R™) is the space
of all real valued infinite differentiable functions with compact support in R* and C?(O)
the set of functions in C%(O) all of whose derivatives of order less than or equal to 2 have
continuous extensions to O.

3. Linear SPDEs with Neumann boundary condition

In this section, we recall some results concerning the linear SPDEs with Neumann bound-
ary condition. First, consider the equation with regular coefficients and null Neumann
boundary condition:

duy(x {Auta:
Za” )0jui(x)n ()

uo<w> =¢ Vzeo,

with f,h' € L2([0,T] x Q x O;R). According to Theorem 5.4 in [7], we know that (2) has
a unique weak solution which can be written as:

t,x)}dt + h'(t,x)dBy;, Y(t,x) € RT x O,
+

t t
up = P&+ / Py_sfsds + Pt—shgdB; ) a.s..
0 0



Note that in this case, u belongs to Hr.
For more general case,

duy(z) = {Auy(z) + 9,'(t,x) + f(t,x) }dt + h'(t,x)dB;, V(t,z) € RT x O,
Z(ai,j(x)ajut(x) +gi(@))ni(z) = L(z), Y(t,x)€RT x O, (3)

up(z) =¢, Ve,
with f,ht,g" € L2([0,T] x 2 x O;R) and [ € L*([0,T] x Q x dO; R). By the linearity of the

coefficients, it is easy to see that the weak solution u can be decomposed into u = uy + uo,
where w; is the solution of (2) and ug is the solution of PDEs without random coefficients:

duy(z {Aut + 9ig' (t, x }dt Y(t,z) € RT x O,
E]%A@@WQﬂ+%@Dm@ﬂ=h@% ¥(t,2) € R x 90, (4)
.3
up(x) =&, VreO.
Now we assume that the coefficients £, f, g and h are smooth and h =), Piliey, ) With
hi being F;, -measurable and smooth in . For the purpose of later discussion, we will show

that the associated solution u has a continuous version in (t,z). First, let us recall some
results of deterministic PDEs:

du? (x {Aut x) + 0;g'(t z)}dt, V(t,z) e R x O,
Z(ai,j(x)ajut (x) + gt(x))ni(:n) =l(z), V(t,x) € RT x 90, (5)

up(x) =&, VreO.

According to Theorem 5.18 in [16], if 9;¢° € Cy, | € C14 and € € Cayy, then the solution
of (5) belongs to Cayq, where C,, is the Holder space defined in Section 4.1 of [16]. This
implies that the solution ug of (4) is continuous for almost all w. Due to the definition of
h', it is easy to see that P,hl(x) is continuous in space-time variables on any time interval
[tk, ti+1). Hence, the Itd integral fo P,_shi(x)dB! is continuous in space-time variables and
belongs to Cy,, for any t. Moreover, if f € C,, the solution uy of (2) belongs to Coyq,
P-a.s.. Thus, we can deduce that u has a continuous version with respect to (¢, ).

At last, Itd’s formula for the solution of (3) is proved.

Lemma 1. Let u be the solution of (3) and ® : R* x R — R be a function of class C12.
We denote by ® and ®" the derivatives of ® with respect to the space variables and by %—‘f

the partial derivative with respect to time. We assume that these derivatives are bounded.
Let u be a weak solution of (3). Then, P-a.s. for allt € [0,T],

O(t, uy(x))dr + tS((I)’(s,us),us)ds: ®(0,&(x))dx + t 8—<I>(s,us(az))dycds
/(9 / / // 0s

/t( '(5,us), fsds—Z//é”sus ))Oius(z)gl(x d:l?ds—l—Z/ (5,us), h;)dB?
uﬁ@ ol <“‘M-§//@%% ) (b ()P dads.
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Proof. The proof is similar to Lemma 7 in [10] and Theorem 4.17 in [7]. Thus we only give
a sketch of it. Let 0 = tg < t1 < to < ... < t,_1 < t, = t be a partition of time interval
[0,t] and A := max;—12__n |ty —tg—1|. Then, P —a.s

n

O(t,up(x))de — | ®(0,&(z))dx = Z ( D (t, up, ())dr —
@ @ @

‘I’(tk—hutkfl(x))dﬂ?)
k=1 o

1 { o g_f(tk—l, ugy,_, (7)) (te — tp—1)dz + /o O (th—1,uyy_, (%)) (g, (2) — ugy_, (2))dz

+
s—~T
DO =

(bt (0)) (g, (2) = wr,_, (2))Pdaf + 0(A).

Since u is a weak solution of (3), we have

12
/O‘I"“k—wtk1<:c>><utk<x>—utkAx»dz:— [ @t ) s
th t
@ s)ds = s Ut (7)) 0y, (7)gg(x)dzd
+/tk:1( (tklautkl)f)S /tkl/ tklut (x))0iuy ()g():z:s

= o ti
—l—Z/ (@'(tk_l,utkl),hg)ng—i—/ / P (tg—1,ut, ,(z))ls(x)do(x)ds.
j=1 0 ty—1 J OO

Thus, letting A — 400, we have, P — a.s

[ 0P brood
Z/ — (th—1, ug_, (2))(ty, — to—1)dx —>/ / — (s, us(x))dxds,
1 O 0s o Jo 0s

' (ty1,ut,_, () (ur, () — ug,_, ())dz

k=1
o Otg(ap (5, s), us)ds—l—/t( (5, us), f ds—Z/ / (5, us(2))Ostus (2)g" (x)dads
+::/Ot(<13(sus ), hl)dB] + //80 (s, us(2))ls(x)do () ds,

Z/ "tg—1 e, () (ug, (2) —ug,_, ( da:—) Z/ / D" (s, us(z ( ))2dazds.

Combine the three equalities above, we get the desired relation. O

Remark 2. As we have the Ité formula, the following estimate for the solution of (3) can
be easily deduced:

T T
Bswplul?+ 5 [ etw)r < CE (W2 + [ NAIP + llall? + 1kdl? + ilPae ), @

where the constant C' only depends on the constants in Assumption (H), T and d.



4. Parabolic potential analysis
4.1. Parabolic capacity and potentials
In this section we will recall some important definitions and results concerning the obstacle

problem for parabolic PDE in [21] and [22].
KC denotes L>=(0,T; L?(O)) N L?(0,T; H'(0)) equipped with the norm:

HUHIzC = HUH%M(O,T;B((Q))‘|’HU‘|%2(0,T;H1((9))
T
— swp Hthz—i-/ (leell? + £(wr)) dt.
te[0,7] 0

C denotes the space of continuous functions on compact support in [0,7[xO and finally:

W= {p e 20,7 HY0): % € 10,1 H(O)),

endowed with the norml|¢[3, = |12, 7 + ”8_90“22 H-1(O))-

or:a (0) T g 1L20,m:H-1(0))
It is known (see [17]) that W is continuously embedded in C([0,T]; L*(0)), the set of
L?(O)-valued continuous functions on [0,7]. Without ambiguity, we will also consider
Wr = {p € W;p(T) =0}, WH = {p € W;p >0}, Wf = WrnW+.
We now introduce the notion of parabolic potentials and regular measures which permit
to define the parabolic capacity.

Definition 1. An element v € K is said to be a parabolic potential if it satisfies:

v + T iy T
v eWr, _(Eavt)dt + E(pr,v)dt > 0.
0 0

We denote by P the set of all parabolic potentials.
The next representation property is crucial:

Proposition 1. (Proposition 1.1 in [22]) Let v € P, then there exists a unique positive
Radon measure on [0,T[xO, denoted by v, such that:

T 9 T T
Yo e WrNC, / (——==,v)dt —1—/ E(p,v)dt = / / o(t, z)dv’.
0 ot 0 0o Jo

Moreover, v admits a right-continuous (resp. left-continuous) version v (resp. v) : [0,T]
L*(0) .

Such a Radon measure, V¥ is called a regular measure and we write:

v OV
v —E—A'L)

Remark 3. As a consequence, we can also define for all v € P:

v = %ﬁlTI%"l vy € L2(O)
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Definition 2. Let K C [0,T[xO be compact, v € P is said to be v—superior than 1 on
K, if there exists a sequence v, € P with v, > 1 a.e. on a neighborhood of K converging

to v in L?(0,T; H(0)).
We denote:
Sx ={v € P; visv— superior to1 on K}.

Proposition 2. (Proposition 2.1 in [22]) Let K C [0, T[xO compact, then S admits a
smallest v € P and the measure vy, whose support is in K satisfies

T T
/ / dvy. = inf{/ / av’; v e i}
0o Jo veP Jo JO

Definition 3. (Parabolic Capacity)

o Let K C[0,T[xO be compact, we define cap(K) = fOT Jo v
e let O C [0,T[xO be open, we define cap(O) = sup{cap(K); K C O compact};
e for any borelian E C [0, T[xO, we define cap(E) = inf{cap(O); O D E open}.

Definition 4. A property is said to hold quasi-everywhere (in short q.e.) if it holds outside
a set of null capacity.

Definition 5. (Quasi-continuous)
A functionu : [0, T[xO — R is called quasi-continuous, if there exists a decreasing sequence
of open subsets Oy, of [0, T[xO with:

1. for all n, the restriction of u to the complement of O, is continuous;
2. lim,, 4o cap (Oy) = 0.

We say that uw admits a quasi-continuous version, if there exists i quasi-continuous such
that © = u a.e..

The next proposition, whose proof may be found in [21] or [22] shall play an important
role in the sequel:

Proposition 3. Let K C O a compact set, then V¥t € [0, T

cap({t} x K) = Xa(K),

where \q is the Lebesgue measure on O.

As a consequence, if u : [0,T[XxO — R is a map defined quasi-everywhere then it defines
uniquely a map from [0,T[ into L*(O). In other words, for any t € [0,T[, u; is defined
without any ambiguity as an element in L?(O). Moreover, if u € P, it admits version @
which is left continuous on [0,T] with values in L*(O) so that up = ip- is also defined
without ambiguity.

Remark 4. The previous proposition applies if for example u is quasi-continuous.

Proposition 4. (Theorem II1.1in [22]) If p € W, then it admits a unique quasi-continuous
version that we denote by p. Moreover, for all v € P, the following relation holds:

T
/ @dvY = / (=0wp,v) + E(p,v) dt + (o1, v7) .
[0,T[xO 0



4.2. Applications to PDE’s with obstacle

For any function ¢ : [0, T[xO — R and ug € L*(O), following M. Pierre [21, 22|, F. Mignot
and J.P. Puel [19], we define

k(1 up) = essinf{u € P; u > ¢ a.e., u(0) > ugp}. (7)

This lower bound exists and is an element in P. Moreover, when 1 is quasi-continuous,
this potential is the solution of the following reflected problem:

HGP) /127[), %—A/{:()and%:()on{u>¢}, K/(O):uo.

Mignot and Puel have proved in [19] that x(v), ug) is the limit (increasingly and weakly in
L%(0,T; H'(0))) when € tends to 0 of the solution of the following penalized equation

Ou, (UE - 1/})_ o Ou, N
ar A ¢ duy,

ue €W, ue(0) = o,

Let us point out that they obtain this result in the more general case where v is only
measurable from [0, 7] into L?(0O).

For given f € L2(0,T; H1(0)) and I € L2(0,T; L*(90)), we denote by ri! the solution
of the following problem:

Ok

k€W, k(0) = ug, i

Aﬁzﬁggzb

The next theorem ensures existence and uniqueness of the solution of parabolic PDE with
obstacle, it is proved in [21], Theorem 1.1. The proof is based on a regularization argument
of the obstacle, using the results of [6].

Theorem 2. Let ¢ : [0,T[xO — R be quasi-continuous, suppose that there exists ( € P
with [¢| < ¢ ace., f € L20,T; H-1(0)),l € L*(0,T; L*(00)), and the initial value ug €
L2(0) with ug > ¥(0), then there exists a unique u € k! + P quasi-continuous such that:

fil

T
U(O) = Uo, u 2 w7 q.€.; /0 /(\9(71 - ,l;)dyu—l{u() =0

We end this section by a convergence lemma which plays an important role in our approach
(Lemma 3.8 in [22]):

Lemma 2. Ifv" € P is a bounded sequence in K and converges weakly to v in L?(0,T; H*(0));
if u is a quasi-continuous function and |u| is bounded by a element in P. Then

T . T
lim / / udv? = / / udv’.
n—+oo Jo JO o Jo

Remark 5. For the more general case one can see [22] Lemma 3.8.
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5. Quasi—continuity of the solution of SPDE without obstacle

Under assumptions (H) and (I), SPDE (3) with Neumann boundary condition admits a
unique solution in Hy. We denote it by U(&, f, g, h,1).
The main theorem of this section is the following:

Theorem 3. Under assumptions (H) and (I), u = U(E, f,g,h,1) the solution of SPDE
(8) admits a quasi-continuous version denoted by @ i.e. u =4 dP ® dt ® dr—a.e. and for
almost all w € Q, (t,z) — G(w,x) is quasi-continuous.

Before giving the proof of this theorem, we need the following lemmas. The first one is
proved in [22]|, Lemma 3.3:

Lemma 3. There exists C > 0 such that, for all open set ¥ C [0,T[xO and v € P with
v>1a.e ond:

capd < o}

Let k = k(u,u™(0)) be defined by relation (7). One has to note that « is a random function.
From now on, we always take for k the following measurable version

Kk = supv”,
n

where (v™) is the non-decreasing sequence of random functions given by

%Ltt = Av} + n(v} —u)~,
ov" n (8)
% = O, Vg = U (O)

Using the results recalled in Subsection 4, we know that for almost all w € Q, v"(w)
converges weakly to v(w) = k(u(w),u™ (0)(w)) in L*(0,T; H'(O)) and that v > u.

Lemma 4. We have the following estimate:
2 2 2 g 0)]2 02 02 012
E|lx]l} sc(Euuo*n + Elluo|? + E /0 LFOUZ + g2l + 121 +\|ztuL2(ao>dt),

where C' is a constant depending only on the structure constants of the equation.

Proof. All along this proof, we shall denote by C or C, some constant which may change
from line to line.

Consider the approximation (v"),, defined by (8), P-almost surely, it converges weakly to
v = k(u,ut(0)) in L2(0,T; H'(O)). We remark that v™ —u satisfies the following equation:

d +o00
d(vf —up) — A} — w)dt = — fydt = > digidt — > " hldB] + n(v} — )~ dt,
i=1 j=1

Z(ai,jaj(vf —ug) — g)ni = — .

Z‘?j



11

Applying Ito’s formula (Lemma 1) to (v™ — u)?, we have almost surely, for all ¢ € [0, 7],

t t
o — wel? + 2 / £ — ug)ds = |lug — up|l? — 2 / (o — g, f)ds
0 0

d_ rt t t
223 [ —udgds+ [ NnliPas =2 [ o —udppods ()
i=1
too et _ _ t
—22/ (U?—us,hg)ng—i-Q/ (n(vy —us) ™, vy — ug)ds.
oo 0

The last term in the right member of (9) is obviously non-positive and noting that

(Is, v —us) 200y < Wsllz200)llvs — usllzz0y < 117 ([|lsl 2200y v — usll 1 (0,

then, taking expectation and using Cauchy-Schwartz’s inequality, we get
c t
Ello} — w|? + (2 — X)E/ £ — ug)ds
0
t t
<Eluf — wl + CE [ o~ wnlPds + CE [ s, u)[32qa0yds
0 0
t t t
+E/ Hfs(us,vus)H?dHcEE/ |Hg5(u5,Vu5)]H2ds+E/ s ats, V) 2.
0 0 0
Therefore, by using the Lipschitz conditions on the coefficients, we have
c t
Bl —uilP+ 2= DE [ £ - u)ds
0
t t t
< Ellug —uo|® + C’E/ o — g |2ds + (J(E/ |2 + E/ £ (u)ds)
0 0 0
t
+CE/0 (LS + Mg 11+ MR + 12117200 ) ds -
Combining with (6), this yields
n 2 € ! n + 2 ! n 2
Elvf —w|]* + (2 — X)E E(y —ug)ds < Ellug —uw||*+CE [ |Jv] — us||*ds
0 0
2 ooy 0112 0112 02
+ CE(Jluo|* + /0 (A2 + Mg 12 + WAL + 121132 o)t )-

We take now e small enough such that (2—§) > 0, then, with Gronwall’s lemma, we obtain
for each t € [0, T

Bllop —wll? < CeT (Eluf — ol + Elfuol

T
+ B [N+ N+ NI + 11 )
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As we a priori know that P-almost surely, (v"), tends to s strongly in L%([0,7] x O),
the previous estimate yields, thanks to the dominated convergence theorem, that (v™),
converges to  strongly in L?(2 x [0,7] x O) and

sup Bl — w|? < CeT (Bllug — ol + Elluo
te[0,7

T
+ B [ IR+ NI+ NAEIIE + 11 o).

Moreover, as (v"),, tends to x weakly in L?([0,T]; H*(O)) P-a.s., we have for all t € [0, T):

T T
E/ E(ks —ug)ds < lim infE/ E(vy —ug)ds
0 " 0

T
< TC T (Bl — ol + Elluoll* + E/o LEIZ g 2 + SN + 1122 a0yt )-

Let us now study the stochastic term. Define the martingales
+o00 ¢ too
M{‘:Z/( — g, hl)dB] and M, = Z/ — g, hl)dB].
j=1""

Then

T+oo T
M — M) = B / P ds B [ o2 Pl s
0

Using the strong convergence of (v") to k we conclude that (M™) tends to M in L? sense.
Passing to the limit, we get, almost surely, for all ¢ € [0, T7,

t t
e =l + 2 [ £, — s < g = wol? =2 [ (s — s, f)ds
0 0

d t t
+2) /0 (i (ks — us), gt )ds — 2 / (Ks — s, Ls) 12(00)ds
=1

+oo t
—22/(55—%,;# \ABI + / 17 [2ds.
j=1""

As a consequence of Burkholder-Davies-Gundy’s inequalities, we get

T+00

+o0
E sup |Z/ s — Ug, h1)dB| <C’E/ Kos — s, h?)2ds]'/?
t€[0,T]

T
< CE[ sup |5 — ul( / I e2de) /2]
te[0,7] 0

T
< ¢E sup |xi — wll’ + C.E / 1|2,
te[0,T) 0
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By Lipschitz conditions on h and (6) this yields

+oo ¢
E sup ’Z/ (ks = us, hs)dBs| < €E sup HHt—UtHH2+C<EHUOH2
te0,7] =770 t€[0,T]
g 02 012 012 02
B [ (1P + a1+ DAEIIE + 120y )
Hence,

T
(1—€)E sup ||r —wl|® + (2 — E)E/ E(ky — uy)dt
t€[0,T] A Jo

T
< C(Blug —wlE+ B [ (15217 + g1+ 111 + 18152 o))

We can take € small enough such that 1 —e >0 and 2 — § > 0, hence,

T
E sup ||/€t—ut\|2+E/ E(ky — uy)dt
t€[0,7] 0

T
<O (Bl —wll*+ Bllol + B [ (LI + 1117 + NI + 12032 00y
Then, combining with (6), we get the desired estimate:

T
E sup |[ke|> +E [ E(xy)dt
t€[0,T) 0

T
<C(BIIE+ 2 [ QU2+ oI + 1 + W2 o))

O

Proof of Theorem 3: Let (ug)n, (f")n, (¢")n, (K™), and (I™), are sequences of smooth
elements in L2(Qx [0,7]; L?(0)) and L?(Q2x [0, T]; L*(90)) respectively which converge re-
spectively to ug, f, g, hand land h =), Py, by, ) With hy being Ft, -measurable. For all
n € N* we define u™ = U(ug, f™, g", h", ™). From Section 3, we know that u™ is P-almost
surely continuous in (¢, ). Then we can do a similar argument as in [11] to end the proof of
Theorem 3. g

6. Existence and uniqueness result
6.1. Weak solution

Assumption (O): The obstacle S is assumed to be an adapted process, quasi-continuous,
such that Sy < & P-almost surely and controlled by the solution of a SPDE, i.e. Vt € [0, 7],

Sy < S (10)
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where S’ is the solution of the linear SPDE

d —+o0
dS; = ASjdt + fidt +  dyg} dt + Y 1 ,dB],
i=1 j=1 (11)
3 (@i j9;5)(x) + ghmi = U'(t,x), S'(0) = S},

2

where S)) € L?(2 x O) is Fo-measurable, f’, ¢/, b’ and I’ are adapted processes respectively
in L2([0,T] x 2 x O;R), L2([0,T] x Q@ x O;R?Y), L2([0,T] x Q x O;RY") and L2([0,T] x
2 x 00;R).

Remark 6. Here again, we know that S" uniquely exists and satisfies the following esti-
mate:

T T
E sup ||5£H2+E/0 £(S)dt < CE [IIS()II2 +/0 (L2 + Mgt + R + 11z 00, )t | -

t€[0,7]
(12)
Moreover, from Theorem 3, S' admits a quasi-continuous version.
Let us also remark that even if this assumption seems restrictive, since S’ is driven by the
same operator and Brownian motions as u, it encompasses a large class of examples.

We now are able to define rigorously the notion of solution to the problem with obstacle
we consider.

Definition 6. A pair (u,v) is said to be a solution of OSPDE (1) if

1. w € Hy and u(t,z) > S(t,z), dP @ dt ® dz — a.e. and up(xr) =&, dP @ dx — a.e.;
2. v is a random reqular measure defined on [0,T) x O;
3. the following relation holds almost surely, for all t € [0,T] and V¢ € D,

t t d rt
<%w—@m—é%@%m+/a%%m+24@@%m

/(fs,gos ds—l—/ ls(x)ps(x)do(x dS—i—Z/ I pg)dBI + //gps v(dz,ds);

4. w admits a quasi-continuous version, 4, and we have

/OT /@<ﬂ<8=w> = 8(s,2))v(dw,ds) =0, as.

In order to apply the penalized method to obstacle problem (1), we need the following
comparison theorem for the solution of (3), which can be easily obtained by It6’s formula.

Theorem 4. Let &', f',1' be similar to &, f,1 and let u be the solution of (3) corresponding
o (& f,g,h,1) and v be the solution corresponding to (&', f',g,h,l"). Assume that the
following conditions hold:

1. £ <&, dr®dP — a.e.;
2. f(u,Vu) < f'(u,Vu), dt @ de @ dP — a.e.;
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3. l(u) <U'(u), de®@dP — a.e..
Then, for all most all w, u(t,z) < u'(t,z), q.e..

As we have Itd’s formula and comparison theorem for the solution of SPDE (1) without
obstacle, we can make a similar argument as Section 5 in [11]. More precisely, we first
establish the result in the linear case. Then, we prove an It6 formula for the difference
of two solutions of (linear) OSPDEs and finally conclude the following result thanks to a
Picard iteration procedure:

Theorem 5. Under assumptions (H), (I) and (O), there exists a unique weak solution
of OSPDE (1) associated to (&, f,g,h,l,S). We denote by R(&, f,g,h,l,S) the solution of
OSPDE (1) when it exists and is unique.

6.2. Ito’s formula

We can establish the following It6 formula for the solution of OSPDE (1). The proof is
similar to that in [11].

Theorem 6. Let u be the solution of OSPDE (1) and ® : RT x R — R be a function of
class Cl 2. We denote by @' and ®" the derivatives of ® with respect to the space variables

and by the partial derivative with respect to time. We assume that these derivatives are
bounded Then P-a.s. for all t € [0,T],

O(t,up(z))de + [ E(P'(s,us),us)ds = [ ®(0,&(x))dz + — (s, us(x))dxds
/s / J; L5

" /Ot(<1>’(3, us), fs)ds - i: /Ot /(9 " (s, us(x))Ous(x)gi(x)drds
+§/Ot(<1>'(s,us dBI + //80 (s, us (2))ls (x)do () ds

+%§/Ot/o@”(s,us(x)) dxds—ir/ / v(dads).

6.3. Comparison theorem

The above Ité formula naturally leads to a comparison theorem, the proof is similar to the
Dirichlet case (see Theorem 8 in [11]). More precisely, consider (u1 vh =R fLog, b, 1L, ST
the solution of the SPDE with obstacle

d
du} (z) = Au} (x)dt + f1(t, z, ul (x), Vul (x))dt + Z Digi(t, z,ul (), Vul (z))dt
i=1

+Zh t,z,ub (x), Vui (2))dB) + v (z, dt),

Z(ai,jajut (@) + gy (@))ni = I(t, @),
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where we assume (&%, f1, g, h, 11, S1) satisfy hypotheses (H), (I) and (O).
We consider another coefficient f? which satisfies the same assumptions as f!, another
obstacle S? which satisfies (O), another initial condition &2 belonging to L?(Q x O) and

Fo adapted such that ¢€2 > S2 and another boundary coefficient [? satisfying the same
assumption as I'. We denote by (u?,?) = R(€2, f2,g,h,12,5?%).

Theorem 7. Assume that the following conditions hold
1. €1 <€, de®dP —a.e.;
2. fut, Vul) < f2(ul, Vul), dt @ de @ dP — a.e.;
3. 1Mu) < 1?(u), dt ® dr @ dP — a.e.;
4. S'< 8% dt®dr®dP — a.e..

Then, for almost all w € Q, u'(t,x) < u?(t,z), q.e..

Remark 7. Applying the comparison theorem to the same obstacle gives another proof of
the uniqueness of the solution.
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