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SOLUTIONS TO SUBLINEAR ELLIPTIC EQUATIONS
WITH FINITE GENERALIZED ENERGY

ADISAK SEESANEA AND IGOR E. VERBITSKY

ABSTRACT. We give necessary and sufficient conditions for the
existence of a positive solution with zero boundary values to the
elliptic equation

Lu=ocu?+pu in €,
in the sublinear case 0 < ¢ < 1, with finite generalized energy:

E,lu] = [,|VulPuv'"'dz < oo, for v > 0. In this case u €
LYT4(Q,0) N L7(, i), where v = 1 corresponds to finite energy
solutions.

Here Lu := —div(AVu) is a linear uniformly elliptic operator

with bounded measurable coefficients, and o, p are nonnegative
functions (or Radon measures), on an arbitrary domain 3 C R”
which possesses a positive Green function associated with L.

When 0 < v < 1, this result yields sufficient conditions for the
existence of a positive solution to the above problem which belongs
to the Dirichlet space Wy ?(Q) for 1 < p < 2.

1. INTRODUCTION
We consider the elliptic equation
(1.1) Lu=ocu'+p in Q uw=0 on 09,

in the sublinear case 0 < ¢ < 1. Here Q is an arbitrary domain (a
nonempty open connected set) in R, n > 2, which possesses a positive
Green function, and o, pu are nonnegative locally integrable functions,
or more generally, nonnegative Radon measures in €2. This class of
(locally finite) measures is denoted by M™(€2).

The operator Lu := — div (AVu) with bounded measurable coeffi-
cients is assumed to be uniformly elliptic, i.e., A : @ — R"™" is a
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real symmetric matrix-valued function on €2, and there exist positive
constants m < M such that

(1.2) mlg]* < A(z)g - € < Mg,

for almost every x € () and every £ € R".

Both homogeneous (¢ = 0) and inhomogeneous equations (u # 0)
will be studied simultaneously. The latter case involves a nontrivial
question regarding interaction between o and p (see Lemma 4.3 below).

We denote by W,*(Q) (1 < p < 0o) the homogeneous Sobolev (or
Dirichlet) space defined as the closure of C§°(€2) with respect to the
seminorm ||u||W01,p(Q) = |[Vul| ()

An indispensable tool in our study is the notion of the generalized

energy. Suppose u is a positive Green potential, i.e., u = Guw for
w e MT(Q) with w # 0,

Guw(z) := /QG(x,y) dw(y), z €,

where G is a positive Green function associated with £ (see [11]).
As we will show below (see Theorem 3.1), the condition

(1.3) E.[u] = / VuPu de < 400, 4> 0
is equivalent to the geneerized Green energy &,[w] being finite,
(1.4) Ew] = /Q(ch)V dw = /QuV dw < +o00,
which is also equivalent to u'T e Wol 2((2) In this case, we have
(1.5) / u dw = 7/(AVu - Vu)u' ! da.
This is Well—knoi?vn in the casQe ~v = 1 for the Laplacian £ = —A,

see [14,17]. Analogous integration by parts formulas with v > 0 for
functions u in certain Sobolev spaces with various extra restrictions on
2 and w can be found in [16].

Two other key ingredients in our approach are weighted norm in-
equalities for Green potentials of the type G : L™ (), dw) — L*(Q, dw)
for arbitrary w € M™*(Q), in the non-classical case 0 < s < r and r > 1
(Theorem 2.4), along with iterated pointwise estimates for Green po-
tentials (Theorem 2.3) discussed below.

Employing these tools, we establish necessary and sufficient condi-
tions on o and p, in terms of their generalized Green energy (1.4), for
the existence of a positive A-superharmonic solution v € L] (2, do)
(see Definition 4.1) to (1.1) that satisfies (1.3).
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In the case v = 1, we also show that such a solution u € Wy(Q) (the
so-called finite energy solution) is unique. Notice that when £ = —A,
both the existence and uniqueness of a finite energy solution to (1.1)
was obtained by the authors in [19] (see also [6] for 2 = R™).

When 0 < v < 1, our result gives sufficient conditions for the exis-
tence of a positive solution v € W, ?(Q) to (1.1) where 1 < p < 2.

Existence and uniqueness of bounded solutions to (1.1) on = R”
(with = 0) was established by Brezis and Kamin in [3].

We state our main result and its consequences as follows.

Theorem 1.1. Let 0 < g < 1 and~ > 0. Suppose G is a positive Green
function associated with £ in Q@ C R™ (n > 2). Let o,u € MT(Q) so
that o £ 0. Then there exists a positive solution u € L} (Q,do) to

loc
(1.1) which satisfies (1.3), or equivalently 't € Wol’z(Q), if and only
if the following conditions hold:

(1.6) Go € LT4(Q, do)
and
(1.7) Gu e L(Q,dp).

When v = 1, such a solution is unique in Wy (Q).

Corollary 1.2. Under the assumptions of Theorem 1.1, suppose that
0 < p < 2, where n > 3. If both conditions (1.6) and (1.7) hold with

o= p("n_i_l;_n € (0,1], i.e.,

(1.8) Go € L' (Q,do) and Gpu € L*(Q,du),

where r 1= (13(”7_2_) —1 and s == 22=U=" then there exists a positive
q)(n—p) n—p

; q
solution u € L.

(Q,do) N WP(Q) to (1.1).

A sufficient condition for (1.8) is given by

(1.9) o€ L"™(Q) and pe L(Q),
where 1 := % and s; 1= nﬂr—;) (see Proposition 4.8 below).

Thus, in light of Corollary 1.2, we have the following result.
Corollary 1.3. Under the assumptions of Corollary 1.2, if

(1.10) o€ L™(Q) and pe L?(Q),
where ry = m and Sy = %, then there ewists a positive

solution u € LY (Q,do) N Wy (Q) to (1.1).
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We observe that Corollary 1.3 in the case = 0 (for bounded do-
mains 2) is due to Boccardo and Orsina [4], with a different proof.
We sketch our method of proof of Theorem 1.1 in the inhomogeneous
case  Z 0. (The homogeneous case p = 0 is simpler since possible
interaction between the nonlinear term involving o and g is omitted.)
We start with the corresponding integral equation

(1.11) = G(u'do)+ Gpu in €,

under some mild assumptions on the kernel G, which by the maximum
principle are automatically satisfied by Green functions associated with
elliptic operators (including £) in €.

We find a crucial relation between o and p, which follows from con-
ditions (1.6) and (1.7), and yields an important two-weight condition:

(1.12) Gu € L(Q, do).

This supplementary fact allows us to construct a positive solution
u e LD, do) N LY(, du) to (1.11) by using an iterative procedure,
under assumptions (1.6) and (1.7).

In this procedure, we employ the fact established recently in [21]
that condition (1.6) is equivalent to the weighted norm inequality for
Green potentials,

(113) || G(fdo <Ol o, VfELT(Qdo),

)Hmﬂzm, do) = L5 (@, do)

where C'is a positive constant independent of f. Therefore, either (1.6)
or (1.13), together with (1.7), turns out to be necessary and sufficient
for the existence of a positive solution to (1.1) satisfying (1.3).

When G is a positive Green function associated with £ on €2, the
integral equation (1.11) is equivalent to problem (1.1). Appealing to
our characterization of the generalized Green energy, (1.3) <= (1.4)
with w := ou? + p, we deduce that (1.6) and (1.7) are necessary and
sufficient for the existence of a positive solution u € L] (€, do) to (1.1)
which satisfies (1.3).

This paper is organized as follows. In Sect. 2, we recall some back-
ground facts in potential theory and PDE, and collect useful results
which are repeatedly referred to throughout this study. Sect. 3 is de-
voted to a characterization of the generalized Green energy. Our main
result and its consequences are demonstrated in Sect. 4.

2. PRELIMINARIES

Let Q C R" be a domain, and Lu := —div (AVu), where A : Q —
R™™ satisfies the uniform ellipticity condition (1.2).
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2.1. Function spaces. Denote by C§°(2) the set of all smooth com-
pactly supported functions on Q. For 0 < p < oo and w € MT(Q),
we denote by LP(S),dw) the usual Lebesgue space of all real-valued
measurable functions u on {2 such that

1
|| e, dw) = (/ |ul? dw) < +00.
Q

The corresponding local space is denoted by LP (€, dw).

loc

For 1 < p < oo, the Sobolev space W1?(Q) consists of all functions
u € LP(Q) such that |Vu| € LP(Q), where Vu is the vector of distribu-
tional partial derivatives of u of order 1, equipped with the norm

ullwrn@) = [[ull o) + [[Vul o)

The corresponding local space is denoted by VVllocp(Q) The Sobolev
space W,?(Q) is defined as the closure of C°(Q) in W'P(Q). It is
easy to see that W, P(R") = W'(R"). The homogeneous version of
VVO1 P(Q), called the homogeneous Sobolev space (or Dirichlet space),
denoted by Wy (), is defined as the closure of C$°(Q) with respect
to the seminorm
HUHWS”’(Q) = [[Vu| o).
That is, Wy"(Q) is the set of all functions u € W?(Q) such that
|Vu| € LP(Q2) for which there exists a sequence {(;}32; C C§°(2) such
that ||Vu — V| r@) — 0 as j — oco. When 1 < p < n, the dual
space to W, "(€) denoted by W=7 (Q), is the space of distributions
w € D'(2) such that
[{w, u)|
[wllyir-1.07 () := sup < 400
el yypv
Wer(@)

where the supremum is taken over all nontrivial functions u € C§°(€2).
Here p' := p%l is the Holder conjugate of p.
2.2. A-superharmonic functions. A function u € W,2*(Q) is said
to be A-harmonic if u satisfies the equation

(2.1) Lu=0 in Q

in the distributional sense, i.e.,
/ AVu-Vodr =0, Yoe C5(Q).
Q

Every A-harmonic function u has a continuous representative which
coincides with u a.e. (see [9, Theorem 3.70]). We denote by H 4(€2) the
set of all continuous A-harmonic functions in 2.
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A function u : Q@ — (—o0,+0o0] is A-superharmonic if u is lower
semicontinuous in €2, u Z +o00 in each component of €2, and whenever
D is a relatively compact open subset of Q and h € C(D) N Hu(D),
the inequality h < u on 9D yields h < w on D. A function u in € is
called A-subharmonic if —u is A-superharmonic.

Every A-superharmonic function w in € is quasicontinuous in € [9,
Theorem 10.9], which means that for every e > 0, there is an open set
G C Q such that cap(G) < € and the restriction ujo\¢ is continuous on
Q\G.

Here the capacity of an open set G C €2 is defined by

cap(@G) := sup{cap(K) : K C Q compact},
where the capacity of a compact set K C € is given by
cap(K) := inf{||VuH%2(Q): u>1on K, ueCPQ)}.
For an arbitrary set £ C €,
cap(F) := inf{cap(G): E C G C ), G open}.

A statement is said to hold quasi-everywhere (q.e.) in € if it holds
everywhere except for a set of capacity zero in (2.

Denote by M (2) the class of all measures w € M™(Q) which are
absolutely continuous with respect to capacity, that is, w(K) = 0
whenever cap(K) = 0 for every compact subset K in Q. It follows
by Poincaré’s inequality [17, Corollary 1.57| that Lebesgue measure is
absolutely continuous with respect to the capacity.

Let u be an A-superharmonic function in 2. Then u € L] .(£2) and
\Vu| € Lj, () whenever 0 < 7 < %5 and 0 < s < 5. In particular,

u € W’llof(Q) whenever 1 < p < —"=. Moreover, there exists a unique
measure w € M™ () such that

(2.2) Lu=w in Q

in the distributional sense, i.e.,

/AVu~V<pdx:/<pdw, Vo € C° ().
Q Q

The measure w is called the Riesz measure associated with u, often
denoted by wlu| (see [9, Theorem 7.46, Theorem 21.2]).

For a positive A-superharmonic function u in €2, we shall later use
the fact that each truncation uy := min(u, k), where k € N| is a positive
A-superharmonic function of the class L®(Q) N W,>%(Q), and its Riesz
measure wluy] is locally in the dual of W2(€2). Moreover, w[ug] — w|u]
weakly in Q as k — oo, see [9,12].
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2.3. Kernels and potentials. Let G : 2 x 2 — (0, 00] be a positive
lower semicontinuous kernel. For w € M™(Q), the potential of w is
defined by

Guw(z) := /QG(x,y) dw(y), z €.

Observe that Gw(x) is lower semi-continuous on Q x M (Q) if G(x,y)
is lower semi-continuous on 2 x €2, see [5].

A positive kernel G on €2 x  is said to satisfy the weak maximum
principle (WMP) with constant h > 1 if for any w € M™(9Q),

(2.3) sup{Guw(z):z € supp(w)} <1 = sup{Guw(z) : z € Q} < h.

Here we use the notation supp(w) for the support of w.

When h = 1 in (2.3), the kernel G is said to satisfy the strong
maximum principle. It holds for Green functions associated with the
classical Laplacian —A, or more generally the linear uniformly ellip-
tic operator in divergence form L, as well as the fractional Laplacian
(—A)® in the case 0 < a < 1, in every domain 2 C R"™ which possesses
a Green function.

The WMP holds for Riesz kernels on R™ associated with (—A)® in the
full range 0 < o < 5, and more generally for all radially nonincreasing
kernels on R", see [2].

We say that a positive kernel G' on €2 x 2 is quasi-symmetric if there
exists a constant @ > 1 such that

(2.4) a'Gly,r) < G(r,y) < aG(y,z), z,y €

When a = 1 in (2.4), the kernel G is said to be symmetric. There
are many kernels associated with elliptic operators that are quasi-
symmetric and satisfy the WMP, see [1].

We summarize that the Green function G associated with £ on 2
is a positive lower semicontinuous symmetric kernel, which satisfies
the strong maximum principle [11,15]. Further, for w € M™(Q), the
Green potential Gw is either A-superharmonic or identically +o0, in
each component of €, see [7].

2.4. Some known results. We shall need the following weak conti-
nuity result established in [20].

Theorem 2.1 ([20]). Suppose {u;}32, is a sequence of positive A-
superharmonic functions in §1 such that u; — w a.e. as j — oo, where
u is an A-superharmonic function in Q. Then wlu;| converges weakly
to wlul, that is,

lim [ ¢ dwlu;] = / @ dwlu], Ve e C°().
Q Q

J—00
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The following theorem provides pointwise estimates for supersolu-
tions to sublinear elliptic equations, see [8, Theorem 1.3].

Theorem 2.2 ([8]). Let 0 < ¢ < 1, w € M*(Q), and let G be a positive
lower semicontinuous kernel on € x €, which satisfies the WMP with
constant h > 1. If u € L} (Q,dw) is a positive solution to the integral
inequality

(2.5) u > G(uldw) in €Q,
then
(2.6) w(z) > (1—q)Tehi[Gu(z)]Te, Vze Q.

The following pair of iterated pointwise inequalities plays an impor-
tant role in this paper (see [8, Lemma 2.5]).

Theorem 2.3 ([8]). Let w € MT(Q), and let G be a positive lower
semicontinuous kernel on Q2 x €2, which satisfies the WMP with constant
h > 1. Then the following estimates hold:

(i) If s > 1, then
(2.7) (Gw)*(z) < sh* ' G ((Gw)* 'dw) (z), Yz €.
(11) If 0 < s <1, then
(2.8) (Gw)*(z) > sh* ' G ((Gw)*'dw) (z), Vz €.
Our argument also relies on the following result established in [21,

Theorem 1.1], which explicitly characterizes (p,r)-weighted norm in-
equalities

(29) HG(deU) L7 (Q, dw) < CHfHLp(de), \V/f € LP(Q,dw),

where C'is a positive constant independent of f, in the case 0 <7 <p
and 1 < p < oo, for arbitrary w € M™(Q), under certain assumptions
on the kernel G.

Theorem 2.4 ([21]). Let w € MT(Q) with w # 0, and let G be a
positive quasi-symmetric lower semicontinuous kernel on £ x §2, which
satisfies the WMP.

(i) If 1 < p < oo and 0 < r < p, then the (p,r)-weighted norm
inequality (2.9) holds if and only if
(2.10) Guw € Lv7 (9, dw).

(i1) If0 < ¢ < 1 and ¢ < r < oo, then there exists a positive solution
u € L"(Q,dw) to the integral inequality (2.5) if and only if the
weighted norm inequality (2.9) holds with p = %, that is,

q
1) (G, a S O gy ¥ € L),




SOLUTIONS TO SUBLINEAR ELLIPTIC EQUATIONS 9

where C' is a positive constant independent of f; or equivalently,
(2.12) Gw € L™ (Q, dw).

The following inequalities are often used in the theory of Schrédinger
operators and potential theory. They can be found, for example, in
9, Theorem 7.48] and [10, Proposition 1.5], respectively.

Theorem 2.5 ([9,10]). Let w € MT(Q) with w # 0, and let G be a
positive Green function associated with L on €. Suppose u := Gw so
that u # 4o00. Then there exists a positive constant C' which depends
only on the ellipticity constants m, M such that

2
(2.13) / || \V?;| dx < C / V|? do
Q U Q
and
d
(2.14) [l <c [ 1962 a.
Q u Q

for all (quasicontinuous representatives of) @ € Wy2(Q).

3. GENERALIZED ENERGY OF MEASURES

Let v > 0 and w € MT(Q), and let G be a positive lower semicon-
tinuous kernel on €2 x 2. Define the y-energy of w by

(3.1) Ew] = /Q(ch)V dw.

In the case v = 1, we use the notation [w] := &[w]. Observe that
&, |w] is well-defined, even though it may be infinite.
When G is a quasi-symmetric kernel on €2 x Q which satisfies the

WMP, by the definition of &, w] and Theorem 2.4 with r := J’ﬁ/ﬁ%

and q := ﬁ, the following statements are equivalent:

(3) &fi] < +oo.

(b) Gw € LY(9, dw).

(¢) The weighted norm inequality (2.11) is valid.

(d) There exists a positive solution u € L"(£2, dw) to (2.5).

There is also a similar characterization of &,[w], in terms of weak-
type and strong-type inequalities, for nondegenerate kernels G > 0, see
[18].

We now consider &,[w] in the case where G is a positive Green func-
tion associated with £ on ().
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Theorem 3.1. Let v > 0 and w € MT(Q) with w £ 0, and let G be
a positive Green function associated with £ on Q. If u := Gw then the
condition

(3.2) / (AVu - Vu)u't dr < +oo
Q

v+l

is equivalent to vz € Wy (Q) as well as (a), (b), (¢) and (d) above.
In this case, we have

(3.3) £, =4 /Q (AVu - V) u' ! da.

Remark 3.2. By uniform ellipticity condition (1.2), we see that (3.2)
is equivalent to (1.3). Therefore, by our discussion above, it suffices to
show that

(3.4) £ w] < +oo == E,[u] < o0 <= u'T € We2(Q),
and also establish formula (3.3) whenever &, [w] < +00.

We first prove an auxiliary fact which will be used in the proof of
(3.4) when 0 <~y < 1.

Lemma 3.3. Let 0 < v <1 and w € M*(Q), and let G be a positive
Green function associated with —L on €. Suppose u = Guw # o0.
Then v := u” is a positive A-superharmonic function on Q, and v =
Gpu, where p € M™(Q) is the Riesz measure of v. Moreover,

(3.5) & w] < 400 = &[] < +o0.
In this case, we have
v+1 v+1
. _— < < — .
(36) kel < el < L= e )

Proof. Notice that v := Guw is a positive A-superharmonic function on
Q2 since Gw # 400, see [7]. Since 0 < 7 < 1, the map = —— 27, for
x > 0, is concave and increasing; it follows that v := u” is a positive
A-superharmonic function on €2 [9, Theorem 7.5]. In light of the Riesz
decomposition theorem, v = Gp + h where p € M*(Q2) is the Riesz
measure of v, and A is the unique positive A-harmonic function on €.

Observe that g := hY isa positive A-subharmonic function on €2 since
h is positive A-harmonic and the map = — 27 for x > 0, is convex
[9, Theorem 7.5]. Therefore —¢ is an A-superharmonic function on €2,
and thus —g = Gv + h, where v € M*(Q) is the Riesz measure of —g,
and h is the unique A-harmonic function on €. Since

Gw:u:v%:(Gu—l—h)%zh%:g:—Gu—B,
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we deduce G(w +v) = u+ G > —h. In other words, —h is a positive
A-harmonic minorant of the potential G(w+v). Consequently, —h=0
and thus ¢ = —Gr < 0. This yields h = g7 = 0. We have shown that
v = G is a potential.

Suppose that &,[w] < 400, and let w 1= u 2. Since e (0,1), by
a similar argument as above, w is a positive .A—superharmonlc function
on 2, and w = Gu, where p € M*(Q) is the Riesz measure of w. For
each k € N, let uy := min(u, k) and wy := min(w, kVTH) Using the
same argument as above, we see that both u, and wj are potentials
with the corresponding Riesz measures wy = wlug] and pp = plwy],
respectively. Clearly, supp(ux) C {u < k}, thus both u; and wy are
uniformly bounded (by k) duj-a.e. Using Fubini’s theorem and the
iterated inequality (2.8) with w := py, s := f 7 and h := 1, we estimate

+
/Gukduz/GudukZ/Gw(Gu)%dukS/Gw(Guk)%duk
Q Q Q Q
11 v+1 27
= [ G((Gu) du) dw < L= [ (Gpy) 77 dw
[ e(@m ) do < 22 [ G
v+1 v+1
<L Tdw =+~ ,
= Q(Gru)) dw > Ew]

Passing to the limit £ — oo and using the monotone convergence the-
orem, we deduce

1
= / Gpdp < %EW[M] < +00

since wx = Gui Tw = Gpu in €.
Conversely, suppose E[u] < 4+00. By using the same notation and
argument as above, we estimate

/Gudu /Gw) ; dﬂ>/(ka)”“ du

1 1 v
> G ((Gun) '+ dwy)dp > 1= i G ((Gw)'? dur ) dp.
2 Q 2 Q
In the above estimate, we have © := Gw < k and w = Gu < k dwi-a.e.

Applying Fubini’s theorem yields

[ 61607 do) du= [ (Go)'+ G

- /Q (Gw)” dwy,.

Since v € (0, 1), we have u” := (Gw)?” is a potential, that is, u” = Gv,
where v € MT(Q) is the Riesz measure of u”. Applying Fubini’s
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theorem and the monotone convergence theorem, we have

/(Gw)ydwk:/Gydwk:/kaduT/Gwdu
Q Q Q Q

since Gwy = u, Tu=Gw in Q as k — oo. Hence,

1 1 1
vt 7+‘/G dw +’/fhwugﬂm<+m.
T2 2/,
This completes the proof of the lemma. U

We now establish (3.4), which yields the first part of Theorem 3.1.

Lemma 3.4. Let v > 0 and w € M™*(Q) with w # 0, and let G be a
positive Green function associated with £ on Q. If u := Gw then (3.4)
holds. In this case, there exists a positive constant C' which depends
only on m, M and v such that

(3.7) O W] < Efu] < C& ).

Proof. Without loss of generality, we may assume that u Z +oo. It
follows that u is a positive A—superharmonic function in €2. Moreover,
u € W,oP(Q) whenever 1 < p < —-, see [9]. Consider three cases as
follows:

e Case v = 1. This is completely analogous to the classical result
shown in, for example, [14, Theorem 1.20], due to uniform ellipticity
assumption (1.2). In this case we further have formula (3.3) using an
approximation argument demonstrated below in Lemma 3.5.

e Case 0 < v < 1. In light of Lemma 3.3, we have v := T s
a positive A-superharmonic function in Q, and v = Gu where p €
MT(Q) is the Riesz measure of v. Moreover,

£, [w] < +00 <= E[p] < +o0 == v € W,*().
In this case, we have

v+l y+1
2 27y

On the other hand, notice that Vv = 'YTHU%1 Vu a.e. in 2. Appealing
to the previous case, we deduce

2
:/AVU-VU dzr < M(LH) /|Vu|22ﬂ_1 dx
0 2 0

Ew] < €&

< &l < &y lw].

and similarly
1\ 2
= / AVv - Vo dx > m<i> / |Vul?u""" dx.
Q 2 Q

This proves both assertions (3.4) and (3.7), respectively.
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y+1

e Case v > 1. Suppose that v := v’z € W,*(Q). Therefore,
E,[u] < 4o00. For each k € N, let u;, = min(u, k), which is a positive
A-superharmonic function of the class L>(Q) N W,>%(Q). Denote the
corresponding Riesz measure of each uy by wy, := w(uy]. Without loss of
generality, we may suppose v is quasicontinuous. Applying inequality
(2.14) with ¢ := v and w := wy, we obtain

d
/Walwkg/v2ﬂ SC/ |Vv|2 dx
Q o Guy Q

:C(%H>2/ (Vul*u" " dx.
Q

On the other hand, by Fubini’s theorem and iterated estimate (2.7)
with w := w; and s := v, we have

/QuV dwy, = /Q(Gw)”_le dwy, = LG((Gw)V_ldwk) dw
> /Q G((ka)’y‘ldwk) o> L /Q (Gup) dw.

y
Therefore,

1 y+1 2/ 2, y—1
— [ (Gwy)" dw < C —— Vu|u""" du.
~ [y aw<o(T=) [ va

Passing to the limit £ — oo and using the monotone convergence the-
orem, we obtain

2
Ew] = /QuV dw < Cv(%) /Q|Vu|2u7_1d:)5 < +00

since up = Gwy T u = Gw in €.
Conversely, suppose &,[w] < +o00. Write v = %Z where 0 < ¢ < 1,
and consider the corresponding sublinear elliptic equation

(3.8) Lw=ww! in Q.

Using a similar argument as in the proof of [19, Lemma 5.5, there
exists a positive finite energy solution w € Wy(Q) to (3.8), satisfying

Ltg 2
(3.9) ||w||WO1,2(Q) <c (/Q(Gw)lq dw) ,

where ¢ = ¢(m, M, q) > 0. As usual, we may assume w is quasicontin-
uous. By Theorem 2.2, w obeys the lower bound

w > (11— q)ﬁ(Gw)ﬁ in Q.
Therefore,

(3.10) vi=u? = (G(,U)“/TH <(1- q)_ﬁw in €.
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From this, we deduce

2
/|Vu|2u'y_1 dx:/vz|vz| dx
Q Q U

[Vul?

_2 5
<(1-g9q) 1(1/Qw " dzx.

Using inequality (2.13) with ¢ := w, along with (3.9), we estimate

(3.11)

3.12 2wd <C 2 <C3E
( : ) Qw U2 T > ||w||W1,2(Q) — c 'Y[w]

Hence, by (3.11) and (3.12), we arrive at

/ (Vul?u"™ ! dr < C*(1 — q)_ﬁ & w] < +o0.
Q

Moreover, for r = % if n > 3, and any r < oo if n = 2, we have

that v € L"(Q), since the same is true for w € W, *(Q). Recall that Q
is assumed to be a Green domain in the case n = 2. In other words,
v € WH2(Q), the corresponding Sobolev space equipped with the norm
[v]lyi12) = [[VVll2@) + |[v]|zr (). The fact that v € Wy?(Q) follows
from the Deny-Lions theorem (see [2, Sec. 9.12] and the references
cited there). Notice that, for z € 0, the quasi-limit lim,_,, v(z) = 0
q.e. by (3.10), since the same is true for w € W,*(Q) by [13], Corollary
to Theorem 1. This finishes the proof of lemma. O

We now complete the proof of Theorem 3.1 by establishing formula
(3.3) whenever &,[w] < +00, using an approximation procedure.

Lemma 3.5. Let v > 0 and w € MT(Q) with w #Z 0, and let G be
a positive Green function associated with £ on Q. If u == Gw then
formula (3.3) is valid whenever &,[w]| < +00.

Proof. Suppose &,[w] < +o00. Therefore both (3.2) and (1.3) holds, in
views of Lemma 3.4 and uniform ellipticity condition (1.2).

For each k € N, we set uy = min(u, k). Notice that wuy is a positive
A-superharmonic function of the class L>(Q) N W,>*(Q). Denote the

loc
corresponding Riesz measure of uy by wy 1= wlug].

Let {u,ij)}jzk be a sequence of mollified wuy, defined on Q; := {z €
Q : dist(z,00) > %} Denote w?) := Lu!”. In addition, for j > k,
select ; € C§°(2) so that

0<p; <1, suppp; C;, ¢;Txa as j— oo,

1
2
/Q‘VQO” dx < j27+2'
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Using integration by parts, we obtain

V/Q(AV% Vul) (W), dx—/

Q
= /Q (u)p; dwl — /Q (W) AV - Vp;) da.

Letting first j — oo, and then k — oo, we see that

/\Vu o d:z:—)y/\VuF 7w

/(u,(ﬁj))ﬁfapj dw,(gj) — / uY dw
Q Q

by means of mollification, the Lebesgue dominated convergence theo-
rem, and weak continuity of £ (Theorem 2.1). Moreover, by Schwarz’s
inequality, the construction of ¢;, and uniform ellipticity condition

(1.2), we deduce
<M (/ Ve, d:z:)

V(( )) AVuk @; dx

and

l\)l»—l

( (]) (AVul(f -V;) dx

(/ (Va2 (w2 dz)
= ] ( / |Vu£3'>|2<u;”>7-1<u,§”>7+1 dx)

W+1 M% %
S / VulPu"tdr )| = —+ / NIRRT
which converges to zero as k — oo. This proves (3.3). O

The following lemma shows, in particular, that if &,[w] < +oo for
some vy > 0, then w € M7 (9).

Lemma 3.6. Let v > 0 andw € M1 (Q), and let G be a positive Green
function associated with L on §2. Suppose that v = Gw € L] (2, dpu).
Then for every compact set K C €,

(3.13) w(K) < [eap(K)| ™ ( G aau)ﬁ .

In particular, w € Mg ().
Proof. Let K be a compact subset of Q. By (2.14), we have

(3.14) /K d?w < cap(K).
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On the other hand, by Holder’s inequality,

Yy 1
e B T+y T+
(3.15) w(K)= / Uty dw < (/ u?t dw) </ u dw) "
K K K

Thus, (3.13) follows from (3.14) and (3.15). O

4. POSITIVE SOLUTIONS TO SUBLINEAR ELLIPTIC EQUATIONS

In this section, we prove our main result stated in Theorem 1.1 using
the argument outlined earlier in Sec. 1. Its consequences are discussed
here as well.

Definition 4.1. Let ¢ > 0 and o, € M™(Q). Let G be a positive
Green function associated with £ on €. A solution u to equation (1.1)
is understood in the sense that v is an A-superharmonic function on €2
such that u € L (9, do) with u > 0 do-a.e., and

loc

(4.1) u=G(uldo)+ Gp in Q.
If further u € Wy %(Q), it is called a finite energy solution to (1.1).

Our first theorem gives necessary and sufficient conditions for the
existence of a positive solution u € L'9(Q, do) (v > 0) to the integral
equation (4.1) in the sublinear case 0 < ¢ < 1, under some mild as-
sumptions on kernel G satisfied by the Green function associated with

L on €.

Theorem 4.2. Let 0 < ¢ < 1,v >0 and o,u € MH(Q) with o # 0.
Suppose G is a positive quasi-symmetric lower semicontinuous kernel
on Q x Q, which satisfies the WMP. If (1.6) and (1.12) hold, then
there ezists a positive solution v € LYT9(Q, do) to (4.1). The converse
statement is valid without the quasi-symmetry assumption on G.

Proof. Suppose (1.6) and (1.12) hold. In the homogeneous case p = 0,
we can construct a monotone increasing sequence of positive functions
{u;}32y C L779(Q, do) by setting

Uy 1= K}(G’U)qu and Uj+1 = G’(ugd(j)’ for j S N07

where k > 0 is chosen to be sufficiently small. Then its pointwise limit
w = lim;_, u; is a positive solution of the class L9(Q, do) to (4.1),
by the monotone convergence theorem (see [21, Theorem 1.1 (ii)] for
more details).

In the inhomogeneous case p # 0, we set

ug = G, ujy1 = G(ujdo) + Gu, for j € Ny.
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Observe that ug > 0 since p # 0, and
u = G(uddo) + ug > .
Suppose vy < u; < ... < u; for some j € N. Then
uj1 = G(ujdo) + Gu > G(uj_,do) + Gpu = u;.

Hence, by induction, {u;}32, is an increasing sequence of positive func-
tions. Further, each u; € L777(,do). Notice that

ug = Gpu € L'(Q, do),

by the assumption (1.12). Suppose ug,...,u; € L779(Q, do) for some
7 € N. Observe that

[ujrllLrra, doy = HG(u?da) + GMHL“{+¢1(Q, do)
< CHG(“?‘ZU)Hmﬂ(Q gy T CHG“Hmﬂ(Q, do)’
where ¢ = max(1, 21;1?1). In view of Theorem 2.4, the assumption

(1.6) is equivalent to the weighted norm inequality (2.11) with w = o
and r = v + ¢q. Therefore, we can estimate the first term on the right-

hand side of (4.2) by applying (2.11) with f = u} € LVTM(Q,dU),
. +a
G 080) 1y = € ([ 077 0)

Y+q v d
<C /QujH do = C||Uj+1||m+q(ﬂ, do)*

By (4.2) and (4.3), we have

(4.3)

(4.4) HUJ'HHLW*‘I(Q, do) < CCHUJ'HH%Wq(Q, do) + CHGMHL’Y+q(Q, o)’

We estimate the first term on the right-hand side of (4.4) using Young’s
inequality,

1
(4.5)  Cellujlliagq, ao) < dlltisallrrae, a0y + (1= q)(Ce)t=.
Hence, by (4.4) and (4.5), we obtain

1 c
(4.6) i1l Lr+ago, doy < (Ce) ™7 + 1—4 qHGNHqu(Q, oy < +00.

By induction, we have shown that each u; € LY79((,do). Finally,
applying the monotone convergence theorem to the sequence {u;}32,
we see that the pointwise limit v := lim; . u; exists so that u > 0,

u € L7(Q, do), and satisfies (4.1).
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Conversely, if there exists a positive solution v € L7T9(€, do) to
(4.1), it is clear that (1.12) holds. Moreover, (1.6) follows from the
global pointwise lower bound (2.6):

u(z) > c[Go(z)] e, Vo eQ,
which does not require quasi-symmetry of G (see [8]). O

An essential link between conditions (1.6), (1.7) and (1.12), will be
obtained in the next lemma. It is an extension of [19, Lemma 5.3| in
the case 7 = 1; moreover, GG does not need to be quasi-symmetric due
to Theorem 2.3.

Lemma 4.3. Let 0 < ¢ < 1,7 >0, and o,u € MT(Q). Suppose G
s a positive lower semicontinuous kernel on €2 X £, which satisfies the
WMP. Then conditions (1.6) and (1.7) imply (1.12).

Proof. Without loss of generality, we may assume o, u # 0. Consider
the following three cases:

e Case 1: v+ g > 1. Applying the iterated inequality (2.7) with
w=pand s = v+ q, together with Fubini s theorem and Holder’s
inequality with the exponents ; and -, we obtain

'y+

/Q(Gu)w’q do < C/Q G ((Gu)*~ ' dy) do

(4.7) =c /Q (Gu)* "' Go du

| e a [(Gor -

The second integral on the right-hand side of (4.7) is estimated by a
similar argument as above. In fact, applying (2.7) again with w = o
and s = along with Fubini’s theorem and Holder’s inequality with
S 'y+q

17
the exponent

/Q(GU)%‘Z dp < C/QG ((Go—) 1da) dp

(4.8) /Q(GU) 1-q G,u do

ytg—1 1

¢ [ /Q (Go) T da} o [ /Q (G da]m.

and v + ¢, we deduce
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By (4.7) and (4.8), we have

1_vg;%)
{/(Gu)wq da] ’ <c {/(GM)W du}
Q Q
(y+g—-1)(1—q)

y+q ETCE I
X [/(Ga)lq da} ,
Q

which is finite by (1.6) and (1.7), and hence (1.12) holds.
e Case 2: v+ ¢ < 1. Write

/(GM)“H'I] do.:/(Glu)“H-q Fa—lFl—a dO’,
Q

Q

Y+q—1

(4.9)

where 0 < a < 1 and F' is a positive measurable function to be deter-
mined later. Applying Holder’s inequality with the exponents % and
1

T—a» We get

(4.10) /Q (Gu)"™ do < ( /Q (Gu) ™" P& da)a ( /Q Fda)l_a.

y+a

Setting F' = (Go)1= and a = v+ ¢ in (4.10), we obtain

B Y+q
/ (Gp)"™ do < ( / Gu(Go) 5t da)
Q Q

X < /Q (Go)t da) o

The first integral on the right-hand side of (4.11) is estimated by using

Fubini’s theorem, followed by inequality (2.8) with w = ¢ and s = 1%(1,

(4.11)

/ Gu(Go) " do = / G((Ga)*”iﬂldﬂ dji
Q Q

(4.12)
< C/Q(Ga)ﬁ dp.

As above, we deduce

1-v—gq

/Q (Go)a dp < ( /Q Go(Gpu) ! Ozu)ﬁ ( /Q (Gp) du)

1-v—gq

= < /Q G ((Gu)7ldu) da)lyq ( /Q (Gpu)” du) -

1—vy

<c (/Q(Gu)“q da) o (/Q(GW du) o :
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1_"/(

v+q) (I1—y—q)(v+a)
1—q

Combining the preceding estimates, we have
1—q
( JRT da) <e { [ @y du]
(4.13) @ @
a+q 1=7=q
X [ / (Go)1-« da] :
Q

This proves (1.12), since both integrals on the right-hand side of (4.13)
are finite by (1.6) and (1.7).

e Case 3: v+ g = 1. Fix a positive number ﬁ < a < 1. Applying
Holder’s inequality with the exponents % and 1Tla we have

/G,u dO’Z/G,u(GO')H(GO’)}Z do
Q 0

< (L(Gu)i(GU)M da)a (/Q(Ga)llq da) -

We estimate the first integral on the right-hand side of (4.14) using in-
equalities (2.7) and (2.8), together with Fubini’s theorem and Holder’s

inequality with the exponents % and ﬁ,

(4.14)

/(G“)é(G")M do =< C/ G(Gp) '+ dyr)(Go) -0 do
@ Q

l1—a

= C/(Gﬂ)laaG ((Ga)a?f%@ do‘) dp < c/(GM)T(Gg)afll—ﬂ)-i-l du
Q Q

a(2—q)—1

alis) Talioq)
<c (/(Gu)l‘q du) </ Go du)
Q Q

a(2—q)—1

ﬁ a(l—q)
=c (/(G,u)l_q du) (/ Gu da) )
Q Q

Combining the preceding estimates, we deduce
=== 1 [ER)
/G,uda <c /(G,u) “du
(4.15) @ @
L l1—a
X ( / (Go)T=e da) :
Q

which is finite by (1.6) and (1.7). Thus (1.12) holds. O

We are now prepared to show that conditions (1.6) and (1.7) are
necessary and sufficient for the existence of a positive solution u €
LYH(Q, do) N LY (9, dp) to integral equation (4.1), under the same re-
strictions on the kernel G as above.

a(2—q)—1 l—a
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Theorem 4.4. Let 0 < ¢ < 1, v > 0, and let o, € M (Q) with
o % 0. Suppose G is a positive, lower semicontinuous, quasi-symmetric
kernel on QxS), which satisfies the WMP. Suppose (1.6) and (1.7) hold.
Then there exists a positive solution u € LT9(Q,do) N LY(S2, du) to
(4.1). The converse statement is also valid without the quasi-symmetry
assumption on G.

Proof. Suppose (1.6) and (1.7) hold. Then, by Lemma 4.3, we see that
(1.12) holds. Thus, in light of Theorem 4.2, there exists a positive
solution u € L7"(Q, do) to (4.1). We will show that u € L7(Q, du) as
well. By (1.7), it suffices to establish

(4.16) /Q[G‘r(uqala)]V dp < 400.

Without loss of generality, we may assume that G is symmetric, and
1 % 0. Consider the following two cases:

e Case 1: v > 1. Applying (2.8) with w := cu? and s := ~, along with

Fubini’s theorem, and Holder’s inequality with the exponents ﬂi and

+q-1
v 4+ q, we have
/ (G(uido)]" du < c/ G ((G(uqda))v_luqda) du
0 0

= C/Q (G(uldo)) " (Gp) uldo

Q Q

atg—1
<c {/ wt do
0

Y+q ﬁ
{ [ @y da}
Q

< c/u”q do < +o00.
Q

e Case 2: 0 <y < 1. We write
/ (G(uldo)]" du = / (G (uldo)]” F*F~ dy,
Q Q

where 0 < a < 1 and F' is a positive measurable function to be de-
termined later. Applying Holder’s inequality with the conjugate expo-
nents % and lfla yields

(4.17) /Q (G(udo)] dp < { /Q G(uldo)F s dur { /Q qu} H.
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Setting F':= (Gpu)? and a := v in (4.17), we get
gl
/ (G (uldo)]” du < [/ G(uldo)(Gu)'! d,u}
Q Q

X UQ(GM)V du} 1_7~

We estimate the first integral on the right-hand side of (4.18) using
Fubini’s theorem, followed by inequality (2.8) with w = p and s = 7,

/QG(uqda)(G,u)”_l dp = /QG (Gp) " dp) u? do

(4.18)

(4.19)
< c/(G,u)”’uq do < c/ wW do < +00.
Q Q

By (4.18) and (4.19), together with (1.7), this proves (4.16).
Conversely, since u € L7(§2,dpu), it is clear that (1.7) holds. Further,
by Theorem 4.2, condition (1.6) is valid since v € L79(Q, do). O

As an application of the preceding theorem, when G is a positive
Green function associated with £ in 2, we deduce the first part of
Theorem 1.1 by appealing to the characterization of the generalized
Green energy obtained in Sec. 3.

Theorem 4.5. Let 0 < ¢ < 1, v > 0, and let o, € M™(Q) with
o # 0. Let G be a positive Green function associated with L on 2.
Then there exists a positive solution u € L, (2, do) to (1.1) satisfying
(1.3) if and only if (1.6) and (1.7) hold.

In this case, u is a minimal solution in the sense that u < v q.e. for
any positive solution v € L} () to (1.1) which satisfies (1.3).

Proof. This follows from Theorem 3.1 with w := u?do+p, together with
Theorem 4.4. Moreover, arguing by induction, we see that minimality
of such a solution follows immediately from its construction in Theorem

4.2 (cf. [19, Lemma 5.5]). O

Remark 4.6. When v = 1, uniqueness of such a solution in u €
Wy2(2), follows from a similar argument presented in [19, Sec. 6] (see
also [6]), using its minimality together with a convexity property of the
Dirichlet integral [, |[Vu|* dz, which is comparable to the expression
Jo AVu - Vu dx due to the uniform ellipticity condition (1.2).

Applying the next theorem with w := u?do + p yields Corollary 1.2.

Theorem 4.7. Let n > 3, and w € MT(Q) with w # 0. Let G
be a positive Green function associated with £ on Q. Suppose that
u := Gu satisfies (1.3) for some 0 <~y < 1. Then u € WyP(Q) where
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= Z(jﬁl If, in addition, |Q)| < 400, then the assertion is valid for

n(14y)
1 S p S n+y—1"

Proof. The classical case v = 1 is known, so we can assume 7y € (0, 1).
Observe that u is a positive A-superharmonic function with zero bound-
ary values, and p = % € (-%4,2). For each k € N, set u; =
min(u, k), which is a positive A-superharmonic function of the class
L®(Q)NWLEA(Q). Let {Q:}52, be an increasing sequence of relatively
compact open subsets of (2 such that Q = (J,—, Q4. Applying Holder’s
inequality with the exponents = and 5 2 , followed by Sobolev’s inequal-

ity [17, Theorem 1.56], we obtaln

(V)Xo 2y = / Gl do

» (v=Dp (A=v)p
_ 2 2
Qp

2—p

=
< </ V| *u] ™! d:z:) ( uk = d:z:)
Qk
9~ 5 (*’Y)P
< ([ 1vupartde) ol 2,
Q TP ()

) . £ (a—)p
<c /|Vu\ W dz ) [Vl oo,
0

that is,

_(A=vp %
1200 ITwonale < ([ vubartan)
Q

where ¢ is a positive constant independent of k. Since p > (G 'Y P letting
k — oo in (4.20) yields the assertion by the monotone convergence
theorem. This proves u € VVO1 (), which is obviously true for all

n(1
1<p< n(ﬂﬂl when |Q] < +o0. O

The next proposition shows in particular that a pair of conditions in
(1.9) is sufficient for both (1.6) and (1.7).

Proposition 4.8. Let G be a positive lower semicontinuous kernel on
Q x Q which satisfies

(4.21) G(z,y) <clh(x—vy), Vr,yel,

where oo (-) = | - [**™™" is the Riesz kernel of order 2a (0 < a < %) on
R™, and c is a positive constant. Let > 0. If w € L*(Q) is a positive
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function, where s = Z(f;15)> then

(4.22) Gw € LP(Q, dw).

— n(B+)  n(B+) _
Proof. Observe that s = wt2aB > ninh = 1. Then

am) (G s ( [ Gy dx) ol

where s’ = = is the Holder conjugate of s. Denote @ the zero exten-
sion of w to R". By (4.21) and the Hardy-Littlewood-Sobolev inequal-
ity, there is a positive constant C' > ¢ such that

(4.24)  [|Gw| Lov(q) < ClT2a@] o ey < Cll@] Le(@)-
Combining (4.23) and (4.24) yields (4.22). O

Proposition 4.8 shows that (1.10) implies (1.8). Hence, Corollary 1.3
follows from Corollary 1.2.
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