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REGULAR S-ACTS WITH PRIMITIVE NORMAL AND
ANTIADDITIVE THEORIES

STEPANOVA A.A. !, BATURIN G.I.

ABSTRACT. In this work we investigate the commutative monoids over which the
axiomatizable class of regular S-acts is primitive normal and antiadditive. We prove
that the primitive normality of an axiomatizable class of regular S-acts over the com-
mutative monoid S is equivalent to the antiadditivity of this class and it is equivalent
to a linearly order of semigroup R such that an S-act gR is a maximum under the
inclusion regular subact of S-act gS.

1. INTRODUCTION

In [I] the primitive normal, primitive connected and additive theories of S-acts are
studied. In particular it is proved that a class of all S-acts is primitive normal if
and only if S is a linearly ordered monoid. In [2] on a language of a structure of
primitive equivalences there are described S-acts with primitive normal, additive and
antiadditive theories. It is shown that the class of all S-acts is antiadditive only for a
linearly ordered monoid .S, that is the class of all S-acts is antiadditive if and only if this
class is primitive normal. In this work we investigate the commutative monoids over
which the axiomatizable class of regular S-acts is primitive normal and antiadditive.
We prove that the primitive normality of an axiomatizable class of regular S-acts over
the commutative monoid S is equivalent to the antiadditivity of this class and it is
equivalent to a linearly order of semigroup R such that an S-act ¢R is a maximum
under the inclusion regular subact of S-act gS.

Let T be a complete first order theory of a language L. We fix some large much
saturated model C of T and we suppose that all considered models of the theory are
its elementary submodels. All elements, tuples of elements and sets will be taken from

C. The tuples of elements {(ao,...,a,_1) and variables (xy, ..., 2z, 1) will be denoted
by @ and T accordingly. Let 5 = (sq,...,8,_1) and ¢ = (tq,...,t;_1) be the tuples of
variables or elements, A be a set. We will often write § € A instead sq, ..., S,_1 € A,
5(i) instead s;, 3§ instead Jsg...3ds,—1. The set {sg,...,Sn_1,%0,--,tx_1} we will

denote by 5U¢. We will denote the length of a tuple s by ||, i.e. |5| =n. If ®(Z,7)
is a formula of language L, A is a model of the theory T', a is a tuple of elements from
A and |a| = |g|, then ®(A,a) will denote the set {b | A |= ®(b,a)}.

The formula of a form

AZ(Po A -+ A Dy),

where ®; are the atomic formulas (0 < @ < k), is called a primitive formula.
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Let ®(z,7) be a primitive formula of language L, @, b be the tuples of elements and
la| = |b| = |y|. The set ®(C,a) is called a primitive set. The sets ®(C,a) and ®(C,b)
are called the primitive copies.

A theory T is called primitive normal if for each primitive copies X,Y we have
X =Y or XNY =@. An axiomatizable class of structures K of language L is called
primitive normal if the theory of this class is primitive normal. It is known (see [3])
that the Cartesian closed stable class of structures is primitive normal.

An equivalence a on some set X of n-tuples of elements from C, which is defined in
C by some primitive formula ®(Z1, Zs), is called a primitive equivalence. The domain
X of such equivalence « is defined in C by primitive formula ®(Z,z) and is denoted by
dom(«). If @ € X then a-class which contains a will be denoted by a/a.

A set X is called A-primitive if there exists a family S of primitive sets such that

X=({V|Yyes}

A set of form X = X*/a = {a/a | a € X*}, where X* is A-primitive set, « is primitive
equivalence and X* C dom(«), is called a generalized primitive set. A set X* is called
a basis and « is called a generative equivalence of generalized primitive set X.

The theory T is called antiadditive if it is primitive normal and there is no infinite
generalized primitive set which is an Abelian group under the defined by primitive
formula operation. An axiomatizable class of structures K of language L is called
antiadditive if the theory of this class is antiadditive.

Let us remind some concepts from the theory of S-acts. Throughout this paper S
will denote a monoid with identity 1 and set of idempotents E. A structure (A;s)scs
of the language Lg = {s | s € S} is a (left) S-act if s1(s2a) = (s152)a and la = a for
all 51,82 € S and a € A. An S-act (4; s)scs we will denote by gA. All S-acts, treated
in the article, are left S-acts.

Let sA, sB be S-acts. We call a € A an act-reqular element if there exists a
homomorphism ¢ : §Sa — ¢S such that p(a)a = a. An S-act gA is called regular if
all its elements are act-regular. If for elements a € A and b € B there is an isomorphism
f:sSa — sSbsuch that f(a) = b then we will write gSa = ¢.Sb.

Note that the union of all regular subacts of an S-act is also a regular subact. The
union of all regular subacts of an S-act ¢S we will denote by ¢R. Hereinafter, we
assume that R # ().

A semigroup T is called linearly ordered if for all a,b € T either Ta C Tbor Tb C Ta.
A monoid S is called reqularly linearly ordered if for all a € R a semigroup Sa is linearly
ordered.

We will distinguish the symbols of set-theoretic inclusion C and C .

2. PRIMITIVE NORMAL CLASSES OF REGULAR ACTS

We will use the following remark without references to it.

Remark 2.1. Foralla € S, e, f € E we have
1) aS CeS < ea = a;
2) Sa C Se <= ae = a.

Theorem 2.2. An S-act sA is primitive normal if and only if for any pairwise disjoint
finite sets of indexes I, J, K, any s;,lj,ri,ri €S (i € 1,j € J k€ K), ay,as,a3 € A,
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|a1| = |as| = |as| = n, if
(1)
sAE /\ sia1(l;) = s;as(l;) A /\t as(ly) = tas(l /\ /\ Pt (1) = T2am (1),

iel jeJ ke K me{1,2,3}
where 0 < I;,1;, 1y < n —1, then there exists b € A such that |b| = n and
2)  sAE NAsias(l) = sbl) A N\ tbly) = tia(l;) A\ rid(l) = r2b(ly).
iel jeJ keK

Proof. Necessity. Let sA be a primitive normal S-act and (1) hold for some pairwise
disjoint finite sets of indexes I, J, K, some s;,l;,rp, 7 € S (i € I,j € Jk € K) and

ap, aq, a3 € A, |a1| = |az| = |as| = n. We put
o(z,7) = Ja(/\ siz(l) = sall) A )\ taly) = tg)A
1€l jeJ
A /\ rai(le) = riz(ly) A /\ ryt(le) = riu(ly) A /\ () = g (),
keK keK keK

where |z| = |u| = |g| = n. By a condition a; € ®(A,a,) and a;,a3 € ®(A,as). Since
the S-act ¢A is primitive normal then as € ®(A, a;) that is the condition (2) holds.
Sufficiency. Let U(z,y) be a primitive formula,

¥ (z,y) = JuO(z,y,u),

where
oy u) = /N sizl)=tzl) A N sizl) =tal)n N\ stal) = tall;)n
(i,j)EN (i,5) €l (i,5)€l3
n N\ stu) =gy a N\ ostal) =) A\ S = B2 (1),
(i,j)€ls (i,5)€ls (i,j)€ls

st th e S ((i,j) € Ir, 1 < k < 6). We will show that gA is a primitive normal S-act.

Suppose that ay € W(A,a1), az,as € V(A,ay) and ay, as, ag,as € A. Then
(3) sA | O(ag, dr,ba1) A O(az, @y, bas) A O(as, g, bss)
for some by, bay, by € A. It is enough to show that as € U(A,a;). From (3) we have

(4) sAkE N stasl) =tlas() A N sia(l) = ta(l));

(i,4)€lL (4,4)€l5
(5) sA = /\ t2bo1(l;) = s7aa(ls) = t5baa(ly);
<i7j>612
(6) sA /\ sibaa (1) = t;aa(l;) = s;bsa(Ly);
(i,j)€ls
(7) sAE N 5 (l) = b (1)
<i7j>€I3
(8) sAE N slal) = tiay(ly) = sbau(l;) = tas(l;)
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for all (k,m) € {(2,1),(2,4),(3,4)}. The conditions of Theorem and (5), (6), (7) imply
sAlE N\ Bbuly) =) A\ sibl) = sl A N\ sihl) = £b(1;)

for some b € A. Using this and (3) we have

sAlE N stasl) =0 A N sibl) =tial) A\ sib(l) = £b(1).

(i,3) €12 (1,5) €14 (i,)€13
This one, (4) and (8) imply sA |= O(as, a1, b), that is as € (A, a,). So we have proved
that ¢A is a primitive normal S-act. 0

Proposition 2.3. [4] Let sA be an S-act, a € A. An element a is act-reqular if and
only if there exists an idempotent e € R such that sSa = gSe.

Proposition 2.4. [5] If the class R of regular S-acts is azxiomatizable then
R=U{e;R|1<i<n} forsomen>1,¢ €R,e?=¢ (1<i<n).

Lemma 2.5. Let the class R of reqular S-acts is axiomatizable and primitive normal.
Then R is a reqularly linearly ordered monoid.

Proof. Assume that Sc € Sb and Sb & Sc for some b,c € Sa a € R. There exists
e € E such that ¢Sa = gSe. Let gSe; (1 < ¢ < 3) be the pairwise disjoint copies of

3
S-act gSe, © be a congruence of S-act | | sSe; generated by {(ceq, ces), (bes, bes) }. Let
i=1

3 3
sA denote an S-act | | s5¢;/0, d/© denote a ©-class of d € | | Se;. Let
i=1 i=1
O(x,y) = Ju(bu = x A cu = y).

Hence

SA ): (I)(bel/@, 061/@) VAN (I)(b€2/("‘), 061/@) N (I)(beg/@, 063/@).

3

Since the class R is primitive normal then gA = ®(be, /O, ces/0). Let u® € | | Se;
i=1

such that ¢A | bu®/© = be; /O A cu’/O = ce3/O. Then be, /O, ce3/O € Su’/O. But

be1 /O = {be1}, ces/O = {ce3} and S-acts gSeq, sSe3 do not intersect. A contradiction.

U

Lemma 2.6. Let S be a commutative monoid, the class R of reqular S-acts is axiom-

atizable and primitive normal. Then for any idempotents e, f € R either Se C Sf or
Sf C Se.

Proof. Suppose that Se  Sf and Sf € Se for some idempotents e, f € R. Note that
ef € E. If Sef = Sf then ef = fef = f, that is Sf C Se, a contradiction. Hence
Sef C Sf. Similarly Sef = Sfe C Se. Let

O(x,y) = Ju(eu =ex A fu = fy).
So
SR ):(I)(676>/\(I)(f’f)/\q)(f,6)
Since the class R is primitive normal then sR &= ®(e, f). Let u® € R such that

sREe=cu’ A f= fu®. Then e, f € Su’. Hence by Lemma 2.5 either Se C Sf or
Sf C Se, but that contradicts to assumption. O
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Theorem 2.7. Let S be a commutative monoid and the class R of reqular S-acts is
axiomatizable. The class R is primitive normal if and only if a semigroup R is linearly
ordered.

Proof. Necessity. Let the class R is primitive normal. We will show that a semigroup
R is linearly ordered. Since the class R is axiomatizable then by Proposition 2.4l
R =|J{eR | 1 <i < m} for some m > 1 and idempotents ¢; € R (1 < i < m).
As sf = fsf € fR for all s € S then fR = Sf, where f € RN E. So in view of
commutativity of a monoid S and by Lemma R = eR = Se for some idempotent
e € R. Thus by Lemma R is a linearly ordered semigroup.

Sufficiency. Let A € R, I,J, K be the pairwise disjoint finite sets of indexes,
Si,lj,’l“li,’l“g e S (Z € I,] € J,k‘ € K), a, s, 03 € A, |El1| = |d2| = |El3| = n and
(1) holds, where 0 < [;,1;,l;; < n — 1. By Proposition [2.3] there exists the tuples of
1demp0tents €1, 62,63 € R such that |e;| = |és| = |és| = n and s5a;(j) = sS5€;(j) for
all 1,7, 0 <1 < 3,0 < 7 <n-—1 Then a;(j) = &(j)a;(y) for all 7,5, 0 < i < 3,
0<y<n—1

We will construct a tuple b such that (2) holds.

Letusfixl € {0,1,...,n—1}. Weput [, ={iel|l; =1}, J={je J|l; =1} Let
1 < k < 3. Since by the condition the set {Sd | Sd C Sex(l)} is linearly ordered under
the inclusion, then there exist s*, t* € S such that Sse(l) = max{Ss;e;(l) | i E I}
and StFey, (1) = max{St;ex(l) | j € Ji}. Hence for all i € I; and j € J; there are r¥ € S
and r¥ € S such that s;e;(1) = rs*e(l) and t;ex(1) = rit*e,(l), so s;ax(l) = rkskak(l)
and t;a,(l) = ri¥tFa.(l).

Assume that

(9) Sél(l) Q Ség(l) and Sé3(l) Q Ség(l),

that is éx(l) = ex(l)ex(l) and ax(l) = és(l)ar(l) for all k&, 1 < k < 3. Since the
semigroup S€2(l) is hnearly ordered, without loss of generahty we can suppose that
Se (1) C Seg(l) el(l) = el(l)eg(l) Assume that St?ey(I) C Ss?ey(l), i.e.
t2ey(1) = r2s%ey(l) for some 7> € S. Let j € J;. Then t;e5(l) = rit’ey(l) = rir?s°ey(l)
and t;as(l) = r?r?s%as(l). So in view (1) we have

tias(l) = t;as(l 2r232a2(l) = r2r232a1(l) = 7‘27‘2826 (Dai (1) = tjea(l)as (1) = t;a: (1),
that is ¢;a3(1) = t;a,(1). We put b(l) = as(l). If Ss’ey(l) C St? (l) then in the same
way we have b(l) = a;(l).

Let (9) be wrong. Then without loss of generality we can suppose that
Ses(l) € Seq(l) and Seq(l) € Ser(l),

l) a
that is é,(l) = é1(l)ex(l) and ax (1) = e ()ax(l) for all k, 1 k<3.
Assume that St'e; (1) C Ss'e; (1), that is t'e;(I) = r's el() for some r! € S. Let
j € Ji. Then tje (l) = rit'ey(l) = ! irts'a; (1). Hence using
(1) we get

tjC_Lg(l> = t]C_Lg(l) = t]él(l)dQ(l) = 7”1- 18151(”@2([) = TJI-TISIC_LQ(Z) = T;Tlsldl(l) = tjC_Ll(l>,

.
that is t;as(l) = tjdl(l). We set b(1) = as(l).

Suppose that Ss'e;(l) C Stle (1), that is s'e;(l) = rit'ei(l) for some r; € S. Let
i € I). Then s;e (1) = rlste;(l) = ririt'e;(1). So using (1) we get

(
Siag(l) = Siél(l)dg(l) =T 7’1t161(l)a3(l) = T}Tltlél(l)dg(l) =

) =

ristey(l) and tja.(l) =

1
J
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= Siél(l)dg(l) = Siag(l) = Sidl(l),

that is s;a3(l) = s;a:(1). We set b(l) = a(1).
Therefore the tuple b such that (2) holds is construct. O

The following example shows that the condition of commutativity of monoid S in
Theorem [2.7] is essentially.

Let S = {e1,es} UT U {1}, where T is a semigroup with {a,b} generators and
ab® = ab, ba®> = ba defining relationships. Binary operation on S is defined in the
following way: se; = e;, e;t = e; for alli € {1,2}, s € S, ¢t € T; 1 is an unit element. It
is easy to check that S is a monoid under the operation and £ = {ej, es,1}. Note that
Se; = {e;} for all i € {1,2}. Since ba® = ba and ba # b then the assertion gSa =g S -1
is false. Since a? # a and ae; = e; then the assertion ¢Sa —g Se; is false for all 1,
i € {1,2}. In the same way it is shown the falsity of the assertion ¢Sb =g S -1 and
sSb =g Se; (i € {1,2}).

So R = {ey,ex}. It is clear that the semigroup R is not linearly order. For all S-act
sA E€R, a € Aand s €S we have sa = a, that is any regular S-act is represent as
a coproduct of one-element S-acts. Hence the class fR is axiomatizable and primitive
normal.

3. ANTIADDITIVE CLASSES OF REGULAR ACTS

The axiomatizable classes of regular S-acts were investigated in [6]. Particularly in
that work there was proved the following proposition.

Proposition 3.1. If the class R of regular S-acts is axiomatizable then
R={e;R|1<i<n} forsomen>1,¢ €R,e?=¢ (1<i<n).

This statement implies

Corollary 3.2. If the class R of regular S-acts is axiomatizable, monoid S is com-

mutative and R will be a linearly order semigroup then R = eR for some idempotent
e € R.

Throughout 7" will denote a theory of the axiomatizable primitive normal class R of
regular S-acts, S will be a commutative monoid and R is a linearly order semigroup.
A proof of following Lemma is a modification of a proof of Lemma 2 in [2].

Lemma 3.3. Let ®(zg, ) be a conjunction of atomic formulas, T = (xq,...,x,). Then
there is a formula V(Z), which is a conjunction of atomic formulas, s,t € S and 1,
0 <@ < n, such that in theory T

O(xo,x) = V(T) A tx; = sxo.
Proof. By Corollary there exists an idempotent e € R such that R = eR. Then
(10) Tk Va(x = ex).

Let ®(x¢,Z) be a conjunction of atomic formulas, z = (xy,...,x,). We will prove
Lemma by the induction on a number k of atomic subformulas of formula ®(xg, z)
containing a variable zy. Suppose that

@([L’o,f) - \Ill(ZL'Q,ZZ') Nt1x; = s120,
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where Wy(z¢,Z) is a conjunction of atomic formulas, s;,t; € S, 0 < i < n. On the
suggestion of the induction

\Ill(l'o, ZZ’) = \I/Q(ZZ') N tQZL'j = S99

for some formula Wo(Z), which is a conjunction of atomic formulas, some s, ty € S and
Jj, 0 < 7 < n. In view of linearly order of a semigroup R we have either Ssje C Ssqe
or Ssge C Ssie. Let for example Ssje C Ssqe. Then there exists r € S such that
sie = rspe. Hence in view of (10) we have

(I)(l'o,i’) = \IIQ(ZZ') VAN tgl’j = S92 A tll'z' = 51Xy =

= \Ifg(if') VAN TtQZL’j = tll’i AN tgl'j = S2X¢.

Lemma is proved. 0
The proof of following Lemma coincides exactly with the proof of Lemma 3 in [2].

Lemma 3.4. Let ®(Z) be not always-false primitive formula, & = (z1,...,x,). Then
there exists the formula ®o(Z), which is a conjunction of atomic formulas, and the
primitive formulas ®;(x;), 1 <i < n, such that in theory T

O(z) = Ro(2) A\ Bilw).

1<i<n

Lemma 3.5. Let a € C, ®(z,y,z,a) be a primitive formula which defines on the
infinite generalized primitive set X a binary operation + : T + y = Z. Then the set X
1s not a group under this operation.

Proof. Let a € C, ®(z,y,z,a) be a primitive formula defining a structure of group
relative to a binary operation +, X* be a basis, a be a generative equivalence of the
generalized primitive set X, |a| = |u|. By Lemma B.4]in the theory T

O(z,7y,z,u) = Po(T, 7y, 2, u) A P1(Z) A Pa(g) A P3(2) A Py(ur)

for some formulas ®y(z,y, z,u), P1(Z), P2(y), P3(Z), Ps(u), where ®o(7,y, Z,u) is a
conjunction of atomic formulas, ®1(z), ®2(y), P3(2), P4(u) are the primitive formulas.
By Lemma B3] there exist the formula V(z,y,u), t;;s; € S and w = (wy, ..., w,),
where w; € zUgyU zUu, 1 <7 < n, such that ¥(z,y,u) is a conjunction of atomic
formulas and in the theory T

where

1<i<n

Let b,¢ € X*, 0/a be a null element of the group X. Suppose that t;z; = s;x;
is an atomic subformula of the formula ©(z,7,z,a). Since 0/a + b/a = b/a then
t;b(1) = s,0(j). Since

(11) 0/a+c/a=c/a+0/a=c¢c/a.

then t;¢(i) = s,0(j) = s;e(j). So t;b(i) = s;¢(j). Suppose t;z; = s;y; is an atomic
subformula of the formula O(z, g, z,4). Since

(12) b/a+0/a=0b/a,
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then #;b(i) = s,0(j). If t;z; = s;2; is an atomic subformula of the formula ©(z, 7, 2, ),
then (11) implies the equality ¢;b(i) = s;a(j). Moreover from (11) and (12) we have

CE V(e 0,a) A®i(c) A Da(0) A D3(b) A Py(a).

Hence é¢/a + 0/a = b/a, that is ¢/a = b/a and | X| = 1. Contradiction. O
Lemma [3.5] implies

Theorem 3.6. If S is a commutative monoid, the class R of reqular S-acts is axiom-
atizable and primitive normal then the class ‘R is antiadditive.

By Theorems 2.7 and definition of antiadditive class we have

Corollary 3.7. Let S be a commutative monoid and the class R of regqular S-acts is
axiomatizable. Then the following conditions are equivalent:

1) the class R is primitive normal;

2) the class R is antiadditive;

3) the semigroup R is linearly order.

REFERENCES

[1]  A.A. Stepanova Primitive connected and additive theories of polygons // Algebra and Logic.
2006. V. 45. No 3. P. 172-179.

[2] A.A. Stepanova Polygons with primitive normal and additive theories // Algebra and Logic.
2008. V. 47. No 4. P. 279-288.

[3] E.A. Palyutin Primitive connected theories // Algebra and Logic. 2000. V. 39. No 2. P. 84-97.

[4] M. Kilp, U. Knauer, A.V. Mikhalev Monoids, Acts and Categories // Walter De Gruyter. Berlin.
New York. 2000.

[5] A.V. Mikhalev, E.V. Ovchinnikova, E.A. Palyutin, A.A. Stepanova Model-theoretic Properties
of Regular Polygons // Journal of Mathematical Sciences. 2007. V. 140. No 2. P. 250-285.

[6] A.A. Stepanova Aziomatizability and Model Completeness of the class of Regular Polygons [/
Sib. Math. J. 1994. V. 35. No 1. P. 166-177.

INSTITUTE OF MATHEMATICS AND COMPUTER SCIENCE, FAR EAST STATE UNIVERSITY, VLADI-
VOSTOK, RUSSIA
E-mail address: stepltd@mail.ru

INSTITUTE OF MATHEMATICS AND COMPUTER SCIENCE, FAR EAST STATE UNIVERSITY, VLADI-
VOSTOK, RUSSIA
E-mail address: gbaturin@list.ru



	1. Introduction
	2. Primitive normal Classes of Regular Acts
	3. Antiadditive Classes of Regular Acts
	References

