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THE EXTRA-NICE DIMENSIONS

R. OSET SINHA, M. A. S. RUAS, R. WIK ATIQUE

ABSTRACT. We define the extra-nice dimensions and prove that the subset of
locally stable 1-parameter families in C*°(N x [0, 1], P), also known as pseudo-
isotopies, is dense if and only if the pair of dimensions (dim N, dim P) is in the
extra-nice dimensions. This result is parallel to Mather’s characterization of the
nice dimensions as the pairs (n,p) for which stable maps are dense. The extra-
nice dimensions are characterized by the property that discriminants of stable
germs in one dimension higher have 4.-codimension 1 hyperplane sections. They
are also related to the simplicity of A.-codimension 2 germs. We give a sufficient
condition for any -codimension 2 germ to be simple and give an example of a
corank 2 codimension 2 germ in the nice dimensions which is not simple. Then
we establish the boundary of the extra-nice dimensions. Finally we answer a
question posed by Wall about the codimension of non-simple maps.

1. INTRODUCTION

Around the middle of last century Whitney formulated the concept of stability
of smooth maps and characterized stable singularities in dimensions (n,p) with
p > 2n, (n,2n — 1), (2,2) showing that in these cases stable maps are dense in
the space of C*° maps. He then conjectured that this holds in any pair (n,p).
Thom showed that this is not the case (see [34]) by giving an example in (9,9)
of a singularity which appears generically in a 1-parameter family of maps. This
singularity has «7.-codimension 1 and is not simple. A germ is simple if there are
only a finite number of orbits nearby, therefore, in the pair of dimensions (9,9)
not all maps can be approximated by stable maps and so the stable maps are not
dense. He then conjectured that topologically stable maps are always dense and
this was proved by Mather ([20]).

In his well known series of papers about stability of C'>° maps Mather showed
that the set of stable maps f : N® — PP is dense in Cp2 (N, P) (proper C*° maps)
with the Whitney strong topology if and only if the pair of dimensions (n,p) is
in the nice dimensions ([18]), which he determined completely in [19]. Mather
gave a stratification of the set J*(n,p) of k-jets of smooth maps by # -orbits and
characterized stability in terms of transversality of the jet extension of the map
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to this stratification. More precisely, he defined the nice dimensions as the pairs
(n,p) such that there exists a Zariski closed . -invariant set II(n,p) in J*(n,p),
for sufficiently high k, of codimension bigger than n such that its complement in
J¥(n,p) is the union of finitely many .# -orbits.

When the pair (n,p) is in the nice dimensions and the source manifold N is com-
pact, an important problem in the applications of singularity theory to differential
topology is the characterization of the simplest existing paths between two stable
maps. A l-parameter family F' : N x [0,1] — P connecting two non-equivalent
stable maps always intersects the set of non stable maps for a finite number of
values of the parameter, the bifurcation points. The classification of singularities
of bifurcation points in generic families of maps is a fundamental step in results on
elimination of singularities, which is still an active field of research ([15], [1]), and
on various results about the topology of the space of smooth maps such as work by
J. Cerf ([3]) or K. Igusa ([I4]) or even Vassiliev’s theory of topological invariants
(I35])-

We say that a family F': N x[0,1] — P is a locally stable family if F; : N — Pis
a stable map for all ¢ € [0, 1] except possibly for a finite number of values {1, ..., tx}
and the non-stable singularities of Fj, are a finite number of points z; € NNV, and
the map (F,t) : N x [0,1] — P x [0,1] is a locally A.-versal unfolding of F, for all
non-stable points ;. This definition implies that the non-stable singularities of I},
are A-finitely determined and their 4.-codimension is equal to 1.

In this paper we obtain a parallel result to Mather’s characterization of the nice
dimensions. First we define the extra-nice dimensions as the pairs (n, p) where there
exists a smallest Zariski closed .o7-invariant set A(n,p) in J*(n,p), for sufficiently
high k, of codimension greater than n + 1 whose complement is a finite number
of «/-orbits. Then we prove that the subset of stable l-parameter families in
C*°(N x[0,1], P) is dense if and only if the pair (n, p) is in the extra-nice dimensions.

In the nice dimensions all the 7-codimension 1 singularities are simple (see
Proposition 3.4]). Goryunov ([9]), Cooper, Mond and Wik Atique ([4]) and Hous-
ton ([12]) studied the classification of germs and multigerms of 7-codimension
1, corank 1. A recent work by Oset Sinha, Ruas and Wik Atique ([26]) defined
operations that allow the classification of .@7.-codimension 2 multigerms in the nice
dimensions and a natural question arises: are all of these simple? In Section 3
we prove that all corank 1 .o7,-codimension 2 monogerms in (n,p) are simple when
(n+ 1,p+ 1) is in the nice dimensions. We give a sufficient condition for any
e-codimension 2 germ to be simple. This condition is related to stable germs in
one dimension higher having @7.-codimension 1 hyperplane sections. We also give
an example of a corank 2 codimension 2 germ in the nice dimensions which is not
simple.

In Section 4 we define the extra-nice dimensions, we relate them to the simplicity
of 7,-codimension 2 germs and we characterize them by stable germs in one dimen-
sion higher having .o7,-codimension 1 hyperplane sections (the sufficient condition
in Section 3). In Section 5 we determine the boundary of the extra-nice dimensions
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completely. Figure 1 shows this boundary and compares it to the boundary of the
nice dimensions. In Section 6 we characterize the extra-nice dimensions by the
density of locally stable 1-parameter families.

Section 2 establishes the necessary notation and basic results. Finally, in Section
7, we answer a question posed by Wall about the codimension of non-simple maps.
We define further refinements of the nice dimensions and give an example in the
equidimensional case of a stratification in terms of increasing codimension of the
subset of non-simple maps.

Acknowledgements: The authors thank J. J. Nunio-Ballesteros for spotting errors
in previous versions of the manuscript and T. Nishimura for helpful discussions,
both helping to improve the presentation of the results.

2. NOTATION

We consider map-germs f : (K", S) — (KP,0), where K = R or K = C, and
S C K" a finite subset. For simplicity, we will say that f is smooth if it is smooth
(i.e. C*°) when K = R or holomorphic when K = C. We denote by O,, = Okn g
and O, = Ok»ro the rings of smooth function germs in the source and target
respectively, by .#,, and .#), the maximal ideals of O,, and O), respectively and by
0, = Okn s and 0, = Ogr o the corresponding modules of vector field germs. The
module of vector fields along f will be denoted by 6(f). Associated with 6(f) we
have two morphisms tf : 6,, — 6(f), given by tf(x) = df o x, and wf : 8, — 0(f),
given by wf(n) = no f. Let f*: O, — O, be the induced map of f given by
composition with f on the right. Let ¥ = o, &, #,, #. The ¥-tangent space
and the ¢¥-codimension of f are defined respectively as

Tdef =tf(0n) +wf(bp), He-cod(f)=dimg :/?g?f
A0(5)
T f

0(f)
THef

AMn0(f)
TX f
It follows from Mather’s infinitesimal stability criterion [16] that a germ is stable
if and only if its o-codimension is 0. We refer to Wall’s survey paper [36] and
Nurnio-Ballesteros and Mond book [23] for general background on the theory of
singularities of mappings.
There are some relations between the different codimensions. One between the

&/-codimension and the «-codimension due to L. Wilson [3§] (a proof can be
found in [29]):

Tl f = tf( M) +wf(Mpb,), -cod(f) = dimg

THf = tf(0n) + [ M0(f),  He-cod(f) = dimg

THf =tf(Mbp)+ [*tp0(f), JH-cod(f)=dimg

p-cod(f) = o/-cod(f)+r(p—n) —p,
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if f has finite o%-codimension and is not stable, where r = |S| is the number of
branches. And another one between the % -codimension and the #.-codimension,
which can be found in [36]:

He-cod(f) = A -cod(f) +r(p—n).

We say that f: (K", 0) — (K?,0) has corank r if df (0) has rank minn,p — r.

We say that f has finite singularity type or it is J#-finite if J#;-cod(f) < oo.
Another remarkable result of Mather is that f has finite singularity type if and
only if it admits an s-parameter stable unfolding (see [36]). We recall that an
s-parameter unfolding of f is another map-germ

F: (K" x K% 8 x {0}) — (KP x K*,0)
of the form F(z,\) = (fa(x),A) and such that fy = f.

Along the paper, we use the notation of small letters z1,...,z,, A1,..., A for the
coordinates in K" x K" and capital letters X1,..., X, Ay,..., A, for the coordinates
in KP x K".

A multigerm [ = {f1,....fr} : (K", S) — (KP,0) with S = {z1,..., 2.}
is simple if there exists a finite number of /-classes such that for every un-
folding F' : (K" x K* S x {0}) — (KP x K*,0) with F(xz,\) = (fi(z),\) and
fo = f there exists a sufficiently small neighbourhood U of S x {0} such that
for every (y1,A),...,(yr,A\) € U where F(y;,\) = ... = F(y,, \) the multigerm
s K™ {y1,...,yr}) = (KP, fa(y;)) lies in one of those finite classes.

Definition 2.1. Let f : (K", S) — (KP?,0) be a smooth map-germ. A vector field
germ 1 € 0, is called liftable over f, if there exists £ € 0, such that df o{ =no f
(i.e., tf(€) = wf(n)). The set of vector field germs liftable over f is denoted by
Lift(f) and is an O,-submodule of §,,.

When K = C and f has finite singularity type, we always have the inclusion
Lift(f) € Derlog(A(f)), where A(f) is the discriminant of f (i.e., the image of non
submersive points of f) and Derlog(A(f)) is the submodule of 6, of vector fields
which are tangent to A(f). Moreover, we have the equality Lift(f) = Derlog(A(f))
in case f has finite #%-codimension (see [5], 23]).

Definition 2.2. Let h : (K", S) — (KP,0) be a map-germ with a 1-parameter
stable unfolding H(z,A) = (ha(x),\). Let g : (K%,0) — (K,0) be a function-
germ. Then, the augmentation of h by H and g is the map Ap 4(h) given by
(z,2) = (hy(2y(z),2). A map which is not an augmentation is called primitive.

In Theorem 4.4 in [I1] it is proved that
orcod(Apy(h)) > Fe-cod(h)(g)

where 7 is the Tjurina number of the function g. Equality is reached if g is quasi-
homogeneous or H is a substantial unfolding (see [I1]). In this paper we will only
use the particular case when g is a Morse function and so .@.-cod(Amq(h)) =
e-cod(h).
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Following Mather in [I7] if f : (K™, 0) — (KP?,0) has finite singularity type then
there is a stable germ F : (K"*5,0) — (KP*5,0) and a germ of an immersion
i: (K" 0) — (KPT5 0), i M F, such that f is the pull-back of F' by 4 in the diagram:

(K™Fs,0) —— (KP**,0)

I d
(K",0) —— (K?,0)
Any germ f is a pull-back of a stable s-parameter unfolding F' by the natural
inclusion i. Damon ([5], for K = C) and Houston ([11], for K = R) proved that

He-cod(f) = H(r)e-cod(i), where

Har),ecod(i) = dimg N ) (1) = dim ti(0,) + ¢* Lift (F)
Furthermore, if L : (KP**,0) — (K*,0) is such that Loi = 0, then .o%-cod(f) =a(r)
He-cod(L), where
0(L)
tL(Lift(F)) + L*#,0(L)
When s = 1 we say that L defines the hyperplane section f of F'. Besides, to
obtain a hyperplane section of .<7.-codimension 1 it is sufficient to consider the 1-jet

of L (see for example [22]). Also notice that if F' is minimal, x(py#e-cod(L) = 1 if
and only if .#),10(L) C tL(Lift(F)) + L*.#,0(L).

A(F),%/e—cod(L) = dimK NA(F)%(L) = dimK

3. ON SIMPLICITY OF CODIMENSION 2 GERMS IN THE NICE DIMENSIONS

We need the following characterisation of the openness of an 7-orbit in the
J-orbit.

Theorem 3.1. ([32],[33]) Let f : (K",0) — (KP,0) be a J -finite germ and let
{vi,...,v.} be a basis for

_ 0(/)
T Tdef + M)

The <f -orbit of f is open in the J& -orbit if and only if fiv; € T/ f, 1 =1,...,p
and j=1,...,7 (mod f*///sz(f))

If f is stable, the «/-orbit is open in the JZ-orbit.

The o/-orbit is open in the J#-orbit if and only if T.e/ f = T % f, so «/-cod(f) =
A -cod(f). By the formulas relating the ¢-codimension to the ¥,-codimension in
the previous section, this is equivalent to <%-cod(f) = Jc-cod(f) — p, so basically,
a non stable germ has the .o/-orbit open in the % -orbit if and only if there is no
stable germ in the J# -orbit before the versal unfolding.
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Example 3.2. The germ (z° + yz,y) has /-codimension 3 but admits a 2-
parameter stable unfolding, so its @7-orbit is not open in the J#-orbit. However,
(25 4+ yx+27,y) has o-codimension 2 and its &7-orbit is open in the # -orbit (see
[28]).

In Subsection [3.9] we will see an example of a % -orbit which does not admit an
open 7-orbit.

The germs of 7-codimension 1 and corank 1 in the nice dimensions are well
known and are hyperplane linear sections of stable germs. We review them here
for sake of completeness. The case of hyperplane sections of stable corank 2 germs
in (n,n + 1) has been studied in [§].

Proposition 3.3. Let F : (K"*1 0) — (KPT1,0) be a stable corank 1 germ, (n,p)
nice dimensions. Then there exists f : (K", 0) — (KP,0) obtained by a hyperplane
section of F such that “e-cod(f) = 1.

Proof. Suppose first that F' is minimal.
1) Case n > p. Let go : (K™,0) — (K,0) be a simple function singularity of
type Ay, Dy, Eg, E7 or Eg, and let o1 = 1,2,...,¢, be a homogeneous basis for

% where ¢, is the unique highest weight term. Then, by [I7], the map germs

G: (K™ x K+ 10) — (K x K1 0) given by

n
G(x’u% o ,uu) = (90(56) + Zuigpi,UQ, s au,u)
=2

are stable minimal corank 1 germs. Moreover, any stable minimal corank 1 germ is
«/-equivalent to one of such germs. The section v, = 0 defines an .o7-codimension
1 section, see [9].

2) Case n < p. By [17], any stable minimal corank 1 germ is </-equivalent to
G: (K" xK,0) = (KP x K, 0) given by

G(ula"')ul—lavla"'avl—lawllaw12,"'awrl?y7>‘):(uly"'aul—lyvly"'avl—ly
-1 -1 l l
+1 i, 142 i l
wit, w1, - we, Y Y w YT vyt LD wis Y we N,
i=1 i=1 i=1 =1

where r = p —n — 1 and [ is such that [ + 1 is the multiplicity of the germ and
n = l(r+2)—1. In particular, when p+1 = n+2, then r = 0 and so n+1 = 2l is even,
which means that there is no stable minimal germ G : (K" x K, 0) — (K? x K, 0)
when n + 1 is odd ([4]). The section A = 0 defines an .27.-codimension 1 section,
see [12].

Now let F' be «f-equivalent to G. Then there exist germs of diffeomorphisms
¢ (K" xK,0) — (K" x K,0) and ¢ : (KP x K,0) — (KP x K,0) such that
o F = Go¢. By Lemma 6.1 in [25] dy(Lift(F')) = ¢*(Lift(G)). Suppose L defines
a hyperplane section of G of «7.-codimension 1. We have

H(L o ) (Lift (F)) + (L 0 $)0(L 0 48) = tL(* (Lift(G))) + (L o $)0(L o 3)) =
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Y (LL(LIf(G)) + (L)O(L)) = " (Mp116(L)) = Mp410(L oY)
by linearity of L. Therefore L o 1) defines a hyperplane section of F of o7.-
codimension 1.

If F is not minimal, then F is «7-equivalent to Idgr x F' where F’ : (K"~",0) —
(KP~",0) is minimal. So there exists an <%-codimension 1 hyperplane section f’ :
(K"=7=1,0) — (KP~"=1,0) of F’. If we augment f’ by the function ¢(z1,...,z,41) =
z}+ ...+ a2, we obtain a germ f : (K",0) — (KP,0) of #-codimension 1. [

From the normal forms showed above all corank 1 7.-codimension 1 germs in
the nice dimensions are simple. We give here a proof of this fact for any corank.

Proposition 3.4. If a pair (n,p) is in the nice dimensions then all <7, -codimension
1 germs in that pair are simple.

Proof. Let f: (K", 0) — (KP,0) be an -codimension 1 germ.

Recall from [4] and [I1] that f is either primitive or a quadratic augmentation,
that is, an augmentation of a primitive .o7-codimension 1 germ h : (K*~!,0) —
(KP~!,0) by a Morse function g.

For germs of «7,-codimension 1, the @7-orbit is open in its J# -orbit if and only if
the germ is primitive (see [13] or [33]). In fact, if f is primitive then its miniversal
unfolding F' is minimal. We have

6(f)
tf(0n) +wf(0p)

- 0(f) <1

tf (0n) +wf(O)) + [*M0(f) —
This dimension cannot be 0 because F' is minimal, therefore tf(6,) + wf(0,) +
[*A,0(f) C tf(6,) +wf(6p) and so, by Theorem B.I] the </-orbit of f is open in
the JZ-orbit of f, i.e. @/-cod(f) = J#-cod(f). Suppose f is non simple, then there
must be a modal stratum Y with cod sk, ,)(Y) < #-cod(f) — 1 = -cod(f) +

n—1=n. So we cannot find a subset of J*(n,p) with codimension greater than n
whose complement is a finite union of JZ -orbits and this contradicts the fact that
we are in the nice dimensions.

When f is an augmentation then f is /-equivalent to Ap 4(,)(h) where H (x, \) =
(ha(x), A) is the versal unfolding of the primitive germ h and g is a Morse function.
Therefore (z,2,u) = (hg(z)4+u(T),2,u) is a versal unfolding of f and f can be
deformed only in a finite number of .«/-classes. O

Proposition 3.5. Let F: (K" x K,0) — (KP x K,0) be a stable minimal germ,
the following are equivalent:
i) There exists f : (K",0) — (KP,0) such that F' is a versal unfolding of f
and its o/ -orbit is open in its K -orbit.
i) There exists f (unfolded by F') which is a primitive <, -codimension 1 germ.
iii) There exists an immersion i : (KP,0) — (KP x K,0) such that i*(F') is an
A, -codimension 1 germ.

=1

dim

and therefore

di
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iv) There ezists a linear map L : KP x K — K such that #,11 is contained
in L(Lift(F')) + (L).

Proof. 1) if and only if ii) can be found in [33] or [I3]. Notice that since F' is
minimal, the .#-codimension of F' (and of f) must be n + 1. If the o/-orbit of f
is open in its J£ -orbit, then f has &/-codimension n + 1 and thus @Z.-codimension
1. ii) if and only if iii) is trivial by Damon’s Theorem on transverse fibre squares
and the fact that F' is minimal. iii) if and only if iv) follows directly from Damon’s
result oZ-cod(f) =a(r) He-cod(L) and the fact that i(K?) = L~1(0). O

Theorem 3.6. Let (n+1,p+1) be nice dimensions. All corank 1 <7, -codimension
2 germs in (n,p) are simple.

Proof. Suppose we have a corank 1 germ f : (K", 0) — (KP?,0) with «%-codimension
2 which is not simple. Let X denote the o/-orbit of f. Then cod sk, (X) =
/-cod(f) =mn+ 2 and the codimension of the modal stratum Y is cod sk, ;) (Y) <
o/-cod(f) — 1 = de-cod(f)+n—1=n+1.

Suppose f does not admit a 1-parameter stable unfolding, then f is primitive.
We know that

and therefore

dim 0(f) < 2.
tf(0n) + wf(bp) + f*(Ap)O(f)
Since f does not admit a 1-parameter stable unfolding this dimension cannot be
1, therefore it must be 2. This implies that ¢f(6,) + wf(0,) + f*(A4,)0(f) C
tf(6p) + wf(6,) and by Theorem B.1] the .o7-orbit is open in the ¢ -orbit, so the
codimension of the £ -orbit is equal to n + 2. Since the codimension of the modal
stratum is n + 1 we have a l-parameter family of £ -orbits of codimension n + 2.
So in (n + 1,p + 1) we have modality of J#-orbits of codimension n + 2, which
contradicts that (n + 1,p + 1) are nice dimensions.

Now suppose f admits a l-parameter stable unfolding F : (K" x K,0) —
(KP x K,0). By Proposition B3], there exists f’ in the same .#-orbit such that
He-cod(f') = 1. So cod sk, ) (X') = n+1, where X' denotes the o7/-orbit of f’. As
the codimension of the .&7-orbit of f’ is greater than or equal to the codimension
of the modal stratum, then f’ is not simple, which contradicts Proposition [3.4l

0

Notice that in the above proof the hypothesis of corank 1 is only used to ensure
the existence of «7.-codimension 1 hyperplane sections so the above result can be
rephrased as

Proposition 3.7. Let (n + 1,p + 1) be nice dimensions. If all stable germs
F : (K" 0) — (KP*L0) admit a codimension 1 hyperplane section, then all
codimension 2 germs f : (K", 0) — (KP,0) are simple.



THE EXTRA-NICE DIMENSIONS 9

We believe that the results in this section hold also for multigerms, but in this
paper we are concerned only with monogerms.

3.1. An example of a corank 2 codimension 2 germ which is not simple.
From Theorem in order to find 4%-codimension 2 non simple germs we have
two possibilities, either it has corank greater than 1, or it is has corank 1 and is
just below the boundary of the nice dimensions. In the latter case it must come
from a section of an «7.-codimension 1 non simple germ in the boundary of the nice
dimensions and must have .7-orbits open in the . -orbits.

From Proposition it follows that a stable germ F : (K**! S) — (KP*+1 0)
admits an .@7.-codimension 1 hyperplane section if and only if there exists a linear
map L such that .4, C L(Lift(F)) + (L).

Consider the stable germ Fj 3 : (K, 0) — (K%,0) given by

By 3(z,y,u1, u2, uz, ug) = (23 +y> tusz+usyrusr? +ugy?, y, ur, ug, uz, ug) = (X, Y, Uy, ..., Uy).

Lemma 3.8. Lift(F}33) is generated by

3X 2UUs + 6Y 2 4 4UsU Y 3UY
2Y X —1U3Y
| 2y —3UyUs — 5U4Y X+ §U1Us
m23=1 oy, |- —3U,Uy — 5U3Y ’ —3U,Y
U3 _4U2 —%Ul + %U;
Uy —4U; -2Y
UV SULY? + §U>UsY SU3Y? + §UULY
—sULY (—2U, + 2U3)Y —2U,Y + £UZY
B —2UsY —3ULY + 2U% - U U3 —2Y?% — 2U3U,Y
74,5,6 X + %U2U4 ’ —2Y?2 _ %U3U4Y ’ —éUly + %Ug - %UEUQ
-2Y X+ 30hUs — U3 —sUY
—2U, + 2U7 —1u3y X+ 30Uy — U3

Proof. F33 is a free divisor so Lift(F33) is generated by 6 vector fields. The Euler
vector field is clearly liftable and the other 5 are all linearly independent and liftable
by the following lowerable vector fields:

ug + y2 + uqy —%xZ — %u?,:c
u + 2 + usx %xy
£ = —3ugus — dugry £y = 3+ y3 + urx + ugy + usx? + U4y2 + %ulu;g
2 —3uiug — Suzzy |’ 3 —§u4xy
—4usy —%ul + %ug

—4uy —2zy
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é- _ _§u3xy
YT 28 4R w4 ugy + uza® + ugy® + u2u4
—2zy
_ZuQ + 2“’121

)

.%'3

— gugx +( 9u1 + 27u3)
x y"‘ UBCU?/
§U,2$y+ u% 227u1u§
— 22292 U3U4£Cy
2343 +u1x+u2y+u3x —|—u4y + Zujug — goul
——u;;xy

3

&5

%xy + ?uélxy
—%y?’ - ggzyQ - gU4y2 + %uiy
AN
—3UITY + gUs; — 57 ULUL
—§U4xy
w3+t urr+usy+ugr? +ugy? + UQU4 247u§1

&6 =

0

Therefore, there does not exist L such that .# C L(Lift(F33))+ (L) and so F3 3
does not admit a codimension 1 hyperplane section.

Theorem 3.9. The corank 2 germ f : (R?,0) — (R®,0) given by
fz,y,ur,uz, ug) = (22 4+ 2 + urz + ugy + (=g — u?)z? + ugy?, 2y, u1, ug, uy),
with X # 0,—1, has .-codimension 2 and is not simple.

Proof. The idea is to use Damon’s Theorem relating .@7.-codimension and y -
codimension where V' is the discriminant of F3 3. By integrating the linear parts of

the vector fields in Lift(F3 3) we obtain the linear parts of diffeomorphisms in ¢,
which are:

— (X, 2V, U, €Uy, €*Us, e Uy),
= (X,Y +aX,Uy,Uy,Us — 4aUs, Uy — 4aU),

ns = (X, Y, Uy + aX,Us,Us, Uy — 2aY),

m = (X,Y,Uy; Uz + aX,Us — 2aY, Uy — 2/3al),
= (X,Y,Uy,Us,Us + aX,Uy),

n6 = (X,Y,U1,Us,Us, Uy + aX).

Let L : (R 0) — R and suppose j'L(X,Y,Uy,Us, U3, Uy) = aX + bY + cUp +
dUs 4+ eUs + fUy. If f # 0, by using 19,...,1m6 we can fix a = b = ¢ = d = 0,
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and by using 11 we get j'L = Us + AUy where ) is a modulus. A complete 2-
transversal is given by U7 when \ # —1 since .#¢ C Ty 1 L+ sp{UZ} + .43 where
Ty oL = tL(Lifty (F33)) + L*.#1 O and Lift; (F33) is the space of vector fields in
Lift(F33) with zero 1-jet (see [2]). Rescaling we set L = Us + AUy + UZ. If X # 0,
this germ has y #.-codimension 2 and is not simple, so the 7. -codimension of f is
2 and it is not simple. O

By Proposition B3], this is an example of a J#-orbit which does not admit an
open &7-orbit.

4. THE EXTRA-NICE DIMENSIONS

Mather gave a stratification of the set J¥(n,p) of k-jets of smooth mappings
by # -orbits. This induces a partition of J*(N, P) by .# -orbit bundles. Mather
characterized stability in terms of transversality of the k-jet extension j*f : N —
JF(N, P) to this stratification. He showed that there exists a smallest Zariski
closed # *-invariant set IT¥(n, p) in J¥(n,p) such that its complement in J*(n,p)
is the union of finitely many .# *-orbits. The codimension of IT*(n, p) decreases as
k increases. Moreover, there exists a big enough k for which the codimension of
1% (n, p) attains its minimum. For this & the codimension of the bad set II(n, p)
is denoted by o(n,p.) When o(n,p) > n, then the k-jet of a generic map does
not meet the set II(n,p) and therefore it is transversal to Mather’s stratification
in J¥(N, P) and hence it is stable. He defined the nice dimensions as the pairs
(n,p) such that o(n,p) > n. See [6] for the notion of semi-nice dimensions, where
2-modality of J# -orbits appears.

As a consequence of Proposition 4], the fact that Mather’s bad set has codi-
mension greater than n means that one can detect lack of simplicity at the .-
codimension 1 level. Take also into account that JZ-orbits of codimension less than
or equal to n have stable representatives of .@7-codimension less than or equal to n
(i.e. there is an open &/-orbit in the J# -orbit). If we want to refine this definition
to detect lack of simplicity in the 27-codimension 2 level we must consider bad
sets of codimension greater than n + 1. Furthermore, since «7-orbits of non stable
germs may or may not be open in their JZ-orbit, we must consider stratification
by &7-orbits instead of % -orbits. This leads to the following

Definition 4.1. The pair (n,p) is said to be in the extra-nice dimensions if, for
large enough [, there is a Zariski closed .o7-invariant subset A of J!(n,p), of codi-
mension greater than n + 1, whose complement is a finite union of .@7-orbits.

It follows from the definition that

Proposition 4.2. If (n,p) is in the extra-nice dimensions then all <, -codimension
2 germs are simple.
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Proof. Suppose we have an @-codimension 2 non simple germ. Then there is a
l-parameter family of «/-orbits of codimension n + 2, so we cannot find and .o7-
invariant subset A of J!(n, p), of codimension greater than n+ 1, whose complement
is a finite union of «7-orbits. O

The converse of Proposition is not true as we shall see in a further example
(Proposition [5.8]).

The subset A in the definition can be constructed containing all non-simple o7-
orbits and all @7-orbits of codimension greater than or equal to n + 2. In order
to be in the extra-nice dimensions, the codimension of this set must be greater
than or equal to n 4+ 2 (see Section [6] Proposition [6.2). It is not contained and it
does not contain Mather’s bad set, because in a . -orbit of codimension less than
or equal to n there can be an infinite number of simple «7-orbits (for example,
augmentations), and in order to have finite .&7-orbits in the complement of our bad
set A we must include in A some of these «7-orbits (i.e. we include the ones of
codimension greater than or equal to n + 2). In Remark [5.3] we compare Mather’s
bad set and ours for some examples.

The previous definition is well defined because there is an estimate (depending
on n and p) for the degree of determinacy of <%-codimension 1 germs. Namely,
results by Mather and Gaffney which can be found in [36] and [23] state that if

o/-cod(f) = d then .///,&Terd)QG(f) C T« f, where 1 is the number of branches, and
if A#5T10(f) C T/ f then fis (2k + 1)-o/-determined. Combining this we have
that f is (2((rp + d)? — 1) + 1)-&/-determined. So for monogerms we obtain that
if of-cod(f) = i, then f is (2(p + n + )% — 1)-o/-determined, in particular any
.-codimension 1 (and therefore </-codimension n + 1) germ f : (R",0) — (R, 0)
is (2(p +n + 1)? — 1)-o/-determined.

Proposition 4.3. If the pair (n,p) is in the extra-nice dimensions, then (n+1,p+
1) is in the nice dimensions (in particular, (n,p) is nice dimensions too).

Proof. By definition there exists an .o7-invariant subset A of J!(n, p), of codimension
greater than n+ 1, whose complement is a finite union of 2/-orbits. For each one of
those o7-orbits, consider the . -orbit which contains it. We therefore have a finite
number of J£ -orbits of codimension less than or equal to n + 1 which may include
some «7-orbits which were originally in A. The complement of this finite number
of ¢ -orbits is included in A, and therefore the codimension of this complement
is greater than n + 1. This complement contains all the J#-orbits of codimension
greater than or equal to n 4+ 2 and is Zariski closed. In conclusion, there exists a
A -invariant subset A’ of codimension greater than n + 1 such that its complement
is a finite number of J#-orbits. The codimensions of these strata are the same in
(n+1,p+1) and so (n+ 1,p + 1) is in the nice dimensions. O

This means that if (n 4+ 1,p + 1) is not in the nice dimensions, then (n,p) is not
in the extra-nice dimensions.

It is obvious from the definition of nice dimensions that if a pair (n+1,p+1) is
in the nice dimensions, then (n,p) is in the nice dimensions, since the codimension
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of JZ -orbits is invariant under unfoldings. However, this is not so obvious for the
extra-nice dimensions:

Proposition 4.4. If the pair (n + 1,p + 1) is in the extra-nice dimensions, then
(n,p) is in the extra-nice dimensions.

Proof. Suppose that (n,p) is not in the extra-nice dimensions. Then, for any Zariski
closed .7-invariant subset I' of J!(n,p) of codimension greater than n + 1, its
complement is an infinite number of .o/-orbits.

Let I' be the union of all the &/-orbits of codimension greater than or equal to
n + 2. If the codimension of I' is greater than or equal to n 4 2, since it is an
o7 -invariant set, its complement is an infinite number of 2/-orbits. On the other
hand, the complement of I" is the union of all .@7-orbits of codimension less than or
equal to n + 1. In the nice dimensions there are a finite number of stable and <7.-
codimension 1 orbits, therefore we have a contradiction. Hence, the codimension of
I" must be less than or equal to n 4+ 1. This means that there is a Zarisky open set
in I foliated by an infinite number of 7-orbits of the same codimension (greater
than n + 1, i.e. o%-codimension greater than 1).

If these infinite </-orbits are contained in a single #"-orbit X then cod jk(y, ,) X <
cod jk(n ) I' < n+ 1. Therefore the £ "-orbit has a stable germ F : (K*+1 0) —
(KP*1 0) which is a I-parameter stable unfolding of the germs of the .27-orbits.
By augmenting these germs by F' and a Morse function we obtain a stratum of
codimension less than or equal to n + 1 of germs of @7.-codimension greater than 1
in(n+1,p+1),and so (n+1,p+ 1) is not extra-nice dimensions.

If no single % -orbit contains the infinite .o7-orbits, there is a stratum of codimen-
sion equal to the codimension of I' with modality of £ -orbits. This implies that
(n+1,p+1) cannot be nice dimensions. Therefore, by Proposition @3l (n+1,p+1)
is not extra-nice dimensions. ]

Remark 4.5. The above proof implies that if a pair (n, p) is in the nice dimensions
but not in the extra-nice dimensions, then there exists a . -orbit which contains
a stratum of codimension less than or equal to n + 1 of non-simple germs. In fact,
the codimension is equal to n + 1 (see Section [T).

Theorem 4.6. If the pair (n,p) is in the extra-nice dimensions then every stable
germ F : (K" 0) — (KP*L0) admits a hyperplane <f,-codimension 1 section
f: (K™ 0) — (KP,0). The converse is true if (n+1,p+1) is in the nice dimensions.

Proof. 1) Firstly we are going to prove that if (n,p) is in the extra-nice dimensions
then every stable germ F : (K"*1 0) — (KP*! 0) of .#-codimension n + 1 admits
a hyperplane section of .@7.-codimension 1.

Suppose that there exists a stable germ F : (K"t1 0) — (KPT1 0) of J¢-
codimension n 4+ 1 which does not admit an @/.-codimension 1 hyperplane section.
Then there exists a k > 1 and a section f’: (K", 0) — (K?,0) of <Z-codimension
k such that all sections of F' have .@Z-codimension greater than or equal to k.
Therefore the .o7-orbit of f’ is not open in its J# -orbit, so the union of a (k — 1)-
parameter family of @7-orbits of codimension n + k is a Zariski open subset of the
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A -orbit. Then this J#-orbit is a codimension n + 1 subset of J!(n, p) which is not
a finite union of 2/-orbits of minimal codimension, so there does not exist a subset
of codimension greater than n + 1 such that its complement is a finite number of
of -orbits, contradicting the fact that (n,p) is in the extra-nice dimensions.

Lets consider now F : (K"*1 0) — (KP*! 0) a stable germ of .#-codimension
n—r,r > 0. Then F is a trivial unfolding of a minimal stable germ F : (K"~",0) —
(KP~7,0). As (n, p) is in the extra-nice dimensions hence, by Proposition @4l (n—r—
1,p—r—1) also is and we can apply the above argument to find an 7-codimension
1 hyperplane section f of F. Then the augmentation of f is an <-codimension 1
hyperplane section of F' (see [4]).

2) Suppose that (n,p) is not in the extra-nice dimensions. Following the proof
of Proposition 4] there exists I" of codimension less than or equal to n + 1 with an
open Zariski subset foliated by infinite o7-orbits of codimension greater than n+ 1.

If no single J# -orbit contains the infinite «/-orbits, there is a stratum of codi-
mension equal to the codimension of I' with modality of J#-orbits, contradicting
the fact that that (n+1,p+1) is nice dimensions. Therefore, there exists a . -orbit
which contains the infinite @7-orbits. This JZ-orbit has codimension less than or
equal to n + 1, therefore there exists a stable germ F : (K"*1 0) — (KP*1 0) (not
necessarily minimal) such that all non stable hyperplane sections f of F' are not
o/ -simple. Then by Proposition B4 «%-cod(f) > 1

O

In order to determine when a pair (n,p) is in the extra-nice dimensions, by
Theorem 6, we need to know the stable germs (K"*! 0) — (KP*!1 0), so we
describe Mather’s procedure to obtain the normal forms for all stable germs. Start
with a germ fp : (K*,0) — (K¢, 0) of rank 0 and find a basis {¢1,. .., ¢4} of An9(f0)

THefo *
Then, F : (K*+4,0) — (K2 0) given by

F(z,uy,...,uq +Zul¢l )y ULy, Uq)

is stable. Furthermore, any stable germ can be obtained by this procedure.

By Proposition B.3] all stable corank 1 germs admit an «7.-codimension 1 hyper-
plane section, so we need to study simple germs fy of corank at least 2. The rank
0 germs fp have been classified by several authors such as Mather, Arnol’d, Giusti,
Wirthmiiller, Damon, du Plessis, Wall and Gibson. A good account can be found
in the book by du Plessis and Wall [7].

In the following discussion of simple algebras of corank greater than 1, there are
two of corank 2 which play a special role:

Byg = (2P +y% zy), B, ,= (a",y% zy).

Notice that le),q is obtained from B, , by adding its jacobian.
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4.1. Algebras. We describe the algebras by the number of variables and genera-
tors. We only list the least degenerate ones (which will be enough for our purpose
as we will see in the next section).

Case n > p:

(1) With 1 generator and any number of variables: Ay, Dy, Eg, E7 and FEs,
which are of corank 1.

(2) With 2 generators and 2 variables: B, ;. The stable germs in these algebras
are in (p+¢,p + q).

(3) With 2 generators and 3 variables: P,, = By, + (22,0). The stable germs
in these algebras are in (p+q¢+2,p+q+1).

(4) With 2 generators and more than 3 variables there are no simple algebras.
For example, the simplest algebra of corank 2 with 4 variables is (22 + y2 +
22, y? + 22+ Aw?) (non-simple because there are 4 quadratics), whose stable
germ is in (9,7) and (8,6) is the boundary of the nice dimensions.

(5) With more than 2 generators: there are no simple algebras.

Case n < p:

(1) With 2 variables: (B, ,,0,...,0) whose stable germs are in (2p +2¢ — 2 +
klp+q—2),2p+2¢—1+k(p+q—1)) and (Bp4,0,...,0) whose stable
germs are in (p+q+k(p+q—1),p+q+ k(p+ q)), where k is the number
of zeros.

(2) With 3 variables.

(a) With 4 generators: f(x,y,2) = (22 — y%,9y% + 22, 22,y2). The stable
germ is in (12,13). If we add k zeros the stable germ is in (12+9k, 13+
10%).

(b) With 5 generators: f(z,y,2) = (22 — y?,9% + 2%, 2y, x2,y2) which
is obtained from P2 by adding its jacobian. The stable germ is in
(15,17). If we add k zeros the stable germ is in (15 + 12k, 17 + 13k).

(c) With 6 generators: f(z,y,z) = (22,92, 2%, vy, 22,9z). The stable germ
is in (18,21).If we add k zeros the stable germ is in (184 15k, 21+ 16k).

(d) With more than 6 generators they are obtained from the above ones
by adding zeros.

(3) With 4 variables the stable germs are in the boundary of the nice dimen-
sions.

5. THE BOUNDARY OF THE EXTRA-NICE DIMENSIONS

Many of the calculations which did not make it to the final version of this article
were either done or double-checked using an algorithm implemented in the com-
puter package Singular developed by Hernandes, Miranda and Penafort-Sanchis in
[10]. The calculations which appear in this section have been done by hand unless
otherwise stated.

5.1. The case n = p. In Theorem B9 we obtain a non-simple Z-codimension
2 germs in (5,5) of type Bz 3. By Proposition B this means that there exists a
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stable germ in (6,6) which does not admit a hyperplane section of <7-codimension
1. Therefore, by Theorem (6] (5,5) is not in the extra-nice dimensions. Since
(5,5) is in the nice dimensions we have the converse of Theorem [£.6] so to establish
the boundary of the extra-nice dimensions we must verify if all stable germs in
(5,5) admit hyperplane sections of 7-codimension 1. Taking into account the
adjacencies of discrete algebra types we only have to investigate the stable germ in
B372:

F3,2('I’ Y, U1, u2, U3) = ($3+92+U1$+U2y+u3$2a TY, U1, U2, u3) = (X’ K Ul, U2) U3)
Lemma 5.1. Lift(F3 ) is generated by

6X AUsY + 2U,Usy §1U2Y
5Y X —iu3y
9
m = 4U1 s Mo = —-5Y — 3U2U3 , N3 = X + éUlU?;
30U, -3, 4
s —4U, —3U1 + 3U3
Sty 2Y? 4+ sUUY
1y (—3U1 + ZUR)Y
m=| —20Y |.,ps=| —iY+ %Uf - 2UU3
X + 1U3 —2U3Y
-3y X+ 2UhUs — 5:U3

Proof. F3 is a free divisor so Lift(F32) is generated by 5 vector fields. The Euler
vector field is clearly liftable and the other 4 are all linearly independent and liftable
by the following lowerable vector fields:

1.2 1

Y+ ug —3T° — U3T
% + U1 + u3x %xy
So=| —bay—3ugus |,& = | 2°+9? + wiz + ugy + uga? + guyus
—3U1 —gﬂﬁy
2 2,2
—4u2 —g'U/l + §U3
1 1.3 _ 1 2 2 2,2
L, ~ge% — guaat + (~ju+ mu)e
—3Y° — Fu2y 3T7Y + quU3TY
_ 4 2,2 2 2
§4 = —2ugry &5 —3U2TY + U] — 5rUIUS
x>+ y2 + Uurx + u2y + U3x2 + iu% —%u;»,my
5
—52Y x3+y2+u1x—|—u2y—|—u;g,x2—|— %ulu?, — %ug
O

Proposition 5.2. Whenn = p, (5,5) is the boundary of the extra-nice dimensions.

Proof. It remains to prove the existence of a hyperplane section of o7 -codimension
1 of F39. Let L : K®> — K be given by L(X, Y,Uy,Us,Us) = Us. Then 45 C
L(Lift(F32)) and by Proposition iv), F32 admits a hyperplane section of <7-
codimension 1, so (4,4) is in the extra-nice dimensions. O
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Remark 5.3. The pair (5,5) is in the nice dimensions but not in the extra-nice
dimensions. In J!(5,5) for a sufficiently high  Mather’s bad set TI(5, 5) is a codimen-
sion 6 . -invariant set given by I1(5,5) = Ag U B3 3. Its complement is composed
by the ¢ -orbits A;, i =1,...,5, By and B33, all of which have a stable represen-
tative in (5,5). In the J#-orbit of Bs 3 there is a 1-parameter family of .7-orbits of
f,-codimension 2 (i.e. o/-codimension 7) which is dense in the .# -orbit (Theorem
[3.9). Therefore we cannot find an o7-invariant set of codimension greater than or
equal to 7 such that the complement is a finite number of /-orbits, and hence
(5,5) is not in the extra-nice dimensions.

On the other hand, in (4, 4) the set I1(4,4) is a codimension 5 J# -invariant set in
J'(4,4) given by I1(4,4) = A5 U Bs. Its complement is composed by the # -orbits
A, i=1,...,4 and By . Both J#-orbits A5 and Bs2 have an open 27/-orbit. Let
A be the union of the closure of the complement of these open orbits in As and
Bs o and of all the o7-orbits of codimension greater than or equal to 6 in all the
J -orbits. This is a codimension 6 </-invariant subset such that the complement
of it is a finite number of o/-orbits and hence (4,4) is in the extra-nice dimensions.

5.2. How to go from (n,p) (n < p) to (n,p+ 1) by adding a 0 component.
Let fo: (K",0) — (KP,0), n < p, be a # -finitely determined map-germ. Suppose

n ~

(fo)
Let f: (K", 0) — (KP*1,0) be given by f = (fo,0).
Let Fy : (K™% 0) — (KP** 0) be a minimal stable unfolding of fo, Fo(z,u1,. .., ug) =
(F(x,u),u).
Let F : (K*TF+7 0) — (KPTF+7+1 0) be a minimal stable unfolding of f given
by F(x,u,w) = (F(z,u),u, Z(z,w),w) where Z(z,w) = 3i_, oi(x)w;. We denote
the coordinates in target by (X,U, Z,W).
We have that

K{og,...,0.}, where oy = 1. When n = p we shall consider o, = J(fo).

OF oF,  OF OF

Wi ﬁ 8_ui (9_u; 0O --- 0

01 Oxn  Ou Ouy,

0 0 1 0 0 0

dF =

0 0 0 1 0 0

A 4

8_1‘1 % 0 O g1 Op
0 0 1 0

0 0 0o .- 0 o --- 1

Proposition 5.4. Let 71 : (KPHEH7+1 0) — (KPT* 0) be the natural projection.
Then Llft(Fo) =m (Lift(F)’Z:WZQ).
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Proof. 1t is immediate that Lift(Fy) D i (Lift(F')|z=w=0). Only write dF(§) =
noF, take Z = W = 0 and project ¢ into the first n + k coordinates and 7 into
the first p + k coordinates.

Now let & = (€} (z,u), ..., & (x, 1)) € Oppp and o = (n§(X,U),..., ™M (X,U)) €
Op+k such that dFy (&) = no o Fo.

We have that

dF(&,0,...,0) = (1 oFo,...,ng+k o Fy, ANz, u,w),0,...,0)
where \(z,u,w) = > fég—mzi.
O
Since —H@WW} o K{oo,...,0.}, it follows from the Preparation Theorem that

<F05 ’U)>
there exist functions a; = a;(z,u,w) such that

Mz, u,w) = Z a;(Fo, w)o;(x).
i=0

Now let ¢ = (&,... ,£g+k, —ay(Fy,w),...,—a,(Fo,w)) € Opike, and
n= (M, ao(X, U W), —ar (X, U,W),...,—a,(X,U,W)). Then, dF(() =
no F, that is, n € Lift(F'), and 71 (n|z=w=0) = no- O
Lemma 5.5. The vectors nzw, = Zaja% + ZaLWj € Opiktrt1, J=1,...,7, and

nw,w; = Wiaja% + WZ% € Opthtri1, 1,5 =1,...,7, belong to Lift(F).

Proof. Write ngj = Zaiwj € Optk+r and gwiwj = wiaiwj € Ontktr, ,J =1,...,m.
Then wF(nzw,) = tF(§zw;) and wF (nw,w;) = tF(§ww,;)- O

Theorem 5.6. If Fy admits a hyperplane <. -codimension 1 section then F also
does. The converse is true if the image of the set of linear part of vector fields in
Lift(F) by mo is a subset of Mz w0(ms), where mo : (KPTFFTHL 0) — (K™+1,0) s
the projection wo(X, U, Z,W) = (Z,W).

Proof. Let hg : (KP** 0) — (K,0) be a linear function such that hg = 0 defines
the .«7,-codimension 1 hyperplane section of the discriminant Vy C (KPT* 0) of Fy,
that is, hg has v, #e-codimension 1. Then tho(Lift(Fy)) + (ho) D Mpik-

Let h: (KPTF+7+1 0) — (K, 0) be given by h(X,U, Z,W) = ho(X,U) + W,.. We
are going to prove that h = 0 defines an o%-codimension 1 hyperplane section of
the discriminant V' C (KPH*+7+1 0) of I, that is, h has y.#-codimension 1.

As Fy and F' are both minimal stable unfoldings, all liftable vector fields in both
cases vanish at zero.

Using notation from the previous lemma, it follows that (th(nzw, ), th(nw,w,)) 2
(Z,W)0, s irsr- S0 th(Lift(F) 2(Z,W)0o,, s

It remains to prove that X;,U; € th(Lift(F)) +(h), i=1,...,n; j=1,... k.

From hypothesis X;,U; € tho(Lift(Fp)) + (ho). So, there exists n{(X,U) €
Lift(Fp) such that X; = tho(n) + ahg, i = 1,...,n. It follows from Proposition [(.4]
that there exists 7; € Lift(F), such that 7 (n;(X, U, 0,0)) = n?(X,U). Now, from the
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definitions of h and ho, th(n:) +{(Z,W)o,, 1 = tho(n?) +(Z, W)o, nirsr- Then,
X; € th(Lift(F)) + (h), i = 1,...,n. Similar arguments hold for U;, j = 1,... k.
Therefore h has y . #.-codimension 1.

Conversely, let h : (KPHEF7+1 () — (KK, 0) be a linear function such that A = 0 de-
fines an .27,-codimension 1 hyperplane section of the discriminant V' C (KPHe+r+1 )
of F. Then th(Lift(F)) + (h) D Mpiitri1-

Since h is linear we can write h(X,U,Z, W) = ho(X,U) + hi(Z,W). It fol-
lows from the derivative of F' above that mo(Lift(F)) N #x,y0(m2) = 0. There-
fore hg # 0 and X;,U; € ho(Lift(F)) + (ho), for all i = 1,...,n, j = 1,... k.
Now from Proposition [54] and as ma(Lift(F)) C A4z wb(m2), we actually have
X;,U; € hQ(Llft(Fo)) + <h0>, forall ¢ =1,...,n, j = 1,...,k, that is, hy has
Vi #e-codimension 1. O

5.3. The case n = p — 1. First we consider B§’3 whose stable germ is F§73 :
(K19 0) — (K 0) given by Fig(.%’,y,’dhUQ,Ug,’l}l,’UQ,’Ug,’U}l,WQ) = (23 +uz +
uoy + uzy?, y> + vix + voy + v3x?, xY + wir + woy, u, v, w). In her PhD thesis at
Warwick University under the supervision of David Mond, Mirna Gémez-Morales
studied the existence of hyperplane sections of 7.-codimension 1 for all stable
germs in the algebra By, ; ([8]). She showed that the stable germ Fj, of type B3,
has an /.-codimension 1 hyperplane section but B§’3 does not, therefore (9,10)
is not in the extra-nice dimensions. Their method is the following. Consider
L : (K'",0) = (K,0) be a linear polynomial given by L(X1,...,X11) = a1 X1 +
...+ a;1Xq;. Given an immersion i : (K'9,0) — (K' 0), such that L oi =
0, by Damon’s Theorem we have that o-cod(i*(F33)) = H#y,-cod(i) =y -
cod(L), where V' is the discriminant of Fy 3. Let Mgy (X1,...,X11) be the matrix
whose entries correspond to the linear parts in Xl,y. .., Xq1 of the generators of
tL(Derlog(A(F33))) + (L)0(L). Then

MFé’?)(Xla e ,XH) = (Xl,. . 7X11) . NFé’?)(al,. . ,au).

Therefore, #Z-cod(i*(F34)) = 1 if and only if the rank of Ngy  is 11. In fact, the
same argument proves that «-cod(i*(F3 3)) = k if and only if the rank of Ny is
12 — k for k > 1. ’

Lemma 5.7. The linear parts of the generators of Lift(FPf’g) are
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m = 3X X+3Y8Y+2282+2U16U +2U28U +U38U +2Viges
+2VZav +V38V +Wlaw +W28W2
m = 3XZ - 3V28V +3U18W1+4U28W,

ns = 3YZ —3Ui % aUg +4Vi 8- i +3V23W2
9X 32 + 3Vig: +3Z 50~ + 2U1 35,

s =
ms = 3Y 50 328 +V18W2
ng = 3Xaa 3U28U + Z 5%,
nr = X@U ’
ng = 3U28U +9Y +2‘/28W +3Z8W 3
ny = 3V 8 3V13v +Z8W,
_ )
o = 3X 88‘/2 3ZE)V3 + U2 oW1’
me = Xggm, m3= Y3W17 ma =Y 55,

where (X,Y, Z,Uy,Us, Us, Vi, Vo, V3, W1, Ws) are the coordinates of the target.

Proof. n; is the Euler vector field and lowerable vector fields for the remaining ones
are

& = —ug Bx + x2 8y 3U2 Jvs + 3U1 Jw; + 4UQ Jwg

§3 = 3y IUIBQ —3uy 523 + 4y 8?01 + 39 32}2

54—( 35[7 —2u1) +X8u +3v18v +3Z(9w +2u16w2
& = _”13;); +3Y_é —32—%4—?}182}1

56—_1'3/5 +3X5u 3“25u3 +Za;fu2=

57 5u3

58—( 3y —2’02) +3UQBU +9Y8U —|—2’L)28w —|—3Z
o = (—uw — :cy)aerZ%Yav1 3152 + Z52-

Ows’

Owy’
10 = ugay—l—?)X — 374 —|-U,2831,
§11——3€ yay-i-?)Y +X8w2
12 = 8w1’ 13 = Yawla Gu=Y52,
where X = 23 +uiz+usy+usy?, Y = y3+uviz+vey+vsz? and Z = zy+wz+way.

O
The next result shows a counterexample of the converse of Proposition

Proposition 5.8. Any hyperplane section of F§73 has 97, -codimension greater than
2.

Proof. Analyzing the linear parts of Lift(F3 | 3) we can see that the rank of N Fi,
8 so the best possible hyperplane section has @7.-codimension 4. D

This means that in (9,10) all .2Z.-codimension 2 germs are simple, but (9, 10) is
not in the extra-nice dimensions.

Proposition 5.9. When n = p — 1, (9,10) is the boundary of the extra-nice di-
Mensions.
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Proof. We must analyze corank 2 stable germs in (9,10). These are given by the
algebra type (B3 2,0). By Lemmalb.]], F3 5 admits an o7-codimension 1 hyperplane
section, and by Theorem [.6lthe stable germ for (Bs 2, 0) admits a section too. Since
(9,10) is in the nice dimensions, by the converse of Theorem (6] (8,9) is in the
extra-nice dimensions. O

5.4. The case n < p— 1. Up to now we have at the boundary of the extra-nice
dimensions (5,5) and (9,10). These two pairs of dimensions lie in the line of equation
5n —4p — 5 = 0 in the (n,p)-plane. In fact, we can generalise this to include the
casen <p—1:

Proposition 5.10. If n < p the boundary of the extra-nice dimensions is given by
m—4p—5=0,p > 5.

Proof. Let Fy : (K!°,0) — (K!'!,0) be the minimal stable germ in By 5 algebra
and F : (K'9** 0) — (K'*% 0) be the minimal stable germ in (Bj3,0,...,0)
where k is the number of zeros. Following notation of section we have 01 = «,
oy =y, 03 = 22, 04 = y? and Z(z,y, w1, w2, w3, ws) = wiT + way + w3x? + way?.
Therefore, 0Z/0x = wy + 2wsx and 0Z/Jy = wy + 2way. So one can see that F
satisfies the conditions of Theorem 5.6l As Fy does not admit a hyperplane section
of .o7.-codimension 1 then by Theorem F does not. If Fy : (K% 0) — (KS,0)
is the minimal stable germ in Bjz algebra and F : (K6*°% 0) — (KO0 0) is
the minimal stable germ in (Bs3,0,...,0) where k is the number of zeros, then
similarly F' does not admit a hyperplane section of 27.-codimension 1 since o; = =z,
o2 =Y, 03 = 1‘2, g4 = y2.

Let now Fp : (K®,0) — (K?,0) be the minimal stable germ in Bj , algebra and
F: (R8+3F 0) — (K% 0) be the minimal stable germ in (B3 2,0,...,0) where k
is the number of zeros. We have Z(z,y, w, we, w3) = wix +wsy +wzr?. Therefore,
070z = w1+2wsx and 07 /0y = wy. So one can see that F satisfies the conditions
of Theorem As Fy admits a hyperplane section of .@7,-codimension 1 then by
Theorem F does. Similarly if Fy : (K5 0) — (K5,0) is the minimal stable
germ in Bj 5 algebra and F : (K™% 0) — (K5*5% 0) is the minimal stable germ in
(Bs32,0,...,0) where k is the number of zeros, then similarly F' admits a hyperplane
section of &7,-codimension 1.

Suppose p = n + £. We have:

algebra k stable germ | hyperplane section
(B33,0,...,0) | k=0 [(6+50,6+60)| (5+5,5+6()
(Bf5,0,...,0) | k=0—11(6+4¢,6+5¢) (5+46,5+ 5¢)
(B3,2,0,...,0) k=1¢ (5+ 46,5+ 50) (4+40,4+50)
(B 5,0,...,0) | k=0—11](5+3¢5+4L) (4+ 30,4+ 40)

In conclusion, all the pairs of dimensions of sections of stable germs correspond-
ing to algebras B, , or BZIMI (or these two with zeros added) with p + ¢ < 5 lie in
the extra-nice dimensions. The ones corresponding to By, or By, , (or these two
with zeros added) with p 4+ ¢ > 6 are not in the extra-nice dimensions.
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Therefore (5 + 44,5 + 5¢) is in the boundary of the extra-nice dimensions and
belongs to the line 5n — 4p — 5 = 0. The sections of stable germs corresponding
to algebras with 3 or more variables lie to the right of this line and are not in the
extra-nice dimensions.

0

5.5. The case n = p+ 1. Consider the simplest corank 2 algebra in this setting
and its stable unfolding P, 5 : (K% 0) — (K®,0) given by

P2,2(95ay, Z,u17u27U3) = (952 + y2 + 2%+ uUIx + ugy, rY + U3Z7u17u27u3)-

Lemma 5.11. The generators of Lift(P2) are

2X 6Y Uy — 2UsU2 4Y Us + 3U1UsUs
2Y —Y Uy +2U,U3 2XUs +2U3
m=1 U1 |,m= —8Y M3 = —4U3Us
Us 4X + U2 + 4U2 —4U,Us
Us ~UyUs 2Y
6Y Uy — 2U, U2 4(X? —12Y2 - 6YU Uy + U3 (5X + 3U% + 3U3))
~YU; +20,U% —8XY — 16YUZ — 9U, UU3
ms= | 4X + U +4U3 |, 2XU; + 36Y U, — 14U, U2
—8Y 36YU; +2XU, — 14U, U2
~UyUs ~10XUs — 2U3

Proof. The discriminant (image of critical points set) V of P, is a free divisor so
Derlog(V) is generated by 5 vector fields. In order to obtain them we calculate the
order 5 minors of the differential and eliminate the variables x,y, z from the ideal
generated by 222 — 2y% 4+ wix — ugy, uiug + 2Usx — 2yz, ugug — 2usy — 2wz, X —
(22 + 9% + 2% + w1 + ugy), Y — (xy + uzz) (the first three are the minors). Using
the computer package Singular we obtain the defining equation of V. Again using
Singular we can compute with syzygies the generators of Derlog(V'). It can be seen
that all of them are linearly independent and liftable. O

Notice that there are only 4 vector fields with non zero linear parts.

Proposition 5.12. When n = p+ 1, (5,4) is the boundary of the extra-nice di-
mMensions.

Proof. Analyzing the vector fields in Lemma 51Tl and by Proposition iv), Poo
does not admit a hyperplane section of %-codimension 1, so (5,4) is not in the
extra-nice dimensions. In fact, it does not admit an .f-codimension 2 section
either. Since P53 is the simplest corank 2 algebra in (n + 1,n) and (5,4) is in
the nice dimensions, by the converse of Theorem (6] (4,3) is in the extra-nice
dimensions and so (5,4) is the boundary of the extra-nice dimensions. O
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5.6. The case n > p+ 1. From the discussion of the algebras, we know that there
are no rank 0 simple algebras in this case. Here the boundary of the nice dimensions
is given by the non simple o7.-codimension 1 section of the stable unfolding of the
simplest rank 0 germ for each case (n + k,n), k > 2.

In the case (n + 2,n) this algebra is (22 + y% + 22, y? + A2 + w?), whose stable
unfolding is in (9, 7) and the boundary of the nice dimensions is (8,6). By Proposi-
tion 3] (7,5) is not in the extra-nice dimensions. Since there are no stable corank
2 germs in (7,5) (or below) the boundary of the extra-nice dimensions is (7, 5).

On the other hand, for (n+k,n) with k£ > 2, the boundary of the nice dimensions
is given by the non simple @Z-codimension 1 section of the stable unfolding of
22+ 3 4+ 22+ deyz + Elew?, whose stable unfolding is in (10 + k,8), and so
this boundary is (9 + k,7). By Proposition 4.3] (8 + &, 6) is not in the extra-nice
dimensions. Since there are no stable corank 2 germs in (8 + k,6) (or below) the
boundary of the extra-nice dimensions is (84k,6). We remark that in (8+%, 6) there
may be a non simple o7-codimension 2 corank 1 germ obtained as a section (by a
codimension 2 plane) of the stable unfolding of the germ z3+y3+23+ Azyz+35_ w?.

5.7. Diagram of the boundary. From all the above discussions we can draw
the boundary of the extra-nice dimensions and compare it to the boundary of the
nice dimensions. In Figure [I] the dotted line represents the boundary of the nice
dimensions and the continuous line is the boundary of the extra-nice dimensions.

6. LOCALLY STABLE 1-PARAMETER FAMILIES ARE DENSE IN THE EXTRA-NICE
DIMENSIONS

In analogy to Mather’s characterization of the nice dimensions as those where
stable maps are dense, we characterize the extra-nice dimensions as those where
stable 1-parameter families are dense. Let N be a compact manifold.

Definition 6.1. Let F' : N x [0,1] — P be a family such that (F,t) : N X
[0,1] — P x [0,1] is a stable map. Then F' is a locally stable I1-parameter family
if F;, : N — P is a stable map for all ¢ € [0, 1] except for possibly a finite number
of values {t1,...,tx} and the non-stable singularities of F}, are a finite number of
points z; € N, such that the map (F,t) : N x[0,1] — P x[0,1] is a locally A.-versal
unfolding of F}, for all non-stable points x;.

From this definition it follows that Fy, : (N, z;) — (P, Fy,(x;)) has #-codimension
1. Locally stable 1-parameter families are known as pseudo-isotopies in [3] or [14].

Suppose that (n,p) is in the nice dimensions. We define a stratification of
J¥(n, p) by o/-orbits. Let A(n,p) = {0 € J¥(n,p)/ o/*-codimension of ¢ > n+2}.
A(n,p) is an algebraic set, hence it admits an .7*-invariant stratification. The set
J¥(n,p)\A(n, p) has a finite stratification by .27-orbits of codimension less than or
equal to n+1 (i.e. orbits of germs of .27,-codimension less than or equal to 1). Since
this stratification is .&7-invariant it induces an stratification S(N, P) of J*(N, P).
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Lemma 6.2. Let (n,p) be in the nice dimensions. (n,p) is in the extra-nice di-
mensions if and only if the set A(n,p) has codimension bigger than or equal to
n+ 2.

Proof. If the codimension of A(n, p) is less than or equal to n+ 1, then it is foliated
by infinite .@7-orbits and you cannot find a subset of codimension greater than n+ 1
such that its complement is a finite number of @/-orbits. The “if” part is trivial
by definition since in the nice dimensions there are a finite number of &/-orbits of
codimension less than or equal to n + 1. ]
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Consider a 1-parameter family F': N x [0,1] — P and consider the partial jet
extension

JYEF N x[0,1] = J*(N, P)
given by jiF(z,t) = j*Fy(x).

Lemma 6.3. If F: N x [0,1] — P is a locally stable 1-parameter family then j&F
is transverse to the stratification S(N,P). The converse holds if (n,p) is in the
extra-nice dimensions.

Proof. First of all, the Versality Theorem 3.3 in [36] (or 4.1.4 in [23]) says that an
unfolding (F,t) of f is locally 7 -versal if and only if T'o%(f) + Sp{%—f} = 0(f).
Based on this it can be seen (Theorem 4.1.11 in [23] or Proposition 2.2 in [37] for
A -equivalence) that (F,t) is locally @-versal if and only if j¥F is transversal to
the @7-orbit of f.

If F is a locally stable 1-parameter family, by definition (F,t¢) is an -versal
unfolding of F;, at the points where it has non stable singularities (and these are
of @-codimension 1 only). By the above result this means that j§F is transversal
to all o7-orbits of codimension less than or equal to n + 1. Since I’ does not have
singularities of .@%-codimension greater than 1 for any ¢, j¥ F is also transversal to
A(N, P). Therefore, j¥F is transversal to the stratification S(N, P).

Conversely, if (n,p) is in the extra-nice dimensions, A(N, P) has codimension
greater than or equal to n+ 2, so transversality to the stratification S(N, P) means
that j¥ I is transversal to all &7-orbits of codimension less than or equal to n + 1
and avoids A(N, P). Therefore, (F,t) unfolds versally all the F;, which have non
stable singularities of .%-codimension 1. Since N is compact the points x; where
F;, is non stable are finite, so F' is a locally stable 1-parameter family. O

Theorem 6.4. Let N and P be manifolds of dimension n and p, with (n+1,p+1)
nice dimensions. The subset of locally stable 1-parameter families in C*°(N X
[0,1], P) is dense if and only if (n,p) is in the extra-nice dimensions.

Proof. The pair (n,p) is in the extra-nice dimensions if, by definition, there exists a
bad set A(n,p) C J¥(n,p) of codimension greater than n -+ 1 such that its comple-
ment is a finite number of .27-orbits. This set induces a bad set A(N, P) in J*(N, P)
of codimension greater than n+1. Thus, for a generic family F' € C*°(N x [0, 1], P),
JFF(N x [0,1]) N A(N, P) = (. By Thom’s transversality theorem, the set of fam-
ilies F' such that j{“F is transversal to any .7-orbit of codimension less than or
equal to n 4+ 1 is also a residual set. Since there are finite .o7-orbits of codimen-
sion less than or equal to n + 1, the set of families F' such that their partial jet
extension is transverse to S(N, P) is a finite intersection of residual sets and so is
residual. Equivalently, by Lemma[6.3] the set of locally stable 1-parameter families
in C*(N x [0,1], P) is dense.

Now suppose (n,p) is not in the extra-nice dimensions. Then the codimension
of A(N,P) is less than or equal to n + 1. In Section 5, for any (n,p) in the
boundary of the extra-nice dimensions such that (n 4 1,p + 1) is nice dimensions,
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we construct a stable germ F in (n+ 1,p 4+ 1) such that any section of it fy is
not simple and such that F = (F,t) is a l-parameter stable unfolding of fy. By
taking a trivial unfolding of these stable germs we obtain stable germs with this
property in any pair of dimensions outside the extra-nice dimensions. Considering
one of the sections of these stable germs in (n,p) and its deformation F, F is
clearly not a locally stable 1-parameter family but j¥F(N x [0,1]) N A(N, P) # ()
and j¥F is transversal to S(N, P). There is a sufficiently small neighbourhood of
F in C®(N x [0,1], P) such that any G in that neighbourhood satisfies that j¥G
is transversal to S(N, P) and j¥G(N x [0,1]) N A(N, P) # (). Therefore, there is an
open set of non locally stable 1-parameter families and so the set of locally stable
1-parameter families is not dense. O

A summary of our main results in Theorems and we have the following

Corollary 6.5. Let (n+ 1,p + 1) be in the nice dimensions. The following are
equivalent

i) (n,p) is in the extra-nice dimensions,
ii) cod sk pyA(n,p) > n+2,
iii) the subset of locally stable I1-parameter families in C°(N x [0,1], P) is
dense,
iv) every stable germ F : (K", 0) — (KP*1,0) admits a hyperplane o,-
codimension 1 section f: (K", 0) — (KP?,0).

7. CODIMENSION OF NON-SIMPLE GERMS

In this section we answer partially a question posed by Wall to the first author
during his talk at the workshop on ”Singularities in Generic Geometry and Appli-
cations IV” held in Edinburgh in 2013: what is the codimension of the non-simple
germs?

Let NS denote the o7-invariant subset of J!(n,p) composed of all non .o7-simple
orbits. If (n,p) is in the nice dimensions, by Proposition 3.4} all <7-codimension
1 germs are simple, so if a germ is not simple its 7.-codimension is at least 2
(#/-codimension n + 2). Therefore cod ji, ,y (NS) > n + 1. Similarly, from the
definition of the extra-nice dimensions, if (n,p) is in the extra nice dimensions,
then cod ji, ;) (NS) > n + 2. In fact, if (n,p) is in the nice dimensions but not
in the extra-nice dimensions, Remark shows that cod ji(,, , (NS) < n + 1, so
cod ji(p p) (NS) =n+ 1.

This naturally leads to the following definition

Definition 7.1. The pair (n,p) is said to be in the A,,-nice dimensions if, for large
enough k, there is an .o7-invariant subset A of J'(n, p), of codimension greater than
n + m, whose complement is a finite union of «7-orbits.

A1-nice dimensions are the extra-nice dimensions and Ag-nice dimensions are
the nice dimensions. With this definition, if (n,p) is in the A,,-nice dimensions
but not in the A, 4;-nice dimensions, then cod ji(,, ,)(NS) =n +m + 1.
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Example 7.2. In the case n = p, the Thom-Levine example in the introduction
is an example in the boundary of the Ag-nice dimensions of an 7.-codimension
1 germ which is not simple. It has corank 3. Inside the Ag-nice dimensions all
,-codimension 1 germs are simple.

From Theorem we have an example in the boundary of the Aj-nice dimen-
sions of an «7-codimension 2 germ which is not simple. It has corank 2. Inside the
Aq-nice dimensions all @7.-codimension 2 germs are simple.

From [32] and [24] we know that if n > 3, then a germ f : (K", 0) — (K",0) with
mo(f) > n+3 is not simple. In fact, in (3,3) we find the germ (z,v, 26 +y22 + 22)
which has @.-codimension 3 and is not simple with 1 modal parameter. It has
corank 1. From [28] and [30] we know that all .o7,-codimension 3 germs in (2,2) are
simple. This means that (3,3) is the boundary of the Ag-nice dimensions. Inside
the Ag-nice dimensions all 7.-codimension 3 germs are simple.

Finally, in (2,2) there is an o%-codimension 4 germ which is not simple. It can
be found in 28], (z, 2y + v + v + ay®). Since in (1,1) all germs are simple, this
means that (2,2) is the boundary of the As-nice dimensions. In fact, (2,2) is the
boundary of the A,,-nice dimensions for m > 3!

So we get a stratification of the n = p dimensions by (9,9) D (5,5) D (3,3) D
(2,2).
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