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On an inverse boundary value problem for a
nonlinear time harmonic Maxwell system

Catalin I. Carstea*

Abstract

This paper considers a class of nonlinear time harmonic Maxwell
systems at fixed frequency, with nonlinear terms taking the form
2 (z,|E(x))?)E(z), # (x,|H(z)[>)H(z), such that 2 (z,s), ¥ (z,s)
are both real analytic in s. Such nonlinear terms appear in nonlinear
optics theoretical models. Under certain regularity conditions, it can
be shown that boundary measurements of tangent components of the
electric and magnetic fields determine the electric permittivity and
magnetic permeability functions as well as the form of the nonlinear
terms.

MSC(2000): 35R30, 35F60

1 Introduction

Let Q C R? be a bounded domain with smooth boundary. The (macroscopic)
Maxwell’s equations for the electromagnetic field in a material filling the
domain 2, without (macroscopic) densities of charge or current, are

VxE = —0tg, VX,}'—[:atﬁ,

VD=0, V-B=0,
. (1)

For a linear medium, 33NL<5) = %)NL(,}'_[) = 0, and the system takes the
familiar form that has been studied extensively both from the point of view
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of the forward problem and also of the inverse problem. Nonlinear effects
have been observed in practice, as (for example) the extensive literature
on nonlinear optics indicates. As an example, see [12], [I1], [15], where
nonlinearities of the kind appearing in this paper are put forward.

We will consider time-harmonic fields of the for

Et,x) = E(x)e ™ + E*(x)e™, H(t,z) = H(x)e ™ + H*(x)e™, (2)

where w > 0 will be a given fixed frequency. At high frequency, the system
(@) may be taken to reduce to

{Vxﬁ(fc)ziwu(w,x) () + % (w,, |H(2)]*) H (@),
) ()|

VxH(z) = —iwe(w, 2)E(z) — 2 (w, z, |E(x)|?)E(2).
A common model is that of a Kerr-type nonlinearity:
2 (x,|E(z) ") E(x) = a(2)| E(z)]E(x). (4)

The inverse problem for a model in which both 2" and % have this form has
been investigated in [I]. However, more realistic models feature a saturation
effect for 2~ when the field intensity is high (see [12], [II]). One example,

given in [15], is

2 (| E(@))E(z) =

A more complicated model is deduced in [11].
In this paper it will be assumed that 2 (z,s), #(z, s) are analytic in s,
having expansions at zero

s) = Zak(x)sk, Y (x,s) = Zbk(:p)sk, (6)

and
e, €C(Q), ap by € CHQ) (7)
Re e, Re p > A >0, (8)
€l w00 ()5 [l wrs.o) < M < o0, 9)

Z (||ak||w1,oo(ﬂ) + ||bk||W1,oo(Q)) Sk < MS, VO<s< So, (10)
k=1

IThe * denotes complex conjugation.



>k (llakllwrs) + [1bel (@) 81 < M, V0 < s < s, (11)

00
k=1

> Kk =1) (llarlleo@ + [1Billiw@) 872 < M, VO <s <50, (12)
k=2

where A\, M, sy are positive constants.
A note on notation: in order to make equations easier to read, the ex-
plicit dependence on x of various quantities will be suppressed. For example,

2 (|E)?) will stand for 2 (z, |E(2)]?) or Z°(-,|E()]?).
1.1 The forward problem

We will say that a vector field belongs to LP(Q2), W*P(Q), etc. if each com-
ponent belongs to those respective spaces. Let

Wir(Q) = {A’ e W P(Q): V-4 e W”’(Q)} , (13)
with the natural choice of norms. If 77 is the outer unit normal to 052, let

TW*2(8Q) = {/T e W P(AQ) i - A= o} , (14)

TW:P(99) = {ff e TW*P(8Q) : div(A) W”’(&Q)} , (15)

-

where div(A) is the divergence associated with the metric induced on the

boundary by the Euclidean metric of R3. For a smooth vector field A on Q,
let
t(A) = =7 x (77 x Aloq), (16)

i.e. the component tangential to the boundary of the restriction of At
clearly extends to a bounded operator from W*?(Q) to TW*~1/P?(982). Let

WP (Q) =t (TW;Z-;Up’p@Q)), with the norm

1 Alyzoi0y = Ay + 6D s g (17)
Finally, let

WE©) =0 I ey =11 oo (15)

Before discussing the inverse problem a well-posedness result for the for-
ward problem is necessary. In section it will be proven that:



Theorem 1.1. For 3 < p < 6 there exists a discrete set > C C and a con-
stantm > 0 such that if w € ¥ and f € TWdli;l/p’p(aQ), ||f||TW;;1“’”’(BQ) <m

there exists a unique solution U = (E, H) € WP (Q) x W,"P(Q) of the system

VXE = iwpH + % (|H]?)H, 19)
VxH = —iweE — 2 (|[EP)E,
such that ¢(E) = f and
1 Ellwio@) + 1 Hlwieq) < Cllfllpyi-1mraq), (20)

where C' > 0 s a constant that does not depend on f

The proof of this result follows from estimates for the linear system ob-
tained in [I] and a standard contraction principle argument.

1.2 The inverse problem

An inverse boundary value problem consists of the question of determining
the interior physical properties of a possibly non-homogeneous object from
measurements taken on the boundary of the object. A fundamental sub-
problem is the question of uniqueness: if two objects of the same shape give
the same boundary measurement data, does it follow that their (relevant)
physical properties are identical in the interior?

For time-harmonic electromagnetic fields in media in which (B]) applies,
in light of Theorem [[L.T]we can then define the set of boundary measurements

Boyr = {(UE), t(H)) € TW, "7 (06) x TW, /*(00)
. (E, H) is a solution of (Bl)} (21)
In section Bl we prove that
Theorem 1.2. Suppose (¢, u,.-F) and (€, u, F) are as above, w ¢ LUY', and
Be 7 = Be g Then (e,pu, F) = (€1, F').

The inverse boundary value problem has been studied extensively in the

linear case. See for example [18], [4], [13], [14], [3], [2], [L0], [21] etc. Unique-

ness results similar to Theorem for nonlinear equations have been ob-
tained in [9], [8], [16], [19], [7], [6], [5], [I7] using a linearization method.
Here we will follow an idea from [I] and use the asymptotics in a small
parameter ¢ of solutions of (B) with boundary data t(E) = tf in order to
inductively prove uniqueness for the coefficients of the nonlinearity. We will
also need to use certain special solutions, so called geometric optics (CGO)
solutions, which we construct following the method in [2].
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2 The forward problem

2.1 Preliminaries

The existence and uniqueness of W? solutions to the linear Maxwell system,
for p > 2, has been investigated in [I]. First we quote an existence result for
the boundary value problem for the homogeneous system:

Theorem 2.1 (see [I, Theorem 3.1]). For 2 < p < 6 there ezists a discrete
set ¥ C C such that if w € ¥ and f € TWdli;l/p’p(&Q) there exists a unique
solution (E, H) € W,"P(Q) x W,'P(Q) of the system

VxE = iwpH
B B (22)
VxH = —iweFE,
such that t(E) = f and
1B ey + 1Ly < Cll gt mo oy (23)

where C' > 0 is a constant that does not depend on f
We also need the following result for the inhomogeneous system:

Theorem 2.2 (see [Il Theorem 3. 2]) For 2 < p < 6 exists a discrete set
Y C C such that if w € ¥ and J.,J,, € Wc(l]f(Q) Tologs it Tuloa €
W=1/pe(9Q), there exists a unique solution (E, H) € W5 (Q) x WrP(Q) of
the system

VXE =iwnH + J,,
{ 8 (24)

VxH = —iweE — JZ,
such that
||E||Wbl’p(ﬂ) + ||H||Wb1,P(Q) S C (||‘]6||W§1’5(Q) + ||Jm||W§Z’5(Q)
17 Telollwrvmaon + 117 - Tnloollwi-vson) ) - (25)
where C' > 0 1s a constant that does not depend on J_;, jm.

Under the conditions of Theorem 22 we will write

(5) =gt (%) ()

bt



It is a corollary of Theorem 2.2 that G, , is bounded from WP (Q2) x WP(Q)
to WEP(Q) x W,"P(Q).
For the sake of simplifying notation let:

u=(5) fo=(ie v2) Fo=(ZlEE) @
Then equation (@] can be written
L., U=%#(U). (28)
Given f € TW,. /"7(09), let
Uy = (By Hy)' € WP(Q) x Wrr(Q) (29)

be the solution given in Theorem 21l Then a solution of (B]) with the bound-
ary condition t(£) = f would be a fixed point of the operator

T7n(U) =Uo + G ,(#(U)). (30)

2.2 Existence of solutions

From now we will only consider p > 3. Then W?(Q) C L>(Q) and there
exists a constant ¢ > 0 such that

—

E
1Vl < Ul vO= () W@, @y

Lemma 2.1. Suppose U, U’ € W'?(Q), and ||U||wrr), ||U|lwirq) < 2,
then

17(0) = Z (Ul
< (0B siey + 0 i@y 110 = Ul (32)
where C' > 0 does not depend on U and U’.

Proof. Suppose U = (E ﬁ)t, U = (E’ ﬁ’)t. Consider the difference

Z(ERE - 2 (1EP)E = 2 (ERE - B+ (2 (82 - 2 (1E1) E.
(33)



Note that

|2 (=, \<Z||akHLoo IE @) < MIE a0y

(Do), | E()P)] < M| E|[10(0)

k—
0.2 (2, | Bz |<Zk||ak||Lw<g||E||2< Y
Therefore

|z agpE - £

iy < CIE i@y 1 = Blunco

Also, since

—

D,[2 (|EP)(E - E') = 2 (EP)D.(E - E')
+(D.2)(EP)E — B') + 2% (E*- D,E)0.2)(|E)(E - B

and

—

|2 (B®D.E - B

=112 = =/
@) < M||E||W1,p(g)||Dx(E - FE )||LP(Q)

|(De2)(BP)E - B)|| < MBI ol 1B~ Ellsse).

Lr(Q)

|23e (- D.E)O.2) (1 EP) (B~ E)

Lr(Q)
S2M||E|| oo ) || DBl o) || E — E'|| L)
< 2 M| El[fmollE — E'llwir@),

it follows that

|2 0EBmE -8 ., < ClERm@llE - Bl

whr(Q)

In order to estimate the second term in (), let £, = E' + t(E —

Then

2 (BP)— 2(EP) /a%w Jo%e (E: - (B — E')dt.

(39)

(40)

(41)

(42)

E).

(43)



We have, for ¢ = p or ¢ = oo, that

Now

(B2 (B; - (£~ £7)|

<
L) Cl|E|lwie@||E — E'lwiwy

< O(|Ellwrao) + 1E lwis@) 1B = Ellwin@)  (44)

D, 0,2 (|E?)2%e (B - (E = )| = (D.0,2) (| B?)2%% (B} (B~ E))
+ 0.2 (|EY|*)2Re (D, E; - (E — E'))
+ 0,2 (| B[?)2%e (E; - DulE — EY)
+ 02 (|BP)ARe (B - (B — E')Re (B} - D,E). (45)

Using the same type of estimates as above, we can obtain that

(D.0.2°)(|Eo*)2%Re (E; - (E — E)) i = CllE | r~@1E = E'|| @),
(46)

2 (|EPy2e (D.E; - (B B)| < CllBllwis|E ~ Elli~o
(47)

2 (IEP)2%e (B - Do(E - EY)| < ClIEi =@ 1B = E'llwiro,
(48)

2 (| E)?)ARe (EF - (E — E'))Re (EF - D,E))

Lr(Q)
< OBz | Edllwra@l | E = El| (@)
< Ol Ellwis@l|E = El1=(@)- (49)
Putting these together with ([A3]) it follows that
|(zaz) - 2azm) 2],
< C (1B + WE ey ) 11E = E'llwrncay (50)
Equations (33)), (31), (B0) imply

|z 0ERE - 2 (EP)E

Wwlp(Q)
< C (1B + N E Bymie ) 11E = Ellwssy: (51)

A similar estimate holds for the % component of .%. O
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Since .# (0) = 0, Lemma [2.1] has the corollary
Corollary 2.1. If U € W'?(Q), and ||U||w1rq) < 22, then
17 (O)llwro) < ClUI (). (52)

Proof of Theorem[L1 Applying Lemma 2.1 and it’s corollary together with
Theorems 1] and 2.2 we can show that the operator 77, , defined in (30) is
a contraction on a sufficiently small ball in W5?(Q) x W,"*(Q), of radius m,
and therefore has a fixed point. O

In the following discussion we will assume that m is chosen so that if

||f||TW;i;1/p’p(8Q) <m, then
m
[[Uol|lw1r) < X (53)
and if ||U||W1,p(Q) < m, then
m
||g€7ﬂ<ﬁ<U))HW17P(Q) < o (54)
2.3 Asymptotics
1 E
For Ue Whr(Q) = i) define
b H|?*H
T1(U) = (_ak|ﬁ|2kﬁ ; (55)

0 F(U) = 5=, Fi(U).
Let ¢ be a small parameter. For f € TW,PP(9Q), let f' = tf. Also, let

iy )
U = (?p) be the solution of L., U" = .Z (U") with boundary data t(E;) =

. At
f, and let Ul = (fﬁ) be the solution of L., U} = 0 with the same boundary
0

jfxta. Set Ut = 7}%‘67“(U6), k=1,2,.... For |t| < m/||f||TW;i;1/p,p(aQ), since
f.

is a contraction,

spt
UL lwiw@) < m and U, — U in W'(Q), as k — oo. (56)
Observe that Ul = tUy. Define
¢ B! t ¢ a7 (1Tt
V= At =U; —-U; = gs,u(/(Uo))a (57)
1

9



Bt
Vi () = Ui Ul =6 (PO VL) - ) (69

Then
Vi =G .(F1(Up)) + t°G. W (Fo(Ug)) + - - -, (59)

Vi =G (F1(tUg + V) — Z1(tUy)) +

b1|ﬁ0|2§t -+ Qﬁ()%e (ﬁo . ét*) )
=G, (t? L = S 3 +-=0(t") (60
g ,,u( (—a1|120|2A§ — 2E0%€ (EQ . Ai*) ) ( ) ( )

and so on.

Lemma 2.2.

[Villwie = ), ast — 0. (61)

Proof. Follows easily by induction. 0
Lemma 2.3.

[U" — Ul |lwrw) = O(t*), ast — 0. (62)

Proof. Let ul, = U" — U, Then
W, = G F (UL + 1) = F(U_y)
= Gl F (U}, + 1)) = Z(U})) + Gu(F(U)) = Z(UL))

= (Trou (Ul +ul) = 77, (UD)) + Vi (63)

Since for small enough ¢, 7;; . 18 @ contraction, the first term on the right
hand side may be absorbed into the left hand side and applying Lemma 2.2]
the result follows. ]

Notice that the terms multiplying ¢?**! are the same for all Ul, with
k' > k. Define then

1 82k+1 Ut ) (64)

=
2k + 1)1 =0

A useful observation is that

bi| Ho|?* H, h—1

Wi =G = o ) + (terms constructed from {a;, b;};=;" and Uy),
"\ —ak| Eol P Ey

(65)

SO
712k

L, W= bk|H9| 2kHO + (terms constructed from {ay, bl}f:_f and UO) )

’ —ay|Eo|*" Ey

(66)
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3 The inverse problem

Suppose B, 7 = B, .. For any f € TW;Z-;Up’p(@Q) let Uy = <I§O>’
0

E} Ej, E; .

U, = (2], W = (=), W, = [ 2F) be the constructed as in the
Hy Hj, H;

previous sections using the two sets of coefficients respectively. Then we

have

t(Ey) = (EY) = f, t(Hy) = t(H}), (67)
t(Ep) =t(EL) =0, t(Hy) =tH), k=1,2,. (68)

An immediate consequence is that

(o) () € T VP00 x T 700 £ () = 0)

= {(6(Ep), t(H)) € TW g, "7 (092) X TW gy, "PP(09) + Lty (fz) = 0}
0
(69)

It is a known result then (e.g. see [14], or [2]) that e = ¢ and p = p/. Tt
follows that Uy = Uy,

Suppose then that {a;, b }}=} = {a}, b}F~!. We will show that then a; =
ay, and by = by,. Theorem will follow by induction.

3.1 An integral identity

For two vector fields A and B , we have

/mxg>.§:/<wg>.§_g.<wé>. (70)
o0 Q

Let ug = (io) be a solution of L ,uy = 0. Using (G6) we get
/(ﬁ X Ek) . ﬁo = /zw,uﬁk . EO + bk|ﬁ0|2kﬁ0 . EO + iweﬁk : 50

[%9] Q

+ / (terms constructed from {a;,b;}}~]', Uy, and uo), (71)
Q

11



/(ﬁ X ]—_jk) . _)0 = —/z’weﬁk . éb +ak|E0|2kEO : 50 +zw,uﬁk . EO
o0 Q

+ / (terms constructed from {a;, b }1— ', Uy, and uo) . (72)
Q

/(ﬁ X Ek) . ﬁo + (ﬁ X ]—_jk) : g = /bk|H0| ﬁo : EO - ak|EO|2kE0 . 50
o0 Q
+ / (terms constructed from {a;,b;}} =", Up, and uy) . (73)

Q

Subtracting the corresponding identities for the components of W} and using

([68)) we have

I:(Ug, up) = /bk_b/ )| Ho[* Hy - ho — (ax — ajy)| Eo|* Ey - éy =0, (74)
)

which holds for any uy, Uy solutions of the homogeneous linear equation.

Let u; = (%) € W, P(Q) x W,P(Q) all satisfy £ ,u; =0, j = 1,2,3,
J
then
[k<t1u1 + touy + t3U3,U0) = 0, th,tQ,tg e C. (75)

The left hand side of this identity is a polynomial in ¢y, t5, t3, t7, t5, t5, so the
coefficient of each independent monomial must vanish. In particular, the
coefficient of #,t5¢3¥ must be zero. The vanishing quantity is

[ =8 [ Bl ¥+ bl - Balfs - i) - )
Q

- [l d) @@ &)t + ke @)@ @) =0 (1)
Q

3.2 CGO solutions for the linear Maxwell system

CGO solutions for the linear Maxwell system have been constructed in many
past works. The method given here is due to [13], [I4]. We will mostly follow
the construction as given in [2], summarizing the results when the argument
proceeds identically and giving more detail when not. We show that

12



Proposition 3.1. There exists a constant C(p, ||e||ws. ), ||1t]|wso(@)) > 0
such that if C € C3, (- = w?,

] > Cps [[ellwse @, ||l lws.@)), (77)
. . E
then there ewist solutions U = <ﬁ) of L., U =0 such that
E = 0'6671/2£ +7e |, (78)
q
H = it (crh,u_l/2|—§| + Fh> : (79)
17l o=@, 173l | () = O(IC]7H), (80)

and o.,op, € {0,1}.

Let a = loge, 8 = log i1, and I,, be the identity matrix in dimension n.
Suppose that

h
i
X = — (81)
E
satisfies the equation
(P+V)X =0, (82)
where
v v
1 V. —Vx
P - i v ’ (83)
V Vx
W (Va)-
1 iwpls | (Va)
V= i (VB)- | iwe (84)
(Vﬁ) iw€[3
Observe that if e and h vanish, then(E, H) is a solution of
VxE = z'w,uﬁ,
. . (85)
VxH = —iwekE.

13



Let

Y — ( 21 } T A )X, K= w22 (86)
1 ‘ (Va)-
W=kl o e (Vo) (Va)x (s7)
(VB) —=(VB)x
Then
(P+ W)Y =0. (88)
Note that
(P+W)(P—-W"=-A+Q, (89)
where
(Aa)
0= l 2(0,0;0)i5 — (Do)l
‘ (AB)
2(0:0;8)i; — (AP) I3
(K2 — i(va Va))ly 2i(VR) —2i(Vk)-
B —2i(Vk)- (90)
—2i(Vk) ‘ (’{2 - %(Vﬁ V)14
If Z is a solution of
(—A+Q)Z =0, (91)

then Y = (P — W"Z is a solution to (88). We would like to construct
solutions of (@]]) that are of the form

Z((,x) = 5 (L(C) + R(Cx)), (e (92)

To do so, first extend the coefficients €, p to R3 so that e — 1, u—1 € C§(R?).
Then w?Is+Q € C3(R3). Let p > 0 be such that supp (w?Is+@Q) is contained
in the ball of radius p. We can prove the following

Lemma 3.1 (compare to [2, Lemma 8]). There exist a C(p) > 0 such that
for any L € C8, { € C? with - = w? and

€l > Cp)|w’Is + Qll o), (93)

there exists B
Z = “*(L + R) (94)

14



a solution of (@) in R, Z € W3%(Q) and with
1
1R]lws20) < ﬁC(P)|L| [lw? + Qllws.(ra). (95)

Proof. We only need to show that such an R exists. The equation it need to
satisfy is

We would like to, in a certain sense, invert (—A — 2i¢ - V). For some
—1 < § <0, define the spaces

L3®) = { £+ |1fllg = 0L+ oV sy < o0} (0)

Wi @) = { £+ | fllwze = 10+ o2 fllweaey < 00} . (98)

There exists (see, for example, [20, Corollary 2.2]) G W2 (R3) — W2 (R?)
such that (—A — 2iC - V)Gzp = ¢ and

=

NG edlly 2 @sy < = COS sz

| 5+1

| (R%) (99)

The equation R should satisfy can then be written as

~

(Is + GAw’Is + Q)R = =G (W’ Is + Q) L. (100)

We can choose the constant C'(p) in (@3)) so that

1
IG AW s+ @) Rllyzaqasy < 511Rl 2o (101)
in which case there exists a solution
1
R=—(I+Gelw’Is + Q) Gelw?ls + Q)L, (102)
and it satisfies the estimate ([I06]). O

The following lemma is a restatement of a result in [2]:

Lemma 3.2 (see [2, Proposition 9]). There exists a constant C(p,|le —
1||W57°°(R3)7 ||,u — 1||W5,oo(R3)> > O SUCh that ZfC & Cs, C . C = w2,

CI > Clp, [le = Ulwsooms), [l — Llwsoms), (103)

15



¢-a
1 b -
L=—| % | GFecs (104)
ch ¢
wa
then there exists .
7 =¢e“*(L+ R) (105)
a solution of (@) in R, Z € W3%(Q) and with
1
1Rllwa2i0) < =C(p)ILI[|[w* + Qllws(za). (106)

€]
Additionally, Y = (P — WY Z solves (P + W)Y =0 and is of the form

0
1/2 fj
y=|-£ ; (107)
([
Under the conditions of the previous lemma, we get
E = ¢iCe (61/2Lf’5+ ;) : (108)
9
~ - b
H = eZC-x <M1/2§|——’|§+ ﬁh) . (109)
For o, 04 € {0, 1}, choose
5:ae€, gzghE. (110)
¢[? %
Then .
B=ct (oS 17 ), (111)
<]
H = ¢iCe (gh,u—l/2|_§| + Fh> : (112)
and, applying the previous lemma and Sobolev embedding
[17ell (), [Pl (@) = O(1C] 7). (113)
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3.3 Proof of the main theorem

Let £ € R®. WLOG, € = &ey. Let §; = a; +1if8; € C*, j =0,1,2,3,

b= (17 (P +&/4) e, (114)
= %61 — (W4 72)Y2%,, (115)
= %61 + (w? + 7%)2es, (116)
= (g = —%61 — (W4 72) 2, (117)
Then L .
GG =wh Gl =2 Wt + /4 (118)

For sufficiently large 7 > 0, let

& = (o PIGITG 1) (119)
hy = & (onp PIGI G+ ) (120)
be the special solutions given by Proposition Bl
Note that
G-G=-w=27% G-G=2"+u* +£1/4, (121)
9.2 2 S 2
C-C=2T"+w" G- G=-w. (122)
Then
€y - E1(E - ) = —oole| e exp(i€ - 1) + O(77Y), (123)
éb . 52(51 . 53)(62 . ég)k_l = ﬁ(T_l), (124)

where €(77!) is to be understood in the sense of L>({2) norms. Choosing
0. =1, o, = 0 and taking the limit 7 — oo in (70), we get

(%XQ) (€) =0, Ve¢eRs. (125)

This implies a, = a).. By an identical argument it follows that by = ). This
concludes the induction step.

Acknowledgement The author is grateful to Prof. Gunther Uhlmann for
proposing this problem and for suggesting improvements to the manuscript.
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