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QUASILINEAR EQUATIONS WITH NATURAL GROWTH IN THE
GRADIENTS IN SPACES OF SOBOLEV MULTIPLIERS

KARTHIK ADIMURTHI' AND NGUYEN CONG PHUC?

ABSTRACT. We study the existence problem for a class of nonlinear elliptic equations
whose prototype is of the form —Apu = |Vu|? + o in a bounded domain @ C R™. Here
Ap, p > 1, is the standard p-Laplacian operator defined by Apu = div (|Vu|P~2Vu), and
the datum o is a signed distribution in €2. The class of solutions that we are interested
in consists of functions u € WyP(Q) such that |[Vu| € M(W'?(Q) — LP(Q)), a space

pointwise Sobolev multipliers consisting of functions f € LP(Q2) such that

/ FPlplPde < © / (Yol + [pf)dz Vo € C=(),
Q Q

for some C' > 0. This is a natural class of solutions at least when the distribution o is
nonnegative and compactly supported in 2. We show essentially that, with only a gap in
the smallness constants, the above equation has a solution in this class if and only if one
can write o = div F' for a vector field F' such that |F|ﬁ € M(WHP(Q) — LP(Q)).

As an important application, via the exponential transformation u — v = eﬁ7 we
obtain an existence result for the quasilinear equation of Schrédinger type —Apv = g v -1

v >01in ©, and v = 1 on 02, which is interesting in its own right.

1. INTRODUCTION
In this work, we study the existence problem for the quasilinear elliptic equation

—div A(z, Vu) = B(z,u,Vu) +¢  in Q,

(1.1)
u=20 on Of),

in a bounded domain © C R™, where the principal operator div A(z, u, Vu) is a Leray-Lions
operator defined on Wol’p(ﬂ) and |B(z,u, Vu)| < |VulP, p > 1. Precise assumptions on the
domain € and the nonlinearities A, B will be made explicitly later. Here the ‘datum’ o is
a general distribution in €2, and VVO1 P(Q) is defined as the completion of C°(2) under the

semi-norm [|V(-)(| 1p(q)-
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A typical example of (1.1) after which it is modeled is the following quasilinear elliptic

equations with gradient nonlinearity of natural growth of the form
(1.2) —Apu=|VulP +0in Q, u =0 on 09,

where Apu := div(|Vul|P~?Vu), p > 1, is the p-Laplacian operator.

When p = 2, equation (1.2) becomes a stationary viscous Hamilton-Jacobi equation, also
known as the Kardar-Parisi-Zhang equation that appears in the physical theory of growth
and roughening of surfaces [21, 22]. Moreover, via the transformation u — v := eﬁ, this

equation can be transformed into the Schrédinger type equation
A= (p— D PPl in Q, v >0in Q, v =1 on 99,

a connection that we shall discuss at the end of this section.

When it comes to the existence theory, it is well-known that in order for (1.2) to have
a solution the datum o must be both small and regular enough. For example, if o is a
nonnegative locally finite measure in  and the first equation in (1.2) has a VVﬁ)g’ (Q) solu-
tion (without any boundary condition), then o must obey the weighted Poincaré-Sobolev

inequality (see [17, 18, 19]):

(1.3) / oPPdo < (p — 1P / VelPde Vo € C2(Q).
Q Q

Moreover, when o > 0 the nonlinear term |Vu[P also obeys a similar weighted inequality

(1.4) / P |VuPdz < p? / VelPd Vo € C2(9),
Q Q

If we assume in addition that supp(c) = K where K is a compact set in 2, then by
multiplying by a cutoff function y € C°(Q2),0 < x <1, and x =1 on K, we see from (1.3)
that

(1.5) / plPdo < A / (VP + plP)dx Vo € CZ(R™),
Q R”

with a constant A > 0. Note that the ‘test functions’ ¢ in (1.5) are now allowed to have
support not contained in 2. However, in general from (1.4) we cannot say that [VulP obeys

the similar inequality

(1.6) / oP|VulPde < A / (VP +|plP)dz Vo € C2(R™),
Q R”
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for some A > 0, not even when u € Wol’p(Q). The main difference between (1.4) and (1.6)
lies in the behavior of |Vu|P near the boundary of Q. In contrast to (1.4), inequality (1.6)
requires that |VulP have stronger reqularity up to the boundary of ).

In this paper, we only insist on obtaining solutions to (1.1) that belong to the class C
of functions u € I/VO1 P(Q) such that inequality (1.6) holds with some A > 0. Our goal is
to find the largest space F of data on §2 so that whenever ¢ € F with a sufficiently small
norm then (1.1) has a solution in C. In brief, our main result states that, with only a gap
in the smallness constants, equation (1.1) has a solution in the class C if and only if the
distribution o can be written in the form o = div F for a vector field F € L1 (©2,R™) such

that

(L.7) / |FI7T [P da < /\/ (IVel” +[plP)dz Y € CZ(R"),
Q R™

for some A > 0. For the simpler equation (1.2) on, say, C'' domains our results read as

follows.

Theorem 1.1. (i) Suppose that (1.2) has a solution in u € Wol’p(Q) such that (1.6) holds
for some A > 0 then it is necessary that o = div F' for a vector field F' € Lﬁ(Q,R") such
that (1.7) holds with a A > 0.

(ii) Conversely, suppose that Q0 is a bounded C' domain. Then there exists a constant
Ao = Ao(n,p, Q) > 0 such that if o = div F' for a vector field F' satisfying (1.7) with some
A € (0, \o], then (1.2) has a solution u € Wol’p(Q) satisfying the weighted inequality (1.6)
for some A > 0.

The condition (1.7) simply means that the function |F' ]P% X belongs to the space of
Sobolev multipliers M (W1P(R") — LP(R™)), which consists of functions f € Lf (R™) such

loc

that
/R | fIPlePdx SC/R (IVelP +[plP)dz Vo € CZ(R"),

for some C' > 0. The norm of such f is the p-th root of the best constant C' in the above
inequality.

For our purpose, we denote by MP(Q) the space of functions f € LP(2) such that
fxo € M(W'P(R") — LP(R™)) with norm HfHMl,p(Q) = ”fXQ”M(WLP(R")—)LP(R"))' The
space MYP(Q) can also be described using the capacity associated to the Sobolev space

WLP(R™); see Section 2 below. Moreover, it is known that for any bounded Lipschitz
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domain Q, the space M'?(Q) coincides with the multiplier space M(W1P(Q) — LP(Q)),

which consists of functions f € LP(2) such that

/Qlflplsolpd:c < C/Q(IVsDIPJr pP)dz Vo € CF(Q),

for some C' > 0; see [27, Theorem 9.3.1].
It is worth pointing out, as we show in Theorem 3.1 below, that the solution u obtained

in Theorem 1.1(ii) obeys a stability estimate

_1
1190l (@) < To ||| FI7T

M1 (9)

for a constant Ty > 0. Moreover, we have el — 1 ¢ VVO1 P(Q) provided p € [0, o) where

1 -1
o = C H\F |p-1 for some C' > 0. In particular, the solution here is zero whenever

MLP(0)
o = 0. Note that, even for o = 0, in general I/VO1 P(Q)) solutions to (1.2) are not unique; see

[12, Remark 2.11].

An existence criterion in the spirit of Theorem 1.1 also holds for equation (1.1) under
quite general assumptions on A, B and Q. In particular, A(z,§) could be discontinuous
in the z-variable and B could include a zero order term. Moreover, ) could be irregular
and include certain Lipschitz or fractal domains. These assumptions will be made precise
in the next section. The result for equation (1.1), which is the main result of the paper
and includes Theorem 1.1 as a special case, will be treated in Section 3 (see Theorem 3.1
below).

We next have the following remarks.

Remark 1.2. Let Q be another bounded open set such that &€ Q. Then by Poincaré’s

inequality we see that (1.7) is also equivalent to the homogeneous inequality

[1FPTIopds < [ [Vopds v e o (@)
Q Q
for some X\ > 0. One also has similar statements for (1.5) and (1.6).

Remark 1.3. Let o be a nonnegative measure such that supp(o) € Q. If the first equation
n (1.2) has a distributional solution u € VVI})(’:’(Q) (without any boundary condition), then
it is still necessary that o = div F with ]F!ﬁ € MYP(Q). This follows from (1.5) and
Lemma 2.6 below. This shows that the space MYP () is quite natural for (1.2) at least for

such data o.



QUASILINEAR EQUATIONS WITH NATURAL GROWTH AND SOBOLEV MULTIPLIERS 5

We now mention some of the relevant results in the literature on the existence of VVO1 P(Q)
solutions to (1.2) or (1.1). In [11, 12] an existence result in VVO1 P was obtained for small data
o€ [WOI"J—’L’“(Q)]*, ie., o0 =div F where \F\ﬁ € L™(Q2) with a small norm. Later, it was
shown in [13] that if 0 = div F' where |F \P%l € L™>(Q) (the weak Lebesgue space) with a
small norm than (1.1) admits a solution. Recently in [28], an existence result was obtained
for o = div F' provided \F\P%l is small in £(F9)P-(0+9)P(Q) provided 0 < & < n/p — 1. Here

£O+ep(+p(Q) 0 < e < n/p — 1, is a Morrey space with norm given by

(1+e)p _ (1+e)p—n (1+e)p
||f||£(1+s)p,(1+5)p(ﬂ) = Sup |:7‘ /BT Z)QQ |f| diU )

where the supremum is taken over z € Q and 0 < r < diam(f2). Note that one has the
following inclusions:

LMQ) ¢ L) ¢ LA+ +ep(()

provided 0 < ¢ < n/p — 1. That |F|ﬁ e £0+e)p.(49P(Q) implies inequality (1.7), i.e.,
c+errar )y c MM (Q), 0<e<n/p—1,

is well-known as it is a special case of the so-called Fefferman-Phong type conditions (see,
e.g., 8,9, 10, 29, 31]).

We note that there are also existence results obtained for (1.2) under weaker conditions on
o and sometimes with sharp constants of smallness; see [1, 14, 16] for nonnegative measure
data and [3, 18, 19] for distributional data. See also [11, 12, 13]. However, the solutions
obtained in those papers may not behave very well at the boundary of €, i.e., in general
they do not satisfy inequality (1.6). See also the earlier work [17] where an existence result
was obtained in the whole space {2 = R" in the ‘linear’ case p = 2 for nonnegative measure
data.

We now briefly describe the strategy that we use to construct a solution u € VVO1 P(Q) of
(1.2) such that |Vu| € M?(Q) under the assumption o = div F' where ]F]P%l e MP(Q)
with a small norm. As in [12], we start with the approximate equation

[Vul?

1. Ay=——""1
( 8) pU 1+k—1|vu|p

+ 0 in §, u =0 on 0f),

where the parameter k& > 0 is to be sent to infinity eventually. Since o € (VVO1 P(Q))* and the
first term on the right-hand side is uniformly bounded, by the theory of pseudomonotone
operators (see, e.g., [25]), there exists a solution uy € Wol’p(Q) to (1.8). However, this

solution may not satisfy the property that |Vuy| € MP(Q). Thus, to have this requiblack
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is small, it
MLP(Q)

is natural to use Schauder’s Fixed Point Theorem in a small ball of MY?(€2). The main

1
property for u; we have to construct it by a different way. As H |F| =1

difficulty in this approach is an a priori gradient estimate of the form

1
1IVulllysoey < € [ 117

MbLP(Q)

for solutions u to the basic equation
(1.9) —Apu =div F in Q, u =0 on 0f.

Such a delicate gradient estimate can be obtained from an end-point weighted gradient
estimate for (1.9) and has been prepablack in our earlier work [2]; see Lemma 2.7 below.
Once solutions {uy} to (1.8) have been obtained with gradients being uniformly controlled
in MYP(€), the next step is to pass to the limit in (1.8), with uy in place of u, as k — oo.
For that, it is enough to show the strong convergence of {uy} in Wol P(Q), a task that can
be done via the truncation technique and appropriate test functions as in [12, 13]. We
mention that in our scenario this is possible since we have a uniform bound for {el*sl — 1}
in I/VO1 P(Q1), another important a priori estimate also obtained in Lemma 2.7.

To conclude this section, we discuss a connection of (1.2) and a Schrédinger type equation

with distributional potential:
(1.10) ~Apw=ocvPtin Q, v >0 1in €, v =1 on 0.

This equation is interesting in its own right and its existence theory has been studied,
e.g., in [1, 16, 18, 19]. For o € (Wol’p(Q))*, by a solution of (1.10) we mean a nonnegative
function v such that v — 1 € Wol’p(Q), Pl € VV&)?(Q), and

/Q VolP2V0 - Vode = (0,00 g) Vi € C2(Q).

Since vP~1p € WP(Q) and supp(vP~1p) € €, this definition makes sense even for o such
that o € (Wy™*(Q'))* for any open set ' € Q (see [18, 19)]).

Formally, by using the transformation u — v := eﬁ, the equation
(1.11) ~Aju=|Vuf +(p—-1)P"loinQ,  w=0ondQ,

is transformed into (1.10). Indeed, using ¢y := pmin{e", k}, k > 0, € C°(Q), as a test
function for (1.11) and then letting k& — oo one can rigorously show from Theorem 3.1(ii)

the following existence result for (1.10).
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Theorem 1.4. Let 2 be a bounded C* domain in R™. There exist Ay = A(n,p, Q) > 0 and
Ty = Ti(n,p,Q) > 0 such that if o = div F' with H\F\ﬁ < Ai/p then (1.10) has a

MLP ()
nonnegative solution v with |V log(v)| € MYP(Q) and

_1
119 108(0) g2y < T [ 1177

MLP(Q)

Moreover, we have v4 —1 € Wol’p(Q) for all q € [0, p11] where

-1
> max{1l,p — 1}.

1
1 = Cl(napv Q) H’F’p ' MLP(Q)

2. ASSUMPTIONS ON A, B, €2, AND PRELIMINARY RESULTS

We now make precise the assumptions on the nonlinearities A, B, and on the domain
that appear in equation (1.1). All of these assumptions will be needed in Theorem 3.1(ii)
below.

Assumption 1. In (1.1), the nonlinearity A : R x R™ — R" is a Carathédory function,
ie., A(x,§) is measurable in x for every £ and continuous in £ for a.e. € R™. Moreover,
A(z,£) is continuously differentiable in £ away from the origin for a.e. x € R"™. We assume

that for some p > 1, it holds that

(2.1) (A, ) = Ala,n), & =) > Bo(lg? + ) =" |¢ = P,
(2.2) Az, €)] < MJEPTY [Ved(a, )] < Mg
for every (£,17) € R™ x R™\ (0,0) and a.e. x € R™. Here Ag and A; are positive constants.

Additionally, we suppose that A(z, &) satisfies the following (v, Rp)-BMO condition in

the x-variable, where v > 0 is sufficiently small.

Definition 2.1. Given two positive numbers v and Ry, we say that A(z,§) satisfies a
(v, Ro)-BMO condition if
A= s T B @)e) de <o
yeR™, 0<r<Ro Br(y)

where for a ball B we set

A(w,€) = 2 [ Ay, ) dy
YT(A,B)(x):= sup ‘ = ‘
£eR™\ {0} [3
Note that in the linear case, where A(x,{) = A(z)¢ for an elliptic matrix A(zx), we see

that
T(A, B)(x) < \A(w) - 1 [ Aw) dy‘
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for a.e. x € R™. Thus Definition 2.1 can be viewed as a natural extension of the standard
small BMO condition to the nonlinear setting. We remark that the (v, Ry)-BMO condition
allows the nonlinearity A(z, &) to have certain discontinuity in z, and it can be used as an
appropriate substitute for the Sarason VMO (vanishing mean oscillation) condition [32].

Assumption 2. In (1.1), the nonlinearity B : Q x R x R" — R is a Carathédory function

which satisfies, for a.e. = € €, every s € R, and every £ € R™,
(2.3) 1B(x,s,§)| < bol¢|” + bals|™, B, s,{)sign(s) < ba¢]",

where m > p — 1, and bg, b1, by are nonnegative constants.

Assumption 3. With regard to the underlying domain €2, we assume that its boundary
is sufficiently flat in the sense of Reifenberg. This means essentially that at each boundary
point and every scale, the boundary of §2 is trapped in between two hyperplanes separated
by a distance proportional to the scale. Precisely, we assume that Q is (v, Rg)-Reifenberg

flat for a sufficiently small v > 0. Below is the definition of a (v, Ry)-Reifenberg flat domain.

Definition 2.2. Given v € (0,1) and Ry > 0, we say that Q is (v, Ro)-Reifenberg flat if for
every xo € 02 and every r € (0, Ryl, there exists a system of coordinates {y1,y2,...,Yn},

which may depend on v and xg, so that in this coordinate system xy =0 and that
Br(0) N {yn > yr} € Br(0)NQ C B(0) N{yn > —y7}-

For more on Reifenberg flat domains and their many applications, we refer to the papers
[15, 20, 23, 24, 30, 33]. We mention here that Reifenberg flat domains can be very rough.
They include Lipschitz domains with sufficiently small Lipschitz constants (see [33]) and
even some domains with fractal boundaries. In particular, all bounded domains with C!
boundaries are allowed in this paper.

Let Gypu be the first order Bessel’s potential of a nonnegative locally finite measure p

defined by
Gupilz) = / Gi(z - y)duly), xR,

where G () is the Bessel kernel of order one defined via its Fourier transform by G (€) =
(1+ g2
Let Cap; ,(-) denote the capacity associated to the Sobolev space WLP(R"), ie.,

Cap, ,(K) = inf{/ (IVoP +pP)dx : ¢>1on K, 0<¢p<1, ¢€ CSO(R")}
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for each compact set K C R". It is well-known that Cap, ,(-) is equivalent to the Bessel

capacity

Capg, ,(K) = inf{ fPdx: f € LP(R"),f >0, and G1f > 1 on K} :

RTL
We next recall a special case of Theorem 1.2 in [26]. This theorem enables us to refor-

mulate the existence problem for (1.1) by means of the capacity Cap; ,(-).

Theorem 2.3. Let v be a nonnegative locally finite measure in R™. Then the following
properties of v are equivalent.

(i) There is a constant A1 > 0 such that

[ tedy < a1 [ (Vo) + o)z
n Rn
for all ¢ € C°(R™).
(ii) There is a constant Az > 0 such that
/ (Glf)pdy < A2 fpdl‘
n Rn

for all nonnegative f € LP(R™).

(iii) There is a constant As > 0 such that
V(K) < A3 Capr(K)

for all compact sets K C R™.

(iv) There is a constant Ay > 0 such that

_p
/K(Glu)p’ﬁdx < A} Capy ,(K)
for all compact sets K C R™.

Moreover, the least possible values of the constants Ay, As, As, and A4 are comparable

to each other.

We now introduce a function space associated to the capacity Capr(-), which plays a

crucial role in our study of (1.1). This is the space M»P() that was discussed in Section 1.

Definition 2.4. Let Q C R™ be an open set. We define MYP(Q) to be the set of all functions
f € LP(Q) such that there exists C' > 0 such that

(2.4) /K |fPdz < C Capy.(K)
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for all compact sets K C Q The norm of f € MYP(Q) is given by

1

&uwﬂp

, = sup |0 ,
T, Kgg[Capme3

where the sets K vary over compact sets of Q0 such that Capy ,(K) > 0.

Remark 2.5. For f € MYP(Q), we will always implicitly extend f by zero to R™ \ Q, then
inequality (2.4) actually holds for all compact sets K C R™. Thus by Theorem 2.3 we see
that f € MYP(Q) if and only if there exists C > 0 such that

(2.5) Ammwmscéuvw+mmm

for all p € CX(R™). That is, f € M"P(Q) if and only if fxq € M(WHP(R™) — LP(R™)).
Moreover, the best constants C in (2.4) and (2.5) are equivalent, i.e., their ratio is bounded
from above and below by positive constants independent of f. In particular, inequalities
(1.6) and (1.7) simply mean that |F|P+1 and |Vu| belong to M“P(Q); and the best constants
. . _1_|IP

in (1.6) and (1.7) are equivalent to |||Vu|\|§/[1,p(ﬂ) and H|F|P*1 .

respe t ffl .

Lemma 2.6. Suppose that u is a finite sign measure in §) such that
(2.6) [ul(K) < C1 Capy ,(K)

holds for all compact sets K C Q). Then we can write pp = div F in D'(Q) for a vector field
F such that \F\ﬁ € MP(Q). Moreover,

(2.7) H\F\Ti < C(n,p, diam(R)) (Cy) 1.

MbP(Q)
Proof. After extending p by zero outside €2, we may write ;= div F' in the sense of distri-

butions in €2, where
F(z) = —/JBVxG(x,y)du(y).

Here B is a ball of radius diam({2) containing €2 and G(z,y) is the Green function with zero

boundary condition associated to —A on B. Note that we have
V.G(z,y)] < Clz —y|'™ < C(n,diam(Q)) Gy (x — y)

for all z,y € B with  # y. Thus |F(z)| < C Gi(|p|)(z) which by Theorem (2.3) yields
that ]F]P%l € MYP(Q) along with estimate (2.7). Here note that as |u| is zero outside €,
(2.6) actually holds for all compact sets K C R™. O
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We now come to the key capacitary estimate that will make it possible to obtain a solution
of (1.1) with strong regularity at the boundary of Q. This important estimate was the main

motivation of our earlier work [2].

Lemma 2.7. Let A(x,§) and Q satisfy Assumptions 1 and 3. That is, we assume A
satisfies (2.1)-(2.2); A is (v, R)-BMO; and Q is (v, Ro)-Reifenberg flat for a sufficiently
small v = vy(n,p, Ao, A1) > 0. Suppose that F is a vector field such that ]F!ﬁ c M'P(Q)

and u € Wol’p(Q) is the unique solution of the equation
(2.8) div A(z, Vu) = div F' in €, u=0 on 0Q.
Then we have |Vu| € MYP(Q) with

)

1
(2.9) IIVulllyney < C||1F17

MbP(Q)
where C' = C(n,p, Ao, A1,diam(Q)/Ry). Moreover, there exists a positive constant Cy =
Co(n, p,diam(Q2)) such that for any p € (0, po| with

-1

1 1
= (A /Cy) =1 ||| F|7-T
Ho = (Ro/Co)P=H|[IF[=TL L o)
we have e!l¥l — 1 ¢ Wol’p(Q) with
1
2.10 H plul —1“ <Cu|lF|I"L |
(2.10) el < CnlFITE,

where C' = C(p, Ag).

Proof. Let u € Wol’p(Q) be the unique solution of (2.8). In [2], we showed that there
exists v = v(n,p, Ag, A1) > 0 so that under Assumptions 1 and 3, the capacitary bound
(2.9) holds with a constant C' = C(n,p, Ag, A1, diam(£2)/Ry); see [2, Corollary 1.8]. We
mention that the proof of (2.9) is based on an end-point weighted estimate obtained in |2,
Theorem 1.5] and a lemma of Verbitsky [26, Lemma 3.1]. In fact, the weighted estimate in
[2, Theorem 1.5] was originally motivated from our study of (1.1). This is also where we
need the (v, Rp)-BMO condition on A and the (v, Rp)-Reifenberg flatness condition on €.

To verify (2.10), let Ty, s > 0, denote the two-sided truncation operator at level s, i.e.,
(2.11) Ts(r)=r if |r| <s and T(r) =sign(r)s if |r| > s.
For s, 1 > 0 we define

us = Ty(u) and  ws = sign(u)[e’™s! —1]/u,
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where sign(u) = 0 if v = 0, sign(u) = 1 if w > 0, and sign(u) = —1 if u < 0.
Note that we have Vw, = et Vu, = (e“|“8|Vu)X{‘u|Ss} and thus if we let

v =y, 5= (p -1,
then it holds that

(2.12) Vos = [e‘S'“S‘VwS+5|ws|eé‘“S|Vu]X{|u\gs}

_ [epu‘US‘vu_‘_ 5|ws|e(5‘US|vu:| X{‘u|§5}7

since p + 0 = pp.
Using vy as a test function in (2.8) and employing (2.12), we get

/ A(z,Vu) - Vu e’“““s‘x{‘mgs} dx
Q
= —/ 8lwg|e’lsl Az, Vu) - Vux({ju|<s} d —I—/ F -V dx.
Q Q
By (2.1)-(2.2) the first term on the right-hand side is nonpositive, and thus we get
(2.13) / A(z,Vu) - Vu ep“|“3|x{|u‘gs} dr < / F -V, dx.
Q Q
Since Vw, = eM"sIVu,, using conditions (2.1)-(2.2), we see that
(2.14) / A(x,Vu) - Vu ep“‘“S‘x{‘uEs} de > Ao/ |Vu|pep“‘“5‘x{‘u|gs} dx
Q Q
= Ao/ |Vws|P dz.
Q
On the other hand, as v, = €%, = (1 + plws| )P~ w, we have
/ F-Vovsdx = / F V[ + plws])P~ w,] da
Q Q
N / F - [(p = 1)(1 + plws| P~ Vws sign(ws ) pws]dz +
Q

- / F - [(1 + plws)P~ Vw,)dz
Q

IN

p [ IFI A+l
Q

Using the inequality
(1+ plwg )P~ < 267w P~ + C(p),

and Holder’s inequality in the above bound we then have
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/QF.VUS dx < 2,Up_1p/ ]Fst\P_HVwS\da:—i—C(p)HFHLP%(Q) IVws]| 1)

p—1

o1 (/ |F|w|ws|pdw) 1905l oo

Cp) 1F]] IVws| oo -

IN

LFoT(Q)

1
Note that by assumption |F|»—1 € M'P(Q), Theorem 2.3, and Poincaré’s inequality we

have
p-1 ) p-1
1 p—
([ireupas) " < el L over s "
MbP(Q) o
p—1 p—1
< i P v
< C(n,p,diam($2 H]F! M) (/Q]Vfws\ da;)
This gives
p—1
(2.15) [ Fevedn < ey I IV,

CE)IFI o g 190 ooy

where C; = Ci(n,p,diam(£2)). At this point we combine estimates (2.14) and (2.15) in
equality (2.13) to obtain the following bound

(so-cw )

VIVt < CwIFl e,

This gives
IVwsll oy < Cp)(Ao/2)77T TFI 71

L—T(Q)
An \ 72T
0 p=
< (20
'u_<201>

Finally, letting s /* 400 we obtain the desiblack estimate in VVO1 P(Q) for etlvl —1. O

provided

-1
|F|7T

MLP(Q)

The following convergence result, shown in [5], will be important for us in the proof of

Theorem 3.1(ii).

Theorem 2.8 ([5]). Suppose that A satisfies (2.1)-(2.2). For each k > 0, let w, € WP(Q)

be a solution to the equation
—div A(z, Vwg) = mg + hy,  in D'(Q),

and assume that
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o wy, — w weakly in WHP(Q), strongly in Lt (), and a.e. in Q;

o hy — hoin (WyP(Q))*;

e my, is bounded in the space of finite Radon measures in 2. That is, |(mg, ¢)| <
Ck |9l Lo () for all ¢ € C(Q) with spt(¢) C K, where Ck depends on K but not

on k.

Then it holds that Vwy,, — Vw in LY(Q) for all ¢ < p, and thus up to a subsequence

Vw, — Vw a.e. in §Q.

We will also need the following strong convergence result first proved in F. E. Browder

[7] (see also [6, Lemma 5]).
Lemma 2.9. Under (2.1)-(2.2), assume that the following two hypotheses are satisfied:
Us = U in Wol’p(Q) weakly and a.e. in €,
/Q[.A(x, Vue) — Az, Vu)] - V(ue — u) dz — 0.

Then it holds that
ue —u in WyP(Q) strongly.

3. EQUATIONS WITH GENERAL STRUCTURES AND MAIN RESULTS

We are now ready to state the main result of the paper regarding the existence theory for
equation (1.1) in the space MY?(Q). From our discussion on M*P(€2), we see that Theorem

1.1 is just a special case of the following more general result.

Theorem 3.1. (i) Suppose that A(x,&) satisfies the first inequality in (2.2), and B(z, s,§)
satisfies the first inequality (2.3). If equation (1.1) has a solution u € Wol’p(Q) with |Vu| €
MYP(Q), then there exists a vector field F such that o = divF and |F|P+1 e MHP(Q)

satisfying the estimate

e

oy S O {190y + IV gy + IV -

(ii) Let A,B, and Q satisfy Assumptions 1, 2, and 8. That is, we assume A,B satisfy

(2.1)-(2.3); A is (v, R)-BMO; and Q) is (v, Ro)-Reifenberg flat for a sujﬁcz’ently small v =
v(n,p, Ao, A1) > 0. Suppose that o = div F' for a vector field F such that ]F!P e MP(Q).

There is a positive number Ao = \o(n, p, m, Ag, A1, bg, b1, be, diam(Q2), Ry) > 0 such that if

< )\1/117

(ks
MLP(Q)
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then equation (1.1) has a solution u € Wol’p(Q) with |Vu| € MYP(Q) and

1
190l < T | E17T| L

1 -1
Moreover, u satisfies e""l — 1 ¢ Wol’p(Q) for all p € [0, uo| where puy = C H|F|PTl

ML)
and

(1) et =1,y < CO A RIFITT,

Wy () @)

We now devote to the proof of Theorem 3.1. We first start with part (i):
Proof of Theorem 3.1(i). Let u € Wol’p(Q) be such that |[Vu| € M"(Q). Then for

F = |VulP~2Vu, we have that u solves
Apu =div F in Q, u =0 on 0f2.
Thus by Lemma 2.7 we have eolul — 1 € W, (Q) with

Heuo\ul _ 1H
W,

1
<C F||";
ol’p(Q) — (p)luo ” HLP%I )

Q)
where

-1
(3.2)  po = c(n,p,diam(Q)) H\F\ﬁ

: -1
I ¢(n,p,diam(2)) H’VU‘HMLP(Q) )

Note that

1
[0
Lp-T

@ = ||VuHLp(Q) < C’(n,p, dlam(Q)) H|VU|HM1P(Q) )

and thus we get

(3.3) He“‘)lu‘ — 1“ < C(n,p,diam(2)).

Wy (9)

On the other hand, for any mg such that mmg > 1, we have
|ou|™™° < [mmg]l(ero!! — 1),

where [z] denotes the smallest integer larger than or equal to z. Hence, by Poincaré’s

inequality and (3.3) we find

mmno g0 < ¢ H Holul _ 1H <C.
/Q“mu' i Wi =

That is, we have

1

mmo _
(3.4 ([ 1) ™ < g < €Il
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by (3.2). Moreover, by Hoélder’s inequality we see that (3.4) in fact holds for all mg > 0
with a constant C' = C'(n, p, m, mg, diam(£2)). Thus for mg > 1, using Holder’s inequality
we get

1—_L
(3.5) /K ™z < [[u]™| gy LK < C V0] [Ty 170

for any compact set K C €.
We next define k = n/(n —p)if 1 < p < nand K = 2 if p > n. Then by Sobolev’s

inequality, for any compact set K we have

1
K|E < (/ gp“pd$> " < C/R (VP + oP)da

for all ¢ € C(R"),0 < ¢ <1and ¢ =1 on K. This gives ]K\é < CCapy ,(K) and thus
choosing my in (3.5) so that 1 —1/mg = 1/k we get

(3.6) /K [0l de < C [[VullT .00y Capy p(K).
Now using (3.6), the first bound in (2.3), and the fact that |Vu| € MYP(Q) we have

(3.7) / Bla,u, Vu)ldz < {bo [IVullZy1, ) + Ob1 1900y } Camy ()

MLP(Q)
for all compact sets K C Q. Thus by Lemma 2.6 we can write B(z,u, Vu) = div F} for a
vector field F} such that

e

< O [IVall

ey < Ty +C NITullZ

Mlp

Now assume in addition that w is a solution of (1.1), then we have
o = —div A(z, Vu) — Bz, u, Vu) = div[-A(z, Vu) — Fi].

Thus letting F' = —A(z, Vu) — F; and using the first bound in (2.2), we get the desiblack
result.

We next prove part (i) of Theorem 3.1.
Proof of Theorem 3.1(ii). The proof of this part will be carried out in several steps.
First, we approximate (1.1) and then obtain existence and regularity for the approximate
equation. Eventually, we will use the regularity and appropriate test functions to pass to
the limit.

We begin by setting, for each T > 0,

1
Bri= {0 € W) 16 € WP and [[9elhysoiey < T 1717

M“’(Q)} '
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We shall impose the subset topology from VVO1 1(Q) on the set Ep. In fact, we could also
use in E7 the strong topology of VVO1 1(Q) for any 1 < g < p. However, there is a problem
with compactness that prevents us from using the natural topology of VVO1 P(Q) for Er.

It is easy to see from the definition of E7 and Fatou’s lemma that Er is convex and
closed under the strong topology of I/VO1 1(Q)

For k > 0, we now define a function Hy(z, s, &) by letting

B(z,s,¢)
L+ [B(z,s, [k~

Then Hy(z, s,§) also satisfies (2.3) and [Hg(z, s,§)| < min{k, |B(x, s, &)|}. For each v € Ep
and each vector field F' such that |F ]P%l € MMP(Q) we let S(v) denote the unique solution

Hy(x,8,8) =

u € WyP() to the equation
(3.8) —div A(z, Vu) = Hg(z,v, Vo) +div F in Q, u =10 on 9.

The map S : Ep — VVO1 P(Q) is well defined as the right-hand side of the first equation in
(3.8) belongs to (VVO1 P(Q))*. Note that we have not yet made any choice on 7. We shall
break the proof into three steps.

Step 1. In this step we show that there exists Ty > 0 independent of k such that whenever

1 — 1
: p=1 < 1 -p presear}
(3.9) H |F|»=1 Moy S 2 min {(2T0) ,(2T)m=rt1 } 7
we have
(3.10) S : ETO — ETO .

Indeed, since [Hi(z,v,Vv)| < |B(x,v, Vv)|, by calculations as in the proof of part (i)
(see (3.7)) we have

/ (0, V0 < {0 1901241 + O [Vl by } Cam oK)

for any compact set K. Thus by Lemma 2.6 we can write Hy(z, v, Vv) = div F}, for a vector

field F}, such that

o=

Ml’p( ) {H’VUH Ml p(Q + H‘V'UH Mlp(Q }

Then from Lemma 2.7 we find that |[VS(v)| € MYP(Q) with

IVS@llhir@ < € |IFx+Fl7

MLP(Q)

1
C{ POl ) + 1190 g + 17

IN

MbP(Q) }
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for a constant C' independent of k.

We now choose Ty = 2C. Then for v € E7, and F satisfying (3.9) we have

_ % 1 ﬁ Pt 1 m;,pfl 1
—1 -1 -1
NG Gl (U] N 2l (1) NN | (121
ol
MbP(Q)
< 2€H|F|p+1 :TOH|F|p+1 .
MLP(Q) MLP(Q)

This gives S(v) € Eg, and thus (3.10) follows.
Step 2. We now prove that for each k > 0 there exists a solution u; € Eg, to the

approximate equation
(3.11) —div A(x, Vug) = Hi(z, ug, Vug) + div F in Q, ur = 0 on 0N.

To that end, we shall use Schauder’s Fixed Point Theorem to obtain a fixed point for
the map S : Ery — Eg,. Since we already know that Er, is closed and convex, it remains
to show that S : Ex; — Eg is continuous and S(Eg,) is pre-compact (under the strong
topology of WOM(Q))

To prove continuity, let {v;} C Eg, be a sequence such that v; — v strongly in VVO1 1(Q)
This combined with the fact that {S(v;)} is bounded in WO1 P(Q), there is a subsequence,
also denoted by {v;} for simplicity, and a function u € WO1 P(Q)) such that:
(a) S(v;) — u weakly in Wol’p(Q), strongly in LP(Q), and a.e. in €,
(b) {Hk(x,v;, V) }; is uniformly bounded in the space of finite signed measures in  for
each fixed k > 0.

Recall that we have

(3.12) — div A(z, V[S(w)]) = Hp(z, v, Voy) + div F in D'(Q).

Thus by Theorem 2.8 we have S(v;) = u in Wol’q(Q) for any 1 < ¢ < p, and up to another
subsequence we have V[S(v;)] — Vu a.e. in (.

By (2.2) and Vitali’s Convergence Theorem we have
Az, V[S(n)]) = A(z,Vu) strongly in L'(Q,R") and weakly in LP/ P~V (Q, R™).

Up to another subsequence, it holds that v; — v and Vu; — Vv a.e. in . Thus by

Dominated Convergence Theorem we have

Hy(x, v, Vo) — Hp(x, 0, Vo) in LY(Q).



QUASILINEAR EQUATIONS WITH NATURAL GROWTH AND SOBOLEV MULTIPLIERS 19

This is where we use the property that |H(z, v, V)| < k for all [.

Thus we can pass to the limit in equation (3.12) to obtain that v = S(v). So far we have
found a subsequence of {v;, } of {v;} such that S(v;;) — S(v) in VVO1 1(Q). As the limit is
independent of the subsequence it actually holds that the whole sequence S(v;) — S(v) in
VVO1 "1(Q). This shows that the map S : Ex, — Eg, is continuous.

To prove pre-compactness, let {u;} = {S(v;)} be a sequence in S(Er,), where v; € Eg.
Then as above there is a subsequence of {v;}, also denoted by {v;}, and a function u €
VVO1 P(Q) such that properties (a) and (b) above hold. Thus by Theorem 2.8 again we have
S(v;) = uin VVO1 "(Q). This shows that the set S(Eg,) is pre-compact.

Step 3. In this step we further restrict that

1 1
[k <A,

MbP(Q)
where

= —m L
Ny i=min {2min {(275) 7, (2T9) 751 |, (ba/Ao) ™ (Ao/Co) 71 },

and Cy = Cy(n,p,diam(2)) is as in Lemma 2.7. Then we have

o -
(3.13) po = (Ao/Co)r=T |||F|?»=1

> Ao.
Ml,p(Q) - b2/ 0

Let uy, be as in Step 2. By Lemma 2.7, we have etl“sl —1 ¢ Wol’p(Q) for p € [0, uol, with

_1
3.14 H “‘“k‘—lH <OullF|I™%
(314 e <CullFITE,

W, () Q)

where C' = C(p,Ag). Then by Rellich’s compactness theorem, there is a subsequence, still
denoted by {ug}, such that

U LAY weakly in Wol’p(Q), strongly in LP(Q), and a.e. in 2,

for a function u € VVO1 P(Q) such that (3.1) holds for all u € [0, po).

We now claim that
(3.15) up — u  strongly in Wy P(Q) as k oo,

and thus we can pass to the limit in (3.11) to verify that u is a solution to (1.1).

To prove (3.15), we write

Vug — Vu = VTg(ug) — VTs(u) + VGs(ug) — VGs(u),
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where s > 0 and G4(r) :=r — Tg(r), r € R, and T} is as defined in (2.11). Thus for every

s > 0 we have
(3.16) [Vug = Vull o) < sup IVGs(ur) = VGs()]l o)
+ (VT (ug) — VTS(U)HLP(Q) :

Note that for p € (0, 9] we find

/ VG (u)P dz = / Vgl do
o g 5}

= l/ e—pu\uk\’v(eu\um —1)]P da
P J{Juk|>s}
< le—pus eHlul _1Hp .
T op W,P(Q)
By (3.14), this yields that
(3.17) lim sup ||VGs(ug) = VGs(u)|| o) = 0.

S§—00 k>0

On the other hand, by (3.13) and Lemma 3.2 below it holds that

(3.18) klim IVT(u) = VTs(u)ll oy =0 for each s > 0.
—00

Thus combining (3.16), (3.17), and (3.18) we obtain convergence (3.15) as desiblack. This
completes the proof of the theorem.

We are now left with the proof of the following lemma.

Lemma 3.2. Let A, B satisfy (2.1)-(2.3) and let F be a vector field in L%(Q,R”). For
each k > 0, let uy € Wol’p(Q) be a solution of (3.11). Suppose that there exists py > ba/Ag
such that {eMoll — 1} is uniformly bounded in Wol’p(Q). Suppose also that

ug, LA weakly in Wol’p(Q), strongly in LP(Q)), and a.e. in §,
for a function u € Wol’p(Q). Then we have the convergence (3.18) for any s > 0.
Proof. Let s > 0 be fixed. For any j > s we define
o = T (z),
where 2, = Ts(uy) — Ts(u) and ¢ is a C' and increasing function from R to R satisfying
bo + A1po
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As in [12] (see also [4, 13]), using vy test function in (3.11), we have

/ Az, Vuy) - e”°|Tj(“k)|¢’(zk)Vzk dx
Q
= / [Hk(x,uk, Vuyg) — poA(z, Vuyg) - VT (uy)sign(uy) Mol Tl (2,) da
Q

+ /F.v[eﬂoTj(uk)w(zk)]dx.
Q
Note that the term on the left-hand side in the above equality can be written as

/Q Az, Vug) - (VTs(ug) — VTs(w))eko Tl (2 da

- /{ AT )~ A T )
A(VTs(ug) — VTs(w))eto T woly! (2,) da

+ / Az, VTs(w)) - (VTs(ug) — VTs(w))elo T5w)ly! (2,) da
{Jur|<s}

+ / Az, Viug) - (—VTy(w))ero T oly (2,) da.
{Jug|>s}
Thus combining the last two equalities we obtain
(3.20) L —Iy=—-I — I3+ Is,
where we define that
L - / (A, VT (ur)) — Az, VTa(w)}
{lukl<s}
(VTs(ug) — VTS(u))e“O‘Tj (“k)|1//(zk) dz,

Iz = / Az, VT (u)) - (VTa(ug) — VTu(w))eho B0y (2,) da,
{ur|<s}
I — / Az, Vug) - (~VTy ()T () da,
{Jug|>s}

Iy = / [Hyo (2, up, Vug) — poA(z, V) - VT (uy)sign(uy )] €050l (2,) da,
O
and
Is :/F-V[e"O'Tj(“k)?,Z)(zk)]d:E.
Q

We further have
(3.21) nL—-IL,=1I—-1I}-1I2

where

L}::/ {... Vduz, Lf::/ {... Vdz,
{Jur|>s} {Jux|<s}

21
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with {...} being the integrand in I4.
Since |VTj(ug)| < |Vuy|, using (2.1)-(2.3) we get

< [ (Vb ol Tl )0 () da
{lurl<s}

A
< P [ A VT ) T )T ()| de
U |SS
+ / bis™ e [ip(z)| da,
{lur|<s}
Thus, with M = (bg + poA1)/Ao, we find that

7] < M . |<}[A(x,VTswk))—A(x,VTsw))]-
(VT (ug) — VTi(w)] e T (2| da

+ M Az, VTs(w)) - [VTs(ug) — VTs(w)] e T3l (2| da
{Jug|<s}

+ M Az, VTs(ug)) - VTs(w)e o Tl 4 (2) |da
{lug|<s}

+ / bys™ et (2 )|dx.
{luk|<s}
On the other hand, using the inequalities
A, Vug) - VTj(ug) > Ao |VurPXgjug<idr  X{lug|>sy5ign(ur)(2zx) > 0,
and (2.3), we have
I = /{ - [sign(ug ) Hp (2, ug, Vug) — poA(x, Vug) - VTj(ug)] x
Ug|>s
x sign(uy)e!o TRl () das

< /{ - [b2| Vg P — p10 Ao Vaur|PX gluy <y ] sign(ug)ero Tl () da.
Ug|>s
Thus since pgAg > bo and j > s, we get
I < / bo | Vg |Psign (g, )01 T3 oy (2) dac
{lug|>5}

< by max  [i(r)| eh / V] da
) g >3}

re[—2s,2s
< (Cletoi 1 e—puolwl‘v(euolwl — 1) da
Ko J{juk|>5}
< C 1 eH0J o —PH0] ‘euomk\ _ 1Hp )
- Wy ()

Ho
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As the sequence {eto“s| — 1} is uniformly bounded in VVO1 P(Q), this yields that

(3.22) limsup sup I} < 0.
j—oo k>0

Let Dy be the nonnegative function
Dy, = (A(x, VTs(ug)) — A(z, VTs(w))) - (VTs(ug) — VTs(u)).

Then by (3.19),

/ Dy dx < / Dy, e Tl (y! — My|) da.
{luk|<s} {luk<s}
Thus combining this with (3.21)-(3.22), we get
| Dids<n-n+
{luk|<s}
+ M A, VTy(w) - [VT(ur) = VTs(w)] 50 4 (z1) | da
{luk|<s}

+ M Az, VT (ug)) - VTy(w)ero Tl (2, )| da
{Jug|<s}

+ / bys™el0% |(zy)|dx + €
{lux|<s}

for any € > 0 provided j = j(¢) is sufficiently large.

Our next goal is to apply limsup,,_, ., to both sides of the above inequality. To that end,
note that ¥(0) = 0, zx LA a.e., {VTs(ug) — VTs(u)} and {A(x,VTs(ug))} are uniformly
bounded in LP(Q,R") and in LP/(P=1)(Q,R™), respectively. Thus by Holder’s inequality and

Dominated Convergence Theorem we find

lim A, VTy(u)) - [VTs(u) — VTs(w)] 0T (2, ) |da,
k=00 J{ug|<s}
lim Az, VTy(ug)) - VT (w)ero Lol g (2)|dz = 0,
k=00 J{jug|<s}
and
lim by|s|™e!% ) (2 )|dax = 0.
k=00 J{Jug|<s}
Thus we get
(3.23) limsup/ Dy dx < limsup(l; —Iy) +¢
k—oo J{|ug|<s} k—o0

= limsup(—Ila— I3+ 1I5) +¢

k—00

for any ¢ > 0 provided j = j(e) is sufficiently large. Here we use (3.20) in the last equality.
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We next claim that for any j > s we have

(3.24) lim (—Iy — I3+ I5) = 0.

k—o00
To prove this claim, we treat each term on the right-hand side separately as follows.

The term I: Since uy E wae. and Zk LAY a.e., it holds that
Az, VT, (u))erol Ty () LN Az, VT, (u))er Ty 0)  ae.
Thus using the pointwise estimate,
A, VT, ()0 ()] < 0 mase |0/ (r) [T o)
and Dominated Convergence Theorem, we have

A, VT (w))e By (z) B Az, VT4 (w))ero Ty (0)

strongly in LP/(P=1D(Q, R").
Next, since wy is uniformly bounded in Wol’p(Q) and T(uy) LA Ts(u) a.e., we have
VT, (u) LN VTs(u) weakly in LP(€2,R™). On the other hand, since

(3.25) X{Jug]<s} LN X{ju|<s} @€ in Q\ {Ju] = s} and |[VTs(u)| = 0 a.e. on {|u| = s},
we have from Dominated Convergence Theorem that
VT (W)X fuy | <s) > VTs(w)X(juj<s) = VTs(u) strongly in  LP(Q,R").
Thus,
(3.26) X{jug|<s} (VT s(uk) = VTs(w)) = VT(ug) = V(W)X {juy|<s)
50 weakly in LP(Q,R™).
These convergences imply that

lim IQ = 0.

k—o0

The term I3: By (2.2), |A(x, Vuy)| is uniformly bounded in LP/®=1(Q). On the other

hand, again by (3.25) and Dominated Convergence Theorem we have
\X{‘ukbs}(—VTS(u))e”‘)'TJ'(“’“)‘w'(zk)\ LAY strongly in  LP(9).
Thus using Hélder’s inequality we see that

lim I3 = 0.
L
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The term I5: We have

(3.27) I; = ,uo/F'e“oTj(“k)W(zk)VTj(uk)sign(uk) dx
Q

n / F o ehol Tl g (5)V 2 da.
Q

As FerolTi(wn)ly (2 L (0,...,0) a.e. in ©, by Dominated Convergence Theorem we find
FetolTiely () LA (0,...,0) strongly in LP/®P=D(Q R™).

Since VT (uy)sign(uy) is uniformly bounded in LP(€2,R™), we then conclude that

(3.28) MO/ F - el Tl (2 ) VT (uy,)sign (uy,) da L)
Q

Again, by Dominated Convergence Theorem we have
FerolTsunly! () LN FelTily!0)  strongly in - LP/®P=D(Q,R™).
Thus using (3.26) and Vzp = VTs(ug) — VTs(u), we obtain that

/ F et Tyl (2)V 2, do 0.
{luk<s}

On the other hand,
/ F- e”0|Tj(“k)|1//(zk)Vzk dr
{lug|>s}

- / F - el (2) (= VT (1)) X fjug [5) 42
Q

k
— 0,

by (3.25), Holder’s inequality, and Dominated Convergence Theorem.

Combining the last two limits, we obtain

(3.29) / F et Tl (2)V 2, do 5 0.
Q

Hence combining (3.27), (3.28), and (3.29), we conclude that
lim I5 =0.
k—o0

Thus we have shown that the limit (3.24) holds. Then in view of (3.23) and the fact that
D;. > 0 we find that

/ Dy, dx 55 0.
{lug|<s}
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On the other hand, by (3.25),

which implies that || (sl

X{lup|>s3 Pk = X{juy|>s} MA@, 0) — Az, VTs(u))] - (=VTs(u))

k
— 0 a.e.,

s} Dy dz £, 0. Thus we obtain

(3.30) / Dy dz & 0.
Q

Finally, with (3.30) we can apply Lemma 2.9 to conclude the proof of (3.18) as desiblack.
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