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GLOBAL EXISTENCE AND DECAY TO EQUILIBRIUM FOR SOME CRYSTAL SURFACE

MODELS

RAFAEL GRANERO-BELINCHON AND MARTINA MAGLIOCCA

ABSTRACT. In this paper we study the large time behavior of the solutions to the following nonlinear fourth-

order equations
O = Ae B,
o = —uPA?(u®).

These two PDE were proposed as models of the evolution of crystal surfaces by J. Krug, H.T. Dobbs, and S.
Majaniemi (Z. Phys. B, 97, 281-291, 1995) and H. Al Hajj Shehadeh, R. V. Kohn, and ]J. Weare (Phys. D, 240,
1771-1784, 2011), respectively. In particular, we find explicitly computable conditions on the size of the initial
data (measured in terms of the norm in a critical space) guaranteeing the global existence and exponential

decay to equilibrium in the Wiener algebra and in Sobolev spaces.
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1. INTRODUCTION

Crystal films are important in many modern electronic devices (as mobile phone antennae) and nano-
technology. Thus, the evolution of a crystal surface is an interesting topic with important applications.
The purpose of this paper is to find explicitly computable conditions guaranteeing the global existence
and exponential decay to equilibrium of the solutions of certain PDE models of crystal surfaces.

The first problem we deal with is

{ du=Ae ™ in [0, T] x T,

u(0,x) = up(x) inTH, (1.1)

where the initial datum u satisfies
./Td up(x)dx =0

and T¢ = [—7, 1|4 is the d-dimensional torus (d = 1,2) and 0 < T < co. This model was suggested by
Krug, Dobbs, & Majaniemi [12] (equations (4.4) and (4.5) in [12]) (see also Marzuola & Weare [16]) as a
description (under certain physical assumptions and simplifications) of the large scale evolution of the
crystal surface.

This equation has been previously studied in the mathematical literature. In particular, Liu & Xu [13]
obtained the existence of weak solutions starting from arbitrary initial data. Moreover, they define a sta-
tionary solution having a curvature singularity evidencing that the solution may develop singularities.
Gao, Liu, & Lu [10] used the gradient flow approach to study the solution of (1.1). In their paper, the
solution (which exists globally in time and emanates from an initial data with arbitrary size) is allowed
to have a singularity at the level of second derivatives (the laplacian of the solution is allowed to be a
Radon measure). Let us also mention that when the exponential in (1.1) is linearized and the Laplacian
is replaced by the p—Laplacian, the resulting equation has been studied by Giga & Kohn [11] (see also
the recent preprint by Xu [20]).

Short after this paper was posted, two new papers studying (1.1) appeared, one by Jian-Guo Liu &
Robert Strain [15] and another by David Ambrose [1]. We refer to the discussion section below for more
details about these works and some words comparing our results and theirs.

The second problem we deal with is

{ o = —u?A*(u®)  in [0, T] x T¢,

u(0,x) = up(x) in T, (1.2

with periodic boundary conditions and where 1y > 0. Using that
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we can rescale variables and, without lossing generality, assume that de 1/u(x,t)dx = 1. This equa-
tions was proposed by Shehadeh, Kohn & Weare [15] (equation (1.1) in [18]) as a continuous descrip-
tion of the slope of the crystal surface (as a function of height and time) in the so-called Attachment-
Detachment-Limited regime (see Appendix A in [18] and the references therein for further explanation
on the physics behind the model).

When the extra term —au?A%u is added (1.2) reads
ot = —u?A*(ud +au) in[0,T] x T¢, 13)
u(0,x) = up(x) in T¢. ’

This problem has been studied in the mathematical literature by Gao, Ji, Liu & Witelski [8]. In particular,
when the domain is one-dimensional and « > 0, by using the two Lyapunov functionals

Ei(t) = / %uz + alog(u)dx,

Ea(f) = /(ai(u?’ +au))?dx,

Gao, Ji, Liu & Witelski proved the global existence of positive solutions to (1.3). Furthermore, these
authors also proved that u(t) tends (at an unspecified rate) towards to certain constant steady state
(which depends on the initial data).
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When « = 0, Gao, Liu, & Lu [9] proved the global existence of weak solutions to (1.2) for non-negative
initial data such that ug € #?. Moreover, in [9] the convergence of the weak solution towards a constant
steady state is also obtained (at an unspecified rate).

We observe that (1.2) is equivalent to

o;w = A((Aw)~3) in [0, T] x T¢,
{ w(0,x) = wp(x) inT¢, (1.4)

under the change of variables Aw = 1/u. Equation (1.4) was studied by Liu & Xu [14]. In this paper, the
authors proved the existence of global weak solutions.

Under the change of variable v = Au, (1.1) becomes

910 = A% ? in [0, T] x T, (15)
v(0,x) = vo(x) in T ’
Due to the definition of v and the periodic boundary conditions, we have that
/Tl”d vo(x) dx = /Tl”d Aug(x)dx = 0.
The interest in problem (1.2) is strictly linked to
1
dv = A in [0, T] x T
0 <(1 +v)3> in 0, ] < 1% (1.6)
v(0,x) = vp(x) in T9.

Indeed, (1.2) becomes (1.6) under the change of variable L' — 1 + v, with v such that

u
/Td v(t,x)dx =0.

Using the formulations (1.5) and (1.6) allow us to find two Lyapunov functionals £, (for problem
(1.5)) and £, (for problem (1.6)):

L1(v) = /Td et gy,
1
£alv) = /Td (1+o(tx))?

Let us remark that (1.5) and (1.6) (when the domain is R? to simplify the exposition) are invariant by the
scaling

dx.

v (t,x) = v(A%t, Ax). (1.7)

In the rest of the paper we will use the formulations (1.5) and (1.6) to prove several global existence
results. The main contribution is a global existence and decay in the Wiener algebra .o/ 0 (see (1.8) below
for the proper definition), for initial data satisfying certain explicit size restrictions. We note that the
scaling (1.7) leaves the Wiener algebra’s norm invariant. Indeed, in the case where the domain is R?,

loa() L = [, B3 b)lak

dk

__ 1 ' 4 irx-k
= W‘/]Rd _/I[{d U()\ t,)\x)e X dx

1 |k
= [o(A*) | -

Although there are several available definitions of critical spaces for PDEs, if the underlying PDE has a
scaling invariance, critical spaces are often introduced in the literature as the scaling invariant spaces.
Here, we follow that definition, i.e. by critical space we mean that the scaling of the equation matches
the scaling of the norm in that space. Thus, in this sense, our Theorems 2.2 and 2.6 are global existence
results in a critical space for problems (1.5) and (1.6). Besides this criticality of the space, the use of the
Wiener algebra allow us to get estimates for higher space derivatives at the cost of time integrability. For
instance, for the linear problem

of = —Af,
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using standard #? estimates one get the boundedness of the solution in 2 (0, T; %2). However, if one
uses estimates in the Wiener algebra «° (which of course will impose better regularity assumptions on
the initial data) one can prove boundedness in £ (0, T; «7*). Using the decay in the Wiener algebra, we
also provide a global existence and decay for initial data in Sobolev spaces. The results for the original
problems (1.1) and (1.2) follow easily (see the discussion section below).

Our approach is very adaptable and can lead to advances in other systems of PDE. For instance, it has
been used Bruell & Granero-Belinchén to study the evolution of thin films in Darcy and Stokes flows
[3] by Cérdoba and Gancedo [6], Constantin, Cérdoba, Gancedo, Rodriguez-Piazza, & Strain [5] for the
Muskat problem (see also [7] and [17]), by Burczak & Granero-Belinchén [4] to analyze the Keller-Segel
system of PDE with diffusion given by a nonlocal operator and by Bae, Granero-Belinchén & Lazar [2]
to prove several global existence results (with infinite L energy) for nonlocal transport equations.

1.1. Notation & Basic Tools. Recalling the expression of the k—th Fourier coefficient of a 27t —periodic
function u

(k) =
we have the Fourier series representation

u(t,x) =Y di(kt)e™*.

kezd

1 ' —ix-
e s

Note that, dropping t from the notation, we have the following well-known facts:

14 %2 ey )Y Jak wo(k) = ) a(j)ok —j).

kez?i jezd
Letn € Z¢" and denote by
WP (T = {u e 2P(T%), o'u € .zr’(qrd)}
the standard .£P-based Sobolev space with norm
11y np pay = ulligp + 105ull’y,

being 9 a differential operator of order 1 with respect to a spatial variable. Then, we define the #2-based
Sobolev spaces #%(T%)

() = {ue%(nrd), e = k|2“ﬁ<k>2<oo}.
kezd

In a similar way, we consider the Wiener spaces «/*(T*) as

(T4 = {ueflar% ||u|ww>:=2k|“|ﬁ<k><oo}. 18)

kezd
We note that

" f)| < 3 k" f ()] = [If ]l

nezd
We simplify the notation rewriting the Lebesgue, Sobolev and Wiener norms as
ul| o (pay = Null e, utllynp(pay = lullpne,
lallnpay = lllopn, Ml oy oy = il
Similarly we set
H”ng(o,r;_sfﬁ(qrd)) = “”Hga(_gﬁ)-

We recall the following inequalities:

uls < [uld 0l Vo<s<r, 0= (1.9)

s
r
We also introduce the space of Radon measures from an interval [0, T]

M(0, T; X).

to a Banach space X,
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We denote with ¢, C positive constants which may vary from line to line during the proofs. Finally, for
j=1,...,d, we write

ou

w.= 2
/j ‘
E)x]

and we adopt Einstein convention for summation.

2. MAIN RESULTS & DISCUSSION

2.1. Main results of problem (1.5). We consider the following definition of weak solutions for problem
(1.5).

Definition 2.1. We say that the function v € #*(0, T;.£®(T%)) is a weak solution of (1.5) with initial
data vy if

. T ,
0, d —/ / 9ro(t, x)o(t, A2o(t,x)e ?U*) dx dt =0,
/Td @(0,x)vo(x) dx .- tp(t, x)o(t, x) + A%p(t, x)e x

forall p € #11(0, T; £Y(T%)) N 210, T, w*1(T?)).
We prove that
Theorem 2.2. Letvy € «7°(T*) be such that the value

8([volo) =2 — el®h — 7]og|gel™0lo — 6]vg [Fel?olo — Jug[Felwolo 2.1)

satisfies 0 < 6(|vg|o). Then, there exist at least one global weak solution in the sense of Definition 2.1 to
equation (1.5) having the regularity

ve L ([o, T) x Td) N3 (o, T; W@(W)) nM (o, T; W4'°°(Td)) N .22 (o, T; %%Td)) 2.2)
for any T > 0. Furthermore, the solution satisfies

v € €([0, T); £(T?)),

[o() ]|z < [voloe™*lIl0 vt € [0, 1], 2.3)
for §(|vglg) defined in (2.1).
Remark 2.3. In order v satisties (2.1), it is enough to have
|Uo‘0 <0.1.
In particular, ford =1,
vo(x) = 0.1sin(1000x)

is a valid initial datum satisfying our hypothesis and having, at the same time, very large 7°(T*)
norms.
Furthermore, for the case where the initial data has certain Sobolev regularity, we have that

Theorem 2.4. Let vy € o/°(T%) N.#%(T%) be such that (2.1) is satisfied. Then, the solution constructed
in Theorem 2.2 also satisties

vEE ([o, T];jﬁ(qrd)) N2 (o, T;%‘*(Td)) : (2.4)
Furthermore, beyond (2.3), the solution obeys
T
lo(ll+er [ o) dt < ez @5)
lo(t)||pr < ce™4t forall 0<r<2, (2.6)

where ¢; = ¢;(vg).
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2.2. Main results of problem (1.6). First we state our definition of weak solution for problem (1.6):

Definition 2.5. A functionv € #*(0,T;.£™(T*)) is a weak solution of (1.6) with initial data vy if

T A (t, x)
/Td vo(x) (0, x) dx — /0 /Td org(t, x)v(t,x) + Atotx) dxdt =0
forall g € C*([0,T) x T9).
We prove
Theorem 2.6. Letvy € «/°(T*) be such that the value
3 [v0lo [o0l3 |20l
6(|v =6— " —F—7 |1 +28—7F—= +120 +120 2.7
(I20lo) =6 = T Toglo)a ( T=Teolo) 2T o2 0T ool ? ) 7

satisfies 0 < §(|vglo) and
[volo < 1.

Then there exists at least one global weak solution in the sense of Definition 2.5 to equation (1.6) having
the regularity

veE.L ([0, T] x Td) N3 (0, T; 7/3f°°(1rd)) nM (0, T; 7/4f°°(1rd)) N2> (0, T;%2(Td)) . (28)
Furthermore, the solution satisfies
v e 7([0, T); £*(TY)),
lo()ll. < [ooloe™®Folo) vt € [0, T, (2.9)
for é(|vglo) satisfying (2.7).
Remark 2.7. In order v satisties (2.7), it is enough to have
|vglo < 0.023.

As for problem (1.5), for initial data having certain Sobolev regularity, we have that

Theorem 2.8. Letvg € «/°(T%) N #2(T¥) be a function satisfying the smallness condition in (2.7) and

‘Uo|0 < 1.
Then, the solution constructed in Theorem 2.4 also satisfies
vEC ([o, T];%z("[d)) n.2* (o, T;%4("Ifd)) . (2.10)
Furthermore, beyond (2.9), the solution obeys
T
[o(D)l ez +c1 | o(t)[Ppadt < e, (2.11)
0 H
lo(t)||pr < ce™4t forall 0<r<2, (2.12)

where ¢; = ¢;(vp).

2.3. Discussion. In this paper we prove the global existence of weak solution for (1.5) and (1.6) for
initial data satisfying a size restriction in the Wiener algebra. One of the main advantages is that the size
restriction is explicit and concerns a lower order norm (it does not impose any requirement on the size
of derivatives of v). Furthermore, when the domain is RY, the norm in the Wiener algebra is invariant
by the scaling (1.7). This makes the Wiener algebra a critical space for problems (1.5) and (1.6).

In terms of the original problem (1.1), our results state that if the Laplacian of the initial data satisfies
certain explicit size restriction in the Wiener algebra, then the solution u exists and its Laplacian remains
globally bounded. In particular, the Laplacian of these solutions u can not be a singular measure (com-
pare with [13, 10] and note that the u reconstructed from our solutions v satisfies u(t) € W>*(T%)).
Indeed, in terms of the original variables, our existence results could be stated as follows

Theorem 2.9. Let uy € «7>(T?) be such that the value
5(Juglp) = 2 — eltol2 — 7|y|elmol2 — 6\u0\§e‘”0‘2 _ ‘uo‘%eluolz (2.13)
satisfies 0 < 6(|ugl|2). Then, there exist at least one global weak solution to equation (1.1)

u € ([0, T]; #2(T9)) N £> (o, T;%ﬂ‘l(Td)) Y0 < T < co.
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Furthermore, the solution satisfies
1Au(t) ]| oo < [ugpe Mol v, (2.14)
for §(|vg|o) defined in (2.13) and a universal constant c.
and
Theorem 2.10. Let0 < ug € «/°(T%) be such that the value 5(|ual —1|p) (defined as in (2.7)) satisfies
0 < d(|uyg* —1|o) and
lug' —1jo < 1,

(in particular 0.5 < ug). Then there exists at least one global weak solution
u~l e ¢([0, T]; L*(T)) N .22 (o, T;%”‘*(Td)) Y0 < T < oo,
(in the sense that v = u~! — 1 satisfies Definition 2.5). Furthermore

a7t () = 1 g < Jug? — o010, (2.15)

In particular
limsup [[u(t) ||~ = 1.
t—o0
Concerning (1.2), our results imply that if the appropriate transformation of the initial data satisfies
certain hypotheses, then the solution u exists and remains bounded and positive (actually, 0.5 < u(t)).
Furthermore, we can also quantify the convergence rate towards the steady state (compare with [8, 9]).

After the completion of this work, two new papers studying (1.1) appeared, one by Jian-Guo Liu &
Robert Strain [15] and another by David Ambrose [1].

Liu & Strain [15] prove global existence, uniqueness, optimal large time decay rates, and uniform gain
of analyticity for the exponential PDE (1.1) (when the domain is the real space R%). We emphasize that
the size restriction on the initial data in [15] (Jog|o < 0.1) is equivalent to the size restriction in Remark
1 and our techniques are somehow close to the techniques in [15]. Obviously, the fact that the domain
is the d—dimensional space instead of the d—dimensional torus as in our paper implies that the decay
estimates in Liu & Strain [15] are algebraic instead of exponential (as in our Theorem 2.2). Interestingly,
these authors also prove the instant gain of spatial analyticity and the uniqueness of solution.

Ambrose [1] showed that in the case of the d—dimensional torus, the solutions become analytic at any
positive time, with the radius of analyticity growing linearly for all time (in Liu & Strain, due to the
fact that they consider the free space, the growth was like t0'25). Furthermore, using different estimates,
Ambrose proved that the size restriction |vg|lgp < 0.25 is enough to guarantee global existence, thus,
improving the conditions in Theorem 2.2 and in [15].

3. THE PROBLEM (1.5)

We consider the following weakly nonlinear regularized analog of (1.5)

N (—on)f
doy =A%) —~ in [0, T] x T¢,
= 7! (3.1)

on(0,x) = vg(x) = Aug(x) in T4,

For this problem, we can construct a solution vy following a standard Galerkin approach.

3.1. Estimates for the regularized problem in the Wiener algebra ./°.

Proposition 3.1 (Estimates in the Wiener algebra). Let vy € «/°(T%) be a function satisfying the con-
dition in (2.1). Then, every approximating sequence of solutions {vy}n of (3.1) is uniformly bounded
in

{on}n € #1110, T; 7°(T)) N .20, T; 7*(T%)).
Furthermore, we have that
lon(8)]o < |voloe 0ol vt € [0, T],
with 6(|vg|o) satisfying (2.1).
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Proof. To simplify the notation, we write v when referring to vy. We compute

No(-1 . , i , i
=) (§~ - 1)); {U] Y000 +2(j = 10! 20,550 0,0 +(j = 1) v [0/ 72
2(j = 1)(j = 2)0' 0,50, 0,0 +4(j = 1) (j = 2)0 0,0 0,00,

2(j = 1) (0,000 )i +(G— 1) (j—2)(j — 3)0/ 0,0 0,0 v, U,z}

N VU ; j—2 ; 2,j-2
=) = 0 000 +4(] — )0 05550 0,0 +(j — 1) [0 [0
+2(j = 1)(j = 2)0' 0,510,000 +4( = 1) (j = 2)0/ 0, 0,00,
+ 2(] - 1)Z)j720,ig U,iv +(] - 1) (] - 2) (] - 3)2)]‘740,5 0,00,i ZJ,l':| .
In Fourier variables and omitting the time variable, the above equality reads

23(k) = —IKI*(K) 22]_1 (k)

where the nonlinearities are

. N
NMm=Y ... ¥ o@ ) ]]o@" — ™)k —al*ok —ab),
alezd  oj-lezd n=1

. j—2
Nk =4G-1) Y ... Y (8@ ) J]o0" —a"™Ho(a! — a?)(aj — af)|a’ — a?|?

alezd  of-lezd n=2

(ke —a7)o(k — o)

ey o2
ME=(G-1) Y ... Y s@ H][]o@" —a"Ho(a! —a?)|a' — a?[k — at|*5(k — at),

alezd  ai-lezd n=2

R =2G-1G-2) L o L[5 []o0" ~a™1)(0 - a})o(a ~ )

alezd  ai-lezd

Similarly,

M) =4i-1)(-2) ¥ .. ¥ [27(06”) o(a" — ") (of — o) (af — a9)9(a® — o)

alezd  wi-lezd

Nk =2(-1) ¥ . ¥ [5(vcf_1) o(a" — ") (a7 —af) (af — af)d(a’ —a?)

alezd  ai-lezd
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We want to obtain an estimate for |v|y. Reintroducing the time variable and since

Re(T(t, k)ov(t, k))
dtlo(t, k)| = , (3.3)
[o(t, k)| oK)
we have that ‘
d 7 & [Mo(t)
—lo(t)]o < —[v(t)|s + o
dt r;];;_ (j—1!
Then, using Tonelli’s Theorem, we estimate N / as
. j—2
NMBb< Y Y oY et ) [Tt " — o™k —al|*5(t k — at)
kezdalezd  ai-lezd n=1

<lo(B)lalo(t); "

Using the trivial inequality |B/| < \//3% +---+p5+ -+ p3 = |B|, we have that

NG (B)]o <4(j — Do(8)5 2o(8)lslo ()],
INI(D)lo <( — Do)l lo(8)3,

V(D)o <20 —1)(j = 2)[o(t)]} lo(®)2lo(8) 3,
V(D)o <4 —1)( = 2)[e(t)l) o)) 2lo(8) 3,
V(Do <2 — Do)l *o(t)3,

V(Do <G — 1)~ 2)( — 3ol *o(t) [}

The interpolation inequality (1.9) provides us with

[o(t)[3lo(t)]1 + [o() 3 < 2[o(t)lslo(t)]o,  [o(t)l2lo(t)F < [o(B)[glo(B)]s,  [o(B)IF < [o(B)[3lo(t)]a-
Thus,

7 j—1
L L g < SR 007 66-2 46269,

j>2 (]_ 1)'
We obtain that
d o(t) [ , . . .
POl < o(0)ls | <14 5 (4G =D 7460 -2)+ (-2)G -3
j=

We compute

j-1 j-1
2 lo(t) —elo®lo _ 1 2 (8o — \v(t)\oe‘”(t”(),

j>2 (j_l)! j>2 (j—Z)!
o)l 2 lo(0)] o(t)ly " 3 lo(0)]
. = |o(t)]5e?\Plo, : = |o(t)]5e?'Pl0
As a consequence, we find that
L1o(8)lo < o(8)a [0 4 7]o(8) a0 + 60530 + [o(t) el Olo 2]

Let
5(Jo(1)lo) =2 = el?Wlo = 7jo(#) jpel" Dl — 6Jo(#) 50 — o () [3el* .
As vy satisfies
el?olo — 7]pg|gel0lo — 6|Uo‘%e\00|0 _ ‘vo‘ge\vob <2,

we have that

[o(t)]o < [volo
for 0 < t < t*. To prove that t* = co we argue by contradiction. In the case where t* < oo, necessarily
we have that

[o(£)]o = [2olo,
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but then
el —7]o(#)oel" N0 — 6o (t) [Fel? o — o (1) el < 2
and
4 o(t)] <0
at " —
which is a contradiction with * begin finite.
Then we have that
o(0)lo+8(ool) [ o(5)lads < ool

where 0 < §(|vglo). Furthermore, using a standard Poincaré-like inequality, we find that
[o(t)o < |vgloe ™It vt e [0, T].

The inequality
[0r0(t)|o < Clo(t)ls,
guarantees that vy € #11(0, T; «/°(T?)) O

3.2. Convergence of the approximate problems.

Proposition 3.2 (Compactness results). Let vy € &/ 0(T9) be a function satistfying the condition in (2.1)
and 0 be any differential operator of order one. Then, up to subsequences, we have that every approxi-
mating sequence of solutions {vy }n of (3.1) verifies

{on}n =0 in Z%(0,T; 2%(T%)), (3.4)
{*ontny =90 in M(0, T; . 2*(TY), (3.5)
(Poyiy =0 in L3(0,T;2>(TY)), (3.6)

{on}n =0 in Z£%0,T,#%(T7)), 3.7)

{on}n =0 in ZL%0,T;#"(T%) with 0<r<2. (3.8)

Furthermore,
v € €(]0, T]; £*(T?)).

Proof. We need to prove the compactness of the sequence of approximate solutions in appropriate
spaces. Thanks to Proposition 3.1, the approximate solutions are uniformly bounded in
{on}n € 27(0,T; 2°(T%) N .20, T; o7* (T%)). (3.9)

Due to Banach-Alaoglu Theorem, this boundedness is enough to have (3.4).
Similarly, we have the uniform bound

{o*on}n € M(0, T; 2%(T7)),

where 0% is a differential operator of order fourth. Using Banach-Alaoglu Theorem, we find (3.5).
The interpolation inequality in (1.9) gives us

[ ol ae < [ a8 fon (1)l

4_ e
< sup [on (D157 fonll g1 (0 1sers1))

telo,T
<c(vy, 1), 0<r<4, (3.10)
so (3.6) follows.
Furthermore, starting from (3.9), we will show
{on}n is uniformly bounded in .Z?(0, T; #%(T%)), (3.11)
{o;on}N  is uniformly bounded in .22(0, T; 22~ 2(T%)). (3.12)

Let us begin with the proof of (3.11). Using the inequality (3.10) with » = 2 and the finiteness of the
domain, we have that

T
/0 lon ()[|3,2 dt < c(vo), (3.13)
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concluding (3.11). As far as (3.12) is concerned, being

[0ron(t)]l 2= sup }@WNU)'W '
@ € #*(TY)
ol 2 <1
then we have
—on (D))
/TdatvN(t)(pdx = ‘/TdA (12)7( I]V'( ) )A(de

< /d PNl Avy (£) ]| g dx + /d N oy (1)]2)Ag] dx .
T T
We compute that
[, € Oliag] [1on(6)] + [Von (0] dx < dxOh(lon (1) Lz + [ on(0)| %)l glLee

< C(1+ [on(8)]0)e™h|[o (£)]| 42, (3.14)
where we have used the inequality

IVo (D)1 < cllo()le2lo(t)o. (3.15)

The above inequality can be easily proved using integration by parts and Holder’s inequality and, thus,
we left it for the interested reader.

As a consequence, we obtain that

2

[dron ()54 < sup
¢ € A*(T7)
@]l 2 <1

/11"'71 oron(t)pdx

2 .
< eIl (1 4 [[on | o0 [[on (D) 320

and the boundedness of fOT loron (t) Hif,z dt follows thanks to (3.13). The fact thatv € ([0, T]; £2(T%))

follows straightforwardly from (3.13) and the finiteness of fOT 9w (t) Héf,z dt. Then, up to a subse-
quence, we have both (3.7) and

{aﬂ)N}N — Btv in Zz<0, T; %_Z(Td)) .
Invoking [19, Corollary 4], with the choice
Xo = T, X =2%T9), X,=.2"%T%,

we obtain that
{on}n = v in Z2(0,T; £*(TY)).

Using interpolation in Sobolev spaces and the uniform boundedness in .#2(0, T; #2(T%)), we have
that

T T
/0 HUN(t)_U(t)szi”fdtS/O lon (£) = 2() %3 lon (£) = o(£) 2 dt

< ([ Tontt) ~o(0) et N ([ ot~ Ryeat)’

for every 0 < r < 2. Thus (3.8) follows. ]

3.3. Proof of Theorem 2.2. We have to pass to the limit in N to conclude the existence of the weak
solution. First, let us remark that

T , N (_ j
/ / (Z@—evl‘) A@dxdt — 0
o Jr\z !
as N — oo. We note that

X oV = /1 aAeAx+(1—)\)ydA _ /l e)\x-i-(l—)\)y(x _ y) dA.
0 0
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Using Propositions 3.1 and 3.2, together with the previous equality, we have that

[0 — e O)a2pax| < elenlemiem Hllemem oy (1) — o(t) | 12| A%0(1)] 2

for every ¢ € #11(0, T; £ (T%)) N.£(0, T, #*+1(T?)). Thus,

T
/ /d(eUN —e%)A%pdxdt| =0,
Jo Jr

and we can pass to the limit in the weak formulation. The regularity in (2.2) follows from Proposition
3.2 as well. Finally, the weakly-* lower semicontinuity of the norm guarantees that

lim
N—oo

[o(t)]| .z < dim [Jon(t)]| e < |vgoe (0,
N—co
so we recover (2.3).

3.4. Estimates for the regularized problem in the Sobolev space /7.

Proposition 3.3 (Estimates in Sobolev spaces). Let vy € «/*(T9) N #?(T?) be a function satisfying
the condition in (2.1). Then, every approximating sequence of solutions {vy}n of (3.1) is uniformly
bounded in
{on}n € 20, T; %(T%)) N L%(0, T; 4 (T4)).
Furthermore, we have that
lon (D)l 2 < C(lvolo) V€0, T).

Sketch of the proof. Let us briefly sketch the idea of the proof. First we multiply the equation by A%v and
integrate by parts. This step, due to the nonlinearity of the equation, will create many different terms.
These terms can be grouped in three categories: low (having a bi-laplacian times terms with 1 or 2
derivatives), medium (having a bi-laplacian times a term with three derivatives) and high order (having
the bi-laplacian squared). The high order terms containing |A%v|? will be absorbed by the linear terms
due to the size restriction of the initial data. The low order terms (see I, I3, Iy, Is and I below) akin to

/\v\”\820|2A20
will be estimated as
2
[0lollvl|5210la-

Then, taking advantage of | Ot |v(s)|ads < co and using Gronwall inequality, we bound their contribution.
The only remaining terms are the medium order terms

/ Unvrj Uyiij Ustlrr dx.

(see I; below). For these terms we have to integrate by parts (several times) to find a perfect derivative
hidden in I;. Once this structure of perfect derivative is obtained, we can integrate by parts and obtain
terms like

/' 3(0"30) |90 2.
Then we can conclude by noticing that

/a(v”av)|a3v|2 < ol 2 0ll18%0]%. < Clloll,2lvlf10%0)2.

O
Proof of Proposition 3.3. We omit the time variable when not needed. We consider the solutions of (3.1).
We want to obtain appropriate bounds on Sobolev spaces such that we can pass to the limit in N. As

before, to simplify the notation, we write v instead vy. We multiply the equation in (3.1) by A%vy and
integrate over (0, T) x T, obtaining

1d r 2_'2N(—U)n2
Eﬁle|Av| dx—./TdA <n;] o A%vdx

S ) 2
= —/Tdnz_lmvwﬂ dx
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N
1 -2
* /Td ;2 (n—2)! {(_”)n (40,14 0,5 0,11 0,5 +20,15 0 ]
—2(n = 2)(=0)" [0,i10,j v, +20,ijv,j Vi ]
+(n—-2)(n— 3)(—0)” 40,] )i 0,i V)i }v,mr dx

L o P
= - ———— |V |“dx + I (3.16)
We have that
B _ N (_v)n—l
Ve>0 INeN: YN>N= |} -7V <g
= (n=1)
thus, if N is chosen large enough,
~/Tl”d |vlﬁrr ‘ dx <0.
We begin dealing with the I, terms. It holds
N (_v)n—Z
IZ + 13 = /]rd Z;2 m (v/ll Z}/]] +zv/ij v/ij) O,ttrr dx
n=
< ce’ljoly|lv],,
. N (—v)" 3
I4 + 15 =2 T Z W (vlii 'U,]‘ 'U,]‘ +201ij 'U,]‘ U, ) O0trr dx
. o !

< Clvloe‘”‘°|v|4|\v\|§¢z,

n 4
_/ ( D )v,] V)i 0,0 0y0 Oyt AX

< clojoel” ‘°|v|4|\v\|,;fz,

where we have used the inequality (3.15). So far, we have that

6
Y I < ¢ (el + Joloe™0) [oly]Jo],2

m=2

. N .0 n -2
L =4 /Tl”d ; V,iij Ostry A% -

These terms are the medium order terms mentioned in the sketch of the proof above. Our goal here
is to manipulate the previous expression until we find a perfect j—derivative hidden in I; (a term like
9;((9;0¢0,v)?)). Then integrating by parts once again we can charge in the low order elements (those
with at most 1 derivative) and find integrals containing two elements having three derivatives times a
number of low order terms. We observe that, in order the perfect derivative structure arises, we have to
integrate by parts three times (in 7, £ and r).

We are left with

With this goal in mind we can start a rather tedious but elementary integration by parts,

n—2
T onr ) iV | o Oster 4%
N (—Z) n—3 N (—Z})” -2
N n—2
—v
- (2 ((11_72),> (] U,z‘ijr] V00 AX.

N )
Il
|
R
%
~~
3
z
N}
—~
SN
| (s
N
SN—

w
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We observe that we are left another two integration by parts so we can move an i—derivative be-
tween v,;;j, and v, and, after that, a /—derivative between v,;, and v,;;,. We continue moving the

i—derivative:
Il N (_U)nfi% N (—Z))” )
a_ \—-v)y - o J
i h [ < -3y ) o\ Gy ) oo | e &

Now we move the /—derivative:

n—3 N (—v)” -2
77 Yriij — ’ ’ ’ d
| U,j Usiij ngz(n_z) U,jr Usiij | Usttr GX

L /
— = 0,
4 JT [ ' (n—S
—o)"
n_ 2)' ) U/j) /i Or00r dx
U)n—?.) )

———— | v,i Vi | ¢ dx.

(n (n—2)1 ) V1%

Expanding the latter expression, we find that

N v n -2
% :/ [ <nz ((n )3) ) Vyiij — <HZ n— ) Usjr Z),u]‘| U, 007 dx
N Z) n
+/ Usijr ((7122 2) ) /i sy AX

'U
_/ Uity Usijr Ui | dx
-2
- T Usitr sijre dx.

We note the perfect j —derlvatlve structure present in the last term in the previous expression, and exploit
that in a last integration by parts:

N (__\n-3 N (_.\n-2
11 _ 4Ad [v/r (; ((nv_ 3_)! ) ‘(),j U’iij — <¥2 ((nv_)z_) ) 'U,]r 0111]] O, 00r dx
N (__\n-2
+4/Td Usijr <<Z2%> Z)/j> /i Usppr A
N (__\n-2
—4/Td Vyitr Usijr ((5 %) U,]‘) 0 dx

N (_p)n—2
+2/qu <<n¥:2 ﬁ) U/j) 7j Urilr Usire dx.

We recall the following inequality

1=
—~|
S
|Q!
w
N~—

(_\
Mz &MZ

||
N
=
|

IVo(t) % < cllo(t)l| z2lo(t) - (3.17)
Now we can estimate this terms using (3.15) and (3.17) as
L < ce‘”‘o|v|4\|v|\_‘2%,2 .
Putting all together, recovering the N and the ¢ in the notation and using Theorem 2.2, we have that
T

esssup [[on (1)[32 < [[oo5ae 0l PNOI < C(Jogo).

0<t<T
Finally,taking 0 < & < 1 small enough, we have that

N (_ n—1
) on)" —e NN >N —g>0
(n—1)!

n=1
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SO
N UN
(e7owllzmiz / @)ty Pt < / L. 2 (on st [Pt
< / Z L(F) dt
S0 =1
<ec.
Thus, we deduce that vy € .£2(0, T; #°4(T9)). O

3.5. Convergence of the approximate problems.

Proposition 3.4 (Compactness results). Let vy € «/°(T%) N 2#%(T%) be a function satisfying the condi-
tion in (2.1) and 0 be any differential operator of order one. Then, up to subsequences, we have that
every approximating sequence of solutions {vy } N of (3.1) verifies

{on}n = v in ZL%(0,T; 57 (T), 0 < r < 4. (3.18)
Furthermore, the limit function v satisfies
v € €([0, T); #2(T?)).
Proof. The proof of (3.18) is similar to Proposition 3.2. The continuity is obtained from the fact that
Av e L2(0,T; 22(TY), ahv e L%(0,T; 272(T?).
O

3.6. Proof of Theorem 2.4. The regularity (2.4) follows from Propositions 3.3 and 3.4 and we are left
with the proof of (2.5) and (2.6). The equality in (3.16) and the bound of the I,,(¢) terms in Proposition
3.3 provide us with

1 _ T
o+ e [ hon(o) e <

Then, the limit procedure can be achieved as in the proof of Theorem 2.2 and (2.5) follows. Finally, the
decay in (2.6) can be obtained using interpolation in Sobolev spaces

lo())]ler < limint on(8) s < Clloolo)e*(72), 0<r<2.
—» 00

4. THE PROBLEM (1.6)

We recall the definition of the binomial coefficient:

(k) =

1 d i(j+2\ d (72N
. —— —1]< . )v]:1—3v+ —1]< . >v].
aror -~ 5V Lev(
Then, the equation (1.6) becomes
o = —30%0 + Y (~1) (JJ]FZ)AN
j=2

and compute

The approximating problem we consider is the following:

doN = [Vlj;( 1)/ (]+2)A2 I in[0,T] x T,
j=0 J . (4.1)
on(0,x) = vg(x) = W—l in T

For this problem, we can construct a solution vy following a standard Galerkin approach (one can also
use the mollifier approach).
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4.1. Estimates for the regularized problem in the Wiener algebra .7°.

Proposition 4.1 (Estimates in the Wiener algebra). Let vy € /°(T?) be a function satisfying the con-
dition in (2.7). Then, every approximating sequence of solutions {vy }n of (4.1) is uniformly bounded
in

w0, T; °(T) N £1(0, T; o*(TY)).
Furthermore, we have that

lon(t)]o < [voloe =0l vt € [0, T (4.2)
with §(|vgo) defined in (2.7).

Proof. To simplify the notation, we write v instead of vy. We rewrite Ay (computed in (3.2)) as

N0 = (]. / 1) v 10,500 +2 (]- i 2) o2 “U/ii 12+ 40,10 0,0 +20,i0 0, }

+12 <], J 3) o3 [20,i¢0,00,i +0,4 0,4 V,ii ] +24<. J 4) 1 40,00,00,V,;
and set

N .
oo =—3Nv+ Y (-1) Y N}, (4.3)

j=2 m=1

2\ T\ +2\ i
M = <]]- <].11)v] Y0 ii0e = G 1>0] Yvjiice,

where

Nz] = 2(]—;2) (],12)71] 2"0/11 |2 = 12(] +§)Uj_2'0/ii |2,
i+ 2 ] o
Né = 8<] ] ) (]12) U] V,ii¢ O,p = 4:8( > 0,iit Us0
2\
Ni = 4<] i ) <]12) v/2 U,i0 Usip = 24( > Urit Urit »
2

st =24 (H]_ ) (], J 3) 01730, v,0v,i = 240 (] ) Vit Vst Vsi s
Né] =12 (] —1]— 2) (] i 3) vj_Sv/Z 0,0 0,ii = 120( ) 0,000 0sii 4
Né =24 <] —; 2) <]- i 4> v/ "*v,00,0,/0,; = 360 (j _ 4) v tv,00,00,0,,
thanks to the binomial coefficient identity
n\ (m\ (n\(n—k
m)\k) \k)\m—-k)

Again, we omit to write the time variable when not necessary. The previous equality (4.3) in Fourier
variables reads as

7 N
o1o(k) = =3[k|*a(k) + Y Y (- (4.4)
m=1j=2
where
i j+2 =
N{(k)zS(,_l) Yo ..o ), o(af 1) )] o(a )k — o}k — at),
J alezd  of-lezd n=1
7 j+2 =2
N (k )—12( ) YooY ) [0 — "t [l — a?P(at — a?) |k — ot [*D(k — at),
/= alezd  ai-lezd n=2
j—2

/v;<k>:4s(f,+2) Y o Y a@ o —amh)|a — a?P(a) — ad)
J alezd

- al-lezd n

II
N

x (! —a?)(ky — a})o(k — al),
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, -2
@(k)_zz;(;fi) Yo L oaw ]‘[ ) (] — ) (ol — a2)5(a" — a2)
alez w/-lezd n=2
(ks — ) (ks — )3k — o),
‘ 2
NLk) = 2406 * 2) YooY o) [T o —att) (af — ad) (aF — aF)0(a? — a®)
-3 alezd w-lezd n=3

‘ N
Nl(k) = 1206 * ;) YooY o) []o" —at ) (af — ad)o(a? — a®)

o alezd ai~lezd n=>3

//\f\](k) = 360 j+2 . () TT8(a" — a™ 1) (a3 — a})3(a® — a*) (a2 — ad)5(a® — a®)
l l l l
—4 alezd  of-lezd n=4
x (af —a2)o(al — a?)(k; — a})3(k — al).

1 1

We recall (3.3), reintroduce the time variable in the notation and estimate (4.4) as follows:

7 o0 .
Alo(t)o < =3lv(t)|a+ Y Y INL(H)o- (4.5)

m=1j=2

We are left with the estimates of \N{n(t) lo. We first apply Tonelli’s Theorem and then the interpolation
inequality (1.9) to obtain that

MOl <3(1 D) ool ot = E2E oo oo,

()]0 < 12<;+§>|v(t)|{)2|v(t)|%§ (j+2)(jJ;1)j(j—1)‘0(%71‘0(”‘4,

(0l < 48( 3 o) o) o) < 20+ 2)G+ DG = Dot ool

V()]0 < 24 (] ;) o520 < (4+2)(+ Dj ~ DIo() 5 o(t) s

A0l < 240 ) oy lo()alo(8)} < 20 +2)(+1)j(i = 1) = 2)[e(®)) o(t)]s,

i) <1z( 3RO ORI < (+2)G+ i~ 16 - DIl o)

6ttt <3607 2) it Aot < CERGEMI=DG=2G=3) 1,
Thus,

3 WA

< UR2UEDI 47— 1) 16~ 1) 2) + G- D -2~ 3)] Ol lo()ls

Collecting the previous steps, we have

o (j+2)(j+1)j : , ,
ot < [o(t) {2 U2 47 -1) + 6~ 1)(-2)
j=2

+(G-1)(-2)G-3)] ey -3}
We recall the following identities for power series

Y+ 2+ Djot = (w2 (2 -1-w) )

j>2
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3!
Towr
w . . D w2 = w w2 L_ W iv)
Li+2G+iG- 1w (v (125 -1-0))
R
‘ 0)
w2]§<j+z><j+1>j<j—1><f—2>wf3:w2<w2 ime-w?))
w2
R
‘ i)
@ E (211G -2)G 3w =0 (@ (g 1wt )
j=
w3
i reny
We set
5(o(H)lo)
=3 L CERTEN 17 -1) 4 6= )G -2)+ (=1~ 2 -9 b,
jz

3 o(t) o(t)3 o(t)}
B0 (1 B T T T e (e O A |U(t)|0)3> ’

so that, thanks to (2.7) and reasoning as in Proposition 3.1 (see the t* argument), we are allowed to
integrate in time (4.5) and thanks to the definition of §(-), we get

080+ 8(Juolo) [ 0(5)lads < [ooly

and the uniform boundedness in .2 (0, T; «7*(T*)) follows together with the exponential decay in (4.2).
The uniform boundedness #1'1(0, T; &7°(T%)) follows from the inequality
[0r0(£)|o < Clo(t)]s.

4.2. Convergence of the approximate problems.

Proposition 4.2 (Compactness results). Let vy € /°(T?) be a function satisfying the condition in (2.7)
and 0 be any differential operator of order one. Then, up to subsequences, we have that every approxi-
mating sequence of solutions {vy }n of (4.1) verifies

{fonIn =0 in Z°(0,T;.2*(T%), (4.6)
{o*on}n =30 in M(0,T; 2*(T%)), (4.7)
(Poyiy =0 in L3(0,T; 2°(TY)), (4.8)

{on}n = v in Z£%0,T, #%(T)), (4.9)

{on}n =0 in ZL%0,T;#"(T%) with 0<r<2. (4.10)

Furthermore,
v € ¢(]0, T]; £*(T%)).
Proof. Being the approximating solutions {vy }y uniformly bounded in
2%(0,T; &/°(T4)) N2 (0, T; o7*(T?))

thanks to Proposition 4.1, we can reason as in Proposition 3.2 in order to prove that (4.6), (4.7), (4.8) and
(4.9) hold. As far as (4.10) is concerned we need

{on}n = v in 220, T; £%(T?)).
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In this way, we can reason as in Proposition 3.2 and prove a uniform bound for {3;on} n in £2(0, T, 2 ~2(T%))
so the assertion follows from [19, Corollary 4]. We compute

/j'rd A (i(_l)f (ij52> %(t)) Agdx

" don(Dedx| =
o - o (3

N

Jos 180 1201 G+ 21+ Djfon () dx
£

<1
-2

N .
+ [ IVon(O P18l Y (+2)(+Dj - Dlen(O 2dx|,  @11)
T =0

with ¢ € 2#2(T%) and such that ||¢|| ;.2 < 1. We recall the following expressions (valid for for 0 < w <
1) for finite sums

1w Nt1 " 1_wN+1 " 1_wN+1 "
jol_ (2t =W ) 2 (i -
:E G+2)+1)jw ( T—w ) w( T— ) +6w( 1w )
N+
+6<1 w >,
1—w
N N+1\ i0) N+1\ ) N+1
1—w 1—w 1—w
_ j—2 _ 22 % — 2 (" %
]:E G+2)(j+Djj—-1)w (w T—w ) w( - > +8w< )

1—w
1— N+
+1z(7)
1—w

1— N+l 1 _wN+1
1-— - (1 —w)?’

"

For 0 < w < 1, it holds that

wN+1 _ o N+1

1- < zlL,
1-w (1—w)3
N+ . N+1

1-— <6 1—w ’
1-w (1—w)4

1— N+1 1 _wN-l-l

< 247.
(55 ) e

We thus estimate

N 1 wN-l-l 1 _wN-H 1 _wN-l-l
j—1 <
Jg(]+2)(]+1)]w 6w? A—w) + 12w A= w) +6 A—w)
_ N+
6 1
(1—w)*
6
1-w)
N . 1— N+1 1_wN+1 1_wN+1
P ]—2 < 27
]g(]—l-Z)(]—l-l)](] Dw'™* < 24w (1—w)> + 48w (1—w)? +t24 (1—w)3
_ nN+1
—w)
24
< TP (4.12)
We come back to (4.11) and, letting w = |vn(#)|, we deduce
Ayl
< 2 A
[aonpds| <24 [ [16on 0]+ 1Von ()] oioPs e




20 R. GRANERO-BELINCHON AND M. MAGLIOCCA

24 ||@ll s2
< m(\lvw(tﬂlﬁz + IVon (8)]1%)

< T G O

thanks to (3.15) too.

Finally, we get
2 ' ? 247 2
dron () ||5p-2 < su / dioy(Hedx| < ———||lon(t) |5
H ( )Hf 2 QOG%I;(TL{) Jd ( )4’ (1_‘0N(t)|0)8“ ( )ijZ
9l ez <1

from which we deduce that

T
| Iaon (B, at <

2ol < ¢
(1= [onlgompopoy)8 22027

and
{o/on}N  is uniformly bounded in . 22(0, T; 22~ 2(T9)).

4.3. Proof of Theorem 2.6. Let ¢ € C™([0, T) x T%). Again, we observe that

/OT L. <]§(—1)1‘ <ij72) N~ Tronp +10N)3> Apdxdt — 0

when N — oco. Then, we consider
1 1
Ao(t)| dx
L. 5| [4%0(0)

(T+on())? (1+o(H)?
< / [0%(t) — o} (1) +3[0%(t) — v} (1) + 3[o(t) —on(t))]
~Jm [1+on(OPT+o(t)?

< c(llon ()], lo(®) =) ll0(t) = on(D)]| 22l A%(1) ]| 22

and the claim follows thanks to the convergence results proved in Proposition 4.2.
The regularity in (2.8) follows from Proposition 4.2 and the exponential decay in (2.9) can be deduced
from (4.2) reasoning as in Subsection 3.3.

|A%p(t)] dx

4.4. Estimates for the regularized problem in the Sobolev space /7.

Proposition 4.3 (Estimates in Sobolev spaces). Let vy € «/%(T%) N #%(T*) be a function satistying the
condition (2.7). Then, every approximating sequence of solutions {vy } N of (1.6) is uniformly bounded
in

Z2%(0, T; %(TY)) N 220, T; 4 (T?)).
Furthermore, we have that
[on ()l 2 < C(lvolo) V¥t € [0, T].

Sketch of the proof. The proof goes as follows: first we multiply the equation by A%v and integrate by
parts. As in the proof of Proposition 3.3, we have to integrate by parts (several times) to find a perfect
derivative hidden in the medium order terms. Once this structure of perfect derivative is obtained, we
can integrate by parts once again and find terms akin to

/' 3(0"30) |90 2.
These terms can be handled as in Proposition 3.3. O

Proof of Proposition 4.3. Again, we write v instead of vy and omit the time variable if not needed. We
multiply the main equation in (1.6) by A%v obtaining

1d 2. 2 [ (n+2 2\ 2
T Td\Av\ dx—/jrdA <Z< ; >(—v) A vdx

n=0
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n+2
- _S/Td Z ( ) )" [osjjee |2 dx

n+2
+12 /Td Z (n— > —v)"2 {422,1‘1‘50,5 +[0,ii [* + 20,3 U,iz} dx

n+2
— 60 ~/T'7I Z (Tl _ 3> 'U i’l 3 [v/ii U000 +20/if (7] U/i] dx
n-+ 2 n 4
+ 360/ 2 i 0y Uy Vg Uyjjrr AX

N 6
n+2 1
- ‘3/Td,§ (n_l)(—v)” O A5+ 1

Again, we have that

for N large since

N o /n+2 n— 1
L <n—1)<_”) I e ondll

n=1
Recalling that |vp|o < 1 and using also (3.15), we estimate

L+1I3= 12/ Z (n + 2) -2 (\v/iz‘ 2+ 20, v/iZ) V,jjrr dX
C(1—|U|0) *|lol%4210la,
L+ = —60/ Z (n +2) )" (0,05 0,0 Vs +20,i0 0,0 0,1 ) Oy dX
<c(l- |U|0) ®lol2p2l0la,
Is = 360 / Z (” + 2) )" 40,0,10,0 0,0 0y dx

<c(1- Ivlo) 7lol%p2l0a.

Here, we have also used the computations contained in Proposition 4.1. We are left with I;:

2
I = 48/ Z (n + ) 0)""20,4i¢ 0,0 0,y dx.

21

(4.13)

In this later term we have to find a perfect /—derivative structure that allow us to close the estimates.
To do that we have to integrate by parts three times (in i, r and j). Integrating by parts in r, we compute

I : N o/m+42 _
é - /Td <<2 (n _ 2) (—ov)" 2) 0,ii¢ w) o Uyjjr Ax
n=2
n+2 _ N /p42 B
- ~/T'7I 7jjr [(5 Z ( ) 7’l 3) 0iit Upg Or — (Z ( 2)( v)n 2) v/iiZUIZV] dx
n=2
n+2 "2
- /11"'71 Z n—2 (_U) Usiitr U0 Usjjr dx.
n=2

Now we integrate by parts in i:

I] N n + 2 _3 N n + 2 _2
E = /1;"’1 U'jj” [(5 ,,;J, (Tl _ 3) (_0)7’1 ) 0,ii¢ 000 Or — (5 n—2 (_v)n U,iit Ostr dx
N
n+2 2
+ /Td ((,;2 <n _2> (—0)" ) Uy U,jjr> /i Usigr A
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N N

” +2 - n+2 _
’]]7’ [(5 Z ) n 3) 0,iit 000 Or — (Z (7’1 . 2) (—'U)n 2) 0,ii¢ U,g,] dx

n=3 n=2

N
n+ 2 _
< <Z (Tl U)n 2) U/f) 71 U/j]'r O,itr dx
n

N
n+2 5
* <¥‘2 (n - 2) (o) ) Vst Vsjiri Vsitr AX-

Integrating by parts in j, we find that

415_;3 - /Td it [(5 é <Z —_Fi) (—U)"3> Vsiit Vs Oy — (ﬁl—z (Z J_r i) (—v)”2> Vit v,[,] dx
:z <Z ti) (_U)“) W) 1i Usjir Uiy AX
,ﬁ‘_z <Z ti) (_”)"2> Uritr W) 1j Usjri A
Ol R e R
Z 4__2) (—U)n_2> W) /i Usjjr Osigr AX
Z 4__2) (—U)n_2> Zw) 1j sty Vsjri AX
i
N /Td Urjjr [ > é (Z J_ré) (—U)”_3> Vsii Ong Uy — (é (Z i— ;) (—v)”_2> Vit wr] dx
(B e
<§; <Z ti) (_”)"2> W) oj ity Vrjri 4%

1 N o(n+2 B
+ 2 /]‘d ((Z (1’[ _ 2) <_U)” 2) v,g) 10 Vsirj Usjri dx.
n=2

Thus,
L =48 /Ird Usjjr l(Sé Ztg) (—U)n_3> V,ii¢ V0 Ur — (é (Z J_ri) (—U)n_2> U,iie Wr] dx
+ 48 - ((é (Z J_r ;) (—v)n—z> U,g) Ji Vsjir Vsigy AX
— 48 - ((é (Z i_ ;) (—v)”‘2> ,g) j Usitr Usjri dx
+24 | ((é (Zfi) (—v)n—z> ,g) o0 Vi Ui .

N
n+2 B
/Td Orjjr (Z <n —3> (_U)n 3) V,ii¢ 00 U,r AX,
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since the other terms can be studied in the same way. We have that

N n+2 n—3 —6
/Td v | Y v_3 (—0) ,ii0 0y 0 dx < (1 —[o(t)]0) /Td [©,jjr |Vsiie g |0, | dx

n=3
< (1= olo)~°lIVol 3 VA0l

Then, applying (3.15) on || Vo(t) ||_’2%4 and (3.17) on || VAu(t) Hf%, we get
N o /n+t2 _ -
Lo (23 (53) 012 ) vaeocon dr < et = olo) “lolByalol.
n=

Finally
I < c(1= [olo)~[lo]%p2lvla-

We come back to the notation vy, reintroduce the t in the notation and gather the previous estimates
in the following inequality:

L lon(®)Ia < e~ low()lo) 7 (1~ lon (Do) + (1~ on()lo) +1) low(8) 3z on (s

from which

ot
esssup [[on (£)[|%2 < eP0l0) o low(@leds|jog 12, < e(]oglo),
0<t<T

thanks to Gronwall’s inequality.
The uniform boundedness in .£2(0, T; #4(T*)) follows from (4.13) and from the inequality

% (Zti) (—on)" T = (1+0) *+(1+0)*> (1+0) *—e>0,
n=1

which holds for N large and 0 < ¢ < 1, since

T
3 {(1 + onll g (g=)) " — 8} /0 /Td [(on),jjrr |* dxc dt
Iy n+2 n—1 2
S 3,/0 /Td i’l;l (7’1 _ 1) (_UN) ‘(vN)/]']'rr ‘ dx dt

T 6
< [ ¥ mndr<c
0 =1

4.5. Convergence of the approximate problems.

Proposition 4.4 (Compactness results). Let vy € «/°(T¢) N .#%(T?) be a function satisfying the condi-
tion in (2.7) and 0 be any ditferential operator of order one. Then, up to subsequences, we have that
every approximating sequence of solutions {vy } N of (4.1) verifies

{on}n =0 inZ%0,T; 2" (TY)), 0< r < 4. (4.14)
Furthermore, the limit function v satisfies

v € €([0, T]; #%(TY)).

Proof. The proof of (4.14) reasoning as in Proposition 3.4 (see also Proposition 3.2). More precisely, an
interpolation in Sobolev spaces and the uniform boundedness in .#?(0, T; s#*(T%)) lead to

Con ()~ o(0)Bprdt < [ on () — o(®)I % lon(8) — o8 e
/OHUN() 0(t)[| 5 dt < o ION UE) |’y ION O(E) || ypa

< ([ 1ot —oBa) * ([ Iontn-o(Rtr)’

for every 0 < r < 4. Thus (4.14) follows thanks also to the strong convergence in .#2(0, T; #?(T¢)). The
continuity follows from

Av e 220, T; A2(TY),  oiAv € Z£2(0, T; 72(TY)).
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4.6. Proof of Theorem 2.8. The proof of (2.10) follows taking advantage of Propositions 4.3 and 4.4. The
inequality in (2.11) can be deduced from Proposition 4.3. Indeed it provides us with

1/ 2 e 2. 12
~ [ |aon(H)Pdx +3(1— sup [on(8)]o) / / A%on[2dxdt < ¢
2 Jr te(0,7] 0 Jm

and passing to the limit as in Subsection 4.3. Finally, the exponential decay (2.12) follows as in Subsection
3.6.
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