1804.09708v1 [math.DS] 25 Apr 2018

arXiv

NON-STATIONARY ALMOST SURE INVARIANCE PRINCIPLE

FOR HYPERBOLIC SYSTEMS WITH SINGULARITIES

JIANYU CHEN, YUN YANG, AND HONG-KUN ZHANG

Dedicated to the memory of Nikolai Chernov.

ABSTRACT. We investigate a wide class of two-dimensional hyperbolic systems
with singularities, and prove the almost sure invariance principle (ASIP) for
the random process generated by sequences of dynamically Holder observables.
The observables could be unbounded, and the process may be non-stationary
and need not have linearly growing variances. Our results apply to Anosov
diffeomorphisms, Sinai dispersing billiards and their perturbations. The ran-
dom processes under consideration are related to the fluctuation of Lyapunov
exponents, the shrinking target problem, etc.
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1. INTRODUCTION

Since the pioneering work by Sinai [47] on dispersing billiards, the dynamical
structures and stochastic properties have been extensively studied for chaotic bil-

liards [311 6] [7, [8], (10} [T, 411, (541 18] 19, [12] 1], [17] 13, 20, 2 53], and also for abstract
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hyperbolic systems with or without singularities [48] 42} [37, 43] [46], 57, 58], 49, 24,
(14l 211 25, 26, 27]. Among all the physical measures, the SRB measures - named
after Sinai [48], Ruelle [45] and Bowen [l [5] - are shown to display several levels
of ergodic properties, including the decay rate of correlations, the large deviation
principles and the central limit theorem, etc.

In this paper, we shall focus on the almost sure invariance principle (ASIP) for
a wide class of uniformly hyperbolic systems with singularities, which preserve a
mixing SRB measure. The ASIP ensures that partial sum of a random process
can be approximated by a Brownian motion with almost surely negligible error.
More precisely, we say that a zero-mean random process X = {X,, },,>0 with finite
second moments satisfies an ASIP] for an error exponent A € [0, %), if there exists
a Wiener process W(+) such that

=0(c?), as., (1.1)

n—1
Z Xy —W(o7)
k=0

2
where 02 = E ( Z;S X k) is the variance of the n-th partial sum. In particular,

if 02 grows linearly in n such that o2 = no? + O(1) for some o € [0, 00), it follows

from (L) that

=0(n), as.

n—1
> Xi—oW(n)
k=0

The ASIP implies many other limit laws from statistics, such as the almost sure
central limit theorem, the law of the iterated logarithm and the weak invariance
principle (see [44] for the details).

There has been a great deal of work on the ASIP in the probability theroy,
see for instance [44] B, 29, 51} (0, 22 55, 23]. In the context of the stationary
process generated by bounded Hélder observables over smooth dynamical systems
with singularities, the ASIP was first shown by Chernov [I2] for Sinai dispersing
billiards. Later, a scalar and a vector-valued ASIP were later proved by Melbourne
and Nicol [39, [40] for the Young towers. By a purely spectral method, Gouézel
[32] extended the ASIP for stationary processes for a wide class of systems without
assuming Young tower structure. Gouézel [32] also provided a pure probabilistic
condition, which was used by Stenlund [52] to show the ASIP for Sinai billiards
with random scatterers.

The ultimate goal of our work is to establish ASIP for non-stationary process
generated by unbounded observables, over a wide class of two-dimensional hyper-
bolic systems under the standard assumptions (H1)-(H5) in Section 2Tl Such class
includes Anosov diffeomorphisms, Sinai dispersing billiards and their perturbations
(See Section [ for more details). Compared to existing results of ASIP for bounded
stationary processes, our result is relatively new due to the following two features:

(1) Low regularity: the question on how large classes of observables satisfy
the central limit theorem or other limit laws had been raised by several
researchers, see, e.g., a survey by Denker [28]. Sometimes those classes are
much larger than those of bounded Holder continuous or bounded variation

L we may need to extend the partial sum process {ZZ;S Xk}n>0 on a richer probability
space without changing its distribution. In the rest of this paper, we always assume this technical
operation when we mention ASIP.
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functions. In this paper, we only assume dynamically Holder continuity for
observables, which could even be unbounded. A direct application is the
fluctuation of Lyapunov exponents, for which the log unstable Jacobian
blows up near singularity in billiard systems.

(2) Non-stationarity: time-dependent processes arise from the dynamical Borel-
Cantelli Lemma and the shrinking target problem (see e.g. [35,[I5,[30]). Re-
cently, Haydn, Nicol, Térok and Vaient [34] obtained ASIP for the shrinking
target problem on a class of expanding maps. In analogy, under some mild
conditions, we are able to apply our ASIP result to the shrinking target
problem for two-dimensional hyperbolic systems with singularity.

The method we address here is rather transparent and efficient. We first con-
struct a natural family of o-algebras that are characterized by the singularities, and
explore its exponentially a-mixing property. Extending the approach by Chernov
[12] and applying a martingale version of ASIP by Shao [50], we are then able
to prove the ASIP for the random process generated by a sequence of integrable
dynamically Holder observables. A crucial assumption is that the process satisfies
the Marcinkiewicz-Zygmund type inequalities given by (ZI). We emphasize that
those observables could be unbounded, and the growth of partial sum variances
need not be linear. Furthermore, the error exponent A in ASIP of the form (LTI
only depends on the constant ko in (2.

This paper is organized as follows. In Section Bl we introduce the standard
assumptions for the uniformly hyperbolic systems with singularities, and state our
main results on the ASIP and other limit laws. We recall several useful theorems
in probability theory in Section Bl and prove our main theorem on the ASIP in
Section @l In Section [B, we summarize the validity of the ASIP for a wide class
of uniformly hyperbolic billiards, and discuss two practical process related to the
fluctuation of ergodic average and the shrinking target problem.

2. ASSUMPTIONS AND MAIN RESULTS

2.1. Assumptions. Let 7 : M — M be a piecewise C? diffeomorphism of a two-
dimensional compact Riemannian manifold M with singularities Sy, that is, for
each connected component Q@ C M\S;, the map T : Q@ — T(Q) € M is a C?
diffeormophism which can be continuously extended to the closure of 2. We denote
by S_1 := T'S; the singularity of the inverse map 7'~ !.

Let d(-,-) denote the distance in M induced by the Riemannian metric. For any
smooth curve W C M, we denote by |W]| its length, and by my the Lebesgue
measure on W induced by the Riemannian metric restricted to W.

We now make several specific assumptions on the system 7' : M — M. These
assumptions are quite standard and have been made in many references [10, [14] 16,

21].

(H1) Uniform hyperbolicity of T'. There exist two families of cones C* (unsta-
ble) and C? (stable) in the tangent spaces T, M, for all z € M, and there exists a
constant A > 1, with the following properties:
(1) D,T(C¥) c C%_ and D,T(C%) D C%.,, wherever D, T exists.
(2) |1 DT (v)|| > Al|v]| for any v € C¥, and || DT~ (v)|| > Al|v| for any v € C.
(3) These families of cones are continuous on M and the angle between C¥ and
C? is uniformly bounded away from zero.
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We say that a smooth curve W C M is an unstable curve for T if at every point
x € W the tangent line T,W belongs in the unstable cone C¥. Furthermore, a
curve W C M is an unstable manifold for T if T—™(W) is an unstable curve for all
n > 0. We can define stable curves and stable manifolds in a similar fashion.

(H2) Singularities. The singularity set S; consists of a finite or countable union
of smooth compact curves in M, including the boundary 0M. We assume the
following;:

(1) OM is transversal to both stable and unstable cones.

(2) Every other smooth singularity curve in Sy \ OM is a stable curve, and
every curve in S; terminates either inside another curve of S; or on OM.

(3) There exist C' > 0 and By € (0, 1) such that for any x € M\ S,

| D.T| < Cd(zx,Sy)~".

Similar assumptions are made for S_;. We set S4,, = Z;é TFkS,, for any n > 1,
and it is clear that S, be the singularity set of 7#". Furthermore, we denote
S:too - UZO:Q S:tn-

An unstable curve W C M is said to be homogeneous if for any n > 0, T~"W
is contained in a connected component of M \ S;. In other words, W N S_., = 0.
Similarly, we can define homogeneous stable curves.

Definition 1. For every z,y € M, define sy (z,y), the forward separation time
for = and y, to be the smallest integer n > 0 such that  and y belong to distinct
elements of M \ S,,. Similarly we define the backward separation time s_(z,y).

(H3) Regularity of smooth unstable curves. We assume that there is a T-
invariant family W#. of unstable curves such that

(1) Bounded curvature The curvature of any W € W¥ is uniformly bounded
from above by a positive constant B.

(2) Distortion bounds. There exist vy € (0,1) and C'r > 0 such that for any
W e Wi and any z,y € W,

Indw (x) — Indw (y)| < Crd(z,y),

where Jw (z) = |D,T|g,w| is the Jacobian of T" at z along the unstable
curve W.

(3) Absolute continuity. Let W1, W5 € W be two unstable curves close to
each other. Denote

W/ ={zeW,: W(x)NWs_; 0}, i=1,2.

The map h: W] — W) defined by sliding along stable manifolds is called
the stable holonomy map. We assume that h,myy, is absolutely continuous
with respect to myy;. Furthermore, there exist Cr > 0 and 9y € (0,1) such
that the Jacobian of h satisfies

|Ingh(y) — Ingh(z)| < Cros* Y for any x,y € W1

(H4) SRB measure. The map T preserves an SRB probability measure p, that
is, the conditional measure of 1 on each unstable manifold W* is absolutely con-
tinuous with respect to myy«. We further assume that p is strongly mixing.
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(H5) One-step expansion. Given an unstable curve W C M, we denote V,
as the connected component in TW with index o and W, = T~'V,. There is
qo € (0, 1] such that

o |W|>q0 [Wa|
lim inf sup < <1,
0=0 . \W|<sza: Val (W

where the supremum is taken over all unstable curves W in M.

2.2. Statement of the main results. The main result in this paper is to prove
the almost sure invariance principle for the system (M, T, u), which satisfies As-
sumptions (H1)-(H5), with respect to the process generated by a sequence of
dynamically Holder observables. We first recall the definition of such functions.

Definition 2. A measurable function f : M — R is said to be forward dynamically
Holder continuous if there exists ¢ € (0, 1) such that

[f(x) = f(y)|

|f| = sup {W . x # y lie on a homogeneous unstable curve} < 00,

where s, (-, ) is the forward separation time given by Definition [Il The constant v
is called the dynamically Holder exponent of f, and is usually denoted by ¥;. We
denote the space of such functions by J'Cfg, and set HT := Uﬂe(oﬁl)j‘(;‘;.

In a similar fashion, we define the space H and H™ of backward dynamically
Hoélder continuous functions. Also, we denote Hy := J'Cfg NHy, and H := HTNH~.

Remark 1. Note that any Holder continuous function is automatically dynamical
Holder continuous. However, a dynamically Hélder function can be only piecewise
continuous, and it may not be bounded.

We need to assume certain integrability for the observables. Given an L°-
integrable function f on M for some s > 1, we denote E(f) = [ fdu and || f|
E(|fI*)V/>.

For convenience, we shall use the following notations: given two sequence a,, and
b, of non-negative numbers, we write a,, = o(by,) if lim, o0 an /b, = 0; we write
an = 0(by) or a, K by, if a, < Cb,, for some constant C' > 0, which is independent
of n; and we denote a,, < b, if a,, < b,, and a,, > b,.

We are now ready to state our main result.

Ls =

Theorem 1. Let Xy = {X,}n>0 := {fn 0 T"}n>0 be a random process generated
by a sequence f={fn}n>0 of functions, which satisfies the following conditions:

(1) There are V5 € (0,1) and By € [0,00) such that f, € Hy, and
|fn|i’rf + |fn|5f < n?r,

(2) There is p > 4 such that f, € LP with E(f,) = 0. Moreover, there are
constants k, > Ko > % such that

n—1 m+n—1
oy = Z X > n and sup Z X <« nr. (2.1)
k=0 L2 m20 k=m Lp




6 JIANYU CHEN, YUN YANG, AND HONG-KUN ZHANG

Then the process Xy satisfies an ASIP for any error exponent A € (max{%, ﬁ}, %) ,

that is, there exists a Wiener process W (-) such that

n—1
Z X — W(o?
k=0

) =0(?), as. (2.2)

Remark 2. Tt is well known that a zero-mean independent process X = {X,, }n>0
with finite s-th moment (for some s > 1) satisfies the Marcinkiewicz-Zygmund in-

equalities, i.e. HEer" 1XkH = ( = 1X2) . Such type of inequalities
Le e

were later generalized to martingale difference sequence, strongly mixing processes,

1
ete (see e.g. [38,56]). We note that the term ( gt X]f) “Il s of order /n

k=m

LS
for stationary iid. processes. Due to the dependence and non-stationarity in our
setting, there is no a priori information on ( th;l 'Xx 2) . To this end, in
LS

terms of powers of n, we directly impose the 2nd moment lower bound and p-th
moment upper bound in (ZI)) for the partial sum > ;""" ' X

Condition (1) in Theorem [limplies that every function f,, is dynamically Holder
continuous with a common exponent ¢, while the dynamically Holder semi-norms
of f, are allowed to grow in a polynomial rate. Condition (2) implies that the
growth rate of partial sum variances o2 is of order between n?*2 and n?%. In
particular, if ko = k) = %, then the growth is asymptotically linear, i.e., 02 =< n.

We notice that the error exponent A in (Z2]) does not depend on the values of

J¢, e and kp, and it can be chosen arbitrarily close to % if kg = % In the case
when p € (2,4] and kg > %, our result still holds with A € (max{i, 21)%2}, %),

but requires advanced moment inequalities in the proof of a technical lemma -
Lemma [[4l For simplicity, we just prove the case when p > 4, which is sufficient
for all of our applications.

Note that the ASIP is the strongest form - it implies many other limit laws, such
as the weak invariance principle, the almost sure central limit theorem, and the law
of iterated logarithm (see e.g. [44] for their proofs and more details).

Theorem 2. Let Xy = {X,}n>0 := {fnoT"}n>0 be the random process satisfying
the assumptions in Theorem Dl We have the following limit laws:
(1) Weak Invariance Principle: for any t € [0,1],
[nt]—1
Z f]g o Tk in distribution W(t), as n — oo,
k=0

n

where W () is a Wiener process.
(2) Almost Sure Central Limit Theorem: we denote S, = ZZ;& froT*, and
let 5() be the Dirac measure on R, then for p-almost every x € M,

in distribution
1Og02 Z 5Sk(z) N(0,1), asn — oo,

where N(O, 1) is the standard normal distribution.
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(3) Law of Iterated Logarithm: for u-almost every x € M,
io fio TH()

lim sup =

n—oo /202 loglogo?

3. PRELIMINARIES FROM PROBABILITY THEORY

In this section, we recall several useful theorems in the probability theory. Let
(M, 1) be a standard probability space.

Lemma 3 (Borel-Cantelli lemma). If {E,},>1 is a sequence of events on (M, p)
such that Y~ | p(Ey) < oo, then p (NS Ugsn Ex) = 0.

We introduce a special case of the results by Gal-Koksma (Theorem Al in [44]).

Proposition 4. Let {X,,},>0 be a sequence of zero-mean random variables with
finite second moments. Suppose there is k > 0 such that for any m >0, n > 1,

m+n—1 2
5("S x) <o
k=m

then for any § > 0,

Let § and & be two o-algebras on the space (M, p).
Definition 3. The a-mixing coefficient between § and & is given by

a(§, 8) = sup sup [u(AN B) — p(A)u(B)|. (3.1)
A€EF BE®

Note that a(F, ®) < 2. We have the following covariance inequality.

Lemma 5 (Lemma 7.2.1 in [44]). Let s1,s2 and s3 be positive real numbers such
that 1/s1+1/sa+1/s3 =1. For any X € L**(M,§,u) and any Y € L*2(M, &, 1),

E(XY) — E(X)E(Y)| < 10(§, )7 | X|| o1 [V 1oz

Definition 4. {({;,®;)};>1 is called a martingale difference sequence if

(1) &, is an increasing sequence of o-algebras on (M, u);
(2) Each ¢; is L'-integrable and & ;j-measurable;
(3) E(&|®;-1) =0 for any j > 2.

Here is a basic identity for martingale difference sequence {(&;, ®;)};j>1:
E(X¢;) = 0, (3.2)

for any ®;_;-measurable random variable X, as long as X¢; € L' .
We shall need the following almost sure invariance principle by Shao [50] for the
martingale difference sequences (in the L*-integrable case).
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Proposition 6 ([50]). Let {(&;,®;)};j>1 be an L*-integrable martingale difference
2

sequence. Put b2 =E (25:1 §j) . Assume that there exists a sequence {a,},>1 of

non-decreasing positive numbers with lim, . a, = oo such that

T

Y E(E6;-1) - EE] = o(a,), as. (3.3)
j=1
> aPBlg |t < oo (3.4)
j=1

Then {&;}j>1 satisfies an ASIP of the following form: there exists a Wiener process
W (-) such that

Zﬁj —-WHH| =0 ((aT (|log(b?/a)| + loglog aT))1/2> , a.S.
j=1

4. PrROOF OF THEOREM [

We shall prove our main theorem as follows. Firstly, we construct a natural fam-
ily § of o-algebras on (M, u), and show that such family is exponentially a-mixing.
Secondly, we introduce blocks and approximate the sequence f by conditional ex-
pectation over a special sub-family of § on each block. Furthermore, we divide
the partial sum of X¢ into a major part Z;(an)fl Y; and other negligible parts.
Thirdly, we establish the martingale difference representation {;};>1 for the pro-
cess {Y;},>1, and obtain several preliminary norm estimates. Fourthly, we prove a
technical lemma on Condition (B3]) and show an ASIP for the martingale difference
sequence {;};>1. Finally, we prove the ASIP for the original sequence f.

4.1. The strong mixing property. We first recall the exponential decay of corre-
lations for the system (M, T, ) for bounded dynamically Holder observables, which
was proven in [21] by using the coupling lemma (see e.g. [16] [14]).

Proposition 7 ([21]). There exist Cy > 0 and 99 € (0,1) such that for any pair of
functions f € 3 NL®(u) and g € Hy, N L () andn >0,

f
[E(f-goT") —E()E(9)] < Crq07%,,

where 0,4 = max{d, 19}/4, 19;/4} <1, and

Crg = Co (If = llglze + 11 fllelgly, + lgllz=1f15, )

We then introduce the following natural family of o-algebras for the system
T : M — M. Recall that Si, is the singularity set of T*" for n > 1. Let
&o := {M} be the trivial partition of M, and denote by £, the partition of M into
connected components of M\TJF("’l)Sil for n > 1. Further, let

Em =E&m V-V,

for all —oo < m < n < oo. By Assumption (H2), £5° is the partition of M into
maximal unstable manifolds, and £° _ is that into maximal stable manifolds. Also,
w(0€r) = 0 by Assumption (H4), where 9¢), is the set of boundary curves for
components in &},.
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Let §}, be the Borel o-algebra generated by the partition ,. Notice that F=
coincides with the o-algebra of all measurable subsets in M. We denote by § :=
{F} —co<m<n<oo the family of those o-algebras.

Proposition 8. The family § is a-mixing with an exponential rate, i.e., there exist
Co > 0 and 99 € (0,1) (which are the same as in Proposition[7) such that

sup (L oo, §i%n) < Cod,
keZ
where the definition of a(-,-) is given by BI]).
Proof. By the fact that T—F¢n = €™tk and the invariance of , it suffices to show

m-+k
that
(5, §5) = sup sup (AN B) - p(A)u(B)| < Covy.

Ae3°  BeSy
Since A € 3(100 is a union of some maximal stable manifolds, we have that 14 € H~
such that ||14||z~ =1 and [14], = 0 for any ¥ € (0,1). Similarly, B € §;° implies
that T-™(B) € §g° is a union of some maximal unstable manifolds, and thus
]-T*"B S g{+ such that ||1T—nB||Loo =1 and |1T*"B|;9F = 0 for any S (0,1)
Therefore, by Proposition[7 for any A € % and B € §°,

(AN B) — p(A)p(B)] = [E(Ly—njs - 1a 0 T") — E(Lp—np)E(14)] < Cot}.
This completes the proof of Proposition O

4.2. Blocks and approximations. Let f = {f,},>0 be a sequence of functions
satisfying the assumptions of Theorem [I]
From now on, we fix a error exponent \ € (max{%, %}, %), and choose a

sufficiently small constant ¢ > 0 such that

Dty + —— < 2\, and T <ax 1. (4.1)
4 —¢ )

We partition the time interval [0, c0) into a sequence of consecutive blocks A; =
[7j,Tj+1) for j > 1, where 7; = Zz;é [i€]. Note that the block A; is of length [j¢],
and 7; < j'T¢. For convenience, we set 7o = —1.

For any k € A;, we define the approximated function of f; by

g =E (fk ’SEOR%JQJ]) : (4.2)

It is clear that E(gr) = 0. Since the separation times are adapted to the natural
family § of o-algebras, we have the following uniform L°°-bounds on the difference

sequence {(fx — g)}x>0-
Lemma 9. SUDgen, Ilfk = grllLe < 19?” .

Proof. Note that k < 7j41 =< j'7¢ for any k € A;. For any measurable set A €
510(372]1], and any two points x,y € A, there is a point z € A such that x and z

belong to one unstable curve, and y and z belong to one stable curve. It follows that
s+(x,2z) > [0.25¢7 and s_(y, z) > [0.25¢], and thus by Condition (1) of Theorem/[I]

Fea) = @) < nle) = S+ Felw) = fil2)]
(fald, + 1 flg,) 002

IN



10 JIANYU CHEN, YUN YANG, AND HONG-KUN ZHANG

< kP[0 < jtBeg[020T o 015"

L / fk(y)du(y)}
< / fua) — Fily) dialy) < 93"

The proof of Lemma [ is complete. O

Hence for any k € A;, we have

|fe(z) — gr ()]

For any n > 0, there is a unique 7(n) > 1 such that n € A,(,). Note that

r(n) < nT. We now decompose the partial sum of the process X¢ = {X,,}n>0 =
{fnoT"},>0 as follows:

n—1 r(n)—1 Tr(n)—1
ZXk = Z ngOTk + Z (fx —gr) o TF + Z Xy,
k=0 j=1  \kea, E=Tp(n)
(n)—1
= Y Y+ Un+ Vi (4.3)
j=1

It turns out that the major contribution for ASIP is given by Er(" Y, while the
rest terms are negligible.
Lemma 10. Let U, and V,, be given by [@3). Then

(i) |Unllze = O(1), and |U,| = O(1), a.s..

(ii) [|[Vallzr = O (n®), and |V,| = O (n®*2*), a.s..

Proof. (i) Note that U, = ZT(" ZkeA (fx — gr) o T*. By Lemma [ and
Minkowski’s inequality, we have

[Unlle <D0 MUs—gr) o THlle < > > e — gkl

J=1keEA, J=1keEA,

< Z 1995 < oo

Moreover, 3277, 3" cn, | (fi = gr) © T*||r» < oo implies that 777, Pkea, |(fr
gr) o T*| < 00 a.s., and thus |U,| = O(1) a.s..
(ii) By (2I)), we obtain

n
Walle = || D> Xil| < (n—70(m)™ < (r(n)9)* < nr
k:TT(n) Le

Moreover, by Markov’s inequality and (4.1]),
p{[Vy] > n?22} < pm 2R BV, [P < pP(C2Redtern) o pTate

and hence > 07, pu{|V,,| > n®*2*} < co. By the Borel-Cantelli lemma (Lemma [J)),
we get 4 (ﬂZozl Unsi {IVa| = n2”2’\}> = 0. In other words, |V,,| < n??* as. O
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4.3. Martingale representation for {Y;};>1. In this subsection, we introduce a
martingale representation for the random process {Y;};>1 as defined in (£3]). Such
representation is given by Lemma 7.4.1 in [44], but has better norm estimates in
our context.

We first establish the following preliminary estimates for Yj.

Lemma 11. For any j > 1, the random variable Y; is §7/*3-measurable such that
EY; =0 and ||Y]||r» < j». Furthermore, || 375, Yjl2 > r"2.

Proof. By [2) and ([3]), we have for any j > 1,
o ko [0.25¢] k k| ~k+[0.25°]
Y; = Z groT" = Z E (fk ‘S—fogﬂ) ol" = Z E (fk oT \Sk-m}w)
kEA]‘ kGAJ‘ kEA]‘
is 3:?_%;22{ e]-ltrlezaLSUI"able, and thus §7273-measurable. It is clear that EY; = 0
since each fj is of zero mean. Moreover, by Lemma [0

Y= D0 Xil| <3 = grllpe < [57985 < supljlopt < .
keA, kEA; izl

Therefore, by (21),

I,

ille < || D0 Xal|  +|[Y5— D Xil| <[5 +0(1) < .
kEA; o kEA; .
Furthermore,
T T7~+1—1 r
ORI B DI (R 3l (P pB?
j=1 L2 k=0 L2 =1 kEA]' oo
> .
> =Y [
j=1

> (r4+ 1)) —9(1) > 2,
O

Now we denote &; the o-algebra generated by Y1, Ys,...,Y;, and it is immediate
from Lemma [ that &; C 7. We also set &, := {0, M} to be the trivial o-
algebra.

Lemma 12. For any j > 1, we set & :=Y; —u;j +uji1, where u; € L* is given by
uj = E(Yipk ;1) (4.4)
k=0

Then {(&;,®;)},;>1 is a martingale difference sequence. Moreover, Eu; = E&; = 0
and

lujllLs <5, and [|€5]| L < G

Proof. We first show that each u;, given by (@4, is well-defined as an L* function.
Denote for short vj;, := E (Yj4x |1 ), which is &;_;-measurable. Then

Elvje* = E (vjr - v5) = E (B (Yj4 [65-1) - v5) = E (YVjgr - vl - (4.5)
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By Lemma [l Yjij is §7 1 3-measurable, and also &;_; C F”;"'. We choose
$1=p, So = % and s3 = p4_p4, and apply Lemma [f] to the last term of (X)),

. . 1
Eloje|* < 10a(FE 1000 8705 1Ykl e [[05k ] oo

. . 1 3
= 10a(F100 870 Vsl o [Elogwl'] " -

3
Dividing [E|vjk|4] % on both sides, and then using Proposition 8 and Lemma [IT],
we have that for any j > 1,

L
lojrlle < 10a(F22,,  F20) ™ [ Viarll
(G + k)", 0<k<3,
< ) o [Gt+k=2)°]
(j+k) p’ﬂO . Ll k237
Jerr, 0<k<3,
< (k—2)¢
9o, k>3

Therefore, for any j > 1,

(k—2)°

o) 2 o0 [e%e)
> lojkllze =D Mojkllps + D Mvgllpa < 355+ 0™ < j,
k=0 k=0 k=3 k=3

which implies that u; = Y2, vjx is well-defined in L*, and [ju;||za < j*.
By the formula &; :=Y; — u; 4+ w11, it is easy to check that {(&;,®;)};>1 is a
martingale difference sequence (see Definition H]). Moreover,

€511 < IY5llze + [lusllos + llujealls < 5.
The proof of Lemma [I2] is complete. O

The following lemma shows that 3°7_, Y; is well approximated by >7_, &;.
Lemma 13. We have the following estimates:

T T

=g =00, and Y (Vi -&)| =0 ("), as.

j=1 1 j=1
Proof. By Lemma [[2} we have 377, (Y; —&;) = u1 — up+1, and thus

T

SO -6)| =l = ueallp < 1+ DT <o,
Jj=1 4
Moreover, by Markov’s inequality and (4.1]),

4
r T

L Z (}/J _ g]) > p2r2A < S8R A | Z (}/] _ fg) < T4(72n2)\+enp)
Jj=1 J=1

_a

<< r 4757
and hence Y7, u{‘zgﬂ (Y5 — &)
(Lemma [3)), we get ‘22:1 (Y; = &)

> 7“2"‘2)‘} < 00. By the Borel-Cantelli lemma

L r2eA as.. ]
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According to Lemma [0 and Lemma [[3] we shall focus on proving ASIP for the
process {¢;};>1.

4.4. ASIP for {{;},;>1. In this subsection, we shall use Proposition [l to prove a
version of ASIP for the martingale difference sequence {(§;,®;)};>1. We first need
a technical lemma with the following almost sure estimate.

Lemma 14. 77, [E (£ 18;1) — E€}] = o(r'™?), a.s.

Proof. We denote R; :=E (§7[6;_1 ) —E& = E (¢ — E£7 |6;_1 ), and note that R;
is &;_;-measurable and ER; = 0. Moreover, by Lemma[I2and Jensen’s inequality,

2 SLER
IRjllze < \VE (& —EE)” < [Ig117s < 5%

If for any m > 1 and any r > 1,

m—+r—1

E Z Rj | < (m+r)tT8me —plisern (4.6)

then Lemma [[4] immediately follows from ([{I]) and Gal-Koksma (Proposition [).
In the rest of the proof, we shall prove ([£.0). Using that ER; = 0 and IER? >0, we
first notice that

2
m—+r—1 m+r—1m+r—1—j

E( > R 22 Z E(R;R; 1)
j=m =m

m+r—1m+r—1—j

2 Z Z (RiE (&1 —EEF 14 18541-1))

m+r—1m+r—1—j

2 Z Z J-Hf IE§ ))

IN

=0

m—+r—1 —1—
EE JM)

j=m k=0

m—+r—1 m+r 1—j
-2y e(n (T g)

j=m

m—+r—1

-4y Y3 ERi&réive)

j=m 0<k<f<m+4r—1—j
m4r—1 m+r—1—j
2 Y E(R( Y &
j=m k=0

In the last step, we use (B2)) to conclude that E (R;&j+rj+¢) = 0 if k < £. By
Lemma [I2], we further obtain

2

m—+r—1

E{ > R
j=m
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mAr—1 mr—1—j 2
< 2> E > Yj+k+(um+r1—ug~)]
j=m k=0
m+r—1 (m+r—1—j m+r—1—jm+r—1—j—k
< 2 { Y ERYh) +2 ) > E(RYjrYjirte)
j=m k=0 k=0 =1
m+r—1—j m+r—1—j
42 > E(RYjstumir1)—2 Y E(Rjyj+kuj)}
k=0 k=0
m—+r—1
+2 Z E( um+r 1—’U,j)2)
m—+r—1
= 2 Z (I + Iy + Is + 1) + 215.
j=m

To prove ([, it suffices to show that
|I;] < j%"%, for i =1,2,3,4, and |I5| < (m +r)tt8ere —pltsers,

For I1: Recall that || R;||p2 < j2%», and R; is ®;_1- and thus § ;' -measurable.
By Lemma T V2 lg0rs < V5430 < G+ K25, and Y3, is §314% and

thus §2°,,  -measurable. Applying Lemma [l and Proposition [§ we take s = P}
and get
m4r—1—j
Ll < Y [E(RYA)
k=0
m4r—1—j
< Y 100@TER, D IR YA e
k=0
2 m+r—1—j
M
< Z]QMP(j_'_k)Qenp_'_ Z JZEnp(j+k)2ef<p
k=0 k=3
P e
< jheRr 0(1) + Iy ° (l—l—k)Qef-cp < joer,
k=3

For Iy: we split the double sum into the cases k > ¢ and k < ¢, that is,

m+tr—1—j m+r—1—j
LI<2 Y > ER YY) 42 > > B((RYik)Yigro)l-
k=0 1<e<k =1 0<k</t

In the first summation, we note that ¢ < k and
IYisrYienrellpore SNVl Yirnrelle < (G+k) (G +k+0)r < (5+2k)%".
Applying Lemma [l and Proposition B, we take s = % and get

m+r—1—j

Z Z |E (Rj(YitkYjtr+e))l

k=0 1<e<k
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m+r—1—j

< D Y 0a®EE, )T IR e 1Yk Ykl e
k=0 1<t<k
2 m+r—1—j
F(J+k 2]

< ZkJQEKP( +2k)2enp+ Z s j2enp(j+2k)2enp

k=0 k=3

i R
< g o)+ Y0 W, ¢ (L4 2k | < i,
k=3

In the second summation, we note that k£ < ¢ and hence
*LER N €ER 4/3 N {3 N ER
1B Ykl pas < IRG IS Y5k 740 < [52G4 B ] 2 < (k) iene < () 1en.

Also, ||Yjirtellr < (44 k+£) < (j+ 2¢0)"». Applying Lemma [}l and Proposi-
tion Bl we take s’ = % and get

m+r—1—j

oD EURYk)Yieked)]

(=1 0<k<¥t
m+r—1—j

< Y 0BT E )T IR Ykl s [ Vieel o
=1 0<k<t

2 mtr—1—j m+k+e 2)°]
< D AGHOM G20 Y My T (G0 + 20

=1 (=3

mATTI=0 e
< j55np O(l)—i— Z 1907(1_’_2@14-56&? <<j8enp-
=3

Therefore, |I5| < 78>,
For I3: by the definition of u; in (£4]), we rewrite

m+r—1—j m+r—1—j oo

> E(RYiiktmir-1) > D E(RYikE (Yo 140G mir2))
k=0 k=0 =0

m+r—1—j5 oo

= Z ZE(RJanLkYanTflJrE)
k=0 =0

m+r—1—j (e’

= Z Z E(Rj}/j+k}/j+k+l)

k=0 l=m+r—1—j—k

We can split I3 into the cases k > £ and k < £, and obtain |I3| < j8"» by applying
similar estimates for I.

For I4: Note that ||Rjuj|lpas < || R, |uJ|| < [j2€'<pj€'<p}4/3 jAemr - Ap-
plying Lemma Bl and Proposition 8 we take s’ ;Tp and get

4/3| 4/3

s < 2 |E (R;Yj4kuy)l

IN
o

1
10a(F77 87 )7 IRl pags 1Ykl o
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2

m+r—1—j

[(G+k—2)]
< Zj4enp(j+k)enp + Z 190 57 j4enp(j+k)enp
k=0 k=3
. mAr—l=i g . .
< Frlo@)+ Y by T L4k | < i
k=3

For I5: by Cauchy-Schwartz inequality,

m—+r—1

m—+r—1

2
T S Y ¢ YA o | B S 11 1 A X

Jj= Jj=m
m—+r—1
< > IRl (Jumar—allos + llugllze)®
j=m
m—+r—1
<Y P lmer = ) e
j=m
m—+r—1
< (m+r)25np Z j251~cp
j=m
m—+r—1
< (m+r)25np Z jﬁenp
Jj=m
S (m 4 T)l+8enp _ ml+8enp-

The proof of Lemma [14] is complete.

We are now ready to show an ASIP for the sequence {;};>1.

2
Lemma 15. {&;};>1 satisfies an ASIP as follows: put b2 = E (Z;Zl §j> . There

exists a Wiener process W (-) such that

S - W) = o (7#2049) , as.
=1

Proof. We directly apply Proposition [ to the L*-integrable martingale difference
sequence {(&j,®;)}j>1. Set a, = r**2*, then Condition ([3.3)) holds by Lemma 4

Condition ([34) also holds, since by Lemma [[2] and ([41]), we have

[e ] s ° 4
2oy BIGI < 3 g < g < oo
j=1 j=1 J=l1

On the one hand, by (@1)), ek, < k2(4X — 1) < Ko, and thus

kA r r
be= {15061 < SN < S5 < e gl
Jj=1

12 d=1 j=1
On the other hand, by Lemma [I1] and Lemma [T3]

T

b= DGl = |DoVi - IDoW &) >t - 0Fr) > ke,
Jj=1 j=1

L2 L2 j:l L4
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Therefore, 72521720 <« b2 /a, < r22(1=20+2 "and hence |log(b?/a,)| < r#r2re. It

is obvious that loglog a, < r#%27¢ as well. By Proposmonlﬂ we have

Zﬁj -
j=1

o ((ar (|log (b7 /ar)| + loglogar))lﬂ) , a.s.

IN

0 (r2"‘2’\(1+6)) , a.S..
O

4.5. ASIP for X;. Finally, we prove Theorem/[I]- the ASIP for the random process
Xe={Xn}n>0 = {fnoT"}n>0. By the previous subsections, we can now write

n—1 r(n)—1 r(n)—1
Z Z &+ Z Y = &)+ Un+ Vi (4.7)
k=0 Jj=1

2
We first compare the variances 02 = E ( Z;& Xk) and bf(n)_l =F (ZT M-l @) )
Lemma 16. |O'n — br(n)_1| KL nv. As a result, for any Wiener process W(+),
‘W(ag) - W(bf(n),l)’ =0 (0?), as.

Proof. By 1), Lemma [0 and Lemma [I3]
r(n)—1
‘on—br(n)fl‘ < Z Y, =& +U,+V,
=1 L
r(n)—1
< Y. =) +1Ualle + 1Valle

Jj=

1 L4
= 0((r(n) = 1)) +0(1) + O (n?) < n ™

In the last step, we use the fact that r7(n) < nTH < n. By 2I) and (410,

02 =8| S Jow—brima] 20n+ [on = byya)
< N (20, +nr) & gfe/matl
For any Wiener process W (-), the random variables Z,, := W(02) — W(bf(n)fl)
follows the normal distribution N (O, o2 — bf(n)_l‘). By (@I), we can choose a

n
sufficiently large s > %m > 4. Then by Markov’s inequality and Jensen’s

inequality, we have

,LL{|Zn| > 0,723\} < O_;Q)\SE|ZH|S < O_;Q)\s (E|Zn|2)s/2 < O_E[f’fp/”2+1—4>\]
<< O_;Q/K/Q << n*Q,

which implies that >07, p{|Z,| > 02*} < co. By the Borel-Cantelli lemma
(Lemma [3)), we get |Z,| < 02}, a.s.. O

We are now ready to prove our main theorem.
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Proof of Theorem[. First, by (£7), Lemma [I0 and Lemma [[3] we have

r(n)—

ZXk— Z &| < Z (Y; = &)| +1Unl + Va
— 0 ((r(n) _1)2“”) +0(1) + 0 (n*2%), as.
= 0 (n2“2)‘) =0 (0721)‘) , a.S.

By Lemma [[5 and Lemma [I6] there exists a Wiener process W(-) such that

r(n)—1 r(n)—

S ZXk— Z 53 Z gj rn)fl)

+yw<az>—w<bz<n>4>r

= 0O (0723‘) +o ((r(n) - 1)2K2A(1+E)) +0 (0721)‘) =0 (0723‘) , a.s..

Here we use the fact that r(n) < nT and hence (r(n) — 1)22 079 < p2r2d < 52

This completes the proof of Theorem [II (I

5. APPLICATIONS TO RANDOM PROCESSES FOR CONCRETE SYSTEMS

5.1. Concrete hyperbolic systems. Our main result applies to a large class of
two-dimensional uniformly hyperbolic systems, including Anosov dlffeomorphlsmsﬁ
and chaotic billiards. We shall focus on the Sinai dispersing billiards and their
conservative perturbations. Since such models were studied in [21] 25, [26], we only
remind some basic facts here.

We first recall standard definitions, see |7} [8 [[0]. A two-dimensional billiard
is a dynamical system where a point moves freely at the unit speed in a domain
Q C R? and bounces off its boundary 9Q by the laws of elastic reflection. A billiard
is dispersing if 0Q is a finite union of mutually disjoint C3-smooth curves with
strictly positive curvature. Four broad classes of perturbations of the dispersing
billiards were considered in [25] [26]:

(a) Tables with shifted, rotated or deformed scatterers;

(b) Billiards under small external forces which bend trajectories during flight;
(c) Billiards with kicks or twists at reflections, including slips along the disk;
(d) Random perturbations comprised of maps with uniform properties (includ-
ing any of the above classes, or a combination of them).

We treat all the above systems in a universal coordinate system. More precisely,
let M = 90Q x [—7/2,7/2] be the collision space, which is a standard cross-section
of the billiard flow. The canonical coordinate in M is denoted by (r,¢), where r
is the arc length parameter on 9Q and ¢ € [—7/2,7/2] is the angle of reflection.
The collision map T : M — M takes an outward unit vector (r,p) at 9Q to the
outward unit vector after the next collision, and the singularity of 7" is caused by
the tangential collisions, that is, S; = OM UT~Y(OM).

2 By adding the boundaries of the finite Markov partition, a topological mixing C? Anosov
diffeomorphism satisfies our Assumptions (H1)-(H5).
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It was proven in [21} 25 [26] that all the above collision map T : M — M preserves
a mixing SRB measure p, and the systems (M, T, ) satisfy the assumptions (H1)-
(H5) in Section 21l Therefore, under conditions in Theorem[I] the ASIP holds for
the non-stationary process generated by unbounded observables over those systems.

5.2. Practical random process. In this subsection, we discuss some practical
processes over the concrete systems in Section .1}

5.2.1. Fluctuation of Lyapunov exponents. By Birkhofl’s ergodic theorem, Pesin
entropy formula and the mixing property of the system (M, T, 1), we have

1
lim —log|DyT"| = /10g|DZT|du = h,(T),
n—oo 1

where |[D¥T™| is the Jacobian of T™ at « along the unstable direction, and h,(T') is
the metric entropy of the SRB measure u. We would like to study the fluctuation
of the convergence for the ergodic sum given by

n—1

log | D2T"| = nh, (T) = 3 [log | DAT| — h(T)] o T*.

k=0
Unlike in Anosov systems, the log unstable Jacobian function z — log |DYT| is
unbounded in billiard systems. Recall that M is the phase space of a billiard
system with coordinates x = (r, ¢), then log |D¥T| < — log cos ¢ blows up near the
singularities {¢p = £5}. Nevertheless, log |D;T| is dynamically Holder continuous
by Assumption (H3), and it belongs to L? for any p > 1, as

/|1og|DZT||p du x/ [log cos ¢|” cos pdrdp < .

More generally, it follows from Theorem [ that an ASIP holds for the ergodic sum
of a dynamically Holder observable. Here we only assume higher order integrability
rather than boundedness for the observable.

Theorem 17. Suppose that f € H N LP for some p > 4, such that Ef =0 and the
first moment of its auto-correlations is finite, i.e.,
> n[E(f - foT™) < oo (5.1)
n=0
Then the stationary process Xy := {f o T"},>0 satisfies an ASIP for any error
exponent \ € (%, %), that is, there is a Wiener process W (-) such that
n—1
Z foTF —o;W(n)| =0(n"), as. (5.2)
k=0

where 0’? is given by the Green-Kubo formula, i.e.,

of = Y E(f foT™) €0,00). (5.3)

n=—oo

Proof. First, we note that the series in (53) converges absolutely by Condition
D). By direct computation, we have

n—1

n—1 2
UizE(ZfoTk> = na?—ZnE(f.foTk)—2ZkE(f.foTk)
k=0 k=1

|k|>n
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= not+0(1)
f .

Therefore, 07 = lim,, o 07 /1 € [0,00). If 0 = 0, then o7 is uniformly bounded.
In such case, it is well known that f is a coboundary, i.e., there exists an L? function
g: M — R such that f = g—goT (see e.g. Theorem 18.2.2 in [36]), and thus (5.2)
is automatic for any error exponent A > 0.

We now focus on the case when o > 0. Condition (1) in Theorem [ automat-
ically holds since f € 3. For Condition (2), we have 0, < y/n since 0 < oy < o0,
that is, kg = % Also, by stationarity and Minkowski’s inequality,

m—+n—1

n—1
> for* > for*
k=m k=0

In other words, £, = 1. By Theorem [ we obtain the ASIP for any X € (1, 1),
that is, there exists a Wiener process W (-) such that

sup
m>0

<n|fllr <€ n.

Lp Lp

n—1
Z foTF—W(o2)| =0(2") =0 (n"), as.
k=0

Note that Z,, := W(02)—o ;W (n) follows the normal distribution N (O,

2 2
o2 — nafD,
and recall that ’0721 - na?’ = O(1). Then by Jensen’s inequality,

pl1Za] > 0t} <n72E|Z, P <2 (B|1Za?)" <2
which implies that °°° . y{|Z,] > ni} < oco. By the Borel-Cantelli lemma

(Lemma B), we get |Z,| < n7, a.s.. Therefore,

n—1
> foT*—a;W(n) +Zn] = 0(n), a.s..

k=0

<

n—1
> foTr—W(a2)
k=0

O

Remark 3. The stationary ASIP in the special case when p = co had been shown
by Chernov [12] and many other authors. In this case, Condition (5.1I) holds due to
the exponential decay of correlations for bounded dynamically Holder observables.

Moreover, we can relax Condition () to sub-linear first moment of auto-
correlations, i.e., > > n|E(f- foT™)| < n” for some n < 1, then by a slight
modification in the proof, we can show that the ASIP in (5.2]) holds for any error
exponent A € (max{1, 1}, 1).

Now we can directly apply Theorem [ to study the fluctuations of Lyapunov
exponents in generic billiard systems for which Markov sieves exist (See Corollary
1.8 and Theorem 7.2 in [9] for more details). For such generic billiards, Condition
(E1) holds for f = log |DYT|—h,(T) and a broader class of observables. Therefore,
by Theorem [I7 for any \ € (%, %), there is a Wiener process W (-) such that

llog |DYT™| — nh,(T) — oW (n)| = O(n?), as..
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5.2.2. Shrinking target problem. Let {4, }n>0 be a sequence of nested Borel subsets
of M, ie., A, D A,4q for any n > 0. Given x € M, we can study the absolute
frequency that the trajectory of x hits the shrinking targets A,. More precisely,
for any n > 1, we denote
n—1
No(z) =#{k € [0,n): TFz € A} = 14, 0TH(). (5.4)
k=0
Note that EN,, = EZ;& 1(Ayg) by the invariance of p under T. We say that the
sequence {4, },>0 is dynamically Borel-Cantelli if lim,,_,o, N,, = 00, a.s..
Similar to a recent result by Haydn, Nicol, Térok and Vaienti in [34] (see Theorem
5.1 therein), we obtain the following ASIP for the frequency process N, of the
shrinking target problem.

Theorem 18. Let {4, }n>0 be a sequence of nested Borel subsets such that
(i) There is B € [0,00) such that 14, € Hos and |La, |55+ |14, |55 < n°;
(i) There is v € (0,2) such that (An) > n~". Moreover, u(A,) = o(loén).
Then the process N, (as defined in (54)) satisfies the ASIP for any error exponent
A€ (max{%, ﬁ}, %), that is, there exists a Wiener process W (-) such that

[Ny —EN, — W (o2)| = 0(c2), as., (5.5)
where 02 = EN2 — (EN,,)?.

Remark 4. Here is a particular choice of the sequence {4, },,>0 such that Condition
(i) in Theorem [[8 holds: let A,, be an open subset with boundaries in the singular
set S_y(n) USw(n), where w(n) is an sequence of positive integers such that w(n) <
logy . Then each 14, € Ho s and |14, |45+ 14, |55 < 290 < 1P for some 3 > 0.

Proof of Theorem [I8 Without loss of generality, we may assume that p(Ag) < %
We take f, = 1a, — u(A,), then N,, — EN,, = ZZ;& o Tk, Tt follows from
Condition (i) that {f,}n>0 satisfies Condition (1) in Theorem [Il For Condition
(2), the second moment inequality in ([21]) is automatic since for any p > 1, any
m >0 and any n > 1,

m+n—1 m+n—1
Do foTHl < D Ifellp- <2n.
k=m Lp k=m

That is, k), = 1.

It remains to show the first moment inequality in (21). We follow the arguments
of Lemma 2.4 in [33]. First, we claim the following long term iterations: there exists
¢ > 0 such that for any k > 0,

> E(fko T froTh| < (k+1)72 (5.6)
£>k+clog(k+1)

Indeed, by Proposition [, we take 6 := max{¥p,27'/*} < 1 and ¢ > 7311259' Then

together by Condition (i), for any 0 < k < ¢ and such that ¢ — k > clog(k + 1),
|E(froT"- feoT"| < Co(4+2k" +20°) 6"
< Co(4+2k° + 2P [1F + (¢ — k)P]) 0%

< O0()+ kPO 4 (0 — k)PeH
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< O+ K E+D)P+00) < (k+1)73,
which immediately implies (5.6]). Now we have

n—1 2 n—1 n—1
oi=E(kaoT’“> = D EUD+2Y. Y E(foT"fioT)
k=0 k=0 k=0 k<t<n,
(<k-+clog(k+1)

n—1
2Y Y BTt foT)

k=0 k<t<n,
£>k+clog(k+1)

3
|
-

= (1(Ar) = p(Ar)?)

el
Il
=)

n—1
123 S (AN TN A - p(A)u(A) )

k=0 k<t<n,
(<k+clog(k+1)

+2 i O((k+1)7?)
k=0
n—1 n—1
> (n(Ax) — p(AR)?) =2 > u(A)u(Ar) +0(1)
=0 k=0  k<i<n,
(<k-+clog(k+1)
> 13 ) - 203 loglk + Du(Ax)? + O()
k=0 k=0
n—1
= 53 AN [~ delog(k + V(4] + O(1),
k=0

where the last inequality uses the fact that p(A;) < w(Ap) < p(4o) < 3. By
Condition (ii), we further get

n—1
o2 > > p(Ar)(1 = o(1)) > n 7.
k=0
In other words, ko = 1 —~. Applying our main theorem - Theorem [Il we obtain
the ASIP for N,, given by (&.3). O
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