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PARABOLIC FREQUENCY MONOTONICITY ON COMPACT
MANIFOLDS

XIAOLONG LI AND KUI WANG

ABSTRACT. This work is devoted to the study of parabolic frequency for solutions of the
heat equation on Riemannian manifolds. We show that the parabolic frequency func-
tional is almost increasing on compact manifolds with nonnegative sectional curvature,
which generalizes a monotonicity result proved by C. Poon and by L. Ni [I5]. The
proof is based on a generalization of R. Hamilton’s matrix Harnack inequality [8] for
small time. As applications, we obtain a unique continuation result. Monotonicity of a
new quantity under two-dimensional Ricci flow, closely related to the parabolic frequency
functional, is derived as well.

1. INTRODUCTION

The (elliptic) frequency functional for a harmonic function i(z) on R”, introduced by F. J.
Almgren [I] in 1979 and used in the study of local regularity of (multiple-valued) harmonic
functions and minimal surfaces, is defined by

r fB(o,r) |Vh|2 d,LL

Le(r) = W2 dA

faB(o,r)

where dA is the induced n — 1 dimensional Hausdorff measure on dB(o,r) and o is a fixed
point in R™. Almgren obeserved that I.(r) is monotone nondecreasing in r. For n = 2, it
was in fact first proved by G. H. Hardy using a complex analysis argument (see Exercise 6
on page 138 of [5]). The monotonicity of I.(r) has many applications in partial differential
equations and geometric measure theory. For instance, it was used by N. Garofalo and F.H.
Lin [6L[7] and F.H. Lin [I0] to study the unique continuation properties for elliptic operators
and to estimate the size of nodal sets of solutions to parabolic and ellptic equations. The
frequency functional I.(r) also controls the vanishing order of harmonic functions at the
center o, see the book [9]. We refer the readers to [9] and [I7] for more applications.

For harmonic functions on Riemannian manifolds, N. Garofalo and F.H. Lin [6] proved
that I.(r) is almost increasing in the sense that there exist constants R and A, depending
only on the Riemannian metric, such that " I.(r) is monotone nondecreasing in (0, R), (see
also [I3} Theorem 2.2]). More recently, A. Logunov [II][I2] used this almost monotonicity
together with combinatorics techniques to estimate the size of nodal sets for harmonic
functions and eigenfunctions on manifolds, and proved Nadirashvili’s conjecture, the lower
bound in Yau’s conjecture, and polynomial upper estimates of the Hausdorfl measure of
nodal sets of Laplace eigenfuctions.

The parabolic frequency functional for solutions of heat equation on R™ was introduced
by C. Poon [I6] in 1996 and used in the study of the unique continuation of solutions to
parabolic equations. We recall its definition for solutions of heat equation on Riemannian

1


http://arxiv.org/abs/1804.09806v1

2 XTAOLONG LI AND KUI WANG

manifolds. Let (M™,g) be a complete Riemannian manifold, o be a fixed point in M, and
dp be the volume element with respect to the Riemannian metric g. Let u(z,t) be a smooth
nonconstant solution to the heat equation

(1.1) ug — Dgu =0
in M x[0,T]. Let H(x, 0;t) be the fundamental solution to the heat equation (IIl), written as
H(x,t) for short. Assume either M is compact or M is complete with bounded geometry and

u(x,t) satisfies certain growth conditions so that the integrals are finite and all integration
by parts can be justified. Then the parabolic frequency for u is defined as

. S H(z t) - [Vul?(z, T —t) dp
I(t)=t W CORTICN Enyn

It was shown by C. Poon [16] and L. Ni [I5] that if M has nonnegative sectional curvature
and parallel Ricci curvature, then I(¢) is monotone nondecreasing in ¢. The main ingredient
of their proofs is the matrix Harnack estimate of R. Hamilton [8], which asserts that on a
Riemannian manifold with nonnegative sectional curvature and parallel Ricci curvature, the
fundamental solution H(x,t) satisfies

ViVl — W + %gij >0.
In fact, R. Hamilton proved the above matrix Harnack estimate for any positive solution of
the heat equation. For Kédhler manifolds with nonnegative bisectional curvature, L. Ni [15]
also proved the monotonicity of I(t) when wu is a holomorphic function. The proof again
relies on a matrix Li-Yau-Hamilton estimate for solutions to the heat equation on Kéhler

manifolds that was established in [2][14].

The parallel Ricci curvature assumption seems quite restrictive and it is our purpose of
this paper to study parabolic frequency functional for solutions of heat equation on more
general Riemannian manifolds. In particular, we prove the almost monotonicity of the
parabolic frequency functional for a short time on compact manifolds with nonnegative
sectional curvature. As applications, we obtain a unique continuation result (see corollary
B below) for solutions of the heat equation on such manifolds. The main result of this
paper is:

Theorem 1.1. Let (M™,g) be a compact Riemannian manifold with nonnegative sectional
curvature. Assume u(x,t) is a nonconstant solution to the heat equation ([I1l) with the
initial data ug(z). There exists a constant T > 0, depending on the manifold M and uo(x),
such that
0 [y H(z,t) - [Vul?(z, T — t) dp
‘ [y H(z,t) - u?(z, T —t) du

is monotone increasing in t for [0,T).

It is also natural to consider the case when the metric g is evolving by a geometric flow.
In this direction, we consider (M?, g(t)), a solution to Ricci flow on surfaces with positive
scalar curvature, and define a quantity J(¢) by

flw |V’U(Ia t)|2 : R(Ia t) dlug(t)
f]w v? (Ia t) ! R(Ia t) d,UJq(t)

where v(z, t) is a solution of the backward heat equation and R(x,t) is the scalar curvature.
We prove that J(t) is monotone increasing in ¢.

(1.2) J(t) =t
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Theorem 1.2. Let M? be a closed surface. Suppose that g(t) is a solution to the Ricci flow

tg = —Rg on M with positive scalar curvature for t € [0,T). et v(z,t) be a nonconstant
solution to the backward heat equation vi(z,t) + Agupv(w, t) =0on M x[0,T). Then J(t)
defined in [@I) is monotone increasing in t on [0, T)

It would be desirable to find applications of this monotonicity formula and to extend this
result to higher dimensions and to other geometric flows.

2. HAMILTON’S MATRIX HARNACK INEQUALITY FOR SMALL TIME

In this section, we present an improved version of Hamilton’s matrix Harnack inequality
[8] for small time, which will be used in the proof of monotonicity of parabolic frequency on
compact manifolds. We prove the following theorem.

Theorem 2.1. Let (M™,g) be a compact Riemannian manifold with Secty > —K, K >0
and [VRic| < L, and f(x,t) be a positive solution to the heat equation (I1). Then for any
€ > 0, there exist constants B = B(M) and T = T(e, K, L,m) such that

V2log f(z,t) + %g > ((3—; —I—G)K—I—e) (m—l—log %)g

fort e (0,T].

To begin with, we collect some well-known estimates on positive solutions to the heat
equation, which will be used in the proof of Theorem 2]

Lemma 2.1 (Corollary 1.2, 1.3 and 4.2 in [§]). Let (M™,g) be a compact Riemannian
manifold with Ric, > —(m — 1)K. Suppose that f(x,t) is a positive solution the heat
equation (L), satisfying [y, f du < 1. There exists a constant B = B(M) depending only
on M such that

B
(21) flat) < o [ fwt dn
(2.2) VR < (2 +2(m — 1)Kt) fHlog /2f
¢ A(m — 1)Kt/2 B
(2.3) SO S Tt (m+ 10g tm/2f)f,
foro<t<1.

Proof of Theorem [21]. The proof of Theorem 2.1]is essentially based on the computations
from Hamilton’s paper [8]. Let

B
A = m+10gtm/2f
p = Licas
2t ’
H;j = Vivjf_Wu
Nij = Hz‘j+P9ijv
_f |Vf|2
Q = 5 g+ 5
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where C' is a constant to be specified later. Denote by
Wikit = Rikji + K(9i59%1 — Gi9ik)s
then
RirjiNk = Wigji Ny — KNgi; + KNy,
and Wi > 0 by Secty > — K, which implies
Ryt VifVif > —K|Vf|?gi;.

Direct computations give

0 2 4
ENU = ANU + ?ij — ?PNZ'J' + 2Rk Nk — Ry Nji — Rji Ny
2 2
+?Rikjlkavlf + (ViRij — ViRj — VjRy)Vif + (}PQ +Q)gij-
Since
(ViRij = ViR = ViRa)Vif = =3L|V flgi;.
we conclude
P 2 , 4
ENZ” > AN+ ?Nij - ?PNij + 2Wijki Ny
+2KN;j — RiypNji. — Rj Nk + Zgij,
where ) ol
Z = ?P2 +Q—2KN — T|Vf|2 —3L|Vf|.
Since %PQ = 21‘? + %CAf +2CA2%f and A > m, we obtain
2 3 IVfI?
—p? > —CAf+C 202 A% f.
7 +Q> 5 f+ 7 + f
Using the estimate (Z3]), we estimate
ik K
ok N+ 2k VI Lanvr = okAf+ Tmf+2KmOAf+3L|Vf|

IN

( 16(m — 1)Kt/2

K 2
1 e—(m-DEKi/2 + 1)7Af +2KCA*f + 3L|Vf].

Assembling these estimates, we have

3¢ VIR o a e (m—DKt/2  \KAf )
22 GpAf+ O 4202 - (167 + 1) = — 2KCAf —3LIV ],
Now we choose C' = (2! + ¢)K + ¢, and then
3e 3e (m—-1)Kt/2 \KAf
z > SAf+ (T +1601- 1_6_(m_1)m/2)) t
34 IV f[2 34 2,
+((§+e)K+e) 7 +2((?+6)K+e) A f
1
—2K((% FOK + e)AQf 3LV
3e 3e (m—-1)Kt/2 1KAf 9 ,
> = = _ _Z
> GpAr+ [ 100 - T ) [T - B
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where we used

V2 9
3LIVS < L + —L*f.
f 4e
Observing
: (m—-1)Kt/2 |
= T —m-nres) = 0
then we conclude there exists a small T', depending on K, m and ¢, such that
3e (m—1)Kt/2
o +16(1 - 1_ ef(mfl)Kt/Q) =¥
for ¢ < T. Furthermore if t < 2e2m/(3L?), we have

3e 9
ZAf—=L2%f>0.
2t f 4e Fz

Thus we can choose a constant 7', depending on K, m, L, and ¢, such that
Z > 0.
Therefore, Hamilton’s maximum principle for tensors implies
N;; >0
for0 <t <T =T(K,m,L,¢), proving the theorem. O
Denote by d(z) = dg4(z,0), the distance between x and o. For the heat kernel H(z,t),

we have both upper bound and lower bound from Cheng-Li-Yau’s paper [3] and Hamilton’s
paper [8]. We summarize as the following lemma.

Lemma 2.2. Let (M™,g) be a compact Riemannian manifold. The fundamental solution
H(z,t) of heat equation on M satisfies

C d*(z)
(2-4) H(x,t)gmexp(— 51 )7
and
% d*(x) M o(m-1)Kt
(2.5) H(w,t) 2 o exp (= (14 20m = DK = Ze )

for some constant C depending on M.
From the lower bound (Z1]), we deduce

2 m m— t
< m+logB— log(ce—i—t(l+2(m—1)Kt)—7e2< NK )
< Co+ @ + l(m — 1)K d*(z)
= 0T T '
Where Cj is a constant depending on M only.

In conclusion, we get the following Harnack inequality for the heat kernel on compact
manifolds with nonnegative sectional curvature.
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Corollary 2.2. Assume M is a compact manifold with nonnegative sectional curvature.
Then for any € > 0, there exist constants T = T(M,e€) and Cy = Co(M), such that

()
at

1
(2.6) V2log H(z,t) + 59 > —e(Co + )g,

fort e (0,T].

3. MONOTONICITY OF PARABOLIC FREQUENCY

In this section, we prove that the parabolic frequency on compact manifolds with nonneg-
ative sectional curvature is almost increasing.

Theorem 3.1. Let (M™, g) be a compact Riemannian manifold with nonnegative sectional
curvature. Assume u(x,t) is a solution to the heat equation (1) with the initial data ug(z)
satisfying

[u0(o)] + Vuo(@)] + [V2un(w)] < ao- (| [Vuol? d?,
M

for some positive ag. There exists a constant T > 0, depending on the manifold M and ag
such that

Ay Ly H(zt) - [Vul? (2, T —t) dp
Sy H(z,t) - u?(x, T —t) du

is an increasing function of t in [0,T)].

Remark 3.2. The initial condition in Theorem [T1]
[ua(o)] + [Vo(@)] + [Vuo(@)] < ao- (| [Vuol? dio’
M

is equivalent to that ug(x) is not a constant. In fact, if ug = constant, then u(x,t) is also
a constant and Theorem [31 is trivial.

To begin with, we define the following quantities:

/ H(z,t) - u?(z,7) du,
M

N
=~
~
=

DO = [ A0 [VuPr) d

where 7 = T —¢. We first show the monotonicity of quantities D(¢) and Z(t), by calculating
their evolution equations.

Proposition 3.1. Fort € [0,T], it holds that

(3.1) Z'(t) =2D(t) > 0.
Assume further that Ricy > —(m — 1)K, then

(3.2) D'(t) > —2(m — 1)K D(t),

and therefore €2~ VELD(t) is monotone increasing.
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Proof. Direct calculations show that

(3.3) Z'(t) = /Ht~u2 du—/ 2Hu - u, dpu
M M

= /H~Au2d,u—/ 2Hu - ur du
M M

= 2/ H - |Vul?* du
M

= 2D(t),
which is clearly positive.
We compute that
(3.4) D'(t) = / Hy|Vul* = 2H (Vu, Vu,) du
M

/ AH|Vul? — 2H(Vu, Vu,) du
M

/ 2H (Vu, VAu) + 2H|V?ul* du
M

+/ 2H (Vu,Ric(Vu)) — 2H (Vu, Vu,) du
M

/ 2H |Vul? du + 2/ H{(Vu, Ric(Vu)) dpu.
M M
Since the Ricci curvature is bounded from below by —(m — 1)K, then
D'(t) > / 2H|V2ul* dp — 2(m — 1)K/ H|Vul? du
M M
> —2(m—1)KD(t),
completing the proof. O

To prove Theorem B.] we derive a lower bound on D(t) first.

Lemma 3.1. Let (M,g) and u(x,t) be same as in Theorem [Tl Assume further that
Sy IVuol? dp = 1. Then for any e > 0, there exist constants T = T(M,e€), Cpyy = C(M),
c=c(M,e) and C = C(M,e¢,ag), such that

(3.5) D(t) > ce= Ot M

fort e [0,T].

Proof. Recall from Corollary that for any ¢ > 0, there exists a constant T = T'(M, ¢)
and Cy = Cy(M), such that

VH®VH+H
H 2t

& ()

2 J—
(3.6) V2H i

g > —e(Co+

VHg,

for ¢t € (0,T7.
Let X = Vu, and then it follows from the heat equation (II]) that
(3.7) X — AX = —Ric(X).
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Let
— [ H@t) [9XP7) du
M

then we see from (B4]) that

(3.8) D'(t) =2W(t) + 2/ H(X,Ric(X)) du.

Direct computations show that

W' (t) H|VX|* - 2H(VX,VX,) d

M

AH|VX|? +2H(AX, X)) + 2H (Vv i0g 5 X, X;) du
M

AH|VX >+ 2H(X,; + Ric(X), X,) + 2H(Vyiog # X, X;) dp,
M

where we used equation (3.7). Using integration by parts, we get
(3.9)

AH|VX|? dp
M M

= H; <X],XU> d/J,—I—Q/ HRUklukJul dp
M

Hi<Xj,in> d/l,

= 2/ Hij<Xj,Xi> du+2 H<Vv]0gHX,AX> d
M M
+2/ HiRijpiurju dy
M
= 2/ Hij<Xj,Xi> du+2/ H<Vv]0gHX,XT+RiC(X)> d/L
M M
+2/ H; Rijravgup dp.
M

Recall from Harnack inequality (B.6) that

H,H; H
H;j — — i > —EHg;
A TR Jig>
with B = ¢( Aff)),we have
Wit
(3.10) /Hw du>2/ H|VvioguX|* du #—2/ EH|VX|? du.
M

Now we estimate the curvature involved term by
(3.11) 2/ H, Ry do > —CM/ VH|-|X]- [VX] dp.
M M

Here and thereafter, we always use C'y; to denote the constant depending only on the man-
ifold, though it may change from line to line. Combining above calculations and estimates
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B3H3TI) together, we conclude

w'(t) > /2H|Vv10gHX|2d EH|VX|* du
M

e,
t M

+/ 2H (V10 1 X, X, + Ric(X)) dac—CM/ VH|-|X]- [VX]| dy
M M
+/ 2H (X, + Ric(X), X,) + 2H(Vvyiog u X, X,) du
M
— / 2H\vv10gHX+XT\2+2H<Ric(X),vv10gHX+XT> dp
M
W(t
—J—z/ EH|VX|? du—OM/ |\VH| - |X|-|VX]| du
3 M M
1 1
— / 2H|VvioguX + Xr + —Ric(X)\2 dp — —/ H| Ric(X)|? du
M 2 2 u
W(t
—J—2 FEH|VX|? du—CM/ \VH|-|X|-|VX] du,
3 M M
using the evolution equation 8] for D(t), we get
1
W'(t)D(t) — W ()D'(t) > / 2H|Vv1ogHX+XT+§RiC(X)|2 d,u./ H|X|* dp
M M
1 W (t
——/ H|Ric(X)[? du - D(t) — J-D(t) —2 [ EH|VX|? du-D(t)
2 M M
—CM/ IVH| - [X|-|VX]| du-D(t)—2W-(W+/ H(Ric(X), X) du).
M M
Integration by parts yields
_ / H (V1002 X, X) + H(X, + Ric(X), X) dy
M
_/ (
M

H(VyioguX + X7, X) du—/ H(Ric(X), X) dy,
M

/H|VX|2 dp =
M

then we have

2W.(W+/MH<Ric(X),X> dp) = 2(/ H{(VviguX + X, + = Rlc( | x >du)2

= /HR1C >du).

Thus, using Holder’s inequality, we get

1
(312) W'D—-WD' > —5/ H| Ric(X)|? dx.D_g.D
M

—2/ EH|VX? du-D—OM/ |\VH||X||VX]| du - D.
M M

Since the gradient estimates (2.2]) gives

2H
i < Y2 (0,4

Vi

)

d?.1/2
)
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we then estimate

V2H d? 1/2
C —(Cp + — XI||VX]| d
L (Cum 4t) | X[|VX] dp

1
CM/ —H|X|? du+CM/ H|VX|2(e+f) dp
M et M t

IN

Car / VH||X|IVX] dj
M

IN

IN

C
—LD(t) + O e+ W (1),
Observing
2/ EH|VX[? du < C(e + %)W,
M

and plugging above estimates to [B.12]), we derive

WD CuD?
(813) W/(OD() - WOD'(t) > ~CuD?— ——= —Cule+ %)WD -
€
1
> _C_MD2 _ (M)WD
te t
for t <T. Thus
(W(t))/ - Cu (1 + CME) W (t)
D(t)/ = e t D(t)’
which implies
tl-‘rC}uEW(t) 4 CM 1+Chnre
D(t) (14 Cume)e
is monotone nondecreasing in [0, T]. Therefore
W(t
( ) S t_l_CM€ . C(Mu €, a0)7
(t)
fort <T.
From derivative of D(t) in ([B.4]) and above estimate, we obtain that
2W(t)+2 [, HRic(X), X) d
(log (1)) = 22 fMD(fe) e L)
Integrating from ¢ to T yields
D(t) > D(T)e COTea) ™M 5 () ¢) . g CMea0) =M
proving the lemma. O

Using the above lemma, we give the following estimate.

Lemma 3.2. Let (M, g) and u(x,t) be same as in Theorem[Z1. Assume [, |[Vuol* dp = 1.
There exists a constant Ty = To(M, ag), such that

1 3
(3.14) W/ H|Vul?d*(z) dp < 5D(t),
M

forany 0 <t <Tj.
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Proof. We first choose € in Lemma Bl so that

1
CV]W6 = Zu
which clearly depends only on M. Observing that
L d?H|Vul* du = / d—2H|Vu|2 d +/ d—2H|Vu|2 d
12 fur " 2 (z)<ti/z 12 : a2 (z)>11/2 112 :
d2
< D(t —=H|Vul® d
< D[ IV
then we only need to estimate the integral
/ d—2H|Vu|2 d
d2(z)>1/2 12 -
From the upper bound of the heat kernel [2.4)), it follows
2 e—d*/(5t)
—H|Vul?> du < C(M ———|Vu* d
/d2<w>zt1/2 ar Vel du < Q) @2 (2)>t1/ sz |Vl i

1
e 5tl/2

—_— s Vul? d
t(m+1)/2 /d2(z)>t1/2| U| a

1

< C(M)e’%/ IVl du
M

= O(M)

From Lemma [3.1]

and
1
e_tT = O(Ce_Ct 4 ),

then there exists a constant T, depending on M and ag, such that

/ Tl dp < LD
= ow 1
42 (z)>1/2 t1/2 =g

for ¢ € (0,Tp], proving the lemma. O
Now we are using above lemmas to prove Theorem B.11

Proof of Theorem [31l. Without loss of generality, to prove Theorem Bl we assume that

/ |Vug|? du = 1.
M

Let T be a constant, depending on M and ag, which is so defined that Corollary 2.2] holds

with e = 1/2, i.e.

d*(x)
4t

VH®VH H 1
_ 4+ — >——(Oo—|—

V2H —
T 9= 73

)H g.
We assume further

T < min {Tg, ﬁ}
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so that the estimate [BI4]) holds as ¢t < T.
Noting

D'(t)

/ H; - |Vul? du—/ 2H (Vu, Vu,) du
M M

/ AH|Vul? d,u—l—/ 2Hu? d,u—l—/ 2(VH,Vu)u, du
M M M

= / 2H;juiu; dp + / 2Hu? dy + / 4H(Vlog H,Vu)u, du,
M M M

and matrix Harnack inequality (2.0) gives
d*(x)
4t

1
/ 9 H, jusuy du > / (2H|<v log H, Vu)|? = H|Vul? = (Co + )H|Vu|2) dy,
M M

we obtain

2
/ 2H|(Vlog H, Vu)|? du — @ —/ (Co+ M)HWUP dp
M M

D'(t) m

Y

+ / 4H(V log H, Vu)u, du + / 2Hu? dp
M M

D(t d?
= / 2H|(Vlog H, Vu) + u,|? d,u—ﬁ—/ (C’o+ﬂ)H|VU|2 dp.
M t M 4t

These imply

D'(t)Z(t) - Dt)Z'(t) > /M 2H|(Vlog H, Vu) + uT|2 dp - /M Hu? dy — w

—/ (Co+ dz(I))H|Vu|2 dp - Z(t) — 2D?(t).
M 4t

Since
D(t) :/ H|Vul? du = —/ Hu(Vlog H,Vu) + Huu, dpu,
M M

then
/ 2H|(Vlog H, Vu) + u.|* du / Hu? dy —2D*(t) > 0
M M

by the Holder inequality. Then we get

(3.15) (%)/ - %(D/(t)z(t)—D(t)Z/(t))
2$
1D D) 1 [y, d®H|Vu|* dp
Ttz 'z w Z(t)

Using estimate ([B.I4]), we obtain from (BI5) that
(%)’ - _1D(t) , D) 3 D(t) - 1 D(t) 1 D(t)
Zt)y) — tZ()
for 0 < ¢t < T, which implies

OZ@M) 82 Z({t) Tt Z(t) 2 Z(t)
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proving the theorem.
O

Remark 3.3. The conclusion in Theorem [31 also holds for almost nonnegative manifolds
with almost the same proof as Theorem [31l's, i.e. sectional curvature nonnegative in The-
orem [31) can be replaced by Sect, > —K with K diam®(M) < €y for some small positive
€.

It is well-known that on R™ a unique continuation (or backward uniqueness) theorem fol-
lows from the monotonicity of parabolic frequency, and then from Theorem B.1] we conclude
the following backward uniqueness theorem for the heat equation on compact manifolds with
nonnegative sectional curvature.

Corollary 3.4. Let (M™,g) be a compact Riemannian manifold with nonnegative sectional
curvature. Let u(x,t) be a smooth solution to the heat equation (L) in M x (0,+00). If
u(z,t) vanishes of infinite order in (xq,to) in the sense that

(3.16) lu(z, £)| < O(d? (2, x0) + |t — to]) ™
for any integer N > 0, for any (x,t) near (xo,to). Then u(xz,t) is identically zero.

Proof. We assume by contradiction that
c1 :=/ H(z,20;t0) - [Vul*(2,0) dr > 0.
M

Assume further that
lu(z, t)|c2 < ea,
for M x [0, to].

Let
Z(t) = / H(z,20;t) -u*(x,tg — t) du, and D(t) = / H(x,,x0;t) - |[Vul*(x,to — t) dp.
M M

Then by Theorem BT, there exist a constant T' (depending on M and ¢3/cq), such that

Z(t)
is monotone nondecreasing in [T' — tg, to]. Let et g - %2; = C(tp), and then it follows
(1og (1))’ < 290
which implies
(3.17) Z(t) > Z(to)(%)”“@

for 0 < t < to. Here Z(tp) and D(to) are nonzero due to the assumption on D(T') and
Proposition [3.1]

But on the other hand if w vanishes of infinite order in (xo, to), then for any integer N > 0
there exist constant C; > 0 and 6 > 0, such that for any (z, t) satisfying d*(z, o) +|t —to| <
f, it holds

lu(z, )] < Cy(d*N (2, 20) + |t — to|V).
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For any t satisfying t'/2 4+t < 6, we estimate

d?(z,z0)

Z(t):/ H(z,z0;t) - u*(x,to — t) duﬁC’M/ u?(x,to —t) -t~ Fe” 5t dy.
M M

Since

m d?(z,2q) m d?(z,2q)
/ Wt — )t Fe 5 dp < C(M,Cl)/ tTt e 5 du
d§t1/4 d§t1/4
< C(M, Cl)tN/27m/2
and
9 m _ d%(z,zq) m _d?(@ag) __ 1
U (l‘,to—t)'t 2e 5t du < C(Cg) t 2e ot e 10tt/2 dp
d>tt/4 d>t1/4
< C(Cz)efl_lot—l/z
< C(Cz)tN/Qfm/Q

for ¢ small. These give
Z(t) < CtN/2=m/2,

Since N is arbitrary large, the above inequality contradict with the estimate [BI7) as ¢t goes
to zero. Then we have D(T') = 0, which immediately implies that u(x,t) is identically zero
for t € [to — T, to], hence for all ¢.

O

4. A MONOTONICITY FORMULA FOR RICCI FLOW ON SURFACES

In this section, we introduce a quantity J(t) (see ([@I])), which is closely related to the
parabolic frequency functional, and prove its monotonicity under Ricci flow on surfaces.

Theorem 4.1. Let M? be a closed surface. Suppose that g(t) is a solution to the Ricci flow
%g = —Rg on M with positive scalar curvature for t € [0,T"). Let v(x,t) be a nonconstant
solution to the backward heat equation

v(x,t) + Agpyv(z,t) =0
on M x [0,T). Define
Jag IVo (@, 0] - Rz, t) dpgee
fM v? (Ia t) : R(Ia t) d,UJq(t)

Then J(t) is monotone increasing in t on [0,T).

(4.1) J(t) =t

The quantity J(t) can be viewed as an entropy on two-dimensional Ricci flow. The crucial
ingredient of the proof is a matrix differential Harnack estimate for Ricci flow on surfaces,
which was obtained by R. Hamilton in the 1980’s and was included in [, Exercise 10.22].
It can be proved by applying Hamilton’s maximum principle for tensors to the evolution
equation satisfied by the quantity on the left hand side of ([@2).

Lemma 4.1. Let (M?,g(t)) be a solution to the Ricci flow with positive scalar curvature
fort € [0,T). Then for anyt € (0,T), we have

1 1
(4.2) ViV,log R+ 3 (R + ?) gij > 0.
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Before giving the proof of Theorem Il we recall some evolution equations for the Ricci
flow on surfaces that can be found in [4].

Lemma 4.2. Let (M2, g(t)) be a solution to the Ricci flow £-g = —Rg. Then we have

a .. g
Z g — ij
59 Rg",

0

—(Rdp) = ARdp.

ot
Proof of Theorem [{.1 In the following, all the integrals are preformed with respect to du(y),
the Riemannian measure induced by the metric g(¢). To keep notations simple, we omit

writing it. Let

Z1(t)

/ v (x, t)R(z,t) du > 0,
M

D1 (t)

/M Vo, )2 R(z, 1) dy.

Direct calculation using Lemma shows

Zi(t) = /M 2vu R d,u—l—/MvaR du

= / —20AvR d,u—i—/ (2vAv + 2|Vv|*)R dp
M M
= 2Ds(t).
Making use of
2|W|2 = ggij VoV v+ 2gij2(v-v)v-v = |[Vv]*R + 2(Vv, V)
ot ot B at I P
and
/M |VoPAR dy = —2 /M VRV ;ViuVudp = 2/M ViV;RV;vV v du—2/M<VR, V), du,
yields
i = / |Vo|? R du+2/ (Vu, V)R dp
M M

+2/ ViV;RV;uV v du — 2/ (VR, V), dp
M M

/ |V|?R? du + 2/ vZR du

M M

+2/ ViVijiUVj’U d,u — 4/ <VR, V’U>1}t d,u.
M M

The matrix differential Harnack estimate in Lemma [£.2]is equivalent to

1 1
ViV;R — RV;log RV log R + §R (R+ ;) gi; > 0.
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Substituting this into the expression for D] (t) yields

1
Di(t) > 2| R(Vv,VlogR)? du— - |Vo*R du
M M

+2/ VIR du—4 | R(VlogR,Vv)v, du
M

M
Dyt
= 2/ R|(Vv,ViogR) — v, |* dp — )
M t
Therefore,
Di(t)Zl(t)—i—w > 2/ R|(Vv, Vlog R)vy|? du-/ v R du
M M
2
> 2(/ vR (v, — (Vv, Vlog R)) du)
M
> 2Di(t) = Z1(t) D (t),

where we have used the Cauchy-Schwarz inequality, Z](t) = 2D(t), and

D1 (t)

/ |Vo|?R du:—/ (Vv, VR)v du—/ vAVR dp
M M M

= / vR (vy — (Vv,Viog R)) dpu.
M

Theorem [A.1] then follows immediately since

J(t) = let)Q <21 (t)tDl © 1 ity z(t) - Z{(t)Dl(t)> > 0.

This finishes the proof. O
The quantity J(t) can also be viewed as a Dirichlet energy with respect to the weighted

evolving measure R(z,t)du. For any 0 < t < T, we define the first nonzero eigenvalue of
(M2, g(t)) with the weighted measure R(x,t)du by

Jos IVulPR(, t) dpig s
fM u?R(x,t) dirg(t)

Then it is easy to see that the following corollary is a direct consequence of Theorem (.11

Ar(t) = inf{ tu(z) € C%(M)\ {0}=/MU(96)R(M) dpig(r) =0 }

Corollary 4.2. Let M? be a closed surface. Suppose that g(t) is a solution to the Ricci flow
%g = —Rg on M with positive scalar curvature for t € [0,T), and Ag(t) is the eigenvalue
defined as above. Then tAgr(t) is a monotone increasing function of ¢t in [0,T).
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