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ON RATIONAL PERIODIC POINTS OF z?+ ¢

MOHAMMAD SADEK

ABSTRACT. We consider the polynomials f(z) = % + ¢, where d > 2 and ¢ € Q. It is
conjectured that if d = 2, then f has no rational periodic point of exact period N > 4. In
this note, fixing some integer d > 2, we show that the density of such polynomials with a
rational periodic point of any period among all polynomials f(z) = 2¢ + ¢, ¢ € Q, is zero.
Furthermore, we establish the connection between polynomials f with periodic points and
two arithmetic sequences. This yields necessary conditions that must be satisfied by ¢ and
d in order for the polynomial f to possess a rational periodic point of exact period N, and a
lower bound on the number of primitive prime divisors in the critical orbit of f when such
a rational periodic point exists. The note also introduces new results on the irreducibility
of iterates of f.

1. INTRODUCTION

An arithmetic dynamical system over a number field K consists of a rational function f :
P"(K) — P*(K) of degree at least 2 with coefficients in K where the n'" iterate of f is defined
recursively by fl(z) = f(z) and f™(x) = f(f™ (z)) when m > 2. A point P € P*(K) is
said to be a periodic (preperiodic) point for f if the orbit P, f(P), f2(P),- -+, f*(P),--- of P
is periodic (eventually periodic). If N is the smallest positive integer such that f~(P) = P,
then the periodic point P is said to be of exact period N.

The following conjecture was proposed by Morton and Silverman. There exists a bound
B(D,n,d) such that if K/Q is a number field of degree D, and f : P*"(K) — P*"(K) is a
morphism of degree d > 2 defined over K, then the number of K-rational preperiodic points
of f is bounded by B(D,n,d), see [11]. When f is taken to be a quadratic polynomial over
Q, the following conjecture was suggested in [I3]. If N > 4, then there is no quadratic
polynomial f(z) € Q[z] with a rational point of exact period N. The conjecture has been
proved when N = 4, see [12], and N = 5, see [7]. A conditional proof for the case N = 6
was given in [15].

We consider the polynomial f(z) = 2¢ + ¢ over a number field K. If ¢ = ¢;/cy where ¢;
and ¢ are relatively prime in the ring of integers Ok of K, we investigate the divisibility
of the coefficients of the iterates f™(z), m > 2, by the prime divisors of ¢; and ¢;. Using
these divisibility criteria, we approach three questions concerning the arithmetic dynamical
system of f(x) = 2¢ + ¢ (i) When is f(x) stable over K? (ii) Fixing d, what is the density
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of such polynomials with periodic points? (iii) Given that f(z) possesses a rational periodic
point of period n, should this yield necessary conditions satisfied by d and c?

The stability question in arithmetic dynamical systems concerns the irreducibility of the
iterates of f(z) over K. More precisely, a polynomial f(z) is said to be stable over a field K
if f™(x) is irreducible over K for every n > 1. In [I], the authors showed that most monic
quadratic polynomials in Z[x] are stable over Q. One may find sufficient conditions for an
irreducible monic quadratic polynomial in Z[z] to be stable over Q in [§]. It was shown
that f(z) = 2% + ¢ € Z[z] is stable over Q if f(z) is irreducible itself, see [14]. Further, the
polynomial f(x) = z¢ + ¢ € Z[z], d > 2, is known to be stable over Q if f(z) is irreducible,
see [0].

Unlike the situation over Ok, f(z) = 2%+ ¢ € K|z] can be irreducible over K whereas
f™(z) is reducible over K for some n > 1. In this note, if ¢ = ¢;/cs where ¢; and ¢y are
relatively prime in O, we show that the existence of a prime divisor p of ¢; such that
ged(vp(er),d) = 1, where v, is the valuation of K at the prime p, implies the stability of
f(x). For instance, if d is prime and ¢; is not a d**-power modulo units in Oy, then f(x) is
stable.

Assuming that u/usy is a periodic point of f(x) of exact period n, where u; and us are
relatively prime in Og, we give several results on the divisibility of the coefficients of the
iterate f™(z) by prime divisors of u; and uy. This enables us to show that if f(z) has a
K-rational periodic point, then ¢y must be a d-th power modulo units in O. More precisely,
c; = ud modulo units. Fixing d, a hight argument, then, yields that the density of such
polynomials with periodic points among all polynomials f(x) = 2%+ ¢ is zero. In particular,
almost all polynomials f(x) = x? + ¢ satisfy the conjecture of Morton and Silverman.

We establish the connection between a periodic point u;/us of f(x) = 2¢ + ¢ € Q[z]

of period n and the sequence u!* —uy’, m = 1,2,---. In fact, we show that c¢; divides
uclln_l — ud"~! yet none of the prime divisors of ¢; divide u; — uy. This provides us with

necessary conditions on ¢; in order for f(x) to have such a periodic point. For instance, one
knows that if p is a prime divisor of ¢; such that ged(p — 1,d"™ — 1) = 1, then f(x) has no
periodic points of period n.

Finally, we display the relation between rational periodic points of the polynomials f(z) =
1%+ ¢ € Q[x] and another sequence, namely the sequence of the iterates, f*(0), evaluated
at 0. One may consult [10] for several results on the existence of primitive prime divisors of
such sequences. In this note, we show that the existence of a periodic point of f(z) of exact
period n implies a lower bound on the number of primitive prime divisors of f"(0).

2. VALUATIONS OF THE COEFFICIENTS OF THE ITERATES OF f

In this section, we assume that K is an arbitrary field unless otherwise stated.
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Lemma 2.1. Let f(z) = 2¢+c,d > 2, c € K. One has f*(0) = c+ cg,(c) where g, € Z[z]
is a polynomial of degree d"* —d, n > 2.

PROOF: Since f2(0) = ¢ + ¢?, the statement is true when n = 2 by taking go(x) = 1. Now,

an induction argument will yield the statement. Assume that f*(0) = c + c%g,(c) where
gn(z) € Z[z] is of degree d"~! — d. One has that f""1(0) = c+ (f"(0))%. One observes that

fP0) = ¢+ (c+cgu(e)? =c+ ¢ (1+ cd_lgn(c))d.

We set g,11(x) = (1+ xd_lgn(x))d. The polynomial g,+1(z) € Z[x]. Moreover, since g, has
degree d"~! —d by assumption, one gets that the degree of g, is d(d" ' —d+d—1) = d"—d.
O

The following lemma gives an explicit description of the coefficients of f"(x).

Proposition 2.2. Let f(x) = 2% +¢, d > 2, c € K. Assume that f*(z) = fo + fiz? +
for? + ..+ famax? . The following statements are correct.

a) fdnfl — ]_
b) fi € cZ|c| for every 0 <i < d"!.
c) deg fi=d" ' —i for0<i<d

PROOF: That fy € cZ|c] and deg fy in Z[c] is d"~" is implied by Lemma 211
We now follow an induction argument. For the polynomial f2(z), one has

fA2)=@"+c)l4+c = 2 +Z<)dmd .

d? — d dlzzd
= x Hc . —|—c+c
> ()
d

Since fi = | . )¢ € cZ[c], 1 <i < d— 1, is of degree < d, the statement is correct for
i

f2(x).

Assume the statement holds for f"(z). One obtains the following equalities
@) = (@) o= [fot firt+ Hr* 4+ fo oz 2] o
— [e(fy+ Fla®+ fa® 4+ fra 2 ) 2] 40

where f/ = f;/c € Z|c] and deg f/ < d"~! — 1 by assumption. Setting f'(x) = f5 + fiz¢ +
s 4+ fc’ln,l_lxdnfl, one obtains

d
mn—+1 d ; ; m ;
fn+1(123') — g + +Z <_)le/(l’)ll’d (d—i) T

]
1=1
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It is obvious that each coefficient of f™+!(z) — %" is in ¢Z[c].
For part c), one sees that
Fr @) = (@) e = (fo+ fie® + for® o A far2® 2™ e

We are looking for the degree of the coefficient of 2! in the latter expansion where 0 < [ < d".
Using an induction argument, we assume that deg f; = d"™' — i in Z[c|. In view of the
multinomial expansion, the latter expansion is given by

.
RECEND DI R ) | (2

ko+ki+...+kgn=d t=0

Using the induction assumption, the degree of the coefficient of !¢ in f"*(x) is obtained

as follows
" " "
S k(d T —t) = A k- thy
t=0 t=0 t=0
ar dr
where Z k, = d and Z thyd = 1d. n
t=0 t=0

The following corollary is a straight forward result of the proposition above.

Corollary 2.3. Let K be a discrete valuation field with ring of integers Ok . Let f(x) =
2+ ¢, d > 2, where ¢ = ¢1/cy is such that c; and cy are relatively prime in Og. Assume
that f(x) = fo+ fixd + fox® + ...+ fgna2?. Then

cgnilf”(x) = Fy(c1, co)+Fi(c, C2)$d+F2(C1, C2)$2d+- A (a, Cz)fb’dn_d‘i‘Fd”*l(Cla 02)$dn

where Fy(cy,c) = ¢ f; € Zlcy, co] is a homogeneous polynomial of degree d"~'. Moreover,
Fi(c1, ) € e1hZey, ) if i # d" ' and Fgnr(cq,¢) = &

PROOF: Since f; € cZc|, i # d"', and deg f; = d"~' —i for 0 < i < d" !, see Proposition
2.2, we may clear the denominators of the coefficients f;’s by multiplying throughout by
¢ hence the result is obtained. a

3. THE STABILITY OF f(z) = 2%+ ¢

Let K be a field with valuation v whose value group is Z. Let Flz] € K][x] be the
polynomial Fy + Fix + ...+ F,o* where Fy # 0 and F}, # 0.

The Newton polygon of F' over K is constructed as follows. We consider the following
points in the real plane: A; = (i,v(F;)) for : = 0,..., k. If F; =0 for some 4, then we omit
the corresponding point A;. The Newton polygon of F over K is defined to be the lower
convex hull of these points. More precisely, we consider the broken line FPyP; ... P, where
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Py = Ay, P, = A;, where i is the largest integer such that there are no points A; below the
line segment FyP;. Similarly, P is A;, where 15 is the largest integer such that there are no
point A; below the line segment P; P,. In a similar fashion, we may define P;, i = 2,...,1,
where P, = Ag. If some line segments of the broken line PP, ... P, pass through points
in the plane with integer coordinates, then such points in the plane will be also considered
as vertices of the broken line. Therefore, we may add s > 0 more points to the vertices
PyP; ... P. The Newton polygon of F' over K is the polygon QyQ; ...Q; s obtained after
relabelling all these points from left to the right, where Qo = Fy and Qs = P,.

The following theorem generalizes Eisenstein’s criterion of irreducibility, see for example
[5, Theorem 9.1.13].

Theorem 3.1 (Eisenstein-Dumas Criterion). Let K be a field with valuation v whose value
group is 7. Let F(x) = Fy+ Fyx + ...+ Fpa® € K[z] with FyFy # 0. If the Newton polygon
of F over K consists of the only line segment from (0,m) to (k,0) and if ged(k,m) = 1,
then F' 1s irreducible over K.

We recall that 2¢ + ¢ is irreducible over a field K if and only if for every prime p dividing
d, —c is not a p""-power in K; and if 4 | d then c is not 4 times a 4""-power in K, see [9]
Theorem 8.1.6].

Theorem 3.2. Let K be a number field with ring of integers Ok. Let f(x) = 2¢+¢, d > 2,
be such that ¢ = ¢1/cy is such that ¢y and ¢y are relatively prime in Ok . Assume that there
is a prime p in O such that ged(vy(c1),d) = 1 where v, is the valuation of K at the prime
p. Then f(x) is stable over K.

PROOF: Let K, be the completion of K with respect to the prime p and v, be the corre-

-1 Where
Ca

sponding valuation. In view of Corollary 2.3 one has f"(x) =

.

H,(x) = Fy(cr, c) + Fi(cr, e0)a® + Fy(cr, e0)x® + . 4 Fgna_y(c1, c2)a® ™+ Fyoa (1, c2)2®
and Fi(cy, ) = ¢ fi. Now we consider the Newton polygon of the polynomial H,(z) €
Z[cy, co][x] over K,. According to Lemma 2] one has v,(Fy(c1, c2)) = vp(c1). Proposition
indicates that v,(Fi(c1,¢2)) > vp(cr) it 1 <@ < d™ and v,(Fyn(c1, c2)) = v (03%1) =0
where the latter equality follows from the fact that c¢; and ¢y are relatively prime. Therefore,
the Newton polygon of H,(x) consists of one line segment joining the two points (0, v,(c1))
and (d",0). Since ged(vpy(cr),d™) = 1 by assumption, Theorem B.1] yields that H,(z) is
irreducible over K, hence over K. This implies that f(z) is stable. O

Corollary 3.3. Let K be a number field and f(z) = 2%+ ¢, d > 2, where ¢ = ¢1/cy is such
that ¢1 and co are relatively prime in the ring of integers Ok of K. Assume that ¢; is not
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of the form uwvP for any prime divisor p of d, where v € Ok and u is a unit of Og. Then
f(x) is stable over K.

In particular, if f(x) = 2% + ¢ where d is prime, then f(x) is stable over K if c; is not a
d"-power modulo units in O.

In what follows, we see some examples of polynomials f(z) violating the relative primality
condition ged(v,(c1),d) = 1 in Theorem B2l We remark that these polynomials are not
stable.

Example 3.4. If one considers the polynomial f(z) = 2¢ — ¢, c € K, over a field K, then
f(z) is not stable as f*(x) = f(z) is reducible. The polynomial f( ) = x?—4/3 is irreducible

2 2
over Q since 4/3 is not a square in Q, yet f*(x) = <{£2 — 2z + g) (:1:2 + 2z + g)

4. PERIODIC POINTS

From now on K is a number field with ring of integers Ox. We will write O for the
group of units in Ok. If p is a prime in Ok, then v, is the valuation of K at p.

We consider f(z) = 2% + ¢ where ¢ = ¢;/cy such that ¢; € Ok and ¢; € Og/Of
are relatively prime in Og. Given u € K, the orbit of u under f is the set Of(u) =
{u, fu), f2(u),.. } By a periodic point u of exact period n, we mean that f"(u) = u and
that n is the smallest such positive integer. In particular, the polynomial f™(z) — x has a
zero at u and Of(u) is a finite set with exactly n elements. Moreover, any point in the orbit
O¢(u) is a periodic point with period n. In particular, f"(x) —z has at least n linear factors.

In accordance with Corollary 2.3 one recalls that

() = Fo(er, o) + Fi(er, co)x? + Fy(er, co)a® + o 4 Fyna_y(c1, c2)a® =0 + Fyoi(cq, co)z?"
- qn—1
c

2

Finding the zeros of f™(z) — z is equivalent to finding the zeros of the following polynomial

Gn(l‘) = Fo(Cl, CQ) — an x -+ Fl(Cl, Cg)l’d + FQ(Cl, CQ)LU2d + ...+ Fdn—l_l(cl, Cg)l’dn_d —+ Fdn—l (Cl, 02)xd

mn

Given that u; /us is a periodic point of period n of f(x), where u; and uy are relatively prime
in O and uy € O /OF, one multiplies throughout times ug" to get

mn m—1 _ _ n —
Fould” — & uud" ™ + Frufud ™ 4 Fouud 2 4 4 Fpoqud "l + Faud” =0
(1)

where F; := Fi(cq, ).
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4.1. The denominators ¢, and u, of ¢ and .

Proposition 4.1. Let f(x) = 2% + ¢ /cy such that ¢; € Ok and c; € Og/OF are relatively
prime in Ok. Let ui/uy be a periodic point of f(x) with period n where ui,us € Ok are
relatively prime. The following properties hold.

a) ul | Fynr =",

b) ¢y and Fy are relatively prime in Of.
c) ¢y | ud".
d) ¢y and uy have exactly the same prime divisors.

PROOF: (a) follows directly from eq ([{l) and the fact that u; and us are relatively prime in
Ok.
For (b), Lemma 2.1 yields that

dn—1_4
dnfl_l d"il—d d i
Fy = aq + ¢ A gn(cr/ca), gn(z) = E Gni%' Gni € Z
i=0
d7l71—d

an=1_1 an1_d d i

= (16 + G & E Ini(c1/ca)
i=0

d"il—d

_ dn1-1 d+i d1—d—i

= 6 + E GniCy Y € t1Zcy, o).
i=0

Every term in the latter expansion of Fj is divisible by ¢, except for the term whose coefficient
iS gnan-1-q = 1. Since ¢; and ¢y are relatively prime, it follows that c, and Fy are relatively
prime in Og.

For (c), since F; € c4Z]cy, o] except when i = 0, see Corollary 23] this yields that
co | Foud”, see eq (). Since by (c), one knows that ¢y and Fy are relatively prime, it follows
that ¢ | ud". Part (d) follows from (a) and (c). O

Corollary 4.2. Let c € Og. If f(z) = 2% + ¢, d > 2, has a periodic point u, then u € O.
Proor: This follows from Proposition [4.1] (d). O
Theorem 4.3. Let f(x) = 2% + ¢i/ca, d > 2, such that ¢; € Ok and ¢y € Ok /Oy are

relatively prime in Ok. Let uy /uy be a periodic point of f(x) where uy,us € Ok are relatively
prime. One has cy = ug.

PROOF: We assume that u;/us is of period n. Let p be a prime divisor of uy. Proposition

T d) implies that p divides ¢;. Considering eq (), one sets o = v,(cd" wud ') =
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d"vy(ea) + (d™ — 1)y, (uz). We also set

ap: = yp(Fulfug ') = v (F) + (d" — Id)vp(ug), 0 <1 <d"!
> luy(ea) + (@ — W)y ()
= d"vy(uz) + l(vp(c2) — dvp(us)),

see Corollary 2.3 Furthermore, we define
m—1 n— m n
gn-1 = Up(Fpn1) = (s ) = d"v,(ca), ap = v,(Fouy ) = d"vy(us),

see Corollary and Proposition [4.1] b), respectively.
If vy(c2) < dvy(ug), then
1 dn_l — n—1.
oJuin oy > Vp(Ca) = Qign—1
In this case, either agn-1 = o, for some r # d"~!, which is impossible, or agn-1 = o which
is again impossible as v,(uz) > 0.
If vy(ce) > dvy(usg), then

. n B
min a; > d"v,(uz) = ap.
0<I<dn—1

In the latter case, since ag # .. for any r # 0, one must have oy = «. It follows that
vp(ug) = d"'v,(ce) which contradicts our assumption that v,(cy) > dv,(uz).
One concludes that it must be the case that v,(ca) = di,(ug) for any common prime

divisor of ¢y and ug. Therefore, assuming that us € Ok /O, one obtains that ¢y = ug. O

Remark 4.4. If u;/uy is a periodic point of f(x) = 2¢ + ¢;/c; where ¢; and u; are as in
Theorem E3], then ¢, = ug. In other words, a periodic point of f(x) of any period will have
the same denominator. In particular, if f7(uj/uz) = v1;/vaj, j = 1,2,..., are the elements
in the orbit Of(uy/uz) of uy/ug, where vy ; and vy ; are relatively prime in O, then one may
assume that vy ; = uy for every j. In fact, since ¢y = ud, one has f(u;/us) = (uf + ¢1)/us.
Therefore, ud™" | (uf + ¢1).

The following is a direct consequence of Theorem 4.3

Corollary 4.5. If f(x) = 2¢ + c1/co, d > 2, where ¢ and ¢y are relatively prime and cy is
not a d™-power in Ok, then f has no periodic points of any period. In particular, there are
infinitely many polynomials f(x) = 2 + ¢ that have no periodic points of any period.

Corollary 4.6. Let uy/uy be a periodic point of exact period n of f(x) = % + ¢1/cy, where
¢; and u; are as above. If g(x) = x/ud™" and h(x) = 2% + ¢1, then u, is a periodic point of

the polynomial g o h € K|x] of exact period n.
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PROOF: Recall that since ¢, = ud, see Theorem L3 one has f(u;/us) = (ud + ¢;)/ul.
As f(u1/ug) is an element in Of(u;/ug), it follows that u§ ' divides u¢ + ¢, see Remark
44l In other words, f(ui/uz) = (g o h(uy))/us, where g o h(uy),us € Ok are relatively
prime. Now the statement follows by a simple induction argument to show that f7(u;/us) =
(g o h)(uy)/us. Now the statement of the corollary holds because f"(ui/us) = uy/u;. O

Corollary can be strengthened in the following manner over Q. We recall that for
¢ =a/b € Q where gcd(a,b) = 1, one may define the height of ¢ to be h(c) = max{|al, |b|}.
Fixing d > 2, we define the following two subsets in Q

S(N) = {%:an,5€Z+,gcd(a,ﬁ):1,h(%) SN},

Sa(N) = {% ca€Z,BELT, h <%) < N, [ is a d-th power}.
[Sa(N)]

We will show that ngnoo 5(V)

if f(z) = 2%+ c1/cy € Qx], where ¢; € Z and ¢y € Z* are relatively prime in Z, has
a periodic point, then ¢y is a d-th power. In other words, if we consider the set of such
polynomials with periodic points such that the height of ¢;/¢s is less than N, then according
to Theorem 3] the set of those ¢;/c is contained in Sy(N). This means that the density
of polynomials z¢ + ¢ which have periodic points among all polynomials of the form z? + ¢,
c € Q, is zero. This can be restated as follows: Fixing d > 2, almost all polynomials z? + ¢,
¢ € Q, have no periodic points.

= 0. This implies the following consequence. Fixing d > 2,

Proposition 4.7. For an integer d > 2, one has the following asymptotic formula
|Sa(NV)] m

SV ~ SN as N — oo.

PROOF: It is clear that |S;(N)| is asymptotically 2N@+1/4 A standard analytic number
theory exercise shows that
>, 1

0<a,B<N, ged(a,8)=1

272

is asymptotically 6 N?/72. Tt follows that [Sq(N)|/|S(N)| is asymptotically TN/

Fixing d > 2, we set
P(N) = {c€Q:h(c) <N},
Py(N) = {ce€Q:z’+chas a periodic point, h(c) < N}.

According to Theorem [.3] one has |Py(N)|/|P(N)| < [Sa(N)|/|S(N)|. Now, the following
result holds as a direct consequence of Proposition 4.7
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Py(N
Theorem 4.8. One has the following limit hm Pd ((N)) =

The above limit holds if one replaces Q with a number field. The proof is similar but the

hight function has to be changed appropriately.

4.2. The numerators c¢; and u; of ¢ and u. We now deduce some divisibility conditions
on the numerators of ¢ and u. Recall that

G"(x) =F, — cgnflx + Bt + Foa® 4 4 Fpo 2 " Fpnoaz®,
and eq () is given by
Foud" — cg wpug T+ Fudud T Bt T Fgaoqud g+ Epaud = 0.

In the following lemma, we list some of the divisibility criteria satisfied by the numerator u;
of a periodic point u; /uy of f(x) = 2%+ ¢;/cy of exact period n > 1.

Lemma 4.9. The following statements hold.
a) If p is a prime such that v,(uy) = a, then v,(Fy) = a. In particular, uy || Fo.

b) ¢1 and uy are relatively prime in Of.
F{ Fy
c) uy | —0 and — and ¢y are relatively prime in Of.
¢
d) e | (ug & _1—ugn H.

PrOOF: We will be mainly considering eq (1) above. For (a), that v,(Fp) > a is a direct
consequence of eq ([I]) and the fact that u; and uy are relatively prime. If p‘”rl | Fo, then this
will imply that p divides the coefficient of the linear term in w;, namely, ¢4 71ug , which
is a contradiction.

For (b), according to Corollary {6 the linear factor (z — (g o h)’(u1)/uz), 1 < j < n,
divides G"(z). In other words, usz — (g o h)(uy) divides ug G"™(x/usz). In particular, one
sees that uy(ud + ¢;)/ud™" divides Fy. It follows that if there is a common prime divisor p
of ¢; and wu; such that v,(u;) = a, then v(Fy) > a which contradicts (a).

dn—1—d

Since Fy = ¢ycd -l Z gmchrZ dnl—d—i o c17Z[cy, ¢3), see Lemma 2], part (c) follows
directly from (a) and (b) eind the condition that ¢; and ¢y are relatively prime in Og.

Since F; € ¢1Z[cy, ), i # d"1, it follows that

ar an— 1 dr—1 an— 1 dr—1 dr—1
e | Fpup —cy wuy  =cy up(uy — —uy ).

Since ¢; is relatively prime to both u; and ug in O, where the latter relative primality holds
because ¢y = ug, this yields that ¢; | (ud" ™! —ud 7). 0
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5. PERIODIC POINTS AND DIVISORS OF ARITHMETIC SEQUENCES

In the rest of this note, we illustrate the connection between periodic points of the poly-
nomial f(x) = 2% + ¢ € Q[z] and two arithmetic sequences.

Let ¢ = ¢1/cy be such that ¢; € Z and ¢, € ZT are relatively prime. Given that wuy/us
is a periodic point of exact period n of 2% + ¢, the orbit of u;/uy is the set Of(u;/uz) =
{f(ur/us) : 7 =1,2,3,...}. Werecall that f7(u; /us) = (goh)? (u1)/us where h(x) = 294-¢;
and g(v) = z/ui ', j = 1,2, ..., see Remark @4 and Corollary 6. We set u1 ; = (goh)’(uy).

k

k
. . . 4 . 1i — U1

In this section, fixing ¢ and j, we consider the sequence ——% k =1,2,3,.... We
Uty — Uty

investigate the divisibility of the terms of the latter sequence by prime divisors of ¢;. In
fact, according to Lemma d), if p is a prime divisor of ¢, then p | (u‘li:;_l — ug”_l) for
every [. Therefore, p | (ucfz_l — ucfj;-_l) for any 7 and j.

We first prove the coprimality of u; and u, ; for any choice of 7 and j, i # j.

Lemma 5.1. Let f(z) = 2%+ ¢1/ca € K[x] where ¢; € Ok and ¢y € Og /O are relatively
prime. If uy/us is a periodic point of exact period n, where u; and uy are relatively prime
in Ok, then uy; and uyj are relatively prime for any i # j.

PROOF: Let p be a common prime divisor of w;; and u ;. Assume that v,(ui i) = ay,
k =1,7. According to Lemma 9] one has v,(Fy) = a; = a; where Fj is defined as before.
Since both uy;/us and uy j/us are periodic points of f(x), it follows that they are zeros of
the polynomial G"(x) defined in §4. In particular, u; ;u; ; divides Fy. Therefore, if p was a
prime divisor of both wu;; and u, ;, this would contradict the fact that v,(Fp) = a;. O

Theorem 5.2. Let uy/us be a periodic point of f(x) = x% + ¢ € Q[x] of exact period n

where ¢ = ¢1/cy is as above. Assume, moreover, that there is a prime p | ¢ such that
dn—1 dn—1

uf, .
ged(p, d® — 1) =1, then pt (u1; — w1 ,), for all i # j. In particular, p | L 1
Ut — Uy

PROOF: Let p be a prime such that p|c; and ged(p,d” —1) = 1. We assume on the contrary

ui’;, — ul’;
that v,(uy; — uy;) = o > 0. We set b;;(m) = ——9 We recall that
Uy; — Ul

ged(bij(k), bij (1) = bij(9), g = ged(k, 1),

see [4, Theorem VI].

Since vp(uy; — 1) = a, one has v, (uf; — uj ;) > a+1, see [3, Theorem III]. Noting that
ged (bij(m), b j(p)) = bij(1) = 1 whenever ged(m, p) = 1 and that v, (uf; — uf ;) > o for all
k > 1, one has v, (uf; — uf";) = vp(u1; — uy1;) = @ whenever ged(m,p) = 1.
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Since uy;/us is a point in the orbit of uy/us, hence a periodic point of period n, one has
f™(uy,i/u2) = uyi/us. Thus, eq (1) may be written for u, ;/uy as follows

2d ,,d"—2d d"—d, d an _ dn? dn—1
Foud” + Fiuf Zu2 ¢ Fyutlu iUs + oo Fgnequy s fug + Fgeauy ;= ¢ ugiuy
(2)
Similarly,

24 d"—2d d"—d, d n
Fou2 + Flu1 juz dy Fyuf; + oo Fanequg j “ug + Fgee 1u1] cy U U

(3)
Multiplying (2) and (3] times u‘linj and u‘lij;-, respectively, and subtracting the two resulting
equations, one obtains

drgodn o dn d"—d __d"—d\.d .d . d"—d d"—2d __ d"—2d\, 2d, 2d, d*—2d
Fouy (uf; —ui;) + I (“1 i T U ) uyuy juy A+ Ih (“1 i T U ) Uy jUT U +.

d d d"—d, d"—d =t [ dm—1 d"—1 d"—1
(4) +Egn-14 (ul i U ]) Uy Uy u2 = Cy (ul,i — Uy ) U,it,5Ug .

One recalls that F; € ¢1Z[c1, ¢o] for i # d"', see Corollary 2.3, and p®||(u1,; — u1 ;). This
yields that the left hand side of eq () is divisible by p**!. Now since ¢, is relatively prime
to each of cg, ug, u;1,; and u; j, it follows that p**tt divides (u‘f Z_l — u‘lij;_l) on the right hand
side of eq (), which is a contradiction as ged(p,d” — 1) = 1. O

Corollary 5.3. Let uy/us be a periodic point of x%4-c of exact period n where ¢ = c1/co is as
above. If there is a prime p such thatp | ¢; and ged(p,d"—1) =1, then ged(p—1,d"—1) > 1.
In fact, if d™ — 1 is prime, then p = 1 mod (d" — 1), in particular, p > d".

PRrROOF: Since ged(p,d” — 1) = 1, one knows that p { (u1; — u1;), see Theorem 5.2 We
recall that

ged(bij(k), bij (1) = bij(9), g = ged(k,1).
Since v, (uf; — u’f;l) > 0 by Fermat’s Little Theorem, one knows that v,(b;;(p — 1)) >
0. Furthermore, as ¢; | (u‘linZ ! —u‘fj;_l), one has v,(b;;(d" — 1)) > 0. It follows that
ged(p—1,d"—1) > 1.
If d" —1 is prime, then d" —1 is the order of uju;* mod p. This implies that (d"—1) | p—1.
O

1

Remark 5.4. Let p be a prime divisor of ¢; such that ged(p,d® — 1) = 1. In view of
Corollary 5.3, if ged(p — 1,d™ — 1) = 1, then 2¢ + ¢; /¢, has no periodic points of period n.
Furthermore, if d™ — 1 is prime, then d" — 1 divides p — 1 for every prime divisor p of ¢;.

Finally, if p | (u7; — uy?;) for some m < (d" — 1), then ged(m,p — 1) > 1. In particular, if
dn-1 _ di—1
ged(m,p —1) =1 for any m < d" — 1, then p is a primitive prime divisor of
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Example 5.5. Let m > 1. Let the polynomial f(x) = x*+ 2™ be such that 2™ — 1 is prime.
Ifn > 1 is an integer such that gcd(m,n) =1, then ged(2™ —1,2"—1) = 1. Thus, Corollary
implies that f(x) = x* 4+ 2™ has no periodic point of period n when ged(m,n) = 1.

6. A REMARK ON PRIMITIVE PRIME DIVISORS OF f"(0)

We recall that if z;,i = 1,2, ..., is a sequence in the ring of integers O of a number field
K, then the term =z, is said to have a primitive prime divisor p if p is a prime such that
vp(z,) > 0, and v,(x,,) = 0 for any m < n.

Set f(z) = 2%+ ¢1/ca € K], c1 € Ok, ¢a € Og/O}, d > 2. In this section, we write
E7 for ¢ f7(0). It is known that the sequence F? is a divisibility sequence. In particular,
Fj* | Fyr whenever m | n. Several results were proved concerning the existence of primitive
prime divisors for each term of the sequence F', see for example [10].

Lemma 6.1. Let K be a number field with ring of integers Ok. Let g(z) € Ogklx] and
u € Og be such that there is a prime p dividing g"(u) and g"(u), n > m. Then p divides

g ™ (0).

PRrooF: This follows directly by observing that ¢"(u) = ¢" (g™ (u)). O

Theorem 6.2. If u;/uy is a periodic point of f(x) = x% + ¢1/co € K|[x] of exact period n,
where u;, c; are as before, then every prime divisor of uy is a primitive prime divisor of F,
n>1.

PROOF: One knows that uy | (F{'/c1), see Lemma c). We assume that p is a prime
divisor of uy such that p | FJ" for m < n. According to Lemma [6.1] one has v,(F5~™) > 0.
Let m be the smallest such positive integer. One knows that m > 2 since ged(cy, uq) = 1,
see Lemma b). By successive application of the division algorithm, one has m | n.

Therefore, if n is prime, then it is impossible for p to divide Fj" for m < n.

Now, we assume n is composite. Let ¢; and ¢o be two distinct prime divisors of n where
n = g;k;. We consider the polynomial g;(x) = f*(x). One has g;(0), g?(0) = f*:(0), g3(0) =
f3(0),...,9%(0) = f(0). Since f*(0) = ¢¥(0), Lemma 9 implies that v,(g¥(0)) > 0.
Since ¢; is prime, it follows that the smaller possible integer [ such that v,(g!(0)) > 0 is
[ = 1. In other words, v,(f*(0)),v,(f*2(0)) > 0. This yields that either k; | ko or ks | k1, a
contradiction. O

Corollary 6.3. If f(x) = 2% + ¢1/co € Q[z] has a periodic point of period n, then F{ has
at least n — 1 distinct primitive prime divisors.

PRrROOF: This follows immediately from Theorem and Lemma 5.1 O
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