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Abstract

We investigate how mass transports that optimize the inner product cost -considered by Y.
Brenier- propagate in time along a given Lagrangian. In the deterministic case, we consider
transports that maximize and minimize the following “ballistic” cost functional on phase space
M* x M,

bT(va) = inf{<v7’y(0)> +/O L(tvfy(t)v;y(t)) dt;y € Cl([O,T), M);'Y(T) = LE},

where M = R*, T > 0, and L : M x M — R is a suitable Lagrangian. We also consider the
stochastic counterpart:

T
Br(p,v) = inf{E |:(V,Xo>+/ L(t,X,8(t,X))dt|; X € A,V ~ pu, Xr NV}
0

where A is the set of stochastic processes satisfying dX = Bx(t, X)dt + dW4, for some drift
Bx(t, X), and where Wy is o(X, : 0 < s < ¢)-Brownian motion. While inf-convolution allows us
to easily obtain Hopf-Lax formulas on Wasserstein space for cost minimizing transports, this is
not the case for total cost maximizing transports, which actually are sup-inf problems. However,
in the case where the Lagrangian L is jointly convex on phase space, Bolza-type dualities —well
known in the deterministic case but novel in the stochastic case—transform sup-inf problems to
sup-sup settings. Hopf-Lax formulas relate optimal ballistic transports to those associated with
dynamic fixed-end transports studied by Bernard-Buffoni and Fathi-Figalli in the deterministic
case, and by Mikami-Thieullen in the stochastic setting. We also write Eulerian formulations
and point to links with the theory of mean field games.

1 Introduction and main results

Given a cost functional ¢(y, ) on some product measure space X x X1, and two probability measures
pon X and v on X7, we consider the problem of optimizing the total cost of transport plans and
its corresponding dual principle as formulated by Kantorovich

int { e(y, z)) dmym € K(ju,v)} = sup { /X o1(z) dv(z) /X o) duly); o100 € KA,

Xox X1
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where K(p,v) is the set of transport plans between p and v, that is the set of probability measures
m on X x X1 whose marginal on Xy (resp. on Xi) is p (resp., v). On the other hand, K(c) is
the set of functions ¢; € L'(X1,v) and ¢o € L'(Xo,p) such that ¢1(z) — wo(y) < c(y,x) for all
(y,x) € Xo x X;. The pairs of functions in K(c) can be assumed to satisfy

pi(z) = inf c(y,z) +¢o(y) and @o(y) = sup i(z) - c(y, ). (1)

y€Xo z€X1

They will be called admissible Kantorovich potentials, and for reasons that will become clear later,
we shall say that ¢g (resp., ¢1) is an initial (resp., final) Kantorovich potential.
The original Monge problem dealt with the cost c(y, ) = |z — y| ([23], [26], [13], [31], [32]) and was
constrained to those probabilities in K(u, v) that are supported by graphs of measurable maps from
X to Y pushing p onto v. Brenier [§] considered the important quadratic case c(x,y) = |z — y|*.
This was followed by a large number of results addressing costs of the form f(x — y), where f is
either a convex or a concave function [I8]. With a purpose of connecting mass transport with Mather
theory, Bernard and Buffoni [7] considered dynamic cost functions on a given compact manifold M,
that deal with fixed end-points problems of the following type:

cr(y,x) == inf{/o L(t,y(t),4(t)) dt;y € CH([0,T), M); 7(0) = y,(T) = x}, (2)

where [0,T] is a fixed time interval, and L : TM — R U {+o0} is a given Lagrangian that is convex
in the second variable of the tangent bundle TM. Fathi and Figalli [I5] eventually dealt with the
case where M is a non-compact Finsler manifold. Note that standard cost functionals of the form
f(Jz —y|), where f is convex, are particular cases of the dynamic formulation, since they correspond
to Lagrangians of the form L(¢,z,p) = f(p).

We shall assume throughout that M = M* = R?, while preserving —for pedagogical reasons— the
notational distinction between the state space and its dual. In this paper, we shall consider the
“ballistic cost function,” which is defined on phase space M* x M by,

T
bT(U71‘) = lnf{<v77(0)> +/O L(tv’}/(t)a;}/(t))dt;’y € Cl([OaT)aM)afY(T) :l’}, (3)
where M is a Banach space and M* is its dual. The associated transport problems will be

By (po, vr) := inf{ br(v,z)dm; m € K(uo, vr)}, (4)
M*x M

where pg (resp., vr) is a given probability measure on M* (resp., M), and

Br(po, vr) := sup{ br(v,z)dm; ™ € K(po,vr)}- (5)
M*x M
Note that when T' = 0, we have by(x,v) = (v, ), which is exactly the case considered by Brenier
[§], that is
W (o, vo) := inf{ (v, z) dm; ™ € K(uo,vo)}, (6)
M*x M
and
W (o, vo) := sup{ (v, z) dm; ™ € K(po,v0)}s (7)
M*x M
making a suitable dynamic version of the Wasserstein distance.
We shall also consider stochastic versions of the above problems, namely the cost of transport
between two random variables Y and Z in L2?(2, M) defined as

T
cp(Y,Z) = inf {]E / L(t, X, B(t, X)) dt] i XeAXo=Y, Xy = Za.s} , (8)
0




as well as the ballistic cost of using an input V in L?(Q, M*) to get to the random state Z in
L?(Q, M), namely

b3V, Z) = inf{]E

(V, Xo) + /OT L(t, X, B(t, X)) dt] X €A Xy = Za.s} : (9)

where A is the set of stochastic processes verifying the stochastic differential equation
dX = Bx(t, X)dt + dWy,

for some drift Sx(¢, X), where W; is (X, : 0 < s < t)-Brownian motion. The corresponding mass
transports are then

Ch(vo,vr) :=inf {3 (Y, 2);Y ~ vy, Z ~ vy} (10)

=inf {IE

which was considered by Mikami and Thieullen [22], while

T
/ L(t7XaﬂX(t7X))dt‘| ;XEAv XONVO7 XTNVT}a (11)
0

Br(po,vr) : = mf {b73.(V, Z); V ~ po, Z ~ vr} (12)

= inf {E

Bi(po,vr) : = sup {by(V, 2);V ~ po, Z ~ vr} (14)

T
<V2X0>+/ L(t,X,B(t,X))dt‘| ;XGA,VNMQ,XTNVT}, (13)
0

T
= sup inf E [(V, Xy +/ L(t, X,8(t,X))dt| ¢, 15
VNM’ZNVTXM’XT_Z{ (V, Xo) ; ( (t, X)) (15)
that we shall consider in the sequel.
In Section 2, we shall prove the following interpolation formulae on Wasserstein space associated to
the deterministic minimization problem:

By (po, vr) = inf{W (po,v) + Cr(v,vr); v € P(M)}. (16)

The above formula can be seen as extensions of those by Hopf-Lax on state space to Wasserstein
space. Indeed, for any (initial) function g, the associated value function can be written as

pg(t, x) = inf{g(y) + ci(y, ); y € M} (17)

In the case where the Lagrangian L(t,x,p) = Lo(p) is only a function of p, and if Hy is the associated
Hamiltonian, then ¢ (y,z) = tLo(+|z — y|) and is nothing but the Hopf-Lax formula used to
generate solutions for corresponding Hamilton-Jacobi equations. When g is the linear functional
g(x) = (v, z), then by(v,x) is itself a solution to the Hamilton-Jacobi equation, since

bi(v, ) = inf{(v,y) +ci(y,2); y € M}. (18)

In other words, can now be seen as extensions of to the space of probability measures,
where the Wasserstein distance fill the role of the scalar product.
In order to establish duality formulas, we consider the following forward Hamilton-Jacobi equations:

{&(p—l—H(x,Vwap) = Oon[0,7] x M,

p(0.2) = f(a), (19)



and backward Hamilton-Jacobi equations:

{ Op+ H(x,Vip) = 0on [0,T] x M, (20)

p(T,x) = [f(x),

where the Hamiltonian on [0,7] x M x M* is defined by H(t,x,q) = sup,c{(p,q) — L(t,z,p)}.
Unless specified otherwise, we shall consider “variational solutions” for and , which are
formally given by the formulae

B (@)1=, (ta) = inf { 00D+ [ Lls.7(s).3(s) dsso € CHO.T)L M) = 2, (21

T
¥ _(a) =B, _(t2) =sup {£((T)) = [ Ls.9().5()) dsiy € C'(O.T). M) (e) = 2. (22)

Additional conditions on the Lagrangian are needed in order to verify if ®, . and ®, _ are anywhere
close to a classical solution. We shall then prove the following duality formulae:

Br(ug,vr) = sup{/M Sy (T, x)dvr(x) + ” f) dup(v); f concave in Lip(M*)} (23)

- Sup{ /N gla) dvr(a) + /A (@), () duo(w): g in Lip(M)}, (24)

where h, is the concave Legendre transform of h, i.e., h,(v) = inf{{v,y) — h(y); y € M }.

As to the question of attainment, we use a result by Fathi-Figalli [I5] to show that if L is a Tonelli
Lagrangian, and if pg is absolutely continuous with respect to Lebesgue measure, then there exists
a probability measure 7wy on M* x M, and a concave function k : M — R such that By (uo, vr) =
Jase br(v, 2)dmg, and 7 is supported on the possibly set-valued map v — 7o (V. (v),v), with
7%+ M x M* — M being the canonical projection, and (z,v) — ¢ (z,v) is the corresponding
Hamiltonian flow.

In Section 3, we prove an analogous Hopf-Lax formulae on Wasserstein space associated to the
stochastic minimization problem:

B (po, vr) = inf{W (o, v) + C1(v,vr); v € P(M)}. (25)

As to the duality, there are two features that distinguish the deterministic case from the stochastic
case. For one, there is no Monge-Kantorovich duality for the latter since it doesn’t correspond to a
cost minimizing transport problem. Moreover, stochastic processes are not reversible as deterministic
paths and so we can only prove the following duality formula:

*

B (s, vr) = sup { | s@ e+ [
M
where this time W _ is the solution to the backward Hamilton-Jacobi-Bellman equation .

{ Op + LAY + H(z, V,0) 0on [0,7] x M,
v(Tz) = g(),

whose formal variational solutions are given by the formula:

(W0 ). (v) dpo(v); g in Lip<M>} L)

(27)

X(t) = w} } . (28)

In order to deal with the maximization problems By (o, vr) and B (o, vr), we need to use Bolza-
type duality to convert the sup-inf problem to a concave maximization problem. For that, we shall

W, _(t,2) = sup {E 9(X (1)) - / L(s, X(s), Bx (5, X)) ds

XeA




assume that the Lagrangian L is jointly convex in both variables. In Section 4, we then consider the
dual Lagrangian L defined on M* x M* by

L(t,v,q) := L*(t,q,v) = sup{(v,y) + (p,q) — L(t,y,p); (y,p) € M x M},

and the corresponding fixed-end costs on M™* x M*,

T
ér(u,v) = inf{ / L(t.y(8),4(8)) dts v € CH([0.T), M*);5(0) = u,y(T) = v}, (29)

and its associated transport

Cr(po, pr) = inf{ ér(x,y) dm; m € K(po, pr) }- (30)
M* X M*

We then recall the deterministic Bolza duality, and establish a new stochastic Bolza duality.
We use these results in Section 5, to establish the following results for Br (o, vr).

Br (o, vr) = sup{W (vr, ) — Cr(po, p); p € P(M*)}. (31)

and

Br(ug, vr) = inf {/Mg(x) dvp(z) —|—/ ) @2*77(0) dpo(v); g convex on M} , (32)

where g* is the convex Legendre transform of g, i.e., g*(z) = sup{(v,z) — g(v); v € M*}, and @y, _
is a solution of the following dual backward Hamilton-Jacobi equation:

{ Opp — H(t,Vyp,v) = 0on[0,T] x M*, (33)

o(T,v) = k(v),

whose variational solution is given by
t
B (t0) =sup {KO(T) = [ Ls2(9)3() dsin € CO.T) M0 =0 (1)
0

In Section 6, we deal with the stochastic counterpart E;(Mo, vr) and prove the following

E;(NON/T) ‘= sup {E <X7V(T)> _/0 -Z/(tv‘/vﬁ(ta V)) dt

;VEAv%N:U/OaXNVT} (35)

and therefore - o R
By (po,vr) = sup{W (vr, p) — Cp(po, p); o € P(M™)}, (36)

as well as the following duality formula:
By (po, pr) = inf {/ g(z) dvp Jr/ \112*7_(11) dpg; g convex in ng(M*)} , (37)
* M

where ¥}, solves the Hamilton-Jacobi-Bellman equation

{ O+ LAY — H(V,p,v) = 0on[0,T] x M*,
W(Tov) = k(v),

whose formal variational solutions are given by the formula:

KX = [ (5. X (). (s, X)) ds

Ty (t,v) = sup {IE
XeA

X(t) = vl } . (39)



Finally, a few words about our notation: We shall denote by dg the subdifferential of a convex
function g, and by 0h := —9(—h) the superdifferential of a concave function h.

The set of probability measures on a Banach space X will be denoted P(X), while the subset of
those with finite first moment will be denoted

Pi(X):={ve P(X);/X |z] dv(x) < oo}

P1(X) is clearly a subset of the Banach space of all finite measures with finite first moment, denoted
similarly M1 (X) := {v; [y 1 + |z| dv(z) < oo}, which is dual to the Banach space Lip(X) of all
bounded uniformly Lipschitz functions on X. For the stochastic part, we shall also need to work
with the space C3p(X) := Lip(X) N C*(X).

Several of the above results appeared in the posted but non-published manuscripts [20], which
dealt with the deterministic case and [9], which addressed the stochastic case. We eventually elected
to combine them in a single publication so as to illustrate the obvious similarities, but also the subtle
differences between the two cases.

2 Minimizing the ballistic cost: Deterministic case

In this section we deal with the standard transportation problem associated to the cost br(v,z). We
shall assume that the Lagrangian L satisfies the following:

(A0) The Lagrangian (¢, z,v) — L(t, z,v) is bounded below, and for all (¢,2) € [0,T] x M, v —
L(t,z,v) is convex and d-coercive in the sense that there is a § > 1 such that

L
fm BB (40)

ol Juf°

Theorem 1 Assume that L satisfies (A0) and let o (resp. vr) be a probability measure on M*
(resp., M) with finite first moment. Then, the following interpolation formula holds:

B (po, vr) = nf{W (o, v) + Cr(v,vr); v € Pr(M)}. (41)

The infimum is attained at some probability measure vy on M, and the initial Kantorovich potential
for Cr(vo,vr) is concave.

Proof: To prove the formula it suffices to note that
inf {W(po,v) + Cr(v,vr); v € P1(M)}

= inf {/ (v, x) drw (v, ) —|—/ er(z,y)dre(x,y);mw € Ko, v), 7o € K(v, VT)}
vEP1(M) M*x M M x M

= inf v,2) +cr(x,y)dr(v,z,y); ™1 = po, T3 = v
wGPl(M*xMxJV[){/M*XN[XJM< )+ cr(z,y) dr( Y); T = [o, T3 T}}

> B(po,vr).

For the reverse inequality, use your favourite selection theorem to find a measurable function . :
M* x M — M that satisfies (v, yc(v,z)) + c(ye(v,2),x) — € < br(v,x). Fixing 7 € K(po,vr) and
letting 7, := (Id x Id X ye)pm € P(M* x M x M)

B(po, vr) :/

br(v, z) dn(v,z) > / (0,) + cr(y, @) dro(v, 2, ) — <.
M*x M

M*x M xM



To show that the minimizer is achieved, we need to prove that Cp satisfies a coercivity condition
on the space Py (M) of probabilities on M with finite first moments. For that, we show that for any
fixed vy € P1(M) and any positive constant N > 0, the set of measures v € Py (M) satisfying

Cr(v,vr) < N/M |x| dv(x), (42)

is tight. Indeed, from (AO0), there exists a constant K such that cp(x,y) > N’x;yrs — K. We
concern ourselves with the cylinder set B := B(R,0)¢ x M. Let v € T¢ g := {v;¥(B(R,0)¢) > €}.
We shall assume, without loss of generality, that L and hence ¢y is non-negative, hence for any
optimal transport plan m € K(v, vr)

N
Cr(w, vr) ZW/BM — Wyl dr(z,y) — Ke. (43)

We define 7 := 7|p to be the restriction of 7 to the set B, and transfer the problem to R by using
the push-forward 7 := (|| x ||)27 to obtain,

[ el =1l dite) = [ o=l dra.g). (1)
B Ry xRy

We can obtain a lower estimate for this by minimizing over transportation measures sharing 7’s
marginals (i.e., v € K(71,72)). This is a well known optimal transport problem, whose optimal plan
given by the monotone Hoeffding-Frechet mapping  — G, (G} !(2)), where G, (t) := inf{z € R :
t > v({x < z})} is the quantile function associated with the measure v [6]. Thus the optimal plan
maps each quantile in one measure to the corresponding quantile in the other. Substituting this into
the integral and applying Jensen’s inequality:

5 5
/ |z —y|" dn(z,y) Z/ [z —yl" d ((G\Y(O)\ < Gly (1)) 4 >\[o71]> (z,y)
R+><R+ R+><R+

5

where b(vr) := [ |z] dvy and R > b/e. We thus want to find R such that

5
N </B(R70)c o] dv(z) = b(VT)> —Ke| >N </B(R,0)c 2| dv(z) + R(1 — 6)) > N/ |z| dv(x).

Letting I, (R) := fB(R,o)c

(45)

x| dv(z) (> Re for v € T¢ r), we find the condition

«

g (= =) - 50 ) > v (10 S

which by using the mentioned bound on I, (R) is satisfied if R is large enough so that

=t (((Re)lé —bur)(Re) ) - ?) > X

€

=
To show the minimizer is achieved, fix any vy in P;(M), and note that by coercivity the set of
probability measures v such that

W (po,v) + Cr(v,vr) < bluo) / | dv + Cr (v, vr) < bluo) / 2| dv + Cr(vo, vr)
M M

is tight.



Remark 1 Note that indicates that when vy € Pi(M) and vy € P(M) \ P1(M), then
C(vo, 1) = C(v1,1p) = .

Theorem 2 Assume that L satisfies (A0) and let o (resp. vr) be a probability measure on M*
(resp., M ) with finite first moment.

1. If po has compact support, then we have the following duality formula

*

Brlavr) =sw{ [ @) dor()+ [ @9).0)dulo) g in Lo} (10

2. If vp has compact support, then

Br(uo,vr) = sup {/M @?m_(x) dvp(z) + (v) dpo(v); f concave in Lip(M*)} .40

M*

Proof: We shall need the following identifications of the Legendre transforms in the Banach space
M1 (R™) of measures v on R™ such that [, (1+ |z[) dv < oo in duality with the space of Lipschitz
functions Lip(R™).

Lemma 1 a) For pg € P(R™) with compact support, define W, : M1(R") — RU {co} to be

W(po,v) v e Pi(M)
400 otherwise.

Euo (V) = {

Then, the convex Legendre transform of W, is given for f € Lip(R™) by w;o(f) = — [y f«dpo.
b) For vy € P(R™), define the function Cy, : M1(R™) — RU {co} to be

Cy (V) :=

{CT(VO, V) ve PR (48)

+o00 otherwise.

Then, the convex Legendre transform of Cy, is given for f € Lip(R™) by C (f) = [, ;.- (0, ) dvo(z),
where ¢, _ is the solution to the backward Hamilton-Jacobi equation @) with final condition ¢, (T, ) =

f().

Proof: Both statements follow from Kantorovich duality. Indeed, both functions are convex and
weak*-lower semi-continuous on M;j(R™). Since po has compact support, Brenier’s duality yields

W, (v)= sup {/ ng+/ g*duo}-
geLip(M) UM M~
We then have

Wi (0= sw it par= [ gav [ gdu) (19)

veM; (M) 9gELip(M)
Note that the functional g — — [,,. g, du = [,,.(—g)* dii(v) (where dji(v) := du(—v)) is convex

and lower semicontinuous, and we may therefore apply the Von Neuman minimax theorem as the
expression is linear in v and convex in g. We obtain

W, (f)= _inf sup ){/M fdv— /M gdv — /M* g« dpio}- (50)

gELIp(M) pe My (M

The infimum must occur at g = f since otherwise the sup in v is +00, resulting in statement a).



The same proof applies to C,,, since in view of the duality formula of Bernard and Buffoni
[7][Proposition 21]:
Cpo(v)= sup {[ gdv —/ ®°  dup}. (51)
g€Lip(M) JM M v
Note that this holds for all v € M (M), since if g solves HJ, then so does g + ¢ for arbitrarily large
c. We may again apply the minimax theorem as the expression is linear in v and convex in g. To
complete the proof of the theorem, we first note that Kantorovich duality yields that v — B(ug, v)
is weak*-lower semi-continuous on P1(M) for all ug € P;(M*) and that (uo,vr) — B(po,vr) is
jointly convex. Let now B, (v) := By (uo,v) if v € P1(M) and +oc otherwise. It follows that

B,,(v) = Bjj(v)=sw{ | fdv—B},(f): f € Lip(®"). (52

Now use the Hopf-Lax formula established above to write
By (P i=sup{ [ fav— B, (v e Pi(aD)
M
:sup{/ fdv—W(ug,v")— Cr(V,v);v,v € P (M)}
M

:Sup{/ q)f_ dv' — W (o, v");v" € Pr(M)}
b

= /Ju(q)f’_)* dpo-

This completes the proof of the first duality formula.
The second follows in the same way by simply varying the initial measure as opposed to the final
measure in By (u,v). The concavity of f follows from the Kantorovich dual condition and the
linearity of by in v.

We now consider the problem of attainment for By (u,v). For that, we shall consider Tonelli
Lagrangians studied in the compact case by Bernard-Buffoni [7], and by Fathi-Figalli [I5] in the case
of a Finsler manifold.

Definition 2 We shall say that L is a Tonelli Lagrangian on M x M, if it is C? and satisfies (A0)
with the additional requirement that the function v — L(z,v) is strictly convex on M.

We also recall the following [2] Definition 5.5.1, page 129]:

Definition 3 Say that f : M — R has an approzimate differential at x € M if there exists a
function h : M — R differentiable at « such that the set {f = h} has density 1 at « with respect to
the Lebesgue measure. In this case, the approximate value of f at z is defined as f (z) = h(z), and
the approximate differential of f at z is defined as dy f = dyh. It is not difficult to show that this
definition makes sense. In fact, both h(z), and d,h do not depend on the choice of h, provided z is
a density point of the set {f = h}.

If L is a Tonelli Lagrangian, the Hamiltonian H : M x M* — R is then C!, and the Hamiltonian
vector field Xy on M x M* is then Xy (z,v) = (%—f(m, v), —%—I;(x, v)), and the associated system of
ODE:s is given by

T = a—H(ac v)
- By (54)
V= f%(x,v)

The connection between minimizers v : |

a,b] — M of I, and solutions of (54) is as follows. If we
. _ _ oL .
write z(t) =~(t) and w(t) = 5, (v(t),¥(t)

), then z(t) = ~(¢) and v(t) are C! with @(¢) = 5(t), and



the Euler-Lagrange equation yields o(t) = 2E(y(t),4(t)), from which follows that ¢ — (z(t),v(t))
satisfies . Note also that since L is a Tonelli Lagrangian, the Hamiltonian H is actually C2, and
the vector field Xy is CL. It therefore defines a (partial) C! flow ¢/.

There is also a (partial) C! flow ¢F on M x M* such that every speed curve of an L-minimizer is
a part of an orbit of pX. This flow is called the Euler-Lagrange flow, is defined by ol = L= o o L,
where £ : M x M — M x M*, is the global Legendre transform (z,p) — (z, gﬁ (x,p)). Note that £
is a homeomorphism on its image whenever L is a Tonelli Lagrangian.

Theorem 3 In addition to (A0), assume that L is a Tonelli Lagrangian and that pg is absolutely
continuous with respect to Lebesgue measure. Then, there exists a concave function k: M — R such
that

Bruo,vr) = [ brw,Sr0 V(o) duo(v), (55)

where St(y) = o (y, Vk(y)), 7" : M x M* — M being the canonical projection, and @ the
Hamiltonian flow associated to L. In other words, an optimal map for Bry(uo,vr) is given by
v = 7 of (Vki(v),v).

Proof: Start again by the interpolation inequality, B (uo,vr) = Cr(vo, vr) + W (o, vo) for some
probability measure vg. By the above and Kantorovich duality, there exists a concave function
k: M — R and another function h : M — R such that (Vk.)xpo = vo,

W (110, ) = /M<Vk*<v>,v>duo(v>,

and

Cr(vo,vr) = /M h(z) dvy(z) — /M k(y) dvo(y).

Now use a result of Fathi-Figalli [T5] to write Cp(vo,vr) = [,, cr(y, Sty)dvo(y), where Sp(y) =
¥ (y, d k). Note that

Br(po,vr) < [y br(v, St o V. (v))duo(v), (56)

since (Vk.)xpo = vo and (St)grvo = vr, and therefore (I x Sy o Vk.)xpo belongs to K(uo, vr).
On the other hand, since by (v, z) < er(Vk.(v),z) + (Vk.(v),v) for every v € M*, we have

Br(uowvr) < /N e (v, 870 V. (0))dpo(v)

N

{er(VE.(v), S7 0 VK. (v)) + (VE. (v),0)} dpo(v)

/M er(y, Sry)dvo(y) + / Tk (), 0} dpov)

= Cr(vo,vr)+ W(po, o)
Br(po,vr).

It follows that

Ba(uo,vr) = / br(v, Sr 0 V. (v))dpro(v) = / br(o, 7 o (Ve (0), dgi. oy kdpio ().

*

Since k is concave, we have that dyk = Vk(x), hence JVk*(v)k = Vk o Vk,(v) = v, which yields our
claim that By (po,vr) = [4. br(v, 7o (V. (v), v))duo(v).
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3 Minimizing the ballistic cost: Stochastic case

We now turn to the stochastic version of the minimizing cost. The methods of proof are generally
similar to those for the deterministic cost, however there are two complications: The first is that
stochastic mass transport does not fit in the framework of cost minimizing transports, hence the
Kantorovich duality is not readily available. The second is that stochastic processes are not reversible
and therefore there is only one direction to the transport, hence only one duality formula. In order
to deal with the first complication, we rely on the results of Mikami-Thieullen [22] and therefore use
the same assumptions that they imposed on the Lagrangian, namely

(A1) L(t,z,v) is continuous, convex in v, and uniformly bounded below by a convex function L(v)
that is 2-coercive in the sense that lim | % > 0.
(A2) (t,z) — log(1l+ L(x,u)) is uniformly continuous in that

{ 14 L(z,u)
1+ L(y,u)

€1,e2—0

AL(ey, €9) := sup —Lit—s|<e,jz—y| < 62} =0.

u€M*
(A3) The following boundedness conditions:

(i) sup, , L(t,x,0) < oo.
(ii) |VoL(t, z,v)| /(1 + L(t,x,v)) is bounded.
(iil) sup {|V, L(t, z,u)| : Ju]| < R} < oo for all R.

We will use the notation X = (X, 8x,0x) to refer to an It6 process X (t) of the form:

X(t):X0+A Bx(S)dS-i-/O Jx(S)dWS. (57)

We will use the notation AT to refer to the set of stochastic processes X = (Xo, 8x,1d) with
X(0) ~ vy and X (T) ~ vr. Notably, (A1) implies that E [L(¢, X (t), Bx)] = oo if Bx(t) & L*(P).

Our main result for this section is the stochastic counterpart to Theorem
Theorem 4 If L satisfies the assumptions (A1), (A2), and (A83), then
1. For any given probabilities o € P(M*) and vr € P(M), we have:
B (po, vr) = inf{W(po,v) + C7(v,vr); v € Pr(M)}. (58)
Furthermore, this infimum is attained whenever ug € P1(M*) and vy € P1(M).
2. If vr € Pi(M) and py € P1(M*) are such that B(ug,vr) < oo, and if pg € P1(M*) has

compact support, then

B3 (110, vr) — sup { [ @ dr@)+ [ @5 ).@)duto); £ € Lz’p(M)} L 59)

where U, s the solution to the Hamilton-Jacobi-Bellman equation

O AAU(La) 4 H (L, V) =0, (T,x) =[(a). (HIB)

11



Proof: 1) First, expand W (uo,v) and Cr(v,vr) in the interpolation formula to obtain:

inf{W (uo,v) + C3(v,vr); v € P1(M)}

= inf {]E

g E(u(h VT)'

(V, X) —I—/OTL(t,X(t),ﬁX(t))dt i Vopug, X ~v, X(t) € AyT5v € Pl(M)}

To obtain the reverse inequality, let v, be a sequence of measures approximating the infimum in
(58)). Then for each vy, there exists a stochastic process Z,, € A7 such that

T
E [/ L(t,Zn(t),ﬂzn(Zn,t))dt] < C5(vn,vr) + L. (60)
0
Similarly, let dv2(v) ® dvy,(x) = dvy, (v, ) be the disintegration of a measure -, such that

/ (v, ) (0, 2) < W (ko ) + 1.

and define U, : M x Q@ — M* to be a random variable such that U,[x] ~ 2 for v,-a.a. z.
Thus (U,,[Z,(0)], Z,(0)) ~ 7, and we have constructed a random variable that approximates the
interpolation, as

WIZ,(O).Z,0) + [ L(t.Z,(0).82,0) dt} < (W (g, ) + Ci (v, r); v € PL(M)} + .

(61)
To show that the infimum in v is attained in the set P; (M), we need again to prove the following
coercivity property.
Claim: For any fixed vr € P1(M), N € R, the set of measures v € Py (M) satisfying C(v,vr) <
N [ |z| dv(z) is tight.

We will assume v € Tc g := {v € P1(M) : v(B(R,0)¢) > €} for what follows. We leave R to
be defined later, but note that if we define the set Qg := {|X(0)| > R}, then our assumption on v
yields P(Qg) > e. By positivity of L, this allows us to say that «7(X) > &7 (1q,X) (henceforth we
define the process Y (t) := 1q, X (¢)).

By (Al), we assume that there is a convex function L : M* — R and C' > 0 such that for all
lul > U, % > C. Recall that L(|v|) is a lower bound on L(¢, 2, v). This imposes a lower bound on

the expected action of Y:

E

J

T T )
E V L(t,Y, By (t,Y))dt| ZE / L(|By (t,Y)])dt| = E[L([V])T]
0 0

(62)
(A1) 2 2 9
>~ CTE [1M>U v } > CT (E [\V\ ] U )
where By := 1g,8x is the drift associated with the process Y and V := (Y/(T) — Y(0))/T is its
time-average. Hence the expected action of the stochastic process X is bounded:

2

o (X) > (Y) > CTE - CUT > %]E [||Y(o)| - \Y(T)ﬂ —CUT.  (63)

Y(T) — Y (0)
g

This leaves us with the same formulation as in of the deterministic coercivity result, the re-
mainder of the proof is identical, and the claim is proved.

12



To show that a minimizing sequence v, is sequentially compact in the weak topology, we use the
fact that the set of measures v such that C(v,vr) < N [ |y| dv(y) + B(uo, vr) + 1 is tight. If we let
N := [ |z| duo(x), then the collection of measures such that

B (po,vr) +1>C(v,vr) + W(po,v)

>ch,ur>— /WxHy|duo¢r>du@o

Bow, vr) —N/Iyl dv(y),

is tight, where (F) is an application of Fubini’s theorem. Thus, by Prokhorov’s theorem the mini-
mizing sequence of interpolating measures necessarily weakly converges to a minimizing measure.

Remark 2 a) The same reasoning as in Section 2 yields that C(vg,v1) = C(v1,v9) = oo for vy €
P1(M) and vg € P(M)\P;1(M). This implies that it suffices to take the infimum in over Py (M).
b) The attainment of a minimizing interpolating measure v is sufficient to show the existence of a
minimizing (V, X) for B (vy, vr) whenever the latter is finite. This is a consequence of the existence
of minimizers for both W (p0,vp) and C3.(vg, vr) [22), Proposition 2.1].

To establish the duality formula, we will proceed as in the the deterministic case and use the Legendre
dual of the optimal cost functional v — C#.(vg, V), which was derived by Mikami and Thieullen [22].
Indeed, they show that if the Lagrangian satisfies (A1)-(A3), then

CH(vo, vT) = sup {/ fdvr — / \II%_ dvg; f € C;;O} , (64)
M M

where Uy _ is the unique solution to the Hamilton-Jacobi-Bellman equation that is given by:

U, _(t,z) = sup {E F(X(T)) —/t L(s,X(s),Bx(s,X))ds| X (t) = x] } . (65)

XeA

Moreover, there exists an optimal process X with drift Sx (¢, X) = argmin, {v-V(t,z)+ L(t,z,v)}.
Furthermore, (u,v) — C%(u,v) is convex and lower semi-continuous under the weak*-topology. It
follows that v — B%(uo, V) is weak*-lower semi-continuous on Py (M) for all ug € Py (M*), and that
(0, v1) — BT(1o, vr) is jointly convex.

Remark 3 Note that integrating \Il% 4 over dyg yields the Legendre transform of v — C(vo,v7)
for f € C3r.

For o € P1(M*), define the function B, : M;(M) — RU {oc} to be

0 s otherwise.

Since B, is convex and weak”-lower semi-continuous, we have

%mzﬁwzs%A/MHmwﬁ (66)

feLip(
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We break this into two steps. First we show that when f € C§} the dual is appropriate:

B, (f) = sup {/deT—B(uowT)}

vp P (M)

sup {/deT— (v,vr) — W(uo,u)} (67)
vr€P1(M)
VEPl(M

s {00 (@)dvte) - W)}

I/EPl(M)

W (00 )= - / (W0 ). duo.

E

Thus, plugging this into our dual formula and restricting our supremum to Cgy, gives

B,0) =By 2 sup {/fdw/(wf ) dia}.

To show the reverse inequality we will adapt the mollification argument used in [22], Proof of Theorem

2.1]. We assume our mollifier n.(x) is such that n(z) is a smooth function on [—1, 1] that satisfies
fﬂl ydx = 1and [ an(z)dr = 0, then define 1. (x) = e =911 (z/€). Then for Lipschitz f, f. := fx*n.
is smooth with bounded derlvatlves We can derive a bound on BZ*W (f) by removing the supremum
in and fixing a process X € A"7:

T (A2)
FAX@) = [ L5 X(0) x5, ) ds = (X0, V)| 'S
T B ¢ ,
E | f(xX(T) + 7. —/O L(S’X(SH{I:BAXL(;;?) ALOO) 4o (X (0) + H,,V + H) + |H?| <
Di(f (1 +AL(0,¢))) AL(0,¢) 4 de
1+ AL(0,€) 14+ AL(0,€) ’

where D, (v) := inf{(1 + AL(0, €))W (e, v0) + C(vo,v); 0}, He ~ 1 is independent of X (-),V, thus
X(T)+ H ~ d(ne xvr). The third line arises by maximizing over processes (X (-) + He,V + H,).
Note that € — Dc(v) is lower semi-continuous for the same reason that v — B, (v) is, and converges
to B, (v) as € = 0.

Taking the supremum over X € A, of the left side above, we can retrieve a bound on E;O (fo)-
This bound allows us to say

. Di(f(1+AL(0,€))) AL(0, €)
/fst*E/L(fe) Z\/fdl/ef l-i-AL(O,E) 7T1—|—AL(O,€) *d627

where we use e-subscript to indicate convolution of a measure with .. Taking the supremum over
f € Lip(M), we get the reverse inequality:

* D (v.) AL(0, €) g €0
3 dv — B - T —de* > B
S {/f Y } 215009  Li7 AL % = Blovr),

In the following corollary, we will discuss results pertaining to solutions % (x) := 1, (¢,x) of the
Hamilton-Jacobi-Bellman equation for final conditions %7 (x). In some sense V) is more fundamental
than 1, since our dual is invariant under ¢ — ¥ 4 ¢. Thus when discussing the convergence of a
sequence of ¢, we refer to the convergence of their gradients. Notably the optimal gradient may not
be bounded or smooth, hence may not be achieved within the set Cgy. In the subsequent corollary,
we denote Px the measure on M x [0, 7] associated with the process X.

14



Corollary 4 Suppose the assumptions on Theorem [} 2 are satisfied and that po is absolutely con-
tinuous with respect to Lebesque measure. Then (V, X (t)) minimizes B(po,vr) if and only if it is a
solution to the stochastic differential equation

dX =V, H(t, X, Vy(t, X)) dt + dW, (68)

V =V (X(0)), (69)

where Vb, (t, ) — V(t,x) Px-a.s. and Vi, (0,x) — V() vo-a.s. for some sequence 1y (t, )
that solves in such a way that I = ¥, (T,-) and (¥2). = [¥n(0,")]s are mazimizing

sequences for the dual problem (@ Furthermore 1 is concave.

Proof: First note that there exists such an optimal pair (V, X), in view of Theorem 1. Moreover,
the pair is is optimal iff there exists a sequence of solutions v, to that is maximizing in
such that

T
E /O L(t, X, Bx(t, X)) dt + (X(0),V)| = lim E [ (X(T)) + ¥2).(V)], (70)

n—oo

which we can write as

lim E |4 (X(T)) = ¥ (X(0)) + ¥ (X(0) = (). (X(0)) + (4) ex(X(0)) + () (V) |, (71)

n—0o0
(a) (b) (c)

where f,. is the concave hull of f. Applying It6’s formula to the first two terms, with the knowledge
that they satisfy (HJB)), we get

T
E [vr (X(T)) = ¥n(X(0)] =E /O (Bx, Vb, (X (1)) — H(t, X, Vo, (X (1)) dt | .

However, by the definition of the Hamiltonian, we have (v,b) — H(t,z,v) < L(t,x,b), which mean
that yield the following three inequalities:

(Bx, Vr, (X (1)) — H(t, X, Vi, (X (1)) <L(t, X, Bx (. X)) (a)
Un(X(0)) = () (X(0)) <0 (b)
(%)« (X(0)) + () (V) <(V, X(0)). ()

In other words, breaks the problem into a stochastic and a Wasserstein transport problem (in
the flavour of Theorem , along with a correction term to account for 12 not being necessarily
concave. Adding to the mix, allows us to obtain L! convergence in the (a,b,c) inequalities,
hence a.s. convergence of a subsequence ¥, .
Note that the convergence in (b,c) means that ¥0 converges vp-a.s. to a concave function 1 such
that 2 +— V1 is the optimal transport plan for W (v, uo) [S].
To obtain the optimal control for the stochastic process, one needs the uniqueness of the point p
achieving equality in (a). This is a consequence of the strict convexity and coercivity of b — L(t, z,b)
for all ¢, z. The differentiability of L further ensures this value is achieved by p = V, L(t, z,b). Hence
(a) holds iff

VL (X)) — Vo L(t, X, Bx (t, X)) Px-a.s.

Since !, are deterministic functions, this demonstrates that X; is a Markov process with drift Bx
determined by the inverse transform: Sx (¢, X) = V,H(t, X, Vy(t, X)), ie., .

Remark 4 [t is not possible to conclude from the above work that ¥(x) = (0, z) without a reqularity
result on t — (t,z) for the optimal v. This is because 1 is defined on a Px-null set.
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4 Deterministic and stochastic Bolza duality

For the rest of the paper, we shall assume that the Lagrangian L is independent of time, but that it is
convex, proper and lower semi-continuous in both variables. We then consider the dual Lagrangian
L defined on M* x M* by

L(v,q) := L*(g,v) = sup{(v,y) + (p,q) — L(y,p); (y,p) € M x M},

the corresponding fixed-end costs on M™* x M*,

(u,v) = mﬂ/ H)dtiy € CH[0,T), M )i7(0) = u,/(T) = v}, (72)
and its associated optimal transport

Cr(po, pr) = inf{ ér(x,y)dm; ™ € K(po, pr)}- (73)
M*x M*

More specifcally, we shall assume the following conditions on L, which are weaker than (A1), (A2), (A3)
but for the crucial condition that L is convex in both variables.

(B1) L: M x M — RU{+o0} is convex, proper and lower semi-continuous in both variables.

)
(B2) The set F(x) := {p; L(z,p) < oo} is non-empty for all x € M, and for some g > 0, we have
dist(0, F(z)) < o(1 + |z]) for all z € M.
3)

(B3) For all (x,p) € M x M, we have L(x,p) > 0(max{0, |p| —a|z|}) — B|x|, where «, 8 are constants,
and 6 is a coercive, proper, non-decreasing function on [0, o).

These conditions on the Lagrangian make sure that the Hamiltonian H is finite, concave in x and
convex in ¢, hence locally Lipschitz. Moreover, we have

U(x) = (vlz] +9)lg| < H(z,q) < ¢(q) + (alg| + B)|alfor all z,q in M x M*, (74)

where a, 3,7, d are constants, o is finite and convex and v is finite and concave (see [29].

We note that under these conditions, the cost (z,y) — c¢:(x,y) is convex proper and lower semi-
continuous on M x M. But the cost br is nicer in many ways. For one, it is everywhere finite and
locally Lipschitz continuous on [0,00) x M x M*. However, the main addition in the case of joint
convexity for L is the following so-called Bolza duality that we briefly describe in the deterministic
case since it had been studied in-depth in various articles by T. Rockafellar [27] and co-authors
[28, 29]. The stochastic counterpart is more recent and has been established by Boroushaki and
Ghoussoub [9].

We consider the path space A3, := A%,[0,T] = {u: [0,7] — M; @ € L%} equipped with the norm

T
um;=@ww@+é|w%0

Let L be a convex Lagrangian on M x M as above, £ be a proper convex lower semi-continuous
function on M x M and consider the minimization problems,

Py inf {Jy L(v(s),5(s)) ds + (3(0),/(T)); v € C1(0,T), M) }, (75)

2

and

(P) it {Jy L(v(s),4(s)) ds + € (+(0), =5(T)); 7 € CL([0,T), M) }. (76)
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Theorem 5 Assume L satisfies (B1), (B2) and (B3), and that £ is proper, lsc and convex.
1. If there exists £ such that £(-, ) is finite, or there exists &' such that £(&',-) is finite, then

inf(P) = —inf(P).

This value is not +o00, and if it is also not —oo, then there is an optimal arc v(t) € A2[0,T]

for (P).

2. A similar statement holds if we replace € by £ in the above hypothesis and (P) by (P) in the
conclusion.

3. If both conditions are satisfied, then both (P) and (P) are attained respectively by optimal arcs
v(t), z(t) in A2[0,T).

,u(t)) € OL(z(t),%(¢)) for a.e. ¢, which can also be written in a
)) for a.e. t, or in a Hamiltonian form as

@(t) € OuH(x(t),v(t)) (77)
—0(t) € O, H(x(t),v(t)), (78)

In this case, these arcs satisfy (0(

t)
dual form (i(t), z(t)) € dL(v(t), v(t

coupled with the boundary conditions
(v(0), —v(T)) € 8(x(0),(T)). (79)
See for example [27]. The above duality has several consequences.

Proposition 5 The value function ®, 1 (x) = inf{g(y) + c:(y,x); y € M}, which is the variational
solution of the Hamilton-Jacobi equation (@ starting at g, can be expressed in terms of the b and
¢ costs as follows:

1. If g is convex and lower semi-continuous, then ®4 1 (t,z) = sup{b;(v,x) — g*(v); v € M*} is
convez lower semi-continuous for every t € [0, +00).

2. The convex Legendre transform of ®4 1 is given by the formula

Qg 1 (t,w) = inf{g"(v) + é&(v,w); v € M™}.

3. For each t, the graph of the subgradient 0P, 4 (t,-), i..e., T'y(t) = {(z,v);v € 0P, 4 (t,x)} is a
globally Lipschitz manifold of dimension n in M x M*, which depends continuously on t.

4. If a Hamiltonian trajectory (z(t),v(t)) over [0,T] starts with v(0) € 0g(x(0)), then v(t) €
0, 4 (t,x(t)) for all t € [0,T]. Moreover, this happens if and only if x(t) is optimal in the
minimization problem that defines @, 1 (t,x) and v(t) is optimal in the minimization problem
that defines ®,-  (t,w).

Remark 5 The above shows that in the case when L is jointly convex, the corresponding forward
Hamilton-Jacobi equation has convex solutions whenever the initial state is convex, while the cor-
responding backward Hamilton-Jacobi equation has concave solutions if the final state is concave.
Unfortunately, we shall see that in the mass transport problems we are considering, one mostly
propagates concave (resp., concave) functions forward (resp., backward), hence losing their concav-
ity (resp., convexity).

This said, the cost functionals cr, ¢r, by are all value functions ®, starting or ending with affine
function g. Indeed, b;(v,x) = @4 +(t,x), when g,(y) = (v,y). In this case, ¢;(u) = 0 if v = v and
+oo if u # v, which yields that the Legendre dual of z — ®, 1 (¢,z) = b;(v, x) is w — & (v, w). One
can also deduce the following.
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Proposition 6 Under assumptions (By),(Bz),(Bs) on the Lagrangian L, the costs ¢ and b have
the following properties:

1. For each t >0, (z,y) — ct(x,y) is convex proper and lower semi-continuous on M X M.

2. For eacht >0, v — by(v, ) is concave on M*, while x — bi(v, x) is convex on M. Moreover,
b is locally Lipschitz continuous on [0,00) x M x M*.

3. The costs b, ¢ and ¢ are dual to each other in the following sense:
e For any (v,x) € M* x M, we have by(v,z) = inf{(v,y) + ¢t (y,z); y € M }.

e For any (y,x) € M x M, we have c;(y,x) = sup{b(v,z) — (v,y);v € M*}.
e For any (v,x) € M* x M, we have by(v,z) = sup{{w, x) — é&(v,w);w € M*}.

4. The following properties are equivalent:
(CL) (—’U, w) € ay,mCT(y, x);
(b) w € by (v,2) and y € dybr(v, ).

(¢) There is a Hamiltonian trajectory (v(¢),n(t)) over [0,T] starting at (y,v) and ending at
(z,w).

This leads us to the following standard condition in optimal transport theory.

Definition 7 A cost function c satisfies the twist condition if for each y € M, we have v = '
whenever the differentials Oyc(y, x) and Oyc(y,x’) exist and are equal.

In view of the above proposition, cr satisfies the twist condition if there is at most one Hamiltonian
trajectory starting at a given initial state (v, y), while the cost br satisfies the twist condition if for
any given states (v, w), there is at most one Hamiltonian trajectory starting at v and ending at w.

The stochastic Bolza duality and its applications

We now deal with the stochastic case. We define the Ité space I, consisting of all M-valued
processes of the following form:

1P, = {X Qp — M; X(t) = Xo +/O Bx (s)ds +/O ox (s)dW (s), 50

for XO S LZ(Q7‘F07P(1)M)’ ﬁX € LP(QT7M)3 ox € LQ(QT7M)}7

where Sx and ox are both progressively measurable and Q7 := Q x [0,T]. The cases of p = 1,2, 00
will be of interest to us. We equip Z3, with the norm

T T
X2, =E (X(O)Il?w + [l ar+ [ lox )l dt) ,
so that it becomes a Hilbert space. The dual space (Z%,)* can also be identified with L?(Q; M) x
L3(Qp; M) x L?(Q; M). In other words, each ¢ € (Z3,)* can be represented by the triplet
= (g0, 01 (t), Q(t)) € L*(Q; M) x L*(Qr; M) x L*(Qr; M),

in such a way that the duality can be written as:

(X, 0)22, ez, = E{ (a0, X(0))ar + / (010, Bx (B)ar it + / Q). ox(O)wdt}.  (81)

Similarly, the dual of Z}, can be identified with Z53.
We shall use the following result recently established in [9].
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Theorem 6 (Boroushaki-Ghoussoub) Let (2, F, F;, P) be a complete probability space with nor-
mal filtration, and let L(-,-) and M be two jointly conver Lagrangians on M x M, Assume £ is a
convez Isc function on M x M. Consider the Lagrangian on I3, x (Z3,)* defined by

£0Xp) =E{ [ LOXO ~ p1(0),~Bx(®) de + (X (0) ~ po. X (D))
’ (82)

T
+ %/0 M(ox(t)fP(t),fch(t))dt}.

Its Legendre dual is then given for each q := (0,q1,Q) by
T
@) =E{r YOI+ [ LEm .y o-am)a

1 T
45 [ M Caviov - Q).
0
Note that standard duality theory implies that in general

Juf {£(X,0)} = Yestlzg)*{—ﬁ(O,Y)}- (83)

In our case we shall restrict ourselves to processes of fixed diffusion. This facilitates the proving of
a stochastic analog to Bolza duality:

Proposition 8 Assume L satisfies (A1) and (A2), and there exists (a.s.-)unique Vo € L*(P) such
that £*(Vy,-) < 0o and (a.s.)-unique oy € L*(P x Xjg,1)) such that M*(oy,-) < oo, then there is no
duality gap, ie.

inf {£(X,0)} = sup {-L"(0,Y)} (84)

Xe12 Y e(72)*

Note that, unlike the deterministic case, there there is no backwards condition that works if there
is an Vo € L2(P) such that ¢*(-, V) < oo, this is because stochastic processes, in general, are
irreversible.
Proof: We begin with augmenting our space by considering By € L'(P x Apo,77)—we call this
augmented set Z'. If we can show the duality gap is satisfied in Z', by our coercivity condition (A2)
we can then show that it must be satisfied in Z?2.
We proceed by a variational method outlined by Rockafellar [27]. First, we define

wla) = Jf {£7(0,Y)}- (85)

As the infimum of a jointly convex function, ¢ itself is convex. The benefit of this definition is that

©"(X) = sup{(X,q) — L(¢,v)} = L7(X,0) = L(X,0). (86)

q,v

Hence, X minimizes £ if and only if

X €0p(0) <= ¢0)+¢"(X)=0 = L(X,0)=-— Yei?zfz)*{/l*(O,Y)}. (87)
In other words, there is no duality gap if and only if 9p(0) is non-empty. Note that this holds if there
is an open (relative to {¢; ¢(q) < o0o}) neighbourhood N of the origin in Z°° such that £*(¢,Y) < oo
for g € N.
By our assumptions, we may fix Yy,oy to be the unique elements such that £(Yp,:) < oo and
M*(oy,-) < oo (guaranteeing subdifferentiability in these variables), and let Y = (Y3, 8y, 0y ) be
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such that £*(0,Y’) < oo. For a perturbation By € L (P x Aj 1)) with [[Bv ||, < €, note that (A2)
gives for all (t,u) € [0,T] x M*,

L(t,Y; — By,u) < (1 +AL(0,€)) L(t, Y;,u) + AL(0,¢), (88)

and

(V)= inf LYV)Y)
Y€Iy,

T
<E*(—Ye, Vi) + E / L(t, Y = By (1), By (1)) dt (89)
<EL* (Yo, Y7) + (1 + AL(0,€))E /T L(t, Yy, By (t)) dt + TAL(0,€),
0

which is finite for ||y, < e sufficiently small by (A2). Hence ¢ is finite and continuous in a open
set of the origin (all relative to its domain), and duality is achieved on Z?.

To show that this duality is achieved in Z2, it suffices to remark that EfoT L(t,Y:, By) >

E [ L(By)dt > C’IEf|ﬁy\2 — Bdt = oo for By € L*(P x Ao.17) \ L*(P x Ao, 7)) (where C, B are
fixed constants).

5 Maximizing the ballistic cost: Deterministic case
With Bolza duality in mind, we can now turn to the maximizing ballistic cost.

Theorem 7 Assume that L satisfies hypothesis (B1), (B2) and (B3), and let vy be a probability
measure with compact support on M, that is also absolutely continuous with respect to Lebesgue
measure. Then,

1. The following interpolation formula holds:

Br (o, vr) = sup{W (vr, ) — Cr(po, p); p € P(M*)}. (90)

The supremum is attained at some probability measure pr on M*, and the final Kantorovich
potential for Cr(uo, pr) is conver.

2. We also have the following duality formulae:

Br(po,vr) = inf {/M h(z) dvyp(z) —|—/ ) éo*ﬁ(v) duo(v); h convex in Lip(M)} . (91)

and

Bruovr) =it { [ @10 @ dir) + [ g dm(osgn Lpor)}. (@)

3. There exists a convex function h : M* — R such that

Br(tto, vr) = / br(S} 0 VA (1), 2)dur (), (93)

where S5 (v) = 7o (v, Vh), and ¢ the flow associated to the Hamiltonian H,(v,z) =
—H(—=,v), whose Lagrangian is L.(v,q) = L*(—q,v). In other words, an optimal map for
Br(po, vr) is given by the inverse of the map x — w*ph* (Vh*(z),z).

20



4. We also have

*

Br(po, vr) = / by (v, Vh o Spv)dpe(v), (94)

where Sr(v) = W*@?(v,&vho)L and @f being the Hamiltonian flow associated to L (i.e.,

H(v,x) = —H(x,v), and hg = ®}. _
ho the solution h(0,v) of the backward Hamilton-Jacobi equation with h(T,v) = h(v).

Proof: To show and , first note that for any probability measure p on M*, we have

Br(po, vr) 2 W(vr, i) — Cr(po, p). (95)

Indeed, since v is assumed to be absolutely continuous with respect to Lebesgue measure, Brenier’s
theorem yields a convex function h that is differentiable pp-almost everywhere on M such that
(Vh)gvr = p, and W(vp,p) = [y, (x, Vh(z))dvr(z). Let mp be an optimal transport plan for
C’T(uo,u), that is mg € K(uo, ) such that C’T(uo,,u) = fM*XM* ér(v,w) dmg (v, w). Let 7g := Sxmo,
where S(v,w) = (v, VA*(w)), which is a transport plan in K(ug,vr). Since br(v,y) = (Vh(x),y) —
ér(v, Vh(z)) for every (y,z,v) € M x M x M*, we have

Br(uo,vr) > / br(v, 7) do(v, 7)
M*x M

> [ ()2~ oo, Vha)) bio(v. o)
M*x M

/ (x, Vh(x)) dvr(z) / ér(v,w)}do (v, w)
M M*x M*

= W(VT?M) _CT(/’[/O?M)'
To prove the reverse inequality, we use standard Monge-Kantorovich theory to write

Br(po,vr) = SUP{ br(v,z)dmr(v,x); T € IC(,“O;VT)}
M*x M

— inff /M h(z) dvr(z) — /M* 9(0) dpo(v): h(z) — g(v) > br(v,2)},

where the infimum is taken over all admissible Kantorovich pairs (g,h) of functions, i.e. those
satisfying the relations

g(v) = zingu h(z) —br(v,z) and h(z)= vsel}\?* br(v,z)) + g(v)

Note that h is convex. Since the cost function by is continuous, the supremum By (10, vr) is attained
at some probability measure mg € K (o, vr). Moreover, the infimum in the dual problem is attained
at some pair (g, h) of admissible Kantorovich functions. It follows that 7 is supported on the set

O :={(v,z) € M* x M; br(v,z) = h(z) — g(v)}.
We now exploit the convexity of h, and use the fact that for each (v,z) € O, the function y —

h(y) — g(v) — br(v, y) attains its minimum at x, which means that Vhi(z) € 0,07 (v, z). But since ép
is the Legendre transform of by with respect to the xz-variable, we then have

br(v,x) + ér(v, Vh(z)) = (x, Vh(z)) on O. (96)
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Integrating with g, we get since mg € K (o, vr),

/M*XM br (v, x) dmo + /M*XM ¢r(v, Vh(z))dmo = / (x, Vh(x)) dvr. (97)

M

Letting ur = Vhyvr, we obtain that

Br (o, vr) + /M* (v Vh(a))dro = Wlvr. ir). (98)

where W (vp, ur) = bup{foM*@r; v} dﬂ" T E IC(VT ur)}. Note that we have used here that h is

convex to deduce that W (vp, ur) = [,,( v x) dur by the uniqueness in Brenier’s decomposition.
We now prove that

/ er(v, Vh())dmo = Cr (o, uir). (99)
M*x M

Indeed, we have [,,. ,, ¢r(v, Vh(z))drg > Cr (o, pur) since the measure m = Sy g, where S(v, z) =
(v, Vh(x)) has marginals po and ur respectively. On the other hand, yields

/M* . ér(v, Vh(x))dmy = /M<x, Vh(z))dvr(z) — /M*XM br (v, ) dmg
= /M h*(Vh(z))dvr(z) + /M h(z) dvr(z) + / ) g(v) dug(v) — /M h(z) dvr(x)
= [ Wi+ [ g)du).

Moreover, since h(z) — g(v) = b(v,z), we have h*(w) + g(v) < ér(v,w). Indeed, since for any
(v,w) € M* x M*, we have ¢&(t ,v,w) sup{(w, z) — by (v, z); x € M}, it follows that for any y € M,

ér(v,w) = (w,y) —be(v,y) = (w,y) + g(v) — h(y),

hence h*(w) + g(v) < ér(v,w), which means that the couple (—g, h*) is an admissible Kantorovich
pair for the cost ér. Hence,

Crlpospr) < / er(v, Vh(z))dm,
M*x M

[ @idnrtw) + [ gle)duoe)
M M*
< sl [ ert)dur() = [ o0 duo): oriw) = o(v) < er(o.u)}

= C’T(MOaNT)'

It follows that Br(uo,vr) = W (vr, ur) — Cr(po, ). In other words, the supremum in is
attained by the measure pr. Note that the final optimal Kantorovich potential for C'T(,uo, pr) is
h*, hence is convex.

The first duality formula follows since we have established that if (g, h) are an optimal pair of
Kantorovich functions for By (juo, vr), then (g, h*) are an optimal pair of Kantorovich functions for
Cr(po, ). In other words, the initial Kantorovich function for By (o, vr) is g = @5+, (0,-). This
proves formula .

To show , we can —now that the interpolation is established—proceed as in Section 2, by
1dent1fy1ng the Legendre transform of the functionals v — W (v, vp) and pu — Cp(p, pr).

To show part 3), we start with the interpolation inequality and write that

By (po,vr) = W(vr, pr) — Cr(po, pr),
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for some probability measure pr. The proof also shows that there exists a convex function i : M* —
R and another function k MF — R such that (Vh)upr = vp, W(vr, pr) = [, (Vh(v),v)dpr(v).
and Cr(po, pr) = | v P(w) dpp (u) — [ . k(v) dpo(v). Now use the theorem of Fathi-Figalli to write

Crlpuospir) = [ en(v. Sro)duo(o), (100

where St (v) = w*@ﬁ(v, dyk). Note that
Br (o, vr) = [y br(v, VR o Sr(v))duo(v), (101)

since (S'T)#Mo = pp and Vhypr = vp, and therefore (I x Vho ST)#,uO belongs to K(pg, vr).
On the other hand, since by (u, z) = (Vh(v),z) — ér(u, Vh(v)) for every v € M*, we have

\

Br(po,vr) = br (v, Vh o Sr(v))duo(v)

*

>

{{Vho Sr(v), Sr(v)) —r(v, S1(v))} dpo(v)

(Vh(v), v)dpr(v) = [ ér(v,Sr(v)) duo(v)

(vr, ur) — Cr(po, pr)

T(:U’07 VT)'

It follows that Br(uo,vr) = [y. br(v, Vho Sp(v))duo(v).

To get (3), use the pushforward vy = (Vh o S7)4po to write the above in terms of the measure
vr, using the fact that (Vh)~! = VA* and S;.' = S5 where Sk (v) = o (v,d,h) and @i’ is the
Hamiltonian flow associated to the hamiltonian H,(v,z) := —H (—=z,v). This gives us

| 5
<

s

Br(uo,vr) = [ br(Sio VA" @) a)dvr(e) = [ br(aef! (VI &), duh). ) dvr o).

* ]\/ *
Since h is convex, we have that d,h = Vh(z), hence JVh*(m)h = Vho Vh*(x) = x, which yields our
claim that

(10, vr) / b (ol (1™ (), ), ) dvr ().

Remark 6 While the costs ¢ and ¢r are themselves jointly convex in both variables, one cannot
deduce much in terms of the convexity or concavity of the corresponding Kantorovich potentials.
However, we note that the interpolation of By (po,vr) selects a vy such that Cp(vp, vr) has a
concave initial Kantorovich potential, while the interpolation of ET(NO, vr) selects a pp such
that OT(MO, pr) has a convex final Kantorovich potential.

Furthermore, one wonders whether the formula

ct(y, ) = sup{bs(v,x) — (v, y);v € M*}, (102)

also extends to Wasserstein space. We show it under the condition that the initial Kantorovich
potential of Cr(vp, vr) is concave, and conjecture that it is also a necessary condition.

Theorem 8 Assume M = R? and that L satisfies hypothesis (B1), (B2) and (B3). Assume vy
and vy are probability measures on M such that vy is absolutely continuous with respect to Lebesgue
measure. If the initial Kantorovich potential of Cr(vo,vr) is concave then the following holds:

Cr(vo,vr) = sup{Bp(p, vr) — W(vg, pu); p € P(M*)}, (103)

and the supremum is attained.
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Proof: Again, it is easy to show that
Cr(vo,vr) = sup{Br(u, vr) — W(vo, pu); p € P(M™)}. (104)

To prove equality, we assume that the initial Kantorovich potential g is concave and write

Cr(vo,vr) = inf{ c(y,x)dn(y,x); m € K(vo,vr)}
M x M

— supf /M h(x) dvr (z) - /Mg<y> dvo(y); hz) — 9(y) < er(y, 2)}.

Since the cost function cr is continuous, the infimum Cr(vg,vr) is attained at some probability
measure 7o € K(vp, v1). Moreover, the infimum in the dual problem is attained at some pair (g, h)
of admissible Kantorovich functions. It follows that 7 is supported on the set

O :={(y,x) € M x M; cp(y,x) = h(z) — g(y)}

Since g¢ is concave, use the fact that for each (y,z) € O, the function z — h(z) — g(z) — cr(z, )
attains its maxmum at y, to deduce that —Vyg(y) € Oycr(y, ).
Since g concave and by (v, z) = inf{(v, 2) + ¢;(z,z); z € M}, this means that for (y,z) € O,

er(y, ) = br(Vg(y), x) = (Vg(y),y). (105)
Integrating with 7y, we get since mo € K(vg, 1),
| erwrdn= [ bn(Vat)e)dm - [ (Te(w).)du. (106)
MxM MxM M
Letting 1190 = (Vg)#10, and since g is concave, we obtain that
Crln,vr) = [ br(Tg(u), ) dmo — W(wo. o). (107)
M x M
We now prove that
[ be(g(w). o) dmo(y. ) = B (o, vr). (108)
Mx M

Indeed, we have [, ., br(Vg(y),z) drg > Br(po, vr), since the measure 7 = Syum where S(y,z) =
(Vg(y),x) has pp and v as marginals. On the other hand, (107) yields

/ br(Vg(y),r)dny = / cr(y, x) dmo + / (v, Vg(y)) dvo(y)
M x M M x M M
/M h(z) dvr(z) — /M o(y) dvoly) — /N (o) (~Val)d(y) + /M o(y) dvo(y)
- /h(x)dVT(x)* / (~g)" (~v)dpo(w).
y *

Moreover, since h(z) — g(y) < cr(y, z), it is easy to see that h(z) — (—g)*(—v) < br(v,x), that is
the couple ((—g)*(—v), h(x)) is an admissible Kantorovich pair for the cost br. It follows that

Br(po,vr) < / br(Vg(y),x)dmo
MxM

| b@avr(@) = [ (=0 (o)dulo)

sunf [ (@) dur(@) = [ o) din): ¢r(@) = co(w) < br(v. o)}

= By(po,vr),

N
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and Cr(vo, vr) = By (po, vr) — W (1o, o). In other words, the supremum in (103]) is attained by the
measure flg.

Corollary 9 Assume M = RY and that L satisfies hypothesis (B1), (B2) and (B3). Assume vy
and vy are probability measures on M such that vy is absolutely continuous with respect to Lebesgue
measure, and that the initial Kantorovich potential of C (v, vT) is concave. If by satisfies the twist
condition, then there evists a map XI : M* — M and a concave function g on M such that

Crvn,vr) = [ er(y, X7 o Valy)do(y) (109)
M
Proof: In this case, Cr(vo,vr) = Bp(po,vr)— W (v, o), for some probability measure pg on M*.
Let g be the concave function on M such that (Vg)xvo = po and W (vo, o) = [5,(Vg(y), y)dvo(y).
Since by satisfies the twist condition, there exists a map X{ : M* — M such that (X{)xpo = vr
and
By (po, vr) :/ by (v, XE v)dpo(v). (110)

*

Note that the infimum Cyr (v, vr) is attained at some probability measure mg € K(vp, vr) and that 7
is supported on a subset O of M x M such that for (y,z) € O, er(y,x) = br(Vg(y),x) — (Vg(y), y).
Morcover, Cr(v0,r) = [y, as br (Va(y). ) dmo — W (vo. 1), and

/ br(Vg(y). ) dmo = By(pio, vr) = / br(v, XT0)dpio(v) = / br(Vg(y), X 0Vg(y))dvo(y).
M x M

M

*

Since br satisfies the twist condition, it follows that for any (y,z) € O, we have that z = X o Vg(y)
from which follows that Cr(vo, vr) = [, cr(y, Xd o Vg(y))dvo(y).

Corollary 10 Consider the cost c1(y,x) = c(x—y), where ¢ is a convez function on M and let vy, 11
be probability measures on M such that the initial Kantorovich potential associated to Cp(vo,vr) is
concave. Then, there exist concave functions ¢ : M — R, ¢ : M* — R and a probability measure pg
on M* such that

(Vip o V)yvo = 11, (111)

and

Cl(uo,m)Jr/ c*(v)duo(v):/

(VoY (y)—y)duo(y) = / (V46 ()~ Vep(y) ) dio(y). (112)
M M

*

Proof: The cost ¢(z — y) corresponds to ¢ (y, x), where the Lagrangian is L(z,v) = ¢(v), that is

a(y,x) = inf{/o c(y(t)) dt;y € CH([0,1), M);7(0) = y,y(1) = 2} = c(z — y). (113)

It follows from ({103 that there is a probability measure p on M* such that Cy(vg, v1) = B (o, v1)—
W (v, pt0). But in this case, b1 (v, z) = inf{(v,y) + c(z —y); y € M} = (v,z) — c*(v), hence

Ci(vo, 1) = By (po, v1) — Wvo, po) = Wpo, v1) — /]V ) c*(v) dpo(v) — W (vo, po)- (114)

In other words,
Cr(vo,v1) + K = W, (po,v1) — W, po), (115)

where K is the constant [,,. ¢*(v) dpo(v).
Apply Brenier’s theorem twice to find concave functions ¢ : M — R and ¢ : M* — R such that
(V) o = po, (V) gpo = vy and

W (v, o) = [y, Vep(y)) doly)  and W (uo,11) = [y,. (v, Vib(v)) dpio(v).
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It follows from the preceeding corollary that
Ci(vo,n) + K = /M 1y, Vi o Vo(y))dvo(y) = /M (Vo Vo(y) — y)dvo(y).
Note also that
Cilmr) + K = [ @90 o) = [ (3.9 (0) dolo)
[ v dnw) - [ .90 do)
M M
| (960 = Vota) ) (o).

6 Maximizing the ballistic cost: Stochastic case

Define the transportation cost between two random variables V on M* and X on M by:

b5.(V,Y) = inf{E | (V, X(0)) + /OT L(t, X;, Bx (1)) dt| ; X € A, X(T) =Y as.}, (116)

where A indicates [t6 processes with Brownian diffusion. The minimizing ballistic cost considered

earlier is then
B (po, vr) = inf{b5.(V,Y); V ~ po, Y ~ vr}, (117)

while the maximizing cost is defined as:

Br(po,vr) := sup{by(V,Y);V ~ pio, ¥ ~ vr}. (118)
Theorem 9 Assume L is a Lagrangian on M x M* such that L and its dual L satisfies (A0)-(A3).
1. The following formula then holds:

T
<X7V(T)>_/O E(t,V,ﬁv(t,V))dt 7V€A7‘/0NM0aXNVT}

B ) = {
(119)

2. The following duality holds:
By (ko vr) = sup{W (s, vr) — (o, ); p € PL(M™)}, (120)

where C’% is the action corresponding to the Lagrangian L. Furthermore, if vp € P1(M), and
pur € P1(M*) there exist an optimal interpolant pr in Py (M™).

3. If po € P1(M*), vr has compact support, and B(ug,vr) < 0o, then

B (o, vr) = inf {/ gdvr —I—/ ‘i/g*), dpo; g € C3H(M) and convem} , (121)
M M~

where Wy« _ solves the Hamilton-Jacobi-Bellman equation on M*

00 D HLY0) =0 00, T) = g (0) (HIB2)
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Proof: 1) For a fixed pair (V,Y), we consider the Bolza energy Ly,y) —defined in (82))- associated
to L and the two Lagrangians ¢ and M defined as:

&xmwwww:{zﬂ“” y=Y(w) M@xw={_c‘1§:1 (122)

else 00 else.
Note that the minimizing stochastic cost can be written as,
B, (0, vr) = inf{inf{L vy (X (£),0); X € Z2:V ~ g, ¥ ~ v} (123)
while the maximizing cost is
B (po, vr) = sup{inf{Lyy)(X(1),0); X € I*};V ~ po,Y ~ vr}. (124)
Applying Bolza duality turns the infimum to a supremum:
Bi(po, vr) = sup{sup{ =Ly (0,U(1)); U € I*}; V ~ po, Y ~ vr}, (125)

which results in (L19)).

2) The proof of the interpolation result can now follow closely the proof for the minimization problem.
3) We again try to identify the Legendre transforms of the functionals v — W (u,v) and p —

C% (o, ). We obtain easily that
e If € P1(M*) has compact support, then for all f € Lip(M), then

s lswemen)- e

o If g € C3L(M™), then

sup {/ gdué%(uo,u)}/ Wy duo.
HEP(M*) * M*

Define B, : v — B(uo,v), and note that the interpolation formula (120) and a result of Mikima-
Thieullen [22] concerning C%. yields that B, is a concave function. Furthermore it is weak*-upper
semi-continuous on P;(M). Thus we have

Botvr) = ~(-Bu) ) = | it f- [ faor+ By} (126)

Investigating the dual, we find

(Bu)(f)= swp ){ [ B0}

I/EP1(M

— s [ v W) - Gl
HEP1(M™) M
vePL (M)

= sup {/M*(—f)*du—@%(uo,u)} (127)

HEPL(M*)

Note that in the case where (—f)* € C$}, this is simply fM* @(_f)*7_ dpg, yielding

B, < inf — d+/\i/_*_d )
O(NT)(_AEIEQ%{ /M*f ur L Yens Mo}
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In either case, we can restrict our f to be concave by noting that if we fix ¢ = (—f)*, then the
set of corresponding {—f; (—f)* = ¢} is minimized by the convex function g* = (—f)** < —f [12]
Proposition 4.1]. Thus it suffices to consider f convex.

We now show that it is sufficient to consider this infimum over convex g € C§p by a similar
mollification argument to that used for B (note that the mollifying preserves convexity). Maintaining
the same assumptions and notation as in our earlier argument, we first note a useful application of
Jensen’s inequality to the legendre dual of a mollified function:

)
ge () =sup{{v,z) = E[g(z + Ho)]} < sup{{v,z) —g(x)} = g (v).
Mikami [22, Proof of Theorem 2.1] further shows that

o (14 AL0,0)g)  AL(,¢)
_ * < Vo *Me ’ .
" CVO (gf) — 1 + AL(07 6) Tl + AL(O, 6)

Putting these together we get

5 Clyin, (1 + AL(0,€))g) AL(0, €)
* _ * * < * Vo *Te ) .
/geduTJr( By,) (ge)de_/g dpr + T+ AL0.0 +T1+AL(O,6)

And once we take the infimum over convex g € Lip(M), we get

_(_F);g*ne (ML,&) AL(O, 6)
1+ AL(0, ) 1+ AL, ¢)’

inf {/g* dur + (—El,)* (—g"); g convex in Cgﬁ} <
where dpp, ¢ (v) := dpp((1 + AL(0,€)) v). Taking € N, 0 dominates the right side by B(puo, vr) (where
we exploit the upper semi-continuity of B), completing the reverse inequality.

Corollary 11 (Optimal Processes for B) Suppose the assumptions on Theorem@ are satisfied,
with po absolutely continuous with respect to Lebesgue measure. Then, the pair (V,X) is optimal
for @) if and only there is an Ito process V(t) that satisfy the backward Stochastic differential
equation,

dV =V,H(t,V(t, V), V) dt + dW; (128)
X =Vy(V(T)), (129)

where lim,, o ¥ (T, ) — ¥(x) vr-a.s. and lim, o ¥, (t,x) = Y(t,7) Py-a.s. for some sequence
Un(t, z) that solves (@) in such a way that 0 = 1,(0,-) and YL = ¥, (T,-) are a minimizing
pair for the dual problem.

Proof: If (V, X) is optimal, then Theorem |§| means there exists a sequence of solutions ¥, (t,v) to
(HJB) with convex final condition 7, such that

T
B VD) - [ EeVa V)| = Jin B[ (000 O)]. 030)

n—oo

which we write as

lim E ()" () + T (V(T)) = 9T (V(T)) + 63V (0)] -

n—oo

Applying It6’s formula to the last two terms, with the knowledge that 1, satisfies (HJB|) we get

E [~ (V(T)) + ¢n(V(0))] = E [/0 —(Bv, VY, (V(1))) — H(t, Vi, (V (1)), V(t))dt]
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However, by the definition of the Hamiltonian, we have —(q,v) — H(t,z,v) > —i(t,v, q), similarly
¥*(v)+4(x) > (v,2). These inequalities allow us to separate the limit in into two requirements:
(a) (Byv, VOL(V (1)) + H(t, Vot (V (1)), V(t)) must converge to L(t, V, By (t,V)) and
(b) I (V(T)) + (1/},7;)* (X) must converge to (X, V(T)) in L' hence a subsequence t,, exists such
that this convergence is a.e.

The journey from (a) to isasin Corollary The only difference from the earlier corollary is
that we know that v, must converge to a convex function, so (b) implies X = V lim,,_,oc ¥ (V(T)).

7 Final Remarks

The interpolation formula can be seen as a Hopf-Lax formula on Wasserstein space, since for a fixed
o on M* (resp., fixed vr on M), then as a function of the terminal (resp., initial) measure, we have

B (t,v) = inf{d" (0)+Cy(0,v); 0 € P(M)} and B " (t, ) = inf{UU " (0) — Ci(0, 11); 0 € 77(]\4(*)},)
131
where
U" (o) = W(no,0) and U7 (o) = W(vr, o).

The following Eulerian formulation illustrates best how B“(t,v) and B " (t, 1) can be represented
as value functionals on Wasserstein space. Indeed, lift the Lagrangian L to the tangent bundle of
Wasserstein space via the formula

= Ju I ))do(z) and  L(g,w);= [y Lz, w(x))do(x),
where ¢ is any probability density on M (resp., M*) and w is a vector field on M (resp., M*).

Corollary 12 Assume L satisfies hypothesis (A0) and (A1), and let uy be a probability measure on
M* with compact support, then

T
B*(T,v) := By(po,v) = inf {U“O(@o) +/ L(ot, we)dt; dpo+ V - (ow) =0, o7 = V}€132)
0
The set of pairs (o, w) considered above are such that t — o € P1(M) (resp., t — w(x) € Lip(R™))

are paths of Borel fields.

One can then ask whether these value functionals also satisfy a Hamilton-Jacobi equation on Wasser-
stein space such as

{ 8tB+H(t7Va VVB(tVZ/)) =0, (133)

B(O,l/) = E(MOJ/)'
Here the Hamiltonian is defined as

H(v,¢) = sup / (€ E)dv — L(,€);€ € TH(P(M))).

We note that Ambrosio-Feng [3] have shown recently that —at least in the case where the Hamiltonian
is the square— value functionals on Wasserstein space yield a unique metric viscosity solution for
. As importantly, Gangbo-Sweich [I9] have shown recently that under certain conditions, value
functionals yield solutions to the so-called Master equations of mean field games. We refer to their
paper for the relevant definitions.

Theorem 10 (Gangbo-Swiech) Assume Uy : P(M) — R, and Uy : M x P(M) — R are functionals
such that V Uy (z, 1) = V,Uo(p)(z) for all z € M, p € P(M), and consider the value functional,

t
Ut v) = inf {uo@o) + / Lo, w)dt; Do+ Y - (ow) = 0, o7 = } .
0
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Then, there exists U : [0,T] x M x P(M) — R such that
V.Ui(x,v) =V, U(v)(z) forallz e M, veP(M),
and U satisfies the Master equation below .

Applied to the value functional B"°(t,v) := B, (0, v), this should then yield the existence, for any
probabilities pg, v, of a function 8 : [0,T] x M x P(M) — R such that

V.B(t,z,v) =V, B (t,v)(z) forallze M, veP(M),
and o € AC?((0,T) x P(M)) such that
B+ [(V.B(t,x,v) - VH(z,V,f3)) dv+ H(z,V.f(t,x,v)) = 0,
dro+ V(oVH(z,V,8) =0, (134)
B(0,-,) = Bo, o(T,") =vr,

where By(x, 0) = @,(z), where ¢, is the convex function such that Vg, pushes g into .

We may furthermore derive a Eulerian formulation of the minimizing stochastic problem. Recall
that in Corollary [4| we showed that the optimal process for the minimizing stochastic cost is Marko-
vian. Hence its drift may be described by a vector field, allowing an Eulerian formulation of the
process:

Corollary 13 Assume L satisfies the assumptions (A0)-(AS3), then
EMO(Ta V) o= E;}(/’LOJ/)

T
1
= inf{U"°(0o) +/ L(t, 00, we) dt; Oro+ V- (wo) + iAQ =0,0r =v}. (135)
0

Proof: It can be seen by Ito’s formula that (g, w) is a solution (in the sense of distributions) to
0o+ V- (wo) + %AQ =0 iff o € P(M) is the law of X; where X solves

t
X, = X, +/ w(s, X,)ds + Wi, (136)
0

Hence the above Eulerian formulation is equivalent to the stochastic process formulation in the case
where the optimal drift is described by a Borel vector field. Corollary [4] shows this is the case for
B.. O

S

Finally, we mention that one would like to consider value functionals on Wasserstein space that
are more general than those starting with the Wasserstein distance. One can still obtain such
functionals via mass transport by considering more general ballistic costs of the form

T
by(T, v, x) := inf {9(%7(0)) +/O Ly(t),7(t)) dt; v € 01([07T),M)}7 (137)

where g : M* x M — R is a suitable function.
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