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In this paper, the existence, uniqueness and regularity properties, Strichartz
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ear Schrodinger equations with general elliptic leading part is obtained.
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1. Introduction

Consider the multipoint Cauchy problem for nonlinear Schrodinger equa-
tions (NLS)

iOu+Lu+F(u)=0, z€ R", t€[0,T], (1.1)
u(0,2) = (x) + Zaku (Mg, x), for a.e. x € R™, (1.2)
k=1

where L is an elliptic operator defined by

L —22: e (1.3)
= @i Bxi(?xj’ ij ’ '

ij=1

m is a positive integer, ay are complex numbers, A\, € (0, T], F is a nonlinear
operator, C—denotes the set of complex numbers and u = u(¢, z) is the unknown
function. If F(u) = X|u[’u in (1.1) we get the multipoint Cauchy problem
nonlinear equation

i0wu+ Lu+ AufPu=0, z € R", t €[0,7], (1.4)
u(0,7) = ¢ (x) + Zaku()\k,x) for a.e. z € R",
k=1

where p € (1,00), A is a real number.

By rescaling the values of w it is possible to restrict attention to the cases A =
1 or A = —1. These call as the focusing and defocusing Schrédinger equations,
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respectively. The equation (1.1) also contain two critical case. These are the
mass-critical Schrédinger equation,

i@tu+Lu+/\|u|% =0, z€R", te|0,T],

which is associated with the conservation of mass,
2
M () = [ utta)} de
Rn

and the energy-critical Schrédinger equation (in dimensions n > 2),

O+ Lu+ \u|"-2 =0, z € R", t € [0,T], (1.5)
which is associated with the conservation of energy,
1 1 1 2n_
o) = [ |51 el (- 5) ol .
n

R'n.

where (Lu,u) denotes scalar product of Lu and w in L? (R™).

The existence of solutions and regularity properties of Cauchy problem for
NLS equations studied e.g in [2 — 10], [ 14, 16] and the references therein. In
contrast, to the mentioned above results we will study the existence, uniqueness
and the regularity properties of the multipoint Cauchy problem (1.1) — (1.2).

2. Definitions and background

Let LYL" ((a,b) x Q) denotes the space of strongly measurable functions that
are defined on the measurable set (a,b) x © with the norm

q

sha

b
I ligrsomen = | [ | [ 17wl as) ] 1<ar<oc.
a Q

Let £ denotes the Fourier transformation, &« = F v and

SER, £=(£,6,..,6,) €R", €7 =)¢,
k=1

[N

© = (1+1e8) "

S = S(R"™) denotes the Schwartz class, i.e. the space of all complex-valued
rapidly decreasing smooth functions on R"™ equipped with its usual topology
generated by seminorms. S(R™) denoted by just S. Let S’(R"™) denote the
space of all continuous linear operators, L : S — C, equipped with the bounded
convergence topology. Recall S(R™) is norm dense in LP(R™) when 1 < p < oo.
Let D’ () denote the class of generalized functions on  C R™. Consider



Sobolev space WP (R™) and homogeneous Sobolev spaces Weep (R™) defined
by respectively,
WP (R") = {u:u e S'(R"),

<00 o,
L?(R™)

Wer (R) = {us we 'R, fullopny = I1F 7 IEF ] oy < 00

_ LA
L G

Sometimes we use one and the same symbol C' without distinction in order
to denote positive constants which may differ from each other even in a single
context. When we want to specify the dependence of such a constant on a
parameter, say «, we write C,.

Let L is differential operator defined by (1.4).

Condition 2.1. Assume a;; = aj; and there are positive constants M; and

My such that M |¢]° < L(€) < My || for € = (&1,&y,...£,) € R, where

2

€ =& L =) aiil;
k=1

i,7=1

Definition 2.2. Consider the initial value problem (1.1) — (1.2) for ¢ €
Wer (R™). This problem is critical when s = s. := Z — 2, subcritical when
s > s., and supercritical when s < s.

We write a < b to indicate that a < Cb for some constant C', which is
permitted to depend on some parameters.

3
SIS

3. Dispersive and Strichartz type inequalities for linear Schrédinger
equation

Let the operator iL generates a continious Cy group e**(€). It can be shown
that the fundamental solution of the free Schrodinger equation

i+ Lu=0, t€[0,T], x € R" (3.1)

can be expressed as Uy, (t) = F e ie.

UL (t) f (x) = / UL (6) (z — ) f (4) dy. (3.2)
J.

Lemma 3.1.The following dispersive inequalities hold

105 @) Flizan S EETDNN L o (3.3)

1UL (¢t = 8) Fllpoe oy S 1= 5T F 102 (3.4)



for t #£0, 2 < p < oo, %—i—izl.
Proof. Indeed, by using Young’s integral inequality from (3.2) we get

(i1
102 (8) Fllzgerey S 17" 1ALy s (3.5)
IUL @) fllpoo(rmy S T2 (1 f L me) - (3.6)
Condition 3.1. Assume n > 1,
2
S+t <z 2<qr <00 and (n, g 1) # (2 2, 00).
q T

Remark 3.1. If %—l—% = 5, then (g, r) is called sharp admissible, otherwise

(q, ) is called nonsharp admissible. Note in particular that when n > 2 the

2n
n——2

endpoint (2, is called sharp admissible.

For a space-time slab [0,T] x R™, we define the E—valued Strichartz norm

lullsory =" sup ullpopr(rxmn)>
(g,r) admissible
where S° ([0, T)) is the closure of test functions under this norm and N° ([0, T)
denotes the dual of S ([0,77]).
Assume H is an abstract Hilbert space and @ is a Hilbert space of function.
Suppose for each t € R an operator U (t): Q — L*(Q) obeys the following
estimates:

1 () Flygon < 1l (37)

for all £, © C R™ and all f € Q:
U () U () gll Loy S 1t =512 gl L1 oy (3.8)
060" O gllza S (141~ 57%) ol nzco (39)

for all t # s and all g € L. ().
For proving the main theorem of this section, we will use the following bi-
linear interpolation result (see [1], Section 3.13.5(b)).

Lemma 3.2. Assume Ag, A1, By, B1, Cy, C1 are Banach spaces and T is
a bilinear operator bounded from (Ag x By, Ap X B1, A1 X By ) into (Cy, Ch,
(1), respectively. Then whenever 0 < g, 7 < 6 < 1 are such that 1 < % + é
and 6 = 0p+ 601, the operator is bounded from

(AQ, Al) X (BQ, Bl)

Oopr 01qr

to (Co, Cl)@r .



By following [9, Theorem 1.2] we have:
Theorem 3.1. Assume U(t) obeys (3.8) and (3.9). Then the following
estimates are hold

10 @) Fllzzre < 171 (3.10)
H/U* (s) F(s)ds|| < HFHL;?'LT/ , (3.11)
Q xr
J 140 @ U 6 F (5)dslln S 1 (3.12)

s<t

for all sharp admissible exponent pairs (¢, 7), (¢,7). Furthermore, if the decay
hypothesis is strengthened to (3.9), then (3.10), (3.11) and (3.12) hold for all
admissible (g, r), (¢, 7).

Proof. The first step: Consider the nonendpoint case, i.e. (g, r) #

(2, %) and will show firstly, the estimates (3.10), (3.11). By duality, (3.10)

is equivalent to (3.11). By the TT* method, (3.11) is in turn equivalent to the
bilinear form estimate

[ [ @r .0t 6@ 1Py, Gy, 619

By symmetry it suffices to show the to the retarded version of (3.13)

T (F,G) S IF ]y Gl (3.14)

L'
where T (F, G) is the bilinear form defined by
1(7.6) = [ [We F ). 0) G 0)sie
s<t

By real interpolation between the bilinear form of (3.7) we get
(U ()" F (s), (U 0)" G )] S IF ()2 1G]l -
By using the bilinear form of (3.8) we have
(U ()" F(s),(U 1) G 1) < (3.15)

t—s| "% IE ()l L1 o) 1G Ol 11 () -

In a similar way, we obtain

(U ()" F (s),(U®)" G 1) < (3.16)

~

[t = 5" P CONE (9) L ) I1G Bl



where §(r,7) is given by

n n(l 1
F=——-1—-=-(-—=]. 3.17
pr) =5 2(r F) (3.17)
It is clear that B(r,7) < 0 when n > 2. In the sharp admissible case we have
1 1
- = _ﬂ(rv T)v

q
and (3.14) follows from (3.16) and the Hardy-Littlewood-Sobolev inequality
([20]) when ¢ > ¢'.
If we are assuming the truncated decay (3.9), then (3.16) can be improved
to

(U ())" F(s),(U 1) G 1) < (3.18)
(L4 [t =) PENE () 1y @) 1G Oy @
and now Young’s inequality gives (3.14) when
1 1
_B rT +=-> VR
in0) q q

i.e. (g,r) is nonsharp admissible. This concludes the proof of (3.10) and (3.11)
for nonendpoint case.
The second step; It remains to prove (3.10) and (3.11) for the endpoint

case, i.e. when
2n
,r)=12, —— ) ,n> 2.
(g, 7) ( n_2> n

It suffices to show (3.14). By decomposing T'(F,G) dyadically as Z T;(F,Q),

J
where the summation is over the integers Z and

T, (F,G) = / (U ()" F (s), (U (1) G (£))dsdt (3.19)

t—21-1<s<t—27
we see that it suffices to prove the estimate
Z |Tj(Fa G)| < ||F||L$L;’(H) ||G||L$L;’ : (3.20)
J
For this aim, before we will show the following estimate
IT5(F,G)| S 2777 [P oo G| 2y (3.21)

for all j € Z and all (2, 1) in a neighborhood of (%, 1). For proving (3.21) we
will use the real interpolation of Lebesque space and sequence spaces [ (see e.g

[15], § 1.18.2 ). Indeed, by [15, § 1.18.4.] we have
(L7LPe, L7LEY), , = L7LR? (3.22)



whenever po, p1 € [1,0], po # p1 and % = 1;09 + p% and (138,138)y = 3 for so,
s1 € R, sg # s1 and

1 1-6 0

- + —,

S So S1

where
1
) q
Ip=<Su= {’U/j};.il ,uj € C, HU”zg = Z2qu ui|* | < o0

j=1

By (3.22) the estimate (3.21) can be rewritten as
T:L2LY x L2LY — 15e) (3.23)

where T' = {7} is the vector-valued bilinear operator corresponding to the 7.
We apply Lemma 3.2 to (3.23) with » = 1, p = ¢ = 2 and arbitrary exponents
ap, ai, bo, bl such that

B (ao,b1) = B (a1, bo) # B (ao, bo) -
Using the real interpolation space identities we obtain
T: L2 x L2LY% — i)Y

for all (a,b) in a neighborhood of (r,r). Applying this to a = b = r and using
the fact that L™ C L™ we obtain

’ ’
T:L2L%2 x L2Lb2 = 19

which implies (3.21).
Consider the multipoint Cauchy problem for forced Schrodinger equation

iOwu+Lu=F, te[0,T], z € R", (3.24)

u (to, ) zgo(x)—i—Zaku()\k,x), zeR", ty, N €10, T), A > to.
k=1

We are now ready to state the standard Strichartz estimates:

Lemma 3.3. Assume the Condition 2.1 are satisfied, ¢ € W7 (R") for
7= % andpe [1,00]. Then problem (3.24) has a unique generalized solution.

Proof. By using the Fourier transform we get from (3.24) :

ity (4,€) + L () a (t,6) = F (t,€),

0(0,6) =@ (&) + Y ot (M, &), for ae. £ € R". (3.25)
k=1



where 4 (t,€) is a Fourier transform of u (¢, z) with respect to z.
Consider the problem

iy (8,€) =L (&) (t,6) = F (1,€), (3.26)
@ (0,8) =ug(§), £E€R™, t€][0,T],

where ug (§) € C for £ € R™. By Condition 2.1 and by [11, § 1.10, § 4.1], iL (&)
is a generator of a strongly continuous Cy semigroups Up (¢, & =) e**2(€) and
the Cauchy problem (3.26) has a unique solution for all £ € R™, moreover, the
solution can be expressed as

(L, €) = O (6) + /e”L@\t-T\ﬁ (1.€)dr, t € (0,T). (3.27)

to

Using the formula (3.27) and the condition (3.25) we get

uo (&) = ¢ (&) + Y owlUr (A, €) uo () + (3.28)
k=1
m A
Zoék/UL Mg — T, {)F(T &dr, 7€ (0,T).
k=1 Y,

From (3.27) and (3.28) we obtain that the solution of problem (3.25) can be
expressed as:

() =UL (£ ¢(€) + Y axlUr (A, &) uo (&) + (3.29)
k=1
Ak t
a U, M — 71,8 F(r,8)dr + [ UL (t —7,8) F (1,6)dr, 7€ (0,T).

Then the solution of the problem (3.24) will be expressed as the following
formula:

u(t,z) =V (t)p(x)+ Z oV (t,2) + Z axGy (t, ) + Go (t,2) ,

k=1 k=1
where
V(t)=F UL (68 @), Vi(t,z)=F " [Ur (0, €)@ (6], (3.30)
Ak
Gy (t,x) =F " [/UL Ao — 7,8 F (r,8)dr



t

Go (t,a) = £~ /UL (t—7.6) F (r,6)dr
to
Theorem 3.2. Assume the Conditions 2.1 and 3.1 are satisfied. Let 0 <
s<1,¢e€W2(R"), FeNO ([O,T];WS*Q (R”)) and let u : [0,T] x R" — C
be a solution to (3.24). Then
v UHSO([O,T]) + H|V|SUHCO([O,T};U(Rn)) < (3.31)
VI @l L2 rey + IV Fllyogo. ) -

Proof. Let 2 < q,r,q,7 < oo with
2 n 2
¢ r g

If n = 2, we also require that ¢, ¢ > 2. Consider first, the nonendpoint case.
By Lemma 3.3 the problem has a solution. The linear operators in (3.10) and
(3.11) are adjoint of one another; thus, by the method of TT™* both will follow
once we prove

/ U(t-s)F(s)ds| S I1Fllep, - (3.32)
s<t LiLr

Apply Theorem 3.1 with @ = L2 (R") = L2. The energy estiamate (3.10):
102 @) Fllzz S 16l

follows from Plancherel’s theorem, the untruncated decay estimate
1UL (6= 5) Fllz S 1= sl 2 11Fs

and explicit representation of the Schrodinger evolution operator Uy (t) f (x).
In view of (3.30), due to properties gropes Uy, (t) and by the dispersive estimate
(3.4) we have

05 [ 10L& = 9)dsln [P (s)ds 5 [ 1= s 70 [P (s)] s,
s<t R
where
o= /UL(t—s)F(s)ds.
s<t

Moreover, from above estimate by the Hardy-Littlewood-Sobolev inequality,
we get

_p(i_1
90 pp ey | [ 1=l D Gl ds| 5 339
R Li(R)



||F||L;“L;’ )

where
1 1 1 1 «

@ ¢ p 2 n
The argument just presented also covers (3.33) in the case ¢ = ¢, r = 7. It
allows to consider the estimate in dualized form:

| [ [wete=9F@).c00s| S1Fy, Gy @30
s<t
when
1_1 11w
@ 4 p 2 n
The case § = oo, 7 = 2 follows from (3.33), i.e.
K| [vu-9F@ds| 161, 5 (3.35)
s<t L2

1Fl o oy 1G] g e

where

K= //(UL(t—s)F(s),G(t)>ds .
s<t
From (3.3.5) we obtain the esimate (3.34) when s = 0. The general case is
obtained by using the same argument.
Now, consider the endpoint case, i.e. (q,7) = (2, %) It is suffices to show

the following estimates

1L () @lsr S Iellyesgan (3.36)
UL (t)SDHCO(Lg) < ||(p||WS’2(R")7 (3.37)
June-9F©ds|  SIFly,. (3.35)
s<t Lng
/ Ur(t—s)F(s)ds < ||F||L2/L;, . (3.39)
s<t coL?

Indeed, applying Theorem 3.1 for

Q=1L (R"),U(t) = X[o,T]UL (t)

10



with the energy estimate

U @) Fllzmmy S Nl L2mmy

which follows from Plancherel’s theorem, the untruncated decay estimate (3.8)
and by using of Lemma 3.1 we obtain the estimates (3.36) and (3.38). Let us
temporarily replace the C?L2 norm in estimates (3.36), (3.38) by the L{°L2.
Then, all of the above the estimates will follow from Theorem 3.1, once we show
that U (t) obeys the energy estimate (3.7) and the truncated decay estimate
(3.9). The estimate (3.7) is obtain immediate from Plancherel’s theorem, and
(3.9) follows in a similar way as in [13, p. 223-224]. To show that the operator

GF (t) = /UL(t—s)F(s)ds

s<t

is continuous in L? (R™), we use the the identity
GF (t+¢) =U (&) GF (t) + G (g F) ()

the continuity of U (g) as an operator on L? (R™), and the fact that

Li'rLr

@

HXWH}F} ,—+0ase—0.

From the estimates (3.36) — (3.39) we obtain (3.31) for endpoint case.

4. Strichartz type estimates for solution to nonlinear Schrodinger
equation

Consider the multipoint initial-value problem (1.1) — (1.2).
Condition 4.1. Assume that the function F : C — C is continuously
differentiable and obeys the power type estimates

F(u) =0 (lu"*?), Fu(w) = O (luf"), (4.1)

F, (v) = F, (w) =0 (|u — qmin{pld |w|max{0’1’—1}) (4.2)

for some p > 0, where F, (u) denotes the derivative of operator function F' with
respect to w.
From (4.1) we obtain

|F (u) = F ()] < |lu—=v| (Jul” + [v[*) . (4.3)
Remark 4.1. The model example of a nonlinearity obeying the conditions

above is F(u) = |ul’ u, p € (1, 00) for which the critical homogeneous Sobolev

space is Wi=? (R") with s, := § — 2.

11



Definition 4.1. A function F' : [0,7]x R™ — C is called a (strong) solution
to (1.1) — (1.2) if it lies in the class

np(p+2)

cy (10,715 W (R") N ¥ L. ([0, 7] x R™)

and obey:

ut,z) =V ()o@ + > arVi (o) + Y oGy (t,z) + Go (t,z),  (44)
k=1 k=1

where

V() =F UL (6@ O], Vi(te)=F UL (€)@ (6)],

Ak
Gy (t,x)=F* /UL (Ao — 7,8 F (,€)dr |, (4.5)
to
t
Go(t,x)=rF"" /UL (t—7,6)F(r,8)dr
to
We say that u is a global solution if T' = oo.

Let B (z,9) denotes the boll in R™ centered in z with radius é and M denote
the Hardy-Littlewood type maximal operator that is defined as:

M (@) =suplu (B 0) " [ 1f wldy,
~ B(z,0)
For proving the main result of this section we need the following:

Proposition 4.1 [12](Ch.2, § 1, Theorem 1) Let 1 < p < 00, 1 < ¢ < o0.
Then there exists a constant C' (p, g) such that for all {f}, 5, € L? (R") one has

<C(p,q) H{f}kzo‘

[ersymey

Lr(R™) Lr(R™;lq)

Lemma 4.1 [4, Proposition 3.1]. Assume F € C™ (R). Suppose a €
(0,1), 1 <p,qg,r<oo and r~! =pt 4 ¢ 1. Ifue L*(R), D% € L (R)
and F’ (u) € L? (R), then D* (F (u)) € L" (R) and

D% (F ()l gy S IF (@)l oy 1Dl Loy -

Theorem 4.1. Assume the Conditons 2.1, 3.1, 4.1 are satisfied. Let 0 <
s<1, ¢ W2 (R") and n > 1. Then there exists n, = 1, (n) > 0 such that if
0 < n < ny such that

H|V|S UL (t) ¢||Lf+2Lg([O7T]XRn) <n, (4.5)

12



then here exists a unique solution u to (1.1) — (1.2) on [0,7] x R™. Moreover,
the following estimates hold

|||V|S ULu||Lf+2Lg([O,T]><R") < 277, (46)

1vI° UHSO([O,T]an) + ||U||00([0,T];Ws,2(3n)) Sve <P||L§(Rn) +' P (47)

2n(p+2)
2(n—2)+np
Proof. We apply the standard fixed point argument. More precisely, using
the Strichartz estimates (3.31), we will show that the solution map u — ®(u)

defined by (4.4) — (4.5) is a contraction on the set By N By under the metric
given by

||u||50([o,T]an;H) S ||90||L§(R";H) ,r=r(pn)= (4.8)

d (U, ’U) = ||’LL — U||Lf+2L;([O,T]><R") )
where

By = {u e W% = LEW:?([0,T] x R") :
el s < 2 el zerzny + C () (20) ¥},
By = {u e wrttser — LPPwier ((0,7) < R") ;

I\ u||Lf+zL;([OﬁT]XRn) < 2n, ||U||Lf+2L;([o,T]an) <20 (n) ||9"||L§(R”)}’

here C(n) denotes the constant from the Strichartz inequality in (3.25).

Note that both B; and Bs are closed in this metric. Using the Strichartz
estimate (3.31), Proposition 4.1 and Sobolev embedding in fractional Sobolev
spaces [[15], § 2.3] we get that for u € By N Ba,

19 (Wl gowse2(0,11xrn) < llwee2gny +C () [(V)* F (W]

L§p+2)/(p+1)L;1 -

||<P||W;C’2(Rn) + C (n) H<V>SC’UJHLf+2Lg ||uHLf+2L:p(p+2)/4 <

1ellzes ny + C (1) (20 +2C W) 1l 2 (o) ) 1191 ll g2y, <

Illwze s (gmy + € () (204 2C () @l 2 ) ) (20)"

where

r T n 2n(p+2)
Lng = Lng ([O,T] X R ), rn =" (p,n) = m

Similarly,

1@ ()l per, < C () 2 esary + C ()l e, <

13



lollyse2(gmy +2C% (1) 10l L2y (20)°

Arguing as above and invoking (4.5), we obtain

V] @ (u)”Lf”Lg <n+Cn)|[[V]* e (u)||L§P+2>/(p+1)L;1 <

n+C(n)2n)"".

Thus, choosing 7, = 71, (n) sufficiently small, we see that for 0 < n < 5, the
function ® maps the set By N By to itself. To see that it is a contraction, we
repeat the computations above and use (4.4) to obtain

||F (u) — F(U)HLf+2L; < C (TL) ||F(’U,) - F(U)|‘L§p+2)/(p+1)L;1 <

O (m) @) u — )] ey -

Thus, choosing 1, = 7, (n) small enough, we can guarantee that is a con-
traction on the set By N By. By the contraction mapping theorem, it follows
that has a fixed point in By N By. Since ® maps into CY W22 ([0,T] x R") we
derive that the fixed point of @ is indeed a solution to (1.1) — (1.2).

In view of Definition 4.1, uniqueness follows from uniqueness in the contrac-
tion mapping theorem.
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