
Impact of the Rastall parameter on perfect fluid spheres

Sudan Hansraj,1, ∗ Ayan Banerjee,1, † and Phongpichit Channuie2, ‡

1Astrophysics and Cosmology Research Unit, University of KwaZulu Natal,
Private Bag X54001, Durban 4000, South Africa.

2School of Science, Walailak University, Nakhon Si Thammarat, 80160 Thailand.

We examine the effects of the Rastall parameter on the behaviour of spherically symmetric static
distributions of perfect fluid matter. It was claimed by Visser [Physics Letters B, 782, 83, (2018)]
that the Rastall proposition is completely equivalent to the Einstein theory. While many authors
have raised contrary arguments, our intention is to analyze the properties of Rastall gravity through
variation of the Rastall parameter in the context of perfect fluids spheres that may be used to model
neutron stars or cold fluid planets. This analysis also serves to counter the claim that Rastall gravity
is equivalent to the standard Einstein theory. It turns out that the condition of pressure isotropy is
exactly the same as for Einstein gravity and hence that any known solution of the Einstein equations
may be used to study the effects of the Rastall dynamical quantities. Moreover, by choosing the
well studied Tolman metrics, we discover that in the majority of cases there is substantial deviation
from the Einstein case when the Rastall parameter vanishes and in cases where the Einstein model
displays defective behaviour, certain Rastall models obey the well known elementary requirements
for physical plausibility. These empirical findings do not support the idea that Rastall theory is
equivalent to Einstein theory as several deviations in physical behavior are displayed as counter-
examples.
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I. INTRODUCTION

The accelerated expansion of the universe plays an im-
portant role in the dynamical history of our universe.
There exists strong evidence that the universe has passed
through an inflationary phase at early times and there
has been increasing substantiation of the late-time cos-
mic acceleration through a large variety of observational
data. Some of these include the Type-Ia supernovae [1],
Baryon Acoustic Oscillations [2] and the Wilkinson Mi-
crowave Anisotropy Probe (WMAP) in the Cosmic Mi-
crowave Background (CMB) [3]. What mysterious force
is actually responsible for the acceleration remains an
open and tantalizing question. To date, there is no
competing model of the standard theory that has ade-
quately addressed this problem and this situation moti-
vates the requirement for alternatives. Many suggestions
have been made, among which the Λ-cold-dark-matter
(ΛCDM) model has been widely applied to the interpre-
tation of a range of cosmologically-oriented observations.
Following this philosophy, several other models have been
proposed to incorporate the cosmic acceleration, namely,
generalizations of the Chaplygin gas, quintessence fields
and so-called tachyon models. A simple way to parame-
terize the dark energy model is to consider an equation
of state (EOS) ω = p/ρ; where p is the spatially homo-
geneous pressure and ρ is the dark energy density.

Another possibility requires the generalization of Ein-
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stein’s theory of gravity, that is, one starts from the
curvature description of gravity. Mainly, modifications
of gravity include models where the Einstein-Hilbert
Lagrangian is supplemented with additional curvature
terms (f(R,RµνR

µν , RµναβR
µναβ , G, ....). In particular,

the Gauss-Bonnet [4, 5] invariant G = R2 − 4RµνR
µν +

RµναβR
µναβ and is a special case of the more general

Lovelock polynomials [6, 7]. In this context, a class of
theories, called f(R)-gravity, where f(R) is a generic
function of the Ricci scalar R, plays an important role as
a modification of the Einstein-Hilbert gravitational La-
grangian density, first considered by [8]. As a result,
it attracted serious attention because of its greater geo-
metrical degrees of freedom instead of searching for new
material ingredients, and is further developed in [9–11].
Furthermore, there are also different classes of modified
gravity theories such as so-called f(R, T ) theories of grav-
ity, where R is the Ricci scalar and T is the trace of
the energy-momentum tensor have provided a number of
extremely interesting results on both cosmological [12–
20] and astrophysical [21–23] scales. These proposals are
considered as phenomenological motivations in terms of
compelling consequences, such as a violation of one or
more energy conditions, incompatible with the Newto-
nian regime.

From a mathematical point of view, modifications of
gravity were related to represent the gravitational field
behaviour near curvature singularities and possible to
create some first order approximation for the quantum
theory of gravitational fields. In the curvature-matter
gravity theory, when the covariant divergence of the
energy-momentum tensor is non-zero, matter and geom-
etry fields are coupled to each other in a non-minimal
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way. In this connection a specific application to the
modification of Einstein’s theory was proposed by P.
Rastall in 1972 [24, 25], where the covariant divergence
of energy-momentum tensor proportional to the covari-
ant divergence of the curvature scalar, i.e., Tµν;µ ∝ R;ν .
As a result, the non-minimal coupling leads to a mod-
ified general relativity theory. It should be mentioned
here that Rastall’s model has been initially motivated to
challenge the energy-momentum conservation law in the
curved spacetime without violating the Bianchi identi-
ties. Hence, in the weak field approximation, the usual
expressions are preserved.

Also, an important ingredient of the Rastall theory is
that the field equations are simpler than those of other
curvature-matter theories and are consequently easier
to investigate. Additionally, in confronting the data,
Batista et al. [26] studied cosmological scenarios based
on the Rastall proposal (Rastall Cosmology) with the as-
sumption of a two-fluid model, one component represents
vacuum energy whereas the other pressure-less matter
(dust). In order to establish such a new gravitational
theory, it is important to study the construction of as-
trophysical models also. For example, by special setting
of the parameters of the Rastall theory, particular rotat-
ing and non-black hole solutions were conducted [27–29].
The structure of neutron stars in Rastall modification of
gravity was investigated in refs [30]. Recently, Morad-
pour and Salako [31] studied thermodynamic properties
of static spherically symmetric field equations in Rastall
theory and also in flat FLRW universe [32]. A study
regarding the asymptotically flat traversable wormhole
solutions has been studied in Ref. [33].

The exact analytic solutions of the Einstein field equa-
tions in GR have provided a number of important re-
sults ranging from singularity free interior solutions to
the physical understanding of relativistic phenomena.
The physical processes are governed by sets of physical
variables yielding an outnumber of the independent field
equations. For this reason many investigators have pur-
sued a variety of techniques to obtain exact solutions.
To date the number of solutions is large [34] and grow-
ing, but among them only few solutions are physically
valid and satisfy some basic requirements such as regu-
larity within the interior, existence of a vanishing pres-
sure boundary surface, energy conditions, causality, etc.
The review written by Delgaty and Lake [35] of over
130 solutions reveals that only nine could be classified as
physically relevances satisfying elementary physical con-
ditions.

An important motivation for this empirical investiga-
tion is to question the claim of Visser [36] that the 45
year old Rastall theory of gravity is nothing more than
the Einstein equations in different garb. In Rastall theory
the divergence of the energy momentum tensor is propor-
tional to the derivative of the Ricci scalar. In GR this
divergence vanishes by the Ostrogradsky’s theorem. It is
therefore difficult to see mathematically how the deriva-
tive of the general Ricci scalar can be diffeomorphic to

zero in general. Visser demonstrates that the geometri-
cal part of the field equations are identical. There is no
issue with this conclusion and we show in this article that
the equation of pressure isotropy for Rastall theory and
general relativity are identical meaning that the metric
potentials for both theories are identical. Then Visser
asserts that the energy momentum tensor representing
the matter sector is composed of a modified conserved
quantity which is essentially split up in two parts each
of which is not independently conserved. It is clear that
the modified energy momentum tensor does not corre-
spond to a classical perfect fluid. In addition Visser does
not offer any experimental method to determine which
energy momentum tensor is the physically correct one.
The matter has been adequately dealt with by Darabi
et al [37] who have shown that the incorrect energy mo-
mentum tensor was alluded to by Visser. In the present
article we consider, as a simple counter-example, the fa-
mous Schwarzschild interior metric and show that while
this metric yields an incompressible fluid sphere (con-
stant density) in general relativity, the model in Rastall
theory using the exact same metric does not display con-
stant density but is a variable quantity dependent on the
radial value. The question of what metric generates a
constant density fluid in the Rastall theory remains open.
The governing system of nonlinear differential equations
have proved to be intractable at this point in time. In
this paper, we are going to study the behaviour of well
known stellar models obtained by Tolman [38] within the
context of Rastall theory with a view to showing how
these models deviate from general relativity. Indeed in
not a few cases, we find that the Rastall model displays
features consistent with physical reality as opposed to its
counterpart general relativity.

The plan of the paper is as follows: We introduce a
brief review of Rastall gravity in Section II. We derive the
field equation evolution of perfect fluid matter in Rastall
theory in Section III. In the next section, after referring
to the Rastall theory we study all Tolman solutions, and
examine the dynamical properties between Einstein the-
ory and Rastall theory in Section IV. Finally we conclude
in the last section.

II. THE RASTALL THEORY OF GRAVITY

Here, we start from the short introduction to Rastall
theory of gravity, which was introduced by P. Rastall
[24, 25]. The starting point of this hypothesis lying on
the fact that T ab;b 6= 0, i.e., the usual conservation law of
the energy momentum tensor does not hold. Based on
the Rastall’s theory the energy momentum tensor can be
determined as

Tµν;µ = αR;ν , (1)

where R is Ricci scalar, and the Rastall parameter α
which quantifies the deviation from the Einstein theory of
General Relativity (GR). Thus, a non-minimal coupling
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of matter fields to geometry is considered such that the
usual conservation law is recovered in the flat spacetime,
which leads to the modification of Einstein’s tensor as

Gµν + γgµνR = κTgab, (2)

where γ = kα and k is the Rastall gravitational coupling
constant. Eventually, one can express the above equation
in the following form

Gµν = κT eff
µν , (3)

where T eff
µν is the effective energy-momentum tensor de-

fined as

T eff
µν = Tµν −

γT

4γ − 1
gµν . (4)

The expression for T eff
µν is given by [33]

S0
0 ≡ −ρeff = − (3γ − 1)ρ+ γ(pr + 2pt)

4γ − 1
, (5)

S1
1 ≡ peff

r =
(3γ − 1)pr + γ(ρ− 2pt)

4γ − 1
, (6)

S2
2 = S3

3 ≡ peff
t =

(2γ − 1)pt + γ(ρ− pr)
4γ − 1

, (7)

where ρ is the energy density, pr and pt are the radial
and tangential pressures, respectively which are in gen-
eral different (pr 6= pt). It is to be noted that the energy-
momentum tensor is conserved when α → 0 as in the
case of general relativity. Also, for a traceless energy-
momentum source, such as the electromagnetic source,
the Eq. (3), leads to T eff

µν = Tµν , and it benefits from the
fact that standard Einstein gravity is again recovered. In
this regard, the Einstein solutions for T = 0, or equiv-
alently R = 0, are also valid in the Rastall theory of κ.
Another aspect which we should note from the definitions

of the Newtonian limit is that the Rastall parameter α
and gravitational coupling constant κ diverge at γ = 1/4
and γ = 1/6, respectively, which does not conform to
physical reality [33].

Indeed, it is more commonly assumed that κ = 1, then
γ = α = 1, which is what we are assuming here in this
system of units. Now that the units have been clarified
the Rastall field Eqs. (3) and (4), may be written as

Gµν = Tµν −
αT

4α− 1
gµν , (8)

Note that when one sets α to zero, one gets the original
TOV equations for general relativistic quantities.

III. FIELD EQUATIONS

In order to facilitate a direct comparison with the work
of Tolman, we follow his conventions. We begin with the
static spherically symmetric metric in Schwarzschild-like
coordinates (t, r, θ, φ), which is given by the following
line element

ds2 = −eν(r) dt2 + eλ(r)dr2 + r2(dθ2 + sin2 θ dφ2), (9)
where the gravitational potentials ν and λ are functions
of the radial coordinate r only. We utilise a comov-
ing fluid 4-velocity ua = e−ν/2δa0 and consider a per-
fect fluid source with energy momentum tensor Tµν =
(ρ+ p)uµuν + pgµν , where the Greek indices µ and ν run
from 0 to 3. Here the quantity ρ is the energy-density
and p is the isotropic pressure, respectively.

Substituting the non-vanishing trace part of the total
energy-momentum tensor into Eq. (4), and re-organizing
the resulting terms we end up with the following effective
set of the Rastall field equations

(4α− 1)e−λ

r2

(
1− rλ′ + eλ

)
= −3αp− (3α− 1)ρ, (10)

(4α− 1)e−λ

r2

(
1 + rν′ − eλ

)
= (α− 1)p+ αρ, (11)

r2(2ν′′ + ν′2 + ν′λ′)− 2r(ν′ + λ′) + 4(eλ − 1) = 0. (12)

where Eq.(12) is the equation of pressure isotropy iden-
tical to that of standard Einstein theory. This means
that any of the roughly 120 exact solutions reported in
the literature may be used to study the Rastall theory
of gravity in the case of compact objects. The energy
density and pessure may be expressed independently as

ρ =
e−λ

r2
(−λ1 − (α− 1)rλ′ + 3αrν′) , (13)

p =
e−λ

r2
(λ1 + αrλ′ − (3α− 1)rν′) . (14)

where we have defined a new variable λ1 = (4α−1)(eλ−
1). Note that the inertial mass density ρ+ p is given by

ρ+ p =
e−λ(ν′ + λ′)

r
(15)

which is independent of the Rastall parameter, α.
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IV. THE TOLMAN SOLUTIONS

In the present study we have three independent field
equations mentioned above, with four unknowns λ, ν, ρ
and p, as functions of r as in the standard theory. A
promising avenue to solve the system of equations, Tol-
man [38] developed a method to obtain an exact ana-
lytic solution to the spherically symmetric, static Ein-
stein equations with a perfect fluid source, in terms of
known analytic functions. Specifically, we proceed the
same approach, and derive all the Tolman Solutions in
Rastall gravity, in order to compare with general relativ-
ity. The entire analysis has been performed to examine
the behaviour of the energy density, pressure, velocity of
sound and figure out possible the mass profile. Note also
that it is customary to neglect the cosmological constant
in astrophysical scales.

A. Tolman I metric (Einstein Universe)

Tolman commenced with Einstein’s assumption of a
constant temporal potential: eν = const. = c2 for some
constant c. The remaining metric potential is then found
to be eλ = 1

1− r2

R2

where R is another constant. Ac-

cordingly the dynamical quantities show ρ = 3
R2 and

p = − 1
R2 .

In Rastall gravity the density and pressure are calcu-
lated as ρ = 3−6α

R2 and p = 6α−1
R2 . Positivity of both

demands 1
6 < α < 1

2 . The energy conditions assume the

forms ρ − p = 4−12α
R2 , ρ + p = 2

R2 and ρ + 3p = 12α
R2 .

Ensuring these quantities remain positive yields α as
1
6 < α < 1

3 . The mass function is then determined as

M = (1−2α)r3

R2 and its positivity is guaranteed through

α < 1
2 . In view of the unrealistic constant density and

pressure, there is little value in studying this case further.

B. Tolman II metric (Schwarzschild–de Sitter)

With the prescription e−λ−ν = constant Tolman ob-

tained the potentials eλ =
(

1− 2m
r −

r2

R2

)−1

and eν =

c2
(

1− 2m
r −

r2

R2

)
. The density and pressure emerge as

ρ = 3
R2 and p = − 3

R2 . The equation of state ρ+ p = 0 is
evident and this is characteristic of dark energy models.

The situation in Rastall theory is similar. The density

and pressure are found to be ρ = 3−12α
R2 and p = 3(4α−1)

R2

respectively. The weak and dominant energy conditions

yield ρ− p = 6(1−4α)
R2 and ρ+ 3p = 6(4α−1)

R2 . Clearly both
cannot be simultaneously positive so there is a violation
of the basic energy conditions. The equation of state
ρ + p = 0 is still valid. The sound speed is meaningless

and the mass profile obeys M = (1−4α)r3

R2 . A positive

mass requires α < 1
4 . However, this causes a negative

pressure hence this case is not feasible in Rastall the-
ory. In the standard Einstein theory it represents the
gravitational field exterior to a spherical body with a
cosmological constant.

C. Tolman III metric: Schwarzschild Interior

Invoking the ansatz e−λ = 1 − r2

R2 Tolman obtained

the temporal potential as eν =

[
A−B

(
1− r2

R2

) 1
2

]2

. In

the Rastall framework, the density and pressure have the
forms

ρ = ζ−1
(

3(1− 2α)AR2

√
1− r2

R2

−3(4α− 1)B
(
r2 −R2

) )
, (16)

p = ζ−1
(

(6α− 1)AR2

√
1− r2

R2

+3(4α− 1)B
(
r2 −R2

) )
, (17)

where we have defined ζ = AR4
√

1− r2

R2 +

BR2
(
r2 −R2

)
. Observe that the energy density does

not yield the compressible (constant density) fluid sphere
as is the case in standard Einstein theory. This demon-
strates a deviation of Rastall theory from the standard
general relativity. The expressions governing the energy
conditions are given by

ρ− p = ζ−1
1

(
4(1− 3α)AR2

√
1− r2

R2

−6(4α− 1)B
(
r2 −R2

) )
, (18)

ρ+ p = ζ−1
2

(
2A

√
1− r2

R2

)
, (19)

ρ+ 3p = ζ−1
1

(
12αAR2

√
1− r2

R2

+6(4α− 1)B
(
r2 −R2

) )
. (20)

where we have defined new variables: ζ1 =

AR4
√

1− r2

R2 +BR2
(
r2 −R2

)
and ζ2 = AR2

√
1− r2

R2 +

B
(
r2 −R2

)
. The square of sound-speed evaluates to a

constant

dp

dρ
=

1

3α
− 1, (21)

and constrains α to 1
6 < α < 1

3 . Note that in general rel-
ativity the sound speed is infinite in view of the constant
density, however, in contrast the Rastall theory supports
a subluminal fluid congruence. The gravitational mass
has the form
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m = 3

2αA2r

B2
+

2αA2R2β3

B3
√
r2 −R2

+
αARΠ3

B3
− 2αA2R

√
A2 −B2γ3

B3
+
αAr

√
1− r2

R2

B
− (4α− 1)r3

3R2

 . (22)

Note we have used the notations

0.2 0.4 0.6 0.8 1.0

-200

200

400

600

FIG. 1: Plot of energy density (ρ) versus radius (r): Tolman III

β3 =
√
A2 −B2

√
1− r2

R2 tanh−1
(

Ar√
A2−B2

√
r2−R2

)
, γ3 =

tan−1
(

Br
R
√
A2−B2

)
, and Π3 =

(
2A2 −B2

)
sin−1

(
r
R

)
for

simplicity. We observe the richer behavior in the Rastall
version of the physical quantities compared to the Ein-
stein one. In particular, note that the density is not
constant in general for these metric potentials compared
with the standard theory. The results of the standard
case are regained for α = 0. For a comparative analy-
sis of the impact of the Rastall parameter, we make plots
for graphical illustrations. Throughout this work, a thick
solid line represents the Einstein case, while the other
curves correspond to different values of α as follows: dot-
ted (α = 0.25), dashed (α = 0.5), dotted-dashed (α = 2)
and thin line (α = −2). The question of what metric gen-
erates a constant density fluid sphere in Rastall gravity
is still open and will be addressed in a different article.

0.2 0.4 0.6 0.8 1.0

-500

500

FIG. 2: Plot of pressure (p) versus radius (r): Tolman III

0.2 0.4 0.6 0.8 1.0

-1.0

-0.5

FIG. 3: Sound speed versus radius (r): Tolman III

Fig. 1 depicts the familiar constant energy density of
the Schwarzschild interior solution. However, the Rastall
model displays distinct behaviours which exhibit mono-
tonically decreasing functions for positive α. The pres-
sure is shown in Fig. 2. We observe that the Einstein and
two Rastall cases show similar behaviour for α = 0.25 and
−2. Note that the curves reach a zero pressure surface
for some radial value. The sound speed is causal for the
Rastall case α = 2 while it is infinite in the Einstein the-
ory. Figs. 4, 5, 6 show the energy conditions. The Ein-
stein case violates the weak energy condition, while some
Rastall cases satisfy all energy conditions. The mass pro-
files in Fig 7 are suitable in all models except one Rastall
case in which the mass is negative.
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FIG. 4: Weak energy condition versus radius (r): Tolman III
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FIG. 5: Strong energy condition versus radius (r): Tolman III
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FIG. 6: Dominant energy condition versus radius (r): Tolman III
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FIG. 7: Mass versus radius (r): Tolman III

D. Tolman IV metric

The assumption eνν′

2r = const. generated the metric
potentials

eλ =
1 + 2r2

A2(
1 + r2

A2

) (
1− r2

R2

) ,
eν = B2

(
1 +

r2

A2

)
, (23)

where A, B and R are constants. Within the framework
of the Rastall theory the dynamical quantities are given
by

ρ = V −1
(

(3− 6α)A4 +A2
(
(7− 22α)r2 + 3R2

)
+2r2

(
(3− 12α)r2 + (2α+ 1)R2

) )
, (24)

and

p = V −1
(

(6α− 1)A4 +A2
(
(22α− 5)r2 +R2

)
+2r2

(
3(4α− 1)r2 + (1− 2α)R2

) )
, (25)

where we have defined V = R2
(
A2 + 2r2

)2
. The sound

speed squared has the form

dp

dρ
=

(2α+ 1)A2 + 2(1− 2α)r2

(5− 2α)A2 + 2(2α+ 1)r2
, (26)

while the energy conditions are
6



ρ− p = V −1
(

2
(

(2− 6α)A4 +A2
(
(6− 22α)r2 +R2

)
+ (6− 24α)r4 + 4αr2R2

))
, (27)

ρ+ p = V −1
(

2
(
A2 + r2

) (
A2 + 2R2

) )
, (28)

ρ+ 3p = V −1
(

2
(

6αA4 +A2
(
(22α− 4)r2 + 3R2

)
+ 2r2

(
3(4α− 1)r2 − 2(α− 1)R2

) ))
. (29)

0.5 1.0 1.5 2.0

-2

2

4

6

FIG. 8: Plot of energy density (ρ) versus radius (r): Tolman IV

The stellar mass varies as the function

m(r) = V −1
1

(
6αA4r +A2

(
12αrR2 − 8(α− 1)r3

)
−3
√

2αAw + 8r3
(
(1− 4α)r2 + (2α+ 1)R2

) )
, (30)

in geometric units and where we have de-
fined V1 = 8R2(A2 + r2) and w(r) = A2 +

2r2
(
A2 + 2R2

)
tan−1

(√
2r
A

)
. We have utilised the

parameter values A = B = 1 and R = 2 to generate the
plots in Mathematica XI [39].
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FIG. 9: Plot of pressure (p) versus radius (r): Tolman IV

0.5 1.0 1.5 2.0

-1.5

-1.0

-0.5

0.5

1.0

1.5

FIG. 10: Sound speed versus radius (r): Tolman IV

For this case, it is noted that the Einstein model is
very well behaved. There exists a pressure free surface at
r = 1 geometric units and within this bound (Fig 9), the
density (Fig 8) and energy expressions (Fig 10, 11, 12) are
all positive. The sound speed (Fig 10) is causal having
a value between 0 and unity. It is not easy to integrate
out the mass function explicitly. It must also be observed
that for all Rastall parameters except α = −2, generally
pleasing physical behaviour is evident. While some of the
Rastall models are superluminal in certain regions where
the case α = 0.25 and 2 satisfy the causality criterion at
all points in the interior.
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FIG. 11: Weak energy condition versus radius (r): Tolman IV
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FIG. 12: Strong energy condition versus radius (r): Tolman IV
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FIG. 13: Dominant energy condition versus radius (r): Tolman
IV

E. Tolman V metric

In this case, Tolman assumes ev = const.r2n which
generates the potentials of the form:

eλ =
1 + 2n− n2

1− (1 + 2n− n2)
(
r
R

)N and eν = B2r2n,

(31)

where n, N =
2(1+2n−n2)

n+1 , R and B are constants. The
dynamical quantities in Rastall gravity take the form

ρ =

(v + 1)

(
− 2(α−1)(n2−2n−1)v

(n+1)(v+1) + (4α− 1)
(

1− −n
2+2n+1
v+1

)
+ 6αn

)
(−n2 + 2n+ 1) r2

, (32)

p =

(v + 1)

(
2α(n2−2n−1)v

(n+1)(v+1) + (4α− 1)
(
−n2+2n+1

v+1 − 1
)

+ (2− 6α)n

)
(−n2 + 2n+ 1) r2

, (33)

where v =
(
n2 − 2n− 1

) (
r
R

)−2n2+4n+2
n+1 . The sound speed squared is given by

8



dp

dρ
= W−1

2

(
− 2(2α− 1)n5w1 − (2α+ 3)n4w1 + 2α (w2 − 3w1) + 2n2 (−3αw2 + w2 + w1)

+n (w2 − 20αw1 + 4w1) + n3 (−4α (w2 − 8w1) + w2 − 6w1) + w1

)
, (34)

W2 =
(

2(2α+ 1)n5w1 + (2α− 11)n4w1 − 2αw2 + 6n2 (αw2 + w1) + n (3w2 + 20αw1 − 8w1)

+2w2 + n3 (4α (w2 − 8w1)− w2 + 14w1) + 6αw1 − 3w1

)
, (35)

where we have defined a new variable W2 and w1 =(
r
R

) 4n+2
n+1 and w2 =

(
r
R

) 2n2

n+1 . The expressions governing

the energy conditions assume the forms

ρ− p = −W−1
1

(
2
(

4αn4w1 + n2 (2α (w2 − 13w1) + 6w1) + n (−2α (w2 + 13w1) + w2 + 8w1)

+n3 (4αw2 − w2 + 6αw1 − 4w1)− 2(3α− 1)w1

))
, (36)

ρ+ p = −

(
2
(

2n4w1 − 5n3w1 + n2 (w2 − w1) + n (w2 + 3w1) + w1

))
, (37)

ρ+ 3p =

(
2
(

4(α− 1)n4w1 − n
(

2α (w2 + 13w1) + w2 − 2w1

)
+ 2n2

(
α (w2 − 13w1)

−w2 + 4w1

)
+ n3 (4αw2 − w2 + 6αw1 + 6w1)− 6αw1

))
, (38)

where we have defined W1 = (n+ 1)w2

(
n2 − 2n− 1

)
r2;

while the gravitational mass shows

m(r)= W−1
(
n(n− 3)r(−2α+ (4α− 1)n+ 2)w2

−
((
n2 − 2n− 1

)
r(6α+ 2αn+ n− 3)w1

) )
,(39)

where we have defined W = w2(−n2+2n+1)(n−3). The
plots have been constructed using the parameter values
n = 2, B = 1 and R = 2. Tolman’s choice n = 1

2 did not
generate physically reasonable plots and was accordingly
abandoned.
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FIG. 14: Energy density (ρ) versus radius (r): Tolman V

For this Tolman model, causality (Fig 16) and weak
energy (Fig 17) violation emerge within the distribution
in the Einstein case. The energy density (Fig 14) and
pressure (Fig 15) are reasonably behaved, with a surface
of vanishing pressure. What is interesting in this model
is that the Rastall case α = 0.25 conforms to all the
elementary physical demands including consistent sub-

9
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FIG. 15: Pressure (p) versus radius (r): Tolman V

0.5 1.0 1.5 2.0

-4

-2

2

4

FIG. 16: Sound speed versus radius (r): Tolman V

luminal behaviour as shown in Fig 16. All the energy
conditions are also satisfied (Fig 17, 18, 19). This ex-
hibits a case where the Rastall sphere bears a greater
resemblance to physical reality similar to that the Ein-
stein sphere. This case is noteworthy in demonstrating
the deviation of Rastall theory from general relativity in
light of the physical behaviour evident. Clear the Rastall
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FIG. 17: Weak energy condition versus radius (r): Tolman V
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FIG. 18: Strong energy condition versus radius (r): Tolman V
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FIG. 19: Dominant energy condition versus radius (r): Tolman
V

parameter is a useful mathematical handle to correct the
shortcomings in the associated general relativity version
and this lends credence to our concerns about the claim of
Visser that both theories are equivalent. The qualitative
evidence in this case does not support that conclusion
from a physical perspective.

F. Tolman VI metric

The prescription e−λ = const. = 1
2−n2 , n a constant,

produces the temporal potential eν =
(
Ar1−n −Brn+1

)2
where A and B are integration constants.

In the context of Rastall theory, the dynamical quan-
tities assume the forms

ρ =
1

(n2 − 2) r2 (A−Br2n)
×(

A
(
− 2α+ (1− 4α)n2 + 6αn− 1

)
+B(n+ 1)(2α+ (4α− 1)n+ 1)r2n

)
, (40)

10
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FIG. 20: Energy density (ρ) versus radius (r): Tolman VI

and

p =
A(n− 1)(β1 + 1)−B(n+ 1)(β2 − 1)r2n

(n2 − 2) r2 (A−Br2n)
, (41)

where we have put β1 = (−2α + (4α − 1)n) and β2 =
(2α+(4α−1)n). The sound speed parameter is given by

dp

dρ
= −Z +B2(n+ 1)(β2 − 1)r4n

Z +B2(n+ 1)(β2 + 1)r4n
, (42)

where we have defined

Z =A2(n− 1)(β1 + 1)

+2(2α− 1)AB
(
n2 − 1

)
r2n. (43)

The energy conditions may be studied with the help of
the expressions

ρ− p = −
2
(
A(n− 1)β1 −B(n+ 1)β2r

2n
)

(n2 − 2) r2 (A−Br2n)
(44)

ρ+ p =
2
(
A(n− 1) +B(n+ 1)r2n

)
(n2 − 2) r2 (A−Br2n)

(45)

ρ+ 3p =
2
(
A(n− 1)(β1 + 2)−B(n+ 1)(β2 − 2)r2n

)
(n2 − 2) r2 (A−Br2n)

(46)

while the mass behaviour given by

M =
1

n2 − 2

(
r
(

12αn 2F1

(
1,

1

2n
; 1 +

1

2n
;
Br2n

A

)

−(n+ 1)(2α+ (4α− 1)n+ 1)
))

, (47)

which is formulated in terms of the hypergeometric func-
tion 2F1. For special cases of n elementary functions
result.

In order to plot the various dynamical quantities we
have used the more general form of the Tolman ansatz
that is eλ = K for some constant K. The selected pa-
rameter values were A = B = 1 and K = 1.5.
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FIG. 21: Pressure (p) versus radius (r): Tolman VI
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FIG. 22: Sound speed versus radius (r): Tolman VI

We find that in the Einstein case the density (Fig 20)
is positive, while the pressure (Fig 21) is negative for the
same parameter values. This is not palatable when mod-
eling stars. Moreover, the sound speed (Fig 22) demon-
strates the existence of asymptotes - again these singular-
ities are not expected in regular distributions. In contrast
the Rastall case, α = 0.25 displays satisfactory physi-
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FIG. 23: Weak energy condition versus radius (r): Tolman VI
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FIG. 24: Strong energy condition versus radius (r): Tolman VI
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FIG. 25: Dominant energy condition versus radius (r): Tolman
VI

cal behavior. Density and pressure are positive, sound
speed obeys causality and the energy conditions (Fig 23,
24, 25) are satisfied. It is possible to obtain the mass
profile (Fig 26) explicitly only for the Einstein case and
evidently the mass varies linearly with increasing radius.
Here is another example where a Rastall fluid sphere is
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FIG. 26: Dominant energy condition versus radius (r): Tolman
VI

well behaved in comparison with its Einstein counterpart.
This case also serves as empirical evidence against the
Visser claim that the general relativistic models with en-
ergy conservation are equivalent physically to the Rastall
models which violate energy conservation although they
satisfy the basic energy conditions.

G. Extended Tolman VII metric

Tolman’s assumed spatial potential e−λ = 1− r2

R2 + 4r4

A4

yields the metric potential

eν = B2

sin

log

(
e−

λ
2 + 2r2/A2 −A2/4R2

C

) 1
2

2

.

Despite the polynomial assumption that Tolman made,
the solution became lengthy and intractable. For this
reason, it was not included in his paper. To find the
expanded solution, we substitute the form for λ into the
isotropy equation (12) to give

eν = H (K cos f + sin f)
2
, (48)

where f is expressed by the following function:

f =
1

2
log
(

4R
(√

A4 (R2 − r2) + 4r4R2 + 2r2R
)
−A4

)
,

(49)
and H and K are integration constants. The density and
pressure in Rastall theory are found to be

12



ρ = r−2

(
f1

(
12αr2R (cos f −K sin f)

f2 (K cos f + sin f)

)
+ (4α− 1) (f1 − 1) + (α− 1)r

(
16r3

A4
− 2r

R2

))
, (50)

p = r−2

(
f1

(4(3α− 1)r2R (K sin f − cos f)

f2 (K cos f + sin f)
+

2αr2
(
A4 − 8r2R2

)
A4 (R2 − r2) + 4r4R2

)
+ (4α− 1) (1− f1)

)
, (51)

where we have further set f1(r) =
(

4r4

A4 − r2

R2 + 1
)

and f2(r) =
√
A4 (R2 − r2) + 4r4R2. The sound speed index,

dp/dρ, is given by

dp

dρ
=ξ−1

1

(
− 2(2α+ 1)

(
K2 + 1

)
Rf2 +

(
4R
(
(1− 8α)Kf2 + 2(3α− 1)

(
K2 − 1

)
r2R

)
−(3α− 1)A4

(
K2 − 1

) )
sin 2f + 2

(
R
(

(1− 8α)K2f2

+(8α− 1)f2 + 8(1− 3α)Kr2R
)

+ (3α− 1)A4K
)

cos 2f
)
, (52)

ξ1 =
(

2
(

(2α− 5)
(
K2 + 1

)
Rf2 +

1

2

(
3αK2

(
A4 − 8r2R2

)
+ 4(8α− 5)KRf2

−3α
(
A4 − 8r2R2

) )
sin 2f +

(
(8α− 5)

(
K2 − 1

)
Rf2 − 3αA4K + 24αKr2R2

)
cos 2f

))
. (53)

The energy conditions are governed by the relations

ρ− p = η−1
1

(
4f1

(
−
(
A4
(
(3α− 1)f2 + (6α− 1)KR

(
R2 − r2

))
+ 2r2R2

(
(3− 8α)f2 + 2(6α− 1)Kr2R

) )
sin f

−Kf2

(
(3α− 1)A4 + 2(3− 8α)r2R2

)
cos f + (6α− 1)Rf2

2 cos f
))
, (54)

ρ+ p = η−1
2

(
2
((
A4
(
f2 + 2Kr2R− 2KR3

)
− 8r2R2

(
f2 +Kr2R

) )
sin f +

(
8r2R2

(
r2R−Kf2

)
+A4

(
Kf2 − 2r2R+ 2R3

) )
cos f

))
, (55)

ρ+ 3p = −η−1
3

(((
3A4

(
(2α− 1)KR

(
r2 −R2

)
− αf2

)
+ 2r2R2

(
(8α+ 1)f2 + 6(1− 2α)Kr2R

) )
sin f

+
(

2r2R2
(
(8α+ 1)Kf2 + 6(2α− 1)r2R

)
− 3A4

(
αKf2 + (2α− 1)r2R− 2αR3 +R3

) )
cos f

))
, (56)

where we have defined new variables:

η1 = f3
2 (K cos f + sin f) ,

η2 = A4R2f2 (K cos f + sin f) ,

η3 = A4R2f2 (K cos f + sin f) . (57)

For the purpose of the plots we have employed the pa-
rameter values K = H = R = A = 1. Observe that
K = 0 corresponds to the partial solution obtained by
Tolman. We however consider the most general solution
in the form of graphical plots.

This is amongst the least studied of the Tolman met-
rics given the complexity of the expressions. Moreover,
Tolman presented only a special case of the general so-
lution of the pressure isotropy equation. In the Einstein

model (α = 0), there is considerable deviation from a re-
alistic fluid sphere. For example, the energy density (Fig
27) while being positive has a singularity at the centre
r = 0 and the pressure (Fig 28) is everywhere negative
with no contact with the radial axis. This is physically
unacceptable. On a positive note the energy conditions
(Fig 30, 31, 32) are indeed satisfied. Once again it is a
Rastall model (α = 0.25) that satisfies all the elemen-
tary physical requirements including a subluminal sound
speed (Fig 29). The other Rastall curves display some
pleasing characteristics but fail in some respects. It does
not seem possible to display the mass profiles explicitly.
Yet again the Rastall curve α = 0.25 outshines the Ein-
stein case. This further illustrates a distinction between
the physics of models in general relativity and their coun-
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FIG. 27: Energy density (ρ) versus radius (r): Tolman VII
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FIG. 28: Pressure (p) versus radius (r): Tolman VII

terpart Rastall theory.
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FIG. 29: Sound speed versus radius (r): Tolman VII
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FIG. 30: Weak energy condition versus radius (r): Tolman VII
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FIG. 31: Strong energy condition versus radius (r): Tolman VII
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FIG. 32: Dominant energy condition versus radius (r): Tolman
VII
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H. Tolman VIII metric

With the postulated behaviour e−λ = const.r−2beν ,
the metric potentials are obtained in this case as

e−λ =

(
H − A

rn
− rq

F

)
, (58)

eν = B2r2b

(
H − A

rn
− rq

F

)
where, H = 2

qn and A = (2m)n; with q = a − b, n =

a+ 2b− 1 and F is a constant.
In the Rastall framework, the dynamics are governed

by

ρ =Σ−1
(
v1

(
2
a2+a+8

3−a r
(

2
a+9
a−3αa6 + 2

12
a−3 a6 − 9 2

a+9
a−3αa5 + 3 2

12
a−3 a5 + 2

2(a+3)
a−3 αa4 − 11 2

a+9
a−3 a4

+15 2
4a
a−3αa3 − 3 2

3(a+1)
a−3 a3 − 269 2

a+9
a−3αa2 + 163 2

12
a−3 a2 + 105 2

a+9
a−3αa+ 49 2

2(a+3)
a−3 α− 99 2

12
a−3 a

−35 2
a+9
a−3

)(m
r

)− a2+a−4
a−3

v−1
1 − 2(a+ 1)mv−1

1

(
2a5(α− 1)v̄1 + a4 (α (4− 8v̄1) + 5v̄1 − 1)

+a3 (−2α (12v̄1 + 11) + 24v̄1 + 4) + a2
(

20α (6v̄1 + 1)− 84v̄1 + 7
)
− 28α (2v̄1 + 3) + a

(
α (58− 82v̄1)

+46 (v̄1 − 1)
)

+ 35v̄1 + 48
)))

, (59)

p =Σ−1
(
v1

(
2(a+ 1)mv−1

1

(
2a5αv̄1 + a4 (α (4− 8v̄1) + v̄1 − 1) + a3 (6− 2α (12v̄1 + 11))

+a2 (20α (6v̄1 + 1)− 3 (4v̄1 + 3))− 28α (2v̄1 + 3) + a
(
α (58− 82v̄1) + 12v̄1 − 4

)
+ 7v̄1 + 12

)
−2

a2+a+8
3−a r

(
2
a+9
a−3αa6 − 2

12
a−3 a6 − 9 2

a+9
a−3αa5 + 5 2

12
a−3 a5 + 2

2(a+3)
a−3 αa4 + 3 2

a+9
a−3 a4 + 15 2

4a
a−3αa3 − 9 2

3(a+1)
a−3 a3

−269 2
a+9
a−3αa2 + 125 2

12
a−3 a2 + 105 2

a+9
a−3αa+ 49 2

2(a+3)
a−3 α− 37 2

12
a−3 a− 21 2

a+9
a−3

)(m
r

)− a2+a−4
a−3

v−1
1

))
, (60)

where Σ =
(
2(a− 3)

(
a2 − 2a− 1

) (
a2 + 2a− 7

)
mr2

)
,

and we have redefined v1 =
(
r
R

) (a−2)(a+1)
a−3 and v̄1 =(

r
R

)a+
(a−2)(a+1)

a−3 . The sound speed index, energy condi-
tions and mass are all obtainable but omitted as they
are lengthy. These have been plotted and the parameter
values a = 1.5, m = 1, R = 2 and B = 1 have been used.

This is another case with unwieldy expressions. How-
ever with the help of the mathematical tools, a graphical
study is possible. In this case, the Einstein version shows
a positive density profile (Fig 33), a negative pressure
(Fig 34) and a violation of causality (Fig 35). All the
energy conditions (Fig 36, 37, 38) appear to be satisfied.
The mass profiles (Fig 39) are well behaved in all but one
Rastall case. The Rastall case α = 0.25 again satisfies
all the physical requirements. What is also interesting to
note is the changes in the profiles of the graphs for differ-
ent choices of the Rastall parameter. This should provide
conclusive evidence that the Rastall gravity theory is not
equivalent to the Einstein theory.

V. CONCLUSION

In this work, we analyze the behaviour of the Tolman
metrics in the Rastall theory. The study shows incontro-
vertibly that the equivalence between the Rastall frame-
work and the standard theory of Einstein as purported
recently in Ref.[36] is confined to the identical geometry
but not the same physics. What is conceded is that the
equation of pressure isotropy remains the same as in Ein-
stein theory. Accordingly any of the metrics satisfying
Einstein’s field equations may be used to generate den-
sity and pressure profiles in the new Rastall paradigm.
Remarkably where the Einstein theory fails to satisfy
the elementary requirements for physical plausibility, the
Rastall version succeeds. For example, the Tolman VII
model depicts a negative pressure profile with a central
singularity while the Rastall version is finite at the cen-
tre, decreases monotonically outwards and vanishes for a
certain radial value. This is expected for realistic models.
Additionally it has been demonstrated that the Rastall
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FIG. 33: Energy density (ρ) versus radius (r): Tolman VIII
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FIG. 34: Pressure (p) versus radius (r): Tolman VIII

case α = 0.25 satisfies all the reasonably physical require-
ment in all Tolman models and succeeds even in Tolman
models that are considered unphysical in the Einstein
theory. There are thus indications that the Rastall the-
ory may be promising as a theory of gravitation as it
supports astrophysical objects with pleasing behaviour.
The non-conservation of energy-momentum has been ex-
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FIG. 35: Sound speed versus radius (r): Tolman VIII
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FIG. 36: Weak energy condition versus radius (r): Tolman VIII
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FIG. 37: Strong energy condition versus radius (r): Tolman VIII

plained by Rastall as being an artifact of spacetime curva-
ture. Nevertheless, we observe that the α = 0.25 case in-
deed satisfies the weak, strong and dominant energy con-
ditions although this does not mean that energy is con-
served. Moreover, a surface of vanishing pressure exists
in most models and the causality principle is respected
in all cases. The mass profiles conform to expectations.
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FIG. 38: Dominant energy condition versus radius (r): Tolman
VIII
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FIG. 39: Mass versus radius (r): Tolman VIII

In these respects we find that the Rastall models display
more pleasing physical contributions than their Einstein

counterparts. It is clear from this empirical analysis that
the evidence for the physical equivalence of Rastall theory
and general relativity is not present. Instead the opposite
appears to be true. The Rastall parameter offers a math-
ematical handle to correct the deficiencies in the standard
theory. For these reasons it would not be reasonable to
discount such phenomenological ideas. The jury is still
out on the true theory of gravity. This study shows that
astrophysical models that are physically viable may be
constructed with ease in this framework. The import
of this is that the reliability of this framework to pro-
vide answers to deeper questions such as explaining the
late-time accelerated expansion of the universe without
resorting to invocations of exotic matter or dark matter
fields, is strengthened.
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