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ABSTRACT. New series of 22™-dimensional universally strongly perfect lattices A7 and I'; are constructed

with
2BW? CT; CBW,, CA; CBWE, .

The lattices are found by restricting the spin representations of the automorphism group of the Barnes-Wall
lattice to its subgroup U, := C,,(41). The group U, is the Clifford-Weil group associated to the Hermitian
self-dual codes over Fy containing 1, so the ring of polynomial invariants of U, is spanned by the genus-m
complete weight enumerators of such codes. This allows us to show that all the I/, invariant lattices are
universally strongly perfect. We introduce a new construction, D(Cyc), for chains of (extended) cyclic codes to

obtain (bounds on) the minimum of the new lattices.

1 Introduction

The famous Barnes-Wall lattices BWa,, of dimension 22 (with m € N) form an important infinite
family of even lattices. They have several constructions allowing to determine discriminant group and
minimum

22m—1

BW? /BWy,, 2 F2 " ', min(BWy,,) = 2™,

and even the kissing number and the shortest vectors in a very explicit way [4], [5]. Also their
automorphism groups
Gom = Aut(BWa,,) =2 2174 O (2)

are of relevance in various places:

The groups Go,, are maximal finite subgroups of GLg2n (Q) all of whose invariant lattices are scalar
multiples of BWsy,, and its dual Bme. The lattice BWy,,, is 2-modular in the sense of [16], i.e.
there is a similarity h of norm 1/2 with h(BWy,,) = Bme. Then h is in the normalize of G, in
GLg2m (Q) (see [I3]). The group Cop, := Gam-(v/2h) is the real Clifford group (see [14]) whose ring of
invariant polynomials is spanned by the genus 2m complete weight enumerators of self-dual binary
codes. This identification is used in [2] to deduce that all layers of the Barnes-Wall lattices form
spherical 6-designs, showing that the Barnes-Wall lattices are universally strongly perfect lattices. In
particular BWy,,, realizes a local maximum of the density function on the space of all similarity classes
of 2?™_dimensional lattices (see [I9]). In the present paper we construct new infinite series of lattices
A; and T'y with

2BW# C Ty CBWy, CA; CBWI
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for subsets I,J C {0,...,m} such that m — ¢ is odd and m — j is even for all i € I, j € J. We call
them sandwiched lattices, as they are sandwiched between two Barnes-Wall lattices. For m > 3 the
densest of these lattices is Ay, for Iy := {m —i | m > i > 3,i odd }, whose minimum is the same as
min(BWs,,); in particular these lattices are denser than the Barnes-Wall lattices.

To find these lattices we consider the sandwiched lattices that are invariant under the subgroup

Cm(4{{) = 2}|-+4m-FU2m(F4) = Uy < g2m-

The group U, is the genus-m Clifford-Weil group C,,(41) associated to the Type of Hermitian self-
dual codes over [y that contain the all ones vector. As in [2] the invariant theory of this Clifford-Weil
group allows to predict that all its invariant lattices are universally strongly perfect (see Section [§] for
more details). To obtain some information about these lattices, we restrict the spin representations
Bme /BWa,,, respectively BWy,,, / 2BW§ém of the orthogonal group Oim(IF‘g) to its subgroup I'Ug,, (Fy).
It turns out that these restrictions are both multiplicity free and all their composition factors are
absolutely irreducible self-dual modules, Y} (k € {0,...,m}, m — k odd respectively even). Theorem
[Tl gives a parametrization of the U, invariant sandwiched lattices. In particular for m = 2 we discover
a new pair of universally strongly perfect lattices I';5y and 2F7{¢2} = I'fpy in dimension 16 thus adding
the first new entry to [19, Tableau 19.1] which was created 20 years ago.

One way to construct BWsy,, is by applying Construction D to a suitable basis of a chain of Reed-
Muller codes. The Reed-Muller codes are extended cyclic codes for which the minimum distance
is obtained by the well known BCH bound. This cyclic permutation, say o, plays the key role in
constructing and identifying the U,, invariant sandwiched lattices. It defines an automorphism of all
Reed-Muller codes of the given length and also of the Barnes-Wall lattices, more precisely

o € Upn C Gop.

The eigenvalues of ¢ on the simple U,,, modules Y} indicate which chains of extended cyclic overcodes
of the Reed-Muller codes we need to take to obtain the U,,, invariant sandwiched lattices from Theorem
!

The main problem of Construction D is that it depends not only on the chain of codes but also on
the choice of suitable bases. For chains of (extended) cyclic codes over prime fields, however, there is
a unique way, which we call Construction D) to define a lattice that is again invariant under the
cyclic permutation (see Section [23]). This construction also yields (lower bounds on) the minimum of
the lattices T'y and A; (Theorems [B.8 and [7.3)).

2 Preliminaries

2.1 Cyeclic codes

Let ¢ be a prime power and n some positive integer prime to q. Cyclic codes C are ideals in the finite
ring M := Fy[X]/(X™ — 1). We identify M with F' using the classes of 1, X,..., X" ! as a basis.
Then the multiplication by X acts on M as a cyclic permutation ¢. In particular the eigenvalues of
o on M (or more precisely F, ®F, M =: F,M) are all n-th roots of unity in the algebraic closure of
F,, say the elements of Z := {a* | 0 < u < n} for some primitive n-th root of unity a € F,.

Based on these data there are (at least) three descriptions of a given cyclic code C.



e The generator polynomial p = p(C) which is the monic divisor of X™ — 1 such that the classes of
p, Xp, ..., X% 1p form a basis of C, where d is the degree of (X —1)/p.

e The zero set Z(C) which is the subset of Z such that (co,...,c,—1) € C, if and only if Z?:_()l izt =
0 for all z € Z(C).

e The eigenvalues ©(C) which is the set of eigenvalues of o in the Fy[o]-module F,C < F, M.

Clearly we may specify a cyclic code by either of the three data, which are related according to
the following remark.

Remark 2.1. ©(C) =2\ Z(C), Z(C)=Z\0(C), and Z(C) ={z € Z | p(z) = 0} where p := p(C).
One important feature of cyclic codes is the fact that one can read off a lower bound, the so called

BCH bound, on the minimum Hamming distance dist (C).

Theorem 2.2. (see [12, Chapter 7, Theorem 8]) Let C < Ty be a cyclic code. Assume that there is
some primitive n-th root of unity o € IE‘_q and some b >0, n >0 > 1 such that

{ab, a1 . PRy C Z(C).
Then the minimum Hamming distance dist (C) of C is at least ¢.

For any ring R the extended code of a code C < R" is defined as the code

n

{(cr,-ven =Y )| (e, en) €CH < R

i=1
The projection on the first n coordinates is an isomorphism between the extended code and the code.
For cyclic codes, one extends the action of o to the n + 1 coordinates by o(n + 1) = n + 1; then the
isomorphism above is an R[o]-module isomorphism, in particular for codes over fields, the eigenvalues
of ¢ on C and its extended code coincide.

2.2 Chains of cyclic codes and cyclic codes over chain rings

Let ¢ = p/ be some power of a prime p, m € N and R := GR(p™, f) denote the Galois ring with
R/pR = F, and characteristic p”. Let n € N be not divisible by p. Then the polynomial

X"=1=fifa- [s

is a product of pairwise distinct monic irreducible polynomials f; € Fy[X]. By Hensel’s lemma (see
also [9] for a more specific reference) there are unique monic irreducible polynomials F; € R[X] such
that

Xn—leng---FSER[X] andFj (modp):fj.

Any chain
(C) + Co=(po) CCt= (1) .. CCrot = (1) < Fy[X]/(X" — 1) 2T
of cyclic codes is given by a sequence of generator polynomials

Pm—1 | Pm—2]---|p1|po | (X" —1) € F,[X].



Let P; € R[X] be the monic divisor of X™ — 1 that lifts p;. Then we define the lift of (C,) to be the
ideal

(C) =P |j=0,...,m—1) < RIX]/(X" —1) = R".

— —_

We can recover the sequence (Cy) from (Cy) by defining (C,); := (C+) N p?R™. Then

a
*
G—/

Ci={(ci +pR,...,cn +PR) | (PPc1,...,Plcy) € (Co);} = = | (1)

Hence we conclude
Remark 2.3. Cyclic codes in R" are in bijection to the chains of length m of cyclic codes in Fy.

As before we denote by o the cyclic shift induced by multiplication by X on F,[X]/(X™ — 1) and
on R[X]/(X™ —1). Then F,[o] = F,[X]/(X™ — 1) is a semisimple algebra.

Lemma 2.4. Assume that we are given two sequences (Cy) : (Ci)7y" and (Dy) : (D;)%," of cyclic

codes such that
CiCD; CCina
for alli. Then

— -

p(Ds) € (Cy) € (Ds) € R"
and for all j =0,....,m—1
(Dy); . D; Djs D1

Iavl j
(Co); Ci  Cin Cm—1

as Fylo]-modules.

Proof. We first note that p(?):) = (Dil)) where D(()l) = {0} and Dlgl) =D;_y fori=1,...m—1
As D;—; C C; we conclude that p(D,) C (C4). In particular (D,)/(C4) is an Fy[o]-module. As this
algebra is semisimple, all modules are semisimple and it is enough to compare composition factors.

For 0 < j < m consider the R[o]-module epimorphism
©; ‘p’R™ — [y defined by (et ..., pPcn) — (1 + DR, ... cn + PR).

The kernel of ¢; is p "1 R™. We get

— —

©;((Dy);) = Dj and ¢;((Cy);) = C;.

— —_ P

= (Dy);41 and PR N (Cx); = (Ci)j41 the Fylo] modules (Dy);/(Cy); and

D;/Cj®(Dx);41/(Cx) 41 have the same composition factors. So the lemma follows using induction. [

As YR N (D),

—_—

For chains (Cy) of extended cyclic codes, we first liﬁt\the cyclic codes and then extend the lifted
code. The lifted extended code is again denoted by (C.). Then Remark and Lemma [2.4] hold
accordingly.



2.3 Lattices: Construction D(v®)

Given a chain of binary codes one may apply Construction D to obtain a lattice with a good bound
on its minimum (see [6l Chapter 8, Section 8]). Construction D, however, depends on the choice of a
suitable basis and hence might not preserve automorphisms. For chains of cyclic codes and extended
cyclic codes we may first apply the methods of Section to obtain a cyclic or extended cyclic code
over R =7/p™Z and then apply Construction A to this code. This construction allows to imitate the
proof in [3] to obtain good bounds on the minimum of the lattice.

We keep the notation of the previous section, assume that ¢ = p is a prime, so R = Z/p"™Z, and
put N to be one of n (cyclic codes) or n+1 (extended cyclic codes). Additionally we fix an orthogonal
basis

(bi |1 <i<N)of RY with (b, b;) =p ™ fori=1,...,N.
We put  := (b; | 1 < i < N)z to be the lattice spanned by this orthogonal basis and denote by

®:Q/pmQ — RY the canonical isomorphism.

Definition 2.5. Construction D(®® associates to a chain
(C) : CGCCC...CCpy CFY
of cyclic codes or extended cyclic codes the lattice

N
L((C)) =2 H((C)) = {D_abi € Q| (a1 +p"Z, ..., an +p"Z) € (Co)}-

i=1

— —_—

The lattice £((C,)) obtained by construction D% satisfies p™Q C £((C,)) C Q and is invariant
under the cyclic permutation o of the basis vectors (b; | 1 <i < N).

Lemma 2.6. Given two sequences (Cy) : (Ci)7p" and (Dy) : (Dy)yt of cyclic or extended cyclic
codes such that C; C D; C Ciqy for all i. Then we have the following isomorphisms of Fplo] modules:

—_—

@) () D Dy D
L@y © G lat V.o

— —

Proof. Both lattices £((D,)) and L((C,)) contain p™§ so

—

£((D)/p"0 _ (Dy)

p—— p———

L((C))  L(C))/pmr ()

The second isomorphism is from Lemma 2.4 putting j = 0. U

)
S
[12

— —

Proposition 2.7. The determinant of a Gram matriz of L((C)) is det(L((C,))) = p® with

m—1
d=mN -2 dim(C).
=0



—

Proof. Put L := L((C,)) and for 0 < j < m put L; := <I>_1((C/*\)j) = LN p'Q. Then clearly all the L;
are o invariant sublattices of 2, Ly = L and L,, = p™ . Furthermore by Equation ()

—

Lj/Ljq = (E’:)j/((l’*)ﬁ_1 = C; as Fplo] modules.

To compute the determinant of L we compute the index

m—1 m—1
m—1 Qim(C;
L/ = [T 1L/ Ll = T] 165 = po=o (@),

j=0 j=0
Therefore we find
m—1
d =log,(det(L)) = log,(det(p™2)) — 2log,(|L/p™Q|) = mN — 2 Z dim(Cy).
j=0

O

The new Construction D9 allows to prove the same bound for the minimum of the lattice
as Construction D. To state this bound for arbitrary primes p recall that the Fuclidean weight of
c=(c1,...,¢cN) GIE‘;)V is

N
wg(c) == min{Za? |a; € Z,a; +pZ =c; fori=1,...,N}.
i=1
Then dist £(C) := min{wg(c) | 0 # ¢ € C} is the Buclidean distance of the code C < FY. Note that
dist g(C) = dist (C) is the usual Hamming distance if p = 2 or p = 3.

Theorem 2.8. Let (Cy.) be as in Definition [2.0 Assume moreover that there is v > 1 such that

—

dist g(C;) > p?*™=2 /5 for all 0 <i < m — 1. Then min(L((Cy))) > p™/7.
Proof. We keep the notation of the proof of Proposition 27l Let 0 # x € L and let j be maximal such
that z € p?Q. If j < m then x € L; and x =ply=p’ Zfil y;b; with y; € Z such that

0#7:= (1 +pZ,...,y~n +pL) € C;.

As dist 5(C;) > p*™ % /7y, we have SN | 42 > p?>™=% [~ so

2m—2j 2m
p p
(bib) =2 - =2
Y v

(z,2) = p?(y,y) > p*

i

If j > m then x € p™Q, so (z,x) > p™. O

3 Setup and some notation

22m and lattices of

Throughout the rest of the paper we fix m € Z~o and consider codes of length
dimension 22™. We index our basis by the elements of } := F3™. In particular binary codes of length

22™ will be considered as subspaces of the space of functions FY := {f : V — Fy}. For any f € FY



the support of f is supp(f) := {v € V| f(v) # 0}. If S = supp(f), then clearly f = xg is the
characteristic function of S C 'V defined by

1 vel

: F
xXs:V — 2,v|—>{0 v S

The affine group Aff(V) := V : GL(V) acts on F} by permuting the elements of V. The Reed-
Muller codes from Definition [£.I] below are invariant under Aff()). This invariance is used to view the
Reed-Muller codes as extended cyclic codes. To this aim we fix a “Singer-cycle”

o € GL(V) < Af(V),

22m

i.e. an element of order — 1 permuting the non-zero elements of V' transitively. The element o is

not unique, even up to conjugacy in GL(V). Any such o gives rise to an identification of V with the
field of 22™ elements. The eigenvalues of the action of ¢ as an element of GL()) are the elements of

{C? 427 C47 ctc (227"71}

for a certain primitive (4™ — 1)st root of unity ¢ € Fy which we fix for the rest of the paper.

For later use we will fix a vector space structure of V over Fy that is defined by o. To this aim
define w := ¢(*" /3 to be a primitive third root of unity in the algebraic closure of Fy (i.e. a primitive
element of Fy).

Remark 3.1. Let n := o™®"~1/3 € GL(V). For v € V we put wv := n(v). This turns V = F3™ into an
m-dimensional vector space Vg, = FJ" over the field Fy = {0, 1,w,w?}. As o commutes with 7, the
element o acts Fy-linearly on Vg,, so

o€ GL(VF4) < AH(VF4) = FT : GLm(F4)

Identifying the F4-space Vg, with the w-eigenspace of 77 we compute the eigenvalues of o on Vg, = F}"
4 4m71
as (, (%, ..., C .
The following notation will be used throughout the paper.

Notation 3.2. (a) Any0 <wu <4™—1 has a unique expression as u = Z?:bo_l u; 2" with u; € {0,1}.

Then the 2-weight of u is

2m—1
wto(u) = [{i € {0,...,2m — 1} |u; = 1}[ = > w; € Zxo.
=0

We also define
O(u) :={i € {0,...,m — 1} | ugip1 = 1}| and E(u) := [{i € {0,...,m — 1} | ug; = 1}|.

(b) For —1 <r < 2m we put

Zr i ={C" | 0<u<4™ -1, wta(u) <2m —1—r}.



(¢) For 0 <r <2m let
O = {¢* |0 <u<4™—1,wta(u) = 2m —r}.

So ©0) = m) = (1},

My :={0<k<m|m-—keven} ifr iseven
M_:={0<k<m|m-—kodd} ifr is odd.

(d) M, ::{
(e) For 0 <k <m we put
Or :={C"]0<u<4™ -1, |O(u) — E(u)| =m — k}.
(f) Finally, for 0 <r <2m and k € M,, we define
O = {¢* |0 <u < 4™ — 1, wha(u) = 2m — 1, |O(u) — E(u)] = m — k} = 0) N 6.
Obviously ©) N O, =0 if k & M,.

Lemma 3.3. Let 0<r <2m and 0 < k <m.

(a) 60 = (*1).
2(2;”> if k < m

<2m> 1 ifk=m.
m

(¢) If k € M, we have

(b) 1Okl =

2<(m—;n+k)/z> <(k+rn_l m)/2> if k< m

()

where we put (3) =0 if b <O0.

o] =

Proof. (a) is clear and to see (b) let 0 < u < 4™ — 1 be such that O(u) — E(u) = m — k. Write
U = Z?;no_l u;2" with u; € {0,1} and define

I:={ie{0,...,2m —1} | i even and u; = 1 or ¢ odd and w; = 0}.

Then |I| = E(u)+ (m—0(u)) = E(u) —O(u)+m =m—(m—k) = k. So Xy, :={u e {0,...,4™—1} |
O(u) — E(u) = m — k} is in bijection with the k-element subsets I C {0,...,2m — 1} and hence has
(2;”) elements. X}, contains 0 and 4™ — 1 if and only if £ = m so |©,,| = | X,n| — 1 and |0 | = 2| X} if
k< m.

(c) follows by a straightforward counting argument. O



4 Reed-Muller codes and related extended cyclic codes

4.1 Binary Reed-Muller codes of length 22"
Definition 4.1. For 0 < r < 2m let
R(r,2m) := (Xa+u | @ € V, U <V a subspace of dimension dim(U) = 2m — r)

denote the r*" order binary Reed-Muller code of length 22™.
To simplify notation we put R(—1,2m) := {0}.

Some well known properties of the Reed-Muller codes are collected in the following remark.
Remark 4.2.  (a) F2" = R(2m,2m) > R(2m —1,2m) > ... D R(1,2m) D> R(0,2m) = (1).
(b) The dimension of R(r,2m) is dim(R(r,2m)) = >;_, (*}").
(c) The dual code is R(r,2m)+ = R(2m —r — 1,2m).
(d) For the minimum distance we have dist (R(r,2m)) = 2™~ where 0 < r < 2m. Moreover the
minimum weight vectors in R(r,2m) are the elements of
{Xatu |a €V, U <V, dim(U) =2m —r}.
To define a convenient basis of the Reed-Muller codes we fix a basis (v1,...,v9y,) of V and put
T ={U<V|U=(v;|i€I)p, where I C {1,...,2m} with |I| =r}.
Then we find
Proposition 4.3. (¢f. [4, p. 51]) For 0 <r < 2m the set
{xulU € Ts,2m —r < s < 2m}
is a basis of R(r,2m) and the classes of
{xu |U € Tom—r}
form a basis of R(r,2m)/R(r —1,2m).

The affine group Aff(V) := V : GL(V) acts on F} by permuting the elements of V. As affine

transformations preserve the set of affine subspaces of a given dimension, the Reed-Muller codes are
invariant under Aff()). In particular the Singer-cycle o defined in Section [Blis an automorphism of all
the Reed-Muller codes from Definition 1] and these codes are extended cyclic codes as given in the
following remark.
Remark 4.4. (cf. [12] Chapter 13, Theorem 11]) For —1 < r < 2m, define R(r,2m)* to be the
length 4™ — 1 binary cyclic code with zeros Z(R(r,2m)*) = Z, where Z, is as in Notation
(b). The extended code of R(r,2m)* is the ! order binary Reed-Muller code R(r,2m). Note that
R(2m,2m) = F%zm is the universe code which is not an extended cyclic code.

Applying Remark 211 we obtain the eigenvalues of o on R(r,2m)/R(r — 1,2m):

Proposition 4.5. For 0 < r < 2m the eigenvalues of o on
R(r,2m)/R(r —1,2m)
are exactly the elements in O) from Notation[32 (c).



4.2 Extended cyclic codes sandwiched between Reed-Muller codes

In this section we construct some new extended cyclic codes that are invariant under Aff(Vy,). We
use the notation introduced in Section [3

Definition 4.6. Let 0 < r < 2m and I C M, be given. Put

Zer=Z-1\ (| O).
kel

Note that Z, C Z,; € Z,_1. Then let C(r,I,2m)* < F%Qm_l be the cyclic code with zero set Z, ; and
C(r,I1,2m) < F%Qm the extended code of C(r, I,2m)*. Also we define

R(2m — 1,2m) ifmegl

22m

C(2m,I,2m) =
R(2m,2m) = 3 otherwise.

Comparing zero sets we immediately get the following remark.

Remark 4.7.  (a) R(r —1,2m) C C(r,I,2m) C R(r,2m).
(b) R(r—1,2m) = C(r,0,2m).
(c) R(r,2m) = C(r, M,,2m).
(d) If I € J C M, then C(r,I,2m) C C(r,J,2m).

(e) The eigenvalues of o on C(r,I,2m)/R(r — 1,2m) are exactly the elements in | J,; @,(:).

(f) dim(C(r, I,2m)) = dim(R(r — 1,2m)) + e, 10| = 342y () + Ler 104
where \(9,(:)] can be obtained from Lemma B3 (c).

The next proposition can be obtained from the arguments in Section [[.3as Aff(Vg,) C Aff(V)NU,,
where Uy, is defined in Definition It also follows from [I, Theorem 5.5].

Proposition 4.8. For all0 < r < 2m and all I C M, the automorphism group of C(r,I,2m) contains
Aff(Vr,).

Applying the BCH bound, we find the following lower bounds on the minimum distance of the
codes C(r,I,2m).

Theorem 4.9. Let 1 <r <2m —1 and I C M,. Then

= 22m=rl — dist (R(r — 1,2m))  if {m,m —1,m —2}NI =10
dist (C(r, I,2m)) { > 22™~" = dist (R(r, 2m)) it {m,m—1}NI#0
>3.92m -l if {m,m—2}N1={m—2}

Proof. Clearly

22m=r — dist (R(r,2m)) < dist (C(r, I,2m)) < dist (R(r — 1,2m)) = 2*m~"F1,

10



To obtain the minimum distance of R(r — 1,2m) one uses the BCH bound (cf. Theorem 2.2]), showing
that
Z:={C"0<u<2?m 1}

are in the zero set of R(r — 1,2m)* as all these exponents u have 2-weight < 2m — r. The zero set of
C(r,I1,2m)* contains all these (* € Z with wta(u) < 2m — r and those (* € Z with wta(u) = 2m —r
such that |E(u) — O(u)| = m—k with k € I. Solet 0 < u < 22™~"+1 _1 be such that wta(u) = 2m —r.
Then u = Z?:”O_T u; 2" with u; = 0 for exactly one 4.

If r is odd then one easily concludes that |O(u) — E(u)| = 1. So if r is odd and m — 1 & I then
Z is in the zero set of C(r,I,2m)*, so the BCH bound allows to conclude that dist (C(r,I,2m)) =
dist (R(r — 1,2m)).

If r is even, then |O(u)—E(u)| € {0, 2}, showing again that Z C Z(C(r,I,2m)*) and dist (C(r, I,2m)) =
dist (R(r — 1,2m)) if I N {m,m — 2} = (). The minimal u such that |O(u) — E(u)] = 2 is u =
22m-r=l _ 1 4 92m=r — 3.92m=r=1 _ 1 g5 the BCH bound gives dist (C(r,I,2m)) > 3. 22m="=1 if
In{m,m—2} ={m—2}. O

5 Unitary invariant sandwiched lattices

5.1 The Barnes-Wall construction

To construct the Barnes-Wall lattice BW,,,, < R2™ and related lattices we fix an orthogonal basis
(by | v € V) of R with (by, b,) = 27™.

We put Q := (b, | v € V)7 to be the lattice spanned by this orthogonal basis. Then [4] constructs the
Barnes-Wall lattices BWs,,, and its dual Bme as lattices L with

2MQCLCQ

by scaling the basis of the Reed-Muller codes given in Proposition

Definition 5.1. ([4 Theorem 3.1})

BWo,, := (215 D by [UETr=0,....2m)
veU

22m

is the Barnes-Wall lattice of dimension and its dual lattice is given as

2

BWZ = (al TN b U T r=0,...,2m)s.
veEU

Note that the generators for the lattices in Definition 5.l form a basis of BWs,,, and Bme.
The parameters for the Barnes-Wall lattices are

det(BWap,) = 22" min(BWa,,) = 27, BWY /BW,,, 2 F3"

(see [4] and [5]).

11



The Barnes-Wall construction in Definition [5.Ilis a very specific variant of Construction D applied
to the two chains of Reed-Muller codes:

(Rax) : R(0,2m) C R(2,2m)
(Rox—1) : R(1,2m) C R(3,2m)

C C R(2m —2,2m) and

C C R(2m —1,2m).

Note that Construction D in general depends on the chosen basis adapted to the chain of codes as
explained in detail in [I0], where the authors compare Construction D and D’ with Forney’s Code-
Formula construction. Their main result is [10, Theorem 1] showing that Construction D and Forney’s
Code-Formula construction yield the same lattice if and only if the chain of nested binary codes is
closed under the Schur product. Only then Construction D does not depend on the choice of the basis.

Warning 5.2. For m > 4 then (Rax) and (Raos—1) are not closed under the Schur product. So in
contrast to many remarks in the literature (e.g. [10, bottom of p. 447]) the lattice constructed by
Construction D from these chains of codes will depend on the chosen basis.

Proof. Recall that the Schur product is a function F3 x Fy — F5 mapping (¢, d) to c¢xd with (¢xd); =
¢idi. By [12 Section (13.3)] R(r,2m) is the set of all vectors f, where f(v},...,v3,,) is a Boolean
function, which can be written as a polynomial of degree at most r in the symmetric algebra of V*.
So f is a linear combination of [[;.; vi where I C {1,...,2m}, |I| <r. The Schur product of Boolean
functions translates into the product of polynomials subject to the relations v} 2 = v for all 7. If
m > 4 then viviviv; and vivivivg are in R(4,2m) but their product has degree 8, hence does not
belong to R(6,2m), the next member of the chain (Ro,). A similar argument also applies to (Rax—1),
where it is enough to assume m > 3. O

5.2 Construction D for the Barnes-Wall lattices

By [4l Theorem 3.2] the affine group Aff(V) acts on the lattice BWy,, and its dual lattice BVV;%m by
permuting the basis vectors (b, | v € V). This action also preserves the Reed-Muller codes and in
particular these codes and the lattices BWy,,, and Bme are invariant under the cyclic permutation
o. Hence also their quotients BWy,, /2™ and Bme /2™ are invariant under o. As the sums of
the coefficients in the given basis vectors of BWs,, and BVV;QEm sum up to a multiple of 2" these are
extended cyclic codes in /2mQ = (Z/2™7)%*™ . In the notation of Section 22 Remark 23 hence tells
us o -
BWo,,/2"Q & (Ry,) and BWE /20 = (Ry, ).

Remark 5.3. BWy,, = E(@) and Bme = E((@)) are the lattices obtained by Construction
D) from the two chains of Reed-Muller codes above.

Proposition 5.4. As Fy[o]-modules we have

3
L

BWZ /BWa,, = B R(2r + 1,2m)/R(2r, 2m)

m

i
o

T

and
m

BWa, /2BWS = R(0,2m) & D R(2r, 2m)/R(2r — 1,2m).

r=1

12



The eigenvalues of o on BVng/2BVV§Em are the elements of

O .= {¢"|0<u<2¥ —1 of even 2-weight } = U o)

r=1

where (° = 1 occurs with multiplicity 2 (and the others with multiplicity 1) in BWa,, / ZBW#m and the
one on BVV;éé /BWa,,, are the elements of

m

O = {¢"|0<u<2® —1 of odd 2-weight } = U e@r-1

r=1
each occurring with multiplicity 1.

Proof. The isomorphism of BVV;#Em /BWa,,, follows directly by applying Lemma With a variant
of this lemma we may also see the isomorphism of BWs,,/ 2BW§m, but this may be also seen from
the following consideration: We have Q/2Q = R(2m,2m) = F%Qm as Fa[o]-modules. As Fofo] is
semisimple, it is enough to compare composition factors so the chain of Reed-Muller codes in Remark

4.2] (a) shows that

2m
0/20 = EBR(T, 2m)/R(r — 1,2m)
r=0

(note that R(—1,2m) = {0}). Now BVV;QEm and €2 are lattices in the same Q[o]-module, so BVV;QEm / 2BW§”
and ©/29 have the same composition factors (see [I7, Theorem 32]), therefore

2m
BW%,, /2BWY, = BWY /BWa,, @ BW3, /2BWE, = (D R(r,2m)/R(r — 1,2m)

r=0

SO Bng/ZBme = R(0,2m) & @, , R(2r,2m)/R(2r — 1,2m). The eigenvalues are obtained from
Proposition O

5.3 Admissible sandwiched lattices

Definition 5.5. A ¢ invariant lattice I" with 2BVV;§&m C I' € BWy,, is said to be admissible, if either
1 does not occur as an eigenvalue of o on I'/ ZBW#m or it occurs with multiplicity 2. Let

Ly :={T| 2Bwfm CT € BWy,,o(l') =T, T admissible}

and
L_:={A|BWy, CACBW! o(A)=A}

2m>

denote the set of o invariant admissible sandwiched lattices.

By definition, the admissible sandwiched lattices are in bijection with the monic factors in Fo[X]
of the minimal polynomial of the action of ¢ on BW#m /BWy,,, and BWy,,,/ 2BW§n, so by Proposition
5.4l with the subsets of ©() resp. ©() that are closed under squaring:

13



Proposition 5.6. (a) Let S C O™ be a Frobenius invariant subset, i.e. s € S if and only if s> € S.
Then there is a unique lattice I' € L such that the characteristic polynomial of the action of
o on F/2BV\/§&m i8 [[seg(X — ) € Fo[X] if 1 € S respectively (X — 1) [[,cq(X —5) € Fo[X] if
les.

(b) Let S C O be a Frobenius invariant subset, i.e. s € S if and only if s*> € S. Then there is a
unique lattice A € L_ such that the characteristic polynomial of the action of o on A/BWay, is

[Lies(X —s) € Fo[X].

5.4 Unitary invariant sandwiched lattices

Recall the definition of M, and M_ in Notation For proper subsets ) 21 C M_ or ) # J C M,
we put

(Cer) : C(L,1,2m) C C(3,1,2m)

(C*J) : C(Ov J, Zm) - 0(27 J, 2m)

(C*J) : 6(27 J, Zm) - 0(47 J, 2m)

)

c2m —1,1,2m)  ifICM_,
C(2m —2,J,2m) iftmeJC My,
C(2m, J,2m) itmgJC M,.

M 1N 1N
M 1N 1N

Note that for J C M, we have C(2m,J,2m) = R(2m,2m) = F%zm if m € J and C(0, J,2m) = {0} if
mée.J.

Remark 5.7. We will see in Section [Z.3] that the lattices E((C/*I\)) and E(@) constructed from these
chains of extended cyclic codes with Construction D(¥®) are invariant under the Clifford-Weil group

Uy, = Cpp (45) = 2174 . TU,,, (Fy)

associated to the Type of Hermitian self-dual codes over F4 that contain the all ones vector (see

—

[15] Proposition 7.3.1]). Therefore we call the lattices 5(@) and L((C.y)), obtained by applying
Construction D) to the chain of codes (Cy;) and (C,y) above unitary invariant sandwiched lattices.

o — —

Theorem 5.8. (a) If) # I C M_ then L((Cys)) € L_ and the eigenvalues of o on L((Cyr))/BWap,
are the elements of J,c; Or. We get

loga(der(£(C)) =2 = a Y ().
kel
If m—1¢&1, then

—

min(L((Cyr)) = min(BWay,,) = 2™.

(b) For () # J C My with m € J then £((E:])) € L4 and the eigenvalues of o on £(@)/2Bme
are the elements of | J,c; Or. We get

logy(det (L((C.))) = 27" 44 3 @”)

keMi\J

(c) For(O # J C My withm & J then ZE((E*\J)) € L and the eigenvalues of o on 2£((C*/7))/2BW§ém
are the elements of | J,c; Or. We get

logy(det(2£((C.))) = 22" 44 Y @”) +2<2m>.

m
m#ke M \J
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If, furthermore, m — 2 & J then

—

min(2£((C,s)) = min(2BWZ, ) = 2m+1,

Proof. Here we only present the proof of (a),/ai(b) and (c) can be proved very similarly. For (a),
from Remark we know that BWy,, = L((Ra2x)). Note that the sequences (Cyr) and (Ro.) satisfy

the condition of Lemma Hence

L({Cx) L COLL2m) C(B3,12m)  C(2m —1,1,2m)
BWas,,  R(0,2m) R(2,2m) R(2m — 2,2m)

as Fo[o]-modules. By (e) of Remark [ 7it follows that the eigenvalues of o on ﬁ(@/ BWy,, are the
elements of | J,.; ©;. Now the determinant follows directly by Lemma B3l As £((Ci1)) 2 BWay,, we
have min(ﬁ((C/;T)) < min(BWa,,) = 2™. If m — 1 € I, then by Theorems [2.8 and [4.9] min(ﬁ((C/;T)) >
2™ . This concludes our proof. O

6 Automorphism groups

6.1 The automorphism group of the Barnes-Wall lattices

The automorphism groups of the Barnes-Wall lattices have been described by Broué and Enguehard
and independently in a series of papers by Barnes, Wall, Bolt, and Room.

Theorem 6.1. ([3], [20, Theorem 3.2]) Gop := Aut(BWa,,) = 21740 (2).

Here Oim(2) is the orthogonal group of a quadratic form ¢ of dimension 4m over Fy and Witt defect
0. Let &, = 2i_+4m < Gop, denote the maximal normal 2-subgroup of Goy,,. Then Z := Z(Eyy,) = Co
and
q:Eom)Z — Z,x7 > x*

can be viewed as the O (2) invariant quadratic form. The affine group Aff(V) acts as orthogonal
mappings on R2™ by permuting the basis vectors (b, | v € V). This action stabilizes the Barnes-Wall
lattice, so Aff(V) < Gay,. In fact this embedding is made explicit in [4, Lemma 3.2]. The additive
group of V can be seen as a maximal isotropic subgroup F2" < &, with respect to the quadratic
form ¢ from above and GL(V) is its stabilizer in the orthogonal group of ¢. In particular we obtain
an explicit elements o and n = c™*"~1/3 (from Remark BI)) in Gay,.

Definition 6.2. Define U,, < Gy, to be the normaliser in Gay, of Eapy = (1).

Note that 1 defines an Fy-linear structure on F3™ (similar as in Remark [B.1) turning the natural
quadratic Ozfm(Q)-module into a Hermitian space over Fy. Then U, = &5, T'Ug,, (Fy) is the extension
of €9y, by the semi-linear unitary group I'Uy,, (Fy4) of this Hermitian space. Intersecting the subgroup
Aff(V) of Gop, with Uy, we find that Aff(Vr,) < Up,.

One name for G, is Clifford collineation group, because the modules

BW2m/2BW§m o~ F%2m71 and ngém/BW2m o }F%Qm71
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are simple modules for the even Clifford algebra. In particular BWy,,/ 2BW§m and BV\/;@&m /BWa,,
are simple FoGo,,-modules (called a spin representation) having &, in their kernel. So &, is in the
automorphism group of every sandwiched lattice L € £, U L_. Our aim is to construct all admissible
sandwiched lattices L that are invariant under U,,. By [18, Theorem 1.3 (A2)] these lattices L are
universally strongly perfect as will be explained in Section [§ below. To describe the lattices we need
to restrict the spin representation of the orthogonal group Of (2) to its subgroup I'Us,, (F4) which is

the topic of the next paragraph.

6.2 The spin representations of the orthogonal group.

The results of this section might be well known, but we did not find them explicitly in the literature.
We follow the exposition of the textbook [§], in particular [8, Chapter 20], and thank Jan Frahm
for helpful hints. To avoid extra complications we restrict to the relevant case and only consider the
algebraic group G := ij. This is the automorphism group of a split quadratic space ) of dimension
4m. The Clifford algebra C(Q) is the split central simple algebra of dimension 2*™ and G acts on
C(Q) as algebra automorphisms preserving the even subalgebra Cyp(Q). This action gives rise to a
(projective) representation of G on the simple C(Q)-module V of dimension 2™ which is in fact a
linear representation of the spin group Spiny,,, and decomposes as the direct sum of two non-isomorphic
absolutely irreducible representations
V=V,aV_

called the even and odd spin representations of G each of dimension 2*™~! (see [8, Proposition 20.15]).
[8, Proposition 20.15] analyses the modules V; and V_ and computes the weights occurring in
these modules. This allows to find the decomposition of the restrictions of the spin representations to

the general linear unitary group Us, < SO, . To state the result let x be the linear character of a

1/2

suitable covering group of Us, defined by x(g) := (det(g))'/* and

A = A4 + A_ : Sping,, = GL(V)
denote the spin representations of SOIm.

Theorem 6.3. The restriction of x @ A is a linear representation of Usy, with
2m
x® A= HAw)
k=0
where W denotes the natural Us,,-module. In this decomposition

X© AL =2 PANFW) and x @ A = AT W).
k=0 k=1

Proof. The weight lattice of the Lie algebra soy,, is the dual lattice Dfm of the even sublattice of the
standard lattice. So the weights are of the form

(k‘l,. .. ,k?gm) € 72 U (% —I—Z)2m.
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The proof of [8, Proposition 20.15] exhibits explicit weight vectors of the spin representation A for all
22 weights (:l:%, ce :l:%) A maximal torus in the subgroup Usy, of SOF,  has the same rank, so all
these weights are distinct when restricted to the subalgebra. The weight of x is (%, ey 2) and so the
weights occurring in the restriction of x ® A to Us,, are exactly the orbits under the symmetric group
Som of
wg = (1,...,1,0,...,0) for k=0,1,...,2m
——
k 2m—k

where the wy, for even k occur in y ® A4 and those for odd k in x ® A_. As wy, is the highest weight
of the representation A¥(WW) the result follows. O

We now apply this result that is true for algebraic groups to our special situation by restricting
the representations to the finite groups of Lie type Of (F2) > Usy,(F4). In abuse of notation we
denote by V; and V_ the restriction of the even and odd spin representations to O} (F2). These are
linear representations of this finite group. Also det™/2 = det : Uam (F4) — F} is a well defined linear
representation. We put W =2 F3™ the natural Us,, (F4) module.

Corollary 6.4. The restriction of Vi (resp. V_) to the general unitary group is isomorphic to

k=1

To simplify notation we denote by
Wy, := det @A (W).

Remark 6.5. The semi-linear unitary group I'Us,, (F4) = Usy, (Fy) : 2 is the extension of the full unitary
group Usy,(Fy) by the Galois group of Fy over Fy. The latter interchanges the two modules Wy, and
Wom—k and fixes W,,,. For 0 < k <m — 1 the FoI'Uy,,(IF4) modules

Vi with (Vi) (05, (82) = Wi @ Wam— and Yo with (Yo) v, ) = Win

are self-dual, absolutely irreducible, FoI'Us,, (IF4)-modules of dimension

m

dy, = dim(Y}) = 2<2Z‘> (0<k<m—1) and dy, = dim(¥,) = <2m>

6.3 The action of o on W,

The element o from Section Bl is an element of GL,,(F4) < Aff(Vg,). The natural Us,,(F4)-module
then can be realized as w-eigenspace of 77 on the natural Ou, (F2)-module and GL(Vp, ) is the stabilizer
in Usy,(F4) of a maximal isotropic subspace. More precisely we have the embedding

GL(Vr,) — Ui (F4), g + diag(g, (%))

where ¢[?) is the matrix obtained by applying the Frobenius automorphism 2 — z2 to all entries of g.
So by Remark 3] the eigenvalues of o on the natural Us,,(F4)-module W are

N S S e

and the determinant of o on Wis ww™2 =w ' asw=¢¢*--- C4m71 = Wn-1/3
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Lemma 6.6. For 0 <k < 2m the eigenvalues of o € Uzp(F4) on Wy, are the elements of
{w 1¢Eer D T C{0,...2m — 1},|I] = k).

Proof. Fix a basis (ej : j € {0,...,2m — 1}) of eigenvectors of o of the extension to Fym of W so that
o(e;) = ((=?¢;. Then the exterior products

{ea NoooNe, | 1<ip <...<ik <2m}

k 1,
form an eigenvector basis of W), where the eigenvalue of o on e;; A ... Ae;, is w_lCzFl(_2) . O

To distinguish between the two spin representations we compare 2-weights of the exponents of the
eigenvalues of o as defined in Notation

Lemma 6.7. For I C {1,....2m} with |I| =k let 0 < u < 2*™ — 1 be such that
¢t = w_lgzz'a(—mi.
Then O(u) — E(u) = m — k. In particular the wta(u) is even if and only if m — k is even.

Proof. We have

2m—1
w(Zier™) = (P with b= Y ;2" and b; € {0,—1}
i=0
such that b; = —1 if and only if either ¢ € I is odd or i ¢ I and i is even. As szm_l = 1 and

22m _ 1 = Z?;no_l 2" we may multiply ¢® by szm_l =1 to obtain ¢® = ¢ with a = Z?ZLO_I a;2' such
that a; = 1+b; € {0,1}. Then E(a) = |{i € I | i even }| and O(a) = [{i € {0,...,2m—1}\I | i odd }|.
In particular O(a) — E(a) equals the number of odd numbers in {0, ...,2m — 1} minus the cardinality
of I, s0 O(a) — E(a) =m — k. O

Corollary 6.8. The eigenvalues of o on Y}, are exactly the elements of ©y from Notation [Z.D We
have 1 € Oy if and only if k = m, and then the eigenvalue 1 of o occurs twice in Yy,.

Comparing the eigenvalues of o on V, and V_ with the ones obtained in Proposition [5.4] we find

Corollary 6.9. If m is even then BWa,,,/2BW =V, and BW /BWa, = V_.
If m is odd then BWY /BWa,, =V, and BWo,, /2BWT ~V_.

7 The U,, invariant sandwiched lattices

7.1 The U, invariant sandwiched lattices

The results of the previous section (in particular Corollary in combination with Remark [6.5]) can
be summarized to find all lattices A € £_ and T" € £ invariant under U,, = 23r+4m.FU2m(F4) where
L_ and L, are as in Definition Note that the lattices I' are even lattices whereas only V2A is
even. Recall from Remark that di denotes the dimension of the absolutely irreducible U,,-module
Y.
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Figure 1: Duality

Theorem 7.1. (a)
BWa,/2BWE, = (P i
k€M+
as an Fol'Usgy, (Fy) module. The Uy, invariant lattices T € Ly are in bijection with the subsets J C M,
such that PJ/2BW§£m = Pcs Vi and satisfy 2F§ =Dy \g- The discriminant group is

T /Ty = (2/22)%" " @ (2,/42) >+ O

(b)
BW3,,/BWa, = P Vi
keM_
as an Fol'Usgy, (Fy) module. The Uy, invariant lattices A € L_ are in bijection with the subsets I C M_,
such that Aj/BWa,, = ®kel Y. and satisfy A}# = AM,\I- V2A; is an even lattice with discriminant
group

(\/iAI)#/(\/iAI) = (2/22)2%%1 P (Z/4Z)ZkeM,\1 i

Proof. The module structure of the quotients of the two lattices follows from Corollaries and
To simplify notation we place ourselves into situation (a). The U, invariant lattices I" with 2BW72¢m -
I' € BWy,, are in bijection with the I'Uy,, (F4) invariant submodules of BWg,, / 2BW72¢m =B M, Ys.
As all the Yj are pairwise non-isomorphic simple Fol'Uy,, (Fy)-modules, the invariant submodules
correspond to subsets of M. As all the Y}, are self-dual, so

or# /2BW = BW,,, /T
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from which one gets the duality as illustrated in Figure 1. Moreover QF#OF J= 2BVV;§&m and 2F#+I‘ J=
BW,,,, implies that

2% /T) =BWo /T, 2 P Vi
keMi\J

Together with
0% /T 5| = [BWE,, /BWay| - [BWay, /Ty - [T /BWE |

we obtain the structure of the discriminant group.
Part (b) is proved with the same arguments. O
7.2 The automorphism group of the lattices ['; and A;

Theorem 7.2. For all ) # J C My we have Aut(T'y) = Uy, .
For all ) # I C M_ we have Aut(A;) = Uyy,.

Proof. Let J be a proper subset of M. Then I'j 4 2117?é = BWjy,,,, so by construction
L{m < Aut(FJ) < Aut(BWzm) = ggm.

Moreover Aut(T" ;) # Gay, because BWy,, / 2BVV72¢m is a simple Ga,,-module. As T'Us,,, (Fy4) is a maximal
subgroup of O} (2) (see for instance [21, Theorem 3.12]) also U, is a maximal subgroup of G, so
Uy, = Aut(T' 7). The statement for A; is proved similarly as Ay N A?ﬁ = BWy,,. O

7.3 Construction D for the lattices I'; and A;

In this section we show that the lattices I'j and A; from Theorem [l coincide with the lattices

—

L((Cyy)) and L((Cys)) from Section 5.4
Theorem 7.3. (a) For () # J C M. the lattice Ty from Theorem[71]is given by

_ {zc@) meJ
L£((C.s) med.

In particular if {m,m — 2} NJ =0, then min(l'y) = 2" = min(2BW§Em).

(b) For ) #1 C M_ the lattice A; from Theorem [71] is given by

—

Ar = L((Cur))-
In particular if m — 1 ¢ I, then min(A;) = min(BWy,,) = 2.

Proof. The lattices A are clearly ¢ invariant, and hence in £_. Moreover by Corollary all 'y are
admissible and hence in £;. So we may use Proposition to identify the lattices. By Corollary
the eigenvalues of o on A;/BWjy,, (respectively T";/ 2BW§m) are exactly the elements of | J;.; O

respectively | J,c; ©Or. These coincide with the eigenvalues of o on 5(@) /BWap,, 5(@) / 2BW§m
(if m € J), respectively 2£((C*J))/2BV\/'72¢m (if m ¢ J) as given in Theorem [5.8 O

Corollary 7.4. Let m > 3.
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a) For Jy:= My \ {m,m — 2} the lattice T j, has minimum 2™ and discriminant group
0
% Ty 2 (2/22)%" " @ (2,/42) (7)),
If m =3 then Jo =0 so Ty, = 2BWZ .

(b) For Iy := M_\ {m — 1}, the rescaled lattice sSBWay, := \/2Aj, is an even lattice of minimum
2m+1 and discriminant group

2m
m

(sBWau)#/ (sBWa) = (2/22)7" " @ (2/42)*n"0).

For m > 3 the lattice sSBWj,, has the maximum density among the unitary invariant sandwiched
lattices that we considered in this paper. In particular these lattices are denser than the Barnes-Wall
lattices in the same dimension. More precisely we compute the 2-adic logarithm of the center density
(as defined in [0, Chapter 1, Formula (27)]) of sBWa,, as

10g,(6(sBWap)) = (2m — 3)22" 7% — 2 <m27j& 1>

which we tabulate for the first few values of m

m|[3 4 5 6 7 8 9 10
10g5(0(sBWay,)) | 18 208 1372 7632 39050 190112 895524 4120528 |

Though these lattices are denser than the Barnes-Wall lattices of the same dimension, they do not
improve on the asymptotic density of the Barnes-Wall lattices as given in [0, Chapter 1, Formula (30)].

8 Strongly perfect lattices

The notion of strongly perfect lattices has been introduced by Boris Venkov (see [I9] for a compre-
hensive introduction).

Definition 8.1. A lattice L is strongly perfect, if its minimal vectors form a spherical 4-design.

One interest of strongly perfect lattices stems from the fact that they provide examples of locally
densest lattices. Another point comes from the connection to Riemannian geometry: Recall that a
lattice L is called universally strongly perfect, if all non-empty layers L, := {¢ € L | (¢,£) = a} form
spherical 4-designs. It has been shown in [7] that universally perfect lattices achieve local minima of
Epstein’s zeta function.

One method to show that a lattice is universally strongly perfect has been used by Bachoc in [2],
where she shows that all layers of the Barnes-Wall lattices form spherical 6-designs.

It is based on the following proposition, used in several places of the relevant literature.

Proposition 8.2. (see e.g. [11, Proposition 2.5]) Let G < O, (R) be a finite subgroup of the compact
real orthogonal group. Assume that all G invariant homogeneous polynomials of degree < 4 are also
invariant under Oy (R). Then all G-orbits in R™ form spherical 4-designs.

Theorem 8.3. All the lattices I'y and A; from Theorem [7_1] are universally strongly perfect.
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Proof. We show that the assumption of Proposition holds for U,, = 23r+4m.F U (Fy) < Og2m (R).
Then the theorem follows as all layers of such invariant lattices are disjoint unions of U,,-orbits. To
compute the invariant harmonic polynomials we use the fact that U, = Cp,(447) (see [I5, Proposition
7.3.1]). Therefore by [15, Corollary 5.7.5] the space of homogeneous invariants of U, of degree d is
spanned by the genus m complete weight enumerators of Hermitian self-dual codes C = C+ < F¢ of
length d containing the all ones vector. By the classification of these codes, there are up to coordinate
permutation unique such codes of lengths 2 and 4, the repetition code i = ((1,1)) < FZ and its
orthogonal sum iy | io < F}. The genus m complete weight enumerator of iy is the Ogom (R) invariant
quadratic form ¢ and the one of iy L iy is ¢°. So all invariants of U,, of degree 2 and 4 are also
invariant under Oq2m (R). As all layers of any U, invariant lattice are disjoint unions of U,,-orbits
we conclude that all these layers form spherical 4-designs. So all U,,, invariant lattices are universally
strongly perfect. O

Note that this theorem also follows from [I8, Theorem 1.3 (A2)].

9 Examples in small dimension

BW}
BVijé A
{2} A
{o}
BWy BWg
L9y NG
Lroy Loy
2BW# 2BW#
Figure 2: m =2 Figure 3: m =3

In dimension 16 (so m = 2) we find two new universally strongly perfect lattices: 'y and its dual

F?;} = %F{O}. The discriminant groups are
7y /T2y = Z/22° @ Z/AZ? and T, /Ty = Z,/27° & Z/AZ5.
For the minimum we compute
min(T'(9y) = min(BWy) = 4, min(T'ypy) = 6
min(L)

— 1 ammy rounded to 2 decimal places are

so the Hermite function v with (L) = —— D

’7(BW4) ~ 2.83, ’V(F{Q}) ~ 2.38, V(F{O}) ~ 2.52.
The kissing numbers are computed with Magma as

IMin(BW,)| = 4320, [Min(I';5))| = 864, |Min(I'(y)| = 1536.
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For dimension 64 (so m = 3) we list the invariants of the lattices as computed with Magma in the

following table:

name smith | min kissing | Hermite

BWg 132232 819,694,080 5.66

[ygy | 120232412 8| 114,048 4.36

Dy | 112232420 12 | 4,257,792 5.50

LsBWs = Aoy | 3717220 | 89,694,080 5.91

Ay | 4713222 4| 2,395,008 5.42
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