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Paris, France
bUniv Lyon, Ens de Lyon, Univ Claude Bernard, CNRS, Laboratoire de Physique,

F-69342 Lyon, France.
cSTAG Research Centre and Mathematical Sciences, University of Southampton,

Southampton, SO17 1BJ, UK

E-mail: Petrini@lpthe.jussieu.fr, Henning.Samtleben@ens-lyon.fr,

S.Schmidt@soton.ac.uk, K.Skenderis@soton.ac.uk

Abstract: We present the uplift of the GPPZ solution of the five-dimensional maximal

supergravity to ten dimensions. The five dimensional solution involves two real scalar fields,

with one of them encoding holographically the (norm of the complex) supersymmetric

N = 1 mass deformation and the other the real part of the gaugino condensate. We

embed this solution in a consistent truncation of D = 5 maximal supergravity which

involves two complex scalars dual to the complex mass deformations and the complex

gaugino condensate, and a U(1) gauge field dual to the U(1)R current, and uplift it to

ten dimensions. The ten dimensional solution is completely explicit, with all fields given

in terms of elementary functions. The metric and the axion-dilaton agree with those of a

partial uplift of the GPPZ flow by Pilch and Warner. We analyze the asymptotics and the

singularity structure of the ten dimensional solution. The uplifted solution is singular, but

the singularity is milder than that of the five dimensional solution, and there is conformal

frame in which the metric is only singular at one point of S5. We compare the asymptotics

of the 10d solution with that of the Polchinski-Strassler and Freedman-Minahan solutions,

and find agreement with Freedman-Minahan and disagreement with Polchinski-Strassler.

In particular, we infer that while the Polchinski-Strassler 10d fields satisfy the correct

boundary conditions, they do not solve the field equations near the boundary.
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1 Introduction and Summary of Results

Since the early days of the AdS/CFT correspondence many efforts have been devoted to

constructing gravity duals of N = 1 gauge theories in four dimensions. While we have

now a very good understanding of the duality for superconformal N = 1 theories, the

same is not true for non-conformal ones. The two best known N = 1 solutions, the

Maldacena-Nunez [1] and the Klebanov-Strassler [2] ones, are dual to gauge theories with

unconventional UV completions, namely higher-dimensional theories or theories with an

infinite number of degrees of freedom. A natural theory to be studied holographically is

N = 1∗. This is obtained as a deformation of N = 4 Super Yang Mills and, according

to the AdS/CFT dictionary, its supergravity dual should correspond to a deformation of

AdS5 × S5. However the issue of finding such solution is still not settled.

The N = 1∗ theory is obtained by adding a mass term for the three chiral superfields

of N = 4 Super Yang Mills. This amounts to adding to the N = 4 superpotential the term

δW = mijtr(ΦiΦj) , (1.1)

which reduces the supersymmetry to N = 1 and breaks explicitly the R-symmetry. At

energies lower than the mass scale the chiral matter multiplets decouple, the U(1) R-

symmetry is recovered and the theory flows to pure N = 1 Super Yang Mills. N = 1

Super Yang Mills confines and has a mass gap, with N different vacua associated with the

gaugino condensates.

Far from the decoupling limit, the N = 1∗ theory has a rich structure of vacua as

described in [3–5]. Some vacua are characterised by a mass gap, which can be due to a

Higgs mechanism or to confinement, while some others contain massless photons and hence

have no mass gap. At the classical level the vacua are parameterised by the N dimensional

representations of SU(2), as one can see from the F-term equation1

[Φi,Φj ] = − m√
2
εijkΦk . (1.2)

The N -dimensional irreducible representation of SU(2) corresponds to the Higgs vacuum.

The gauge group is completely broken and there is a mass gap already at the classical level.

As the theory is weakly coupled at all energy scales, the semiclassical analysis holds also

at the quantum level and there is exactly one vacuum. The opposite case, corresponding

to N copies of the trivial representation, is the SU(N) confining vacuum. All the vevs of

the scalars are zero and the gauge group is unbroken. At the quantum level the theory

confines in the IR and the classical vacuum splits into N vacua parameterised by the

gaugino condensate 〈λλ〉. Since the R-symmetry is explicitly broken already in the UV,

the different vacua are not related by a discrete R-symmetry as in pure N = 1 Super Yang

Mills, and are not isomorphic. In each vacuum the superpotential takes different values

and the domain walls connecting the vacua have different tension. This is the vacuum that

survives in the decoupling limit.

1 We consider the case where the mass term is diagonal. By rescaling the superfields Φi one can always

write the mass term as mij = mδij .
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Other confining vacua appear when the fields Φi consist of blocks that are all in the

same representation of dimension p. The residual gauge group is SU(p). At the quantum

level the theory confines and there are p vacua parameterised by the gaugino condensates.

If, on the contrary, the Φi split in blocks of the different dimensions, the vacua will gener-

ically have U(1) factors and, hence, massless photons. These vacua have no mass gap and

are called Coulomb vacua.

A first attempt to determine the gravity dual of the N = 1∗ theory is the so called

GPPZ solution [6] in N = 8 SO(6) gauged supergravity in five-dimensions [7, 8]. This is a

consistent truncations of type IIB supergravity on AdS5×S5 [9] that keeps only the lightest

modes of the Kaluza-Klein reduction on S5 [10]. On the gauge theory side these modes

correspond to the relevant operators in N = 4 Super Yang Mills and thus contain the mass

deformations. By imposing that the masses of three chiral superfields are the same it is

possible to consistently truncate the five-dimensional supergravity to only two scalars, m

and σ, and to find an analytic solution of the five-dimensional equations of motion. The

asymptotic behaviour of the two scalars confirm that m and σ can be identified with a

mass term for the matter superfields and the gaugino condensate, respectively.

The solution has a naked singularity. Nevertheless it is possible to perform several

computations on the solution and obtain sensible results that seem to confirm its interpre-

tation as the dual of N = 1∗.2 It can be easily checked that the theory admits a mass

gap and a discrete spectrum of glueballs [13]. Moreover, the holographic computation of

2-point functions along the flow gave results consistent with interpretation of the solution

as a deformation of N = 4 SYM, including subtle issues regarding the analytic structure of

the correlators [14, 15]. The GPPZ solution admits two truncations, with σ = 0 and with

m = 0, respectively. For the m = 0 solution the spectrum of light scalars has been com-

puted in [16] and appears to be insensitive to the IR singularity. On the other hand, [17]

found a massless state in the spectrum of theory, which may point towards the interpre-

tation of the solution as being dual to a Coulomb vacuum. Even if the solution has many

qualitative features consistent with being dual of one of the confining vacua of N = 1∗, due

to the naked singularity, its physical interpretation is still not completely clear. Sometimes

singularities are resolved when a solution is uplifted in higher dimensions [18]. For example,

the solutions describing the Coulomb Branch of N = 4 SYM have a naked singularity from

the 5d perspective but they are non-singular from the 10d perspective [19]. Therefore, the

first step towards assessing the validity of the GPPZ solution is to uplift it to 10 dimensions

and this is the topic of this paper.

The general uplift of N = 8 SO(6) gauge supergravity to type IIB was constructed

2In [11] it was argued that there cannot be a supergravity description of the confining vacua of N = 1∗

theory. This claim was based on the structure of the vacuum expectation values at strong coupling, which

was obtained using an alleged modular symmetry of the chiral sector of the theory in each vacuum. The

existence of this symmetry relied on a contribution of the Konishi anomaly to the 10 and 10, which is

now known not to be correct. In more detail, equation (2.4) of [11] contains a quantum contribution to

the 10. The operator in the 10 however is a supersymmetric operator and as such it cannot mix with the

non-supersymmetric Konishi operator (and this has been checked explicitly to 2-loop order in [12]). This

invalidates equation (4.9) in [11] and consequently the derivation of the vevs at strong coupling. We thank

Ofer Aharony for a discussion about this point.
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in [9]. Here our starting point is a 4-scalar truncation of the five-dimensional supergravity.

As described above N = 1∗ is a deformation of the N = 4 SYM superpotential by an F-

term, which is a complex operator. The gaugino bi-linear is also a complex operator and,

therefore, their sources are complex, making a total of 4 real scalars in the dual supergravity.

In addition, consistency of the 5d supergravity theory requires that we include a U(1) gauge

field.3 Altogether this gives an SO(3) invariant truncation of D = 5 supergravity that

involves the metric, 2 complex scalars, m = meiϕ and σ = σeiω and a U(1) gauge field4.

The GPPZ solution lives in a further (consistent) truncation of this theory that keeps the

norms m and σ and truncates the angles ϕ, ω and the gauge field.

The uplift of the 4-scalar sector has a number of interesting features. It turns out that

the angles of the complex scalars are completely accounted for by a combination of an SO(2)

rotation of the coordinates of S5 and an SO(2)IIB rotation of the SL(2)IIB symmetry of IIB

supergravity. To be more precise, let (ui, vi) be coordinates on R6 such that each triplet

parameterises an R3. The S5 is then described by u2 + v2 = 1 and the SO(3) symmetry

acts by a simultaneous SO(3) rotation of ui and vi. The first SO(2) rotates the u’s into

v’s and geometrises the U(1)R action of the dual QFT. The SO(2)IIB corresponds to the

bonus U(1) symmetry of N = 4 SYM [25] and it is the U(1)Y group discussed in [26] in the

context of the S5 compactification of IIB supergravity. It is also worth mentioning that

the periodicity of the angles ϕ and ω in D = 5 maps in ten dimensions to the invariance

under the combined operation of exchanging of ui with vi and performing an S-duality

transformation.

Applying the uplift formulae to the GPPZ flow we find an explicit ten-dimensional

solution of type IIB, with all metric coefficients, the dilaton-axion and the p-forms given in

terms of elementary functions. All p-forms are turned on in the solution, in particular both

the NSNS and RR 2-form potentials (as mentioned in the previous paragraph, the solution

is invariant under S duality, which exchanges the two potentials, followed by an exchange of

the coordinates ui and vi). The ten-dimensional metric and the axion-dilaton agree exactly

with those of the partial uplift of Pilch-Warner [20]. We checked using Mathematica [27]

that the type IIB equations are satisfied.

The solution is asymptotically AdS5 × S5 and the leading correction is due to the

2-form potentials, as expected based on the spectrum of linear perturbations [10] and

the AdS/CFT dictionary. We also give the first few sub-leading terms in the asymptotic

expansion in order to compare with other solutions that appeared in the literature. The first

few sub-leading terms are uniquely fixed by the boundary conditions [28] and by working

out the asymptotic expansion to sufficiently high order one can extract (in principle) the

vevs of all gauge invariant operators using the method of Kaluza-Klein holography [29].

We will report on this computation elsewhere.

The solution is still singular in ten dimensions but the divergence is milder than that

3In N = 1 language, the SU(4)R R-symmetry of N = 4 SYM decomposes as SU(3)×U(1)R. The gauge

field that we keep is dual to the U(1)R.
4This 4-scalar sector has been considered earlier in [20, 21]. One can further truncate this theory by

setting either m = 0 or σ = 0. The m = 0 truncation and its uplift to 10 dimensions has been discussed

in [22–24]. We discuss both cases in Appendix F
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of the five-dimensional solution. In five dimensions the entire spacetime metric goes to zero

as we approach the singularity. In ten dimensions the singularity structure depends on the

size of the deformation parameter relative to the gaugino condensate, which is quantified

by a parameter λ. It was argued in [6] that the singularity is acceptable provided λ ≤ 1.

The singularity structure is different depending on whether λ < 1 or λ = 1. The λ = 1

is similar to the 5d solution, with a singularity both in the non-compact directions and

the compact spherical part. When λ < 1 the non-compact part of the metric is now non-

singular and there is only a singularity in the compact spherical part, a singularity which

was called “ring singularity” in [20]. More precisely, following [20] we view S5 as an RP3

fibered over a disc. The singularity is located at the edge of the disc. In [20] it was argued

that the singularity is associated with 7-branes but we find no evidence for 7-branes in the

near-singularity structure of the metric.

It turns out that the singularity structure also depends on the choice of frame: one can

rescale the metric with appropriate powers of the scalars fields in the solution. While in the

usual frames, the Einstein and string frame, the singularity structure is similar, there are

also frames where the ten-dimensional metric is only singular at one point, a point at the

edge of the disc. It would be interesting to understand the physics behind this observation.

It is possible that the supergravity approximation is not sufficient to describe duals

of N = 1∗ theories and that some stringy mechanism is needed to resolve the singularity.

In [5] Polchinski and Strassler suggested that the five-dimensional singularity is resolved

by D3-branes polarised via Myers’ effect [30] into five-branes with world-volume R4 × S2,

where S2 is an equator of S5 and R4 is a slice of AdS5 at fixed radius. The construction

is motivated by the observation that the F-term condition (1.2) tell us that the branes are

non-commutatively expanded into two spheres.5 Consider, for instance, the Higgs vacuum.

The Dirac-Born-Infeld-Wess-Zumino action for the D3 branes becomes [30]

S ∼ µ3

∫
C4 + µ3(2πα′)2

∫
F0123ijk[x

i, xj ]xk , (1.3)

and we see that the expanded D3-branes have an additional electric coupling to the RR 6-

form and are therefore equivalent to a single D5-brane with N units of D3-brane charge and

zero net D5-brane charge. Then the Higgs vacuum is identified with a single D5-brane. S-

duality transformations can be used to construct the backgrounds dual to the other vacua.

The confining vacua are identified with single NS-branes, while the others are superpositions

of D5 and NS5 branes. This interpretation also agrees with the AdS/CFT dictionary since

the fermionic mass term in (1.1) corresponds the lowest KK-mode in the expansion of the

complex two-form field of type IIB and this latter is exactly the potential needed to polarise

D3-branes into 5-branes. However, only the asymptotic solutions near the boundary and

the branes were given [5] and the full supergravity solutions corresponding to the various

brane configurations are not known. Comparing this solution with the uplifted GPPZ

solution, we find that the boundary conditions (the sources) agree, but the subleading

terms in the near-boundary expansion disagree. Since the first few sub-leading terms are

5The scalar components of the superfields Φi are the transverse coordinates of the branes (xi = 2πα′φi).
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uniquely fixed in terms of the sources, we conclude that the Polchinski-Strassler 10d field

do not satisfy the IIB equations near the boundary.

The finite temperature physics of N = 1∗ theory was studied holographically by Freed-

man and Minahan [31] by deforming the solution of a black D3-brane by adding the complex

combination of the RR and NS 3-forms dual to the mass terms. The solution is obtained

perturbatively up to second order in the deformation parameter. We can use T = 0 limit

of Freedman-Minahan solution as a perturbative check of our solution in the UV, and we

find that the two solutions are indeed in agreement.

The paper is organised as follows. In the next section we review the five-dimensional

GPPZ solution. In Section 3 we present the uplift of the 4 scalar sector of the D = 5 super-

gravity and of the GPPZ solution. In Section 4 we discuss the near-boundary asymptotics

and in Section 5 we analyse the singularity structure of the ten-dimensional solution. We

conclude with an outlook in Section 6. The paper contains also a number of appendices.

In Appendix A we summarise the uplift formulas from [9] and in Appendix B we present

the explicit parameterisation of the scalar E6(6) matrix in the 4-scalar truncation of D = 5

maximal supergravity. In Appendix C we present the ten-dimensional solution in Pilch-

Warner coordinates and in Appendix D we list the SO(3) invariant spherical harmonics

that we use in the main text. Finally, in Appendix F we present the uplift of the two

one-scalar truncations of the GPPZ solution.

2 The GPPZ flow

The GPPZ flow [6] is a solution of the five-dimensionalN = 8 SO(6) gauged supergravity [7,

8]. The field content of the theory can be organised in representations of the SO(6)×SL(2)

subgroup of E6(6). It consists of 15 massless vectors fields in the adjoint of SO(6), 12

topologically massive two-forms transforming in the (6,2) of SO(6)× SL(2) and 42 scalars

parameterising an E6(6)/USp(8) coset space and transforming as

42 = 20′(0) + 10(−2) + 10(2) + 1(4) + 1(−4) , (2.1)

where the subscripts are the charges under the U(1)Y subgroup of SL(2) [26]. The masses

of these scalar are m2 = −4 (for the 20′), m2 = −3 (for the 10 and 10) and m2 = 0 (for

the two 1s).

According to the AdS/CFT dictionary, the 42 scalars are dual to relevant and marginal

operators6 of N = 4 SYM. N = 4 SYM contains six scalars φi and four fermions λa
transforming in the 6 and 4 of SU(4), respectively. Then the scalars in the 20′ correspond

to scalar bilinears Trφ(iφj)(−traces) of conformal dimension ∆ = 2, the scalars in the 10

are massive deformations with ∆ = 3, schematically

Q2Trφ(iφj) ∼ Tr(λaλb + φ3) (2.2)

and the scalars in the 1 are the gauge-coupling deformations.

6Recall that the mass of an AdS scalar is mapped to the conformal dimension of the dual field theory

operator by ∆ = 2 +
√

4 +m2.
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We are interested in massive deformations of N = 4 SU(N) SYM that break super-

symmetry to N = 1. In N = 1 notation the six scalar fields φi are arranged in three

complex scalars, which together with three of the four fermions form three chiral super-

fields Φi, i = 1, 2, 3, while the remaining fermion sits in the vector multiplet. Of the full

SO(6) R-symmetry only a U(1)R × SU(3)R subgroup is manifest, under which the vector

superfield is neutral and the three chiral superfields transform in the 32/3.

To identify the relevant 5d scalars we need to describe the mass deformation in more

detail. In N = 1 language the mass deformation modifies the superpotential of the theory

by the addition of the term

δW = mijtr(ΦiΦj) (2.3)

that only involves three of the four N = 4 fermions. Thus we need to decompose the

SU(4) ∼ SO(6) representations into SU(3)× U(1) and single out the gaugino. The funda-

mental of SU(4) splits as

4→ 3 + 1 (2.4)

and thus the four fermions λa in the 4 of SU(4) split into the 3 corresponding to the three

fermions in the chiral multiplets Φi and the 1 which is the gaugino λ. The fermionic mass

term in the 10 then decomposes as

10→ 1 + 3 + 6 , (2.5)

and we identify the 6 with the mass deformation, while the scalar in the 1 corresponds to

a gaugino condensate. Integrating out the auxiliary fields we find that N = 4 SYM the

generic mass deformation also involves, on the gravity side, part of the scalars in the 20′,7

unless the three fermion masses are taken to be equal (the details will be reported in [32]).

If the masses are equal, the part corresponding to the 20′ does not appear, and there is a

residual SO(3) symmetry that allows us to keep only two holomorphic scalars, σ ∈ 1 and

m ∈ 6, while setting all the remaining fields consistently to zero. These two fields are dual

to the operators8

O3 =

3∑
i=1

tr(λiλi), O4 = tr(λ4λ4). (2.6)

Similarly, we get two anti-holomorphic scalars, σ̄, m̄ (the complex conjugates of σ and m)

from the 10. This is as expected, since m and σ are dual to chiral operators.

In AdS/CFT the QFT generating functional of correlation functions becomes the on-

shell value of the bulk action. Since m and σ couple to complex operators, the gener-

ating functional will only contain the modulus of m and σ. Indeed, in N = 4 SYM,

〈O3O3〉 = 〈O3O3〉 = 0 but 〈O3O3〉 6= 0 and the same with O3 → O4, which means the

generating function will depend on |m|2, |σ|2 but not on m2, m̄2, σ2, σ̄2, and similarly for

7The mass deformation also involves the Konishi operator, which however decouples in the supergravity

limit.
8These operators are obtained from 20′ by acting with two supercharges and they contain also a part

proportional to φ3 that we suppress here.
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the contributions coming from higher point functions. Indeed, we will see in the next sec-

tion that there is consistent truncation of the bulk supergravity to the moduli m and σ of

m and σ,

m = meiϕ , σ = σ eiω . (2.7)

We are thus lead to look for 5d solutions of the form

ds2 = dy2 + e2φ(y)dxµdxµ (2.8)

with µ = 0, . . . , 3 and non-trivial profile for the real fields m(y) and σ(y). The radial

coordinate y ranges from −∞ (IR) and +∞ (UV). With this truncation the Lagrangian

reduces to

L =
√
−g
{
−1

4
R+

1

2
(∂m)2 +

1

2
(∂σ)2

−3

8

[
(cosh

2m√
3

)2 + 4 cosh
2m√

3
cosh 2σ − (cosh 2σ)2 + 4

]}
. (2.9)

Because of supersymmetry, the fields φ, m and σ satisfy the first order equations

φ̇ =
1

2

[
cosh

2m√
3

+ cosh 2σ

]
,

ṁ = −
√

3

2
sinh

2m√
3
,

σ̇ = −3

2
sinh 2σ , (2.10)

descending form the superpotential

W =
3

4

[
cosh

2m√
3

+ cosh 2σ

]
. (2.11)

The solution, which is often denoted as GPPZ flow [6], is

m(y) =

√
3

2
log

[
1 + e−(y−C1)

1− e−(y−C1)

]
=
√

3 arctanh e−(y−C1) ,

σ(y) =
1

2
log

[
1 + e−3(y−C2)

1− e−3(y−C2)

]
= arctanh e−3(y−C2) ,

φ(y) = y +
1

2
log
[
1− e−2(y−C1)

]
+

1

6
log
[
1− e−6(y−C2)

]
= y − log cosh

m(y)√
3
− 1

3
log coshσ(y) .

(2.12)

where C1 and C2 are two arbitrary integration constants.9

9The integration constants Ci used here are identical to those used by Pilch & Warner [20], and are

related to those used by GPPZ [6] by C
(GPPZ)
1 = C1, C

(GPPZ)
2 = 3C2. Also the definition of φ(y) differs

between Pilch & Warner and GPPZ. Here we are using the Pilch & Warner definition, which is related to

GPPZ by φ(GPPZ) = φ− (C1 + C2)/2.
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Generically, solutions of the type (2.12) can represent both deformations of the dual

field theory by an operator O and/or different vacua of the same theory characterised

by a vev 〈O〉. The behaviour of the solution in the asymptotic AdS region, y → +∞,

discriminates between the two options. For y → +∞, the asymptotic behaviour consists

of a non-normalisable part and a normalisable one

ϕ ∼
y→+∞

e(∆−4)y(A+ · · · ) + e−∆y(B + · · · ) , (2.13)

where ∆ is the conformal dimension of the dual operator and the dots in the leading

non-normalizable part are local functions of A while the dots in the normalizable part are

functions of both A and B. The coefficient A of the non-normalisable solution is interpreted

as a deformation of the Lagrangian while the coefficient B of the normalisable solution is

related to the vev B = 1/(2∆− 4)〈O〉, where O is the operator dual to ϕ [28].

For y → +∞, the GPPZ solution behaves as

φ(y) ∼
y→+∞

y (2.14)

m(y) ∼
y→+∞

m0e
−y, m0 =

√
3eC1

σ(y) ∼
y→+∞

1

2
σ0e
−3y, σ0 = 2e3C2 .

From these asymptotics we see that, since ∆ = 3, m0 corresponds to a mass deformation

and σ0 = Re〈λλ〉 is the real part of the gaugino condensate. It is then natural to interpret

the solution as a flow from the mass deformed N = 4 to N = 1∗ in the IR.

The metric has a naked singularity for y → C1 (with y ≥ C1),

ds2 = dy2 + a(y − C1)dxµdxµ + . . . , (2.15)

where a = 2eC1+C2(2 sinh (3(C1 − C2)))1/3. The Ricci scalar is singular

R = −(y − C1)−2 + . . . (2.16)

and there is no change of frame in which the singularity disappears or is milder. Notice

that also the solution for m diverges at y = C1

m(y) = −
√

3

2
log(y − C1) + . . . (2.17)

while the behaviour of σ depends on the relation between C1 and C2. If C2 ≤ C1 then σ

is regular.

Singularities of this kind are common in most 5d solutions and criteria have been

proposed to establish whether the solutions are physically acceptable or not. In particular

in [33] it was proposed that a singular solution is physically acceptable if it can be obtained

as the zero temperature limit of a regular black-hole. The conditions for the existence of

the black hole solution constrain the parameters of the singular solution. In this case

the criterion gives C2 ≤ C1. By looking at the behaviour of Wilson loops it was shown

in [6] that the solutions with C2 ≤ C1 confines. Such solutions should then be dual to the

confining vacua of N = 1∗.
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3 Uplift of the GPPZ solution

The general uplift of N = 8 SO(6) gauged supergravity to type IIB was constructed in [9]

and we recall the main formulae in Appendix A. In this section we first review the 4-scalar

truncation of N = 8 supergravity in which the GPPZ solution lives and then we apply to

it the uplift formulae of Appendix A the last section in this 4-scalar truncation to obtain

the full IIB uplift of the GPPZ solution. Finally, we explicitly verify the entire set of IIB

field equations is satisfied by the ten-dimensional solution.

3.1 Four-scalar truncation of D = 5 supergravity

As discussed above, an important ingredient in the construction of the GPPZ solution is

the invariance under an SO(3) subgroup of the gauge group SO(6) that allows to truncate

the full theory to a pair of complex scalars [6]. Even if the GPPZ solution was found in

a truncation involving only two real scalars, one can actually embed the flow in a larger

theory that is obtained by truncating the N = 8 supergravity to the full set of SO(3)

invariant fields [20]. This gives an N = 2 supergravity coupled to two hyper-multiplets.

Of the 42 scalars (2.1) of the N = 8 theory we only keep the 8 singlets under the

SO(3)diag ⊂ SO(3)× SO(3) ⊂ SO(6) (3.1)

subgroup of the gauge group SO(6) ∼ SU(4). These form the coset space G2(2)/SO(4) and

are dual to the operators

O1 =

3∑
i=1

(tr(φiφi)− tr(φi+3φi+3)) , O2 =

3∑
i=1

tr(φiφi+3),

O3 =
3∑
i=1

tr(λiλi) O4 = tr(λ4λ4) (3.2)

O5 = (F+)2, O6 = (F−)2,

where F± is the (anti)-self-dual field gauge strength. O1 and O2 are the SO(3)diag singlets

contained in 20′, the complex operators O3 and O4 are the SO(3)diag singlets in the 10

and 10, and O5,O6 correspond to the two singlets. Among the SU(4)R gauge fields, the

truncation to singlets under (3.1) only keeps a single U(1) gauge field, dual to the U(1)R
subgroup of SU(4)R → SU(3)×U(1)R.10

The further truncation to the 2 complex scalars dual to O3 and O4 can also be shown

to be consistent as it corresponds to the truncation to singlets under an additional discrete

subgroup within U(1)R × U(1)Y , see [20] for details. In field theory the discrete U(1)R
transformation is

(φi, φi+3)→ (φi+3,−φi), λi → e−
π
4
iλi, λ4 → e

3π
4
iλ4 (3.3)

10We normalize the U(1) such that the charges are those of the QFT, see the discussion around (6.88)

in [15].
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Thus under this transformation

O1 → −O1, O2 → −O2, O3 → e−
π
2
iO3, O4 → e−

π
2
iO4 (3.4)

while O5 and O6 are invariant. Under U(1)Y the operators O1 and O2 are neutral, O3 and

O4 have charge 2 (and the complex conjugates charge −2) and O5 and O6 have charges

4 and −4 (see (2.1)). Thus the combined operation of the discrete U(1)R in (3.4) and an

discrete U(1)Y rotation with angle π/4 yields

O1 → −O1, O2 → −O2, O3 → O3, O4 → O4, O5 → −O5, O6 → −O6 (3.5)

thus projecting out O1,O2,O5,O6 and keeping O3 and O4.

We parameterise the scalars dual to O3 and O4 as

m = meiϕ , σ = σ eiω . (3.6)

The five-dimensional theory [34] then reduces to

1
√
g
L = −1

4
R− 1

12
Fµν F

µν − 1

54
εµνρστ AµFνρFστ +

1

2
∂µm∂µm+

1

2
∂µσ ∂

µσ

+
3

8
sinh2

(
2m√

3

)
DµϕD

µϕ+
1

8
sinh2 (2σ)DµωD

µω − Vpot , (3.7)

with the Maxwell and Chern-Simons terms of minimal supergravity, covariant derivatives

Dµω = ∂µω + 2Aµ , Dµϕ = ∂µϕ+
2

3
Aµ , (3.8)

and the scalar potential

Vpot = −3

8

(
4 cosh

(
2m√

3

)
cosh(2σ) + cosh2

(
2m√

3

)
− cosh2(2σ) + 4

)
, (3.9)

which only depends on the absolute values of the complex scalars. The scalar kinetic term

is an (SU(1, 1)/U(1))2 coset space, and the covariant derivatives (3.8) correspond to the

gauging of U(1)R
Note that the angles ϕ, ω source the Maxwell equation

∇νFµν +
1

6
εµνρστ FνρFστ =

3

2
sinh2

(
2m√

3

)
Dµϕ+

3

2
sinh2 (2σ)Dµω

≡ 3

2
J µ . (3.10)

Thus one may either set the vector field to zero and consider constant angles or demand

that the angles are covariantly constant,

Dµϕ = Dµω = 0 (3.11)

This condition is solved by

ω = −λ , ϕ = −1

3
λ , Aµ =

1

2
∂µλ , (3.12)
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for any spacetime dependent function λ(x).

With the angles being (covariantly) constant, the field equations for m and σ decouple

and the GPPZ flow (2.12) is still a solution. In the uplift formulae we will also employ the

variables [20]

µ ≡ eσ , ν = em/
√

3 , (3.13)

in terms of which the flow equations (2.10) take the form

µ̇ =
3

4µ
(1− µ4) ,

ν̇ =
1

4ν
(1− ν4) ,

φ̇ =
1

4µ2
(1 + µ4) +

1

4ν2
(1 + ν4) . (3.14)

3.2 Uplift of the 4-scalar truncation: metric and dilaton/axion

In order to apply the explicit uplift formulae given in Appendix A, we first evaluate the

matrix (A.1) for the four-scalar truncation (µ, ν, ϕ, ω) by exponentiating the associated

generators in the group E6(6) . We give some details in Appendix B. Since all scalars are

singlets of the SO(3) in (3.1) it proves useful to decompose the S5 sphere harmonics Ya

into

Ya −→ {ui, vi} , (3.15)

with uiui + vivi = 1 . Moreover, for compactness of notation, it is useful to define the

rotated functions

U i = cos

(
1

4
(ϕ+ ω)

)
ui + sin

(
1

4
(ϕ+ ω)

)
vi ,

V i = cos

(
1

4
(ϕ+ ω)

)
vi − sin

(
1

4
(ϕ+ ω)

)
ui , (3.16)

where ϕ and ω are the x-dependent phases of the scalars m and σ of the D = 5 theory,

see 3.6. This transformation is a local U(1) corresponding to the U(1)R of the dual QFT.

Similarly, we define the rotated one-forms

Θi = cos

(
1

4
(ϕ+ ω)

)
Dui + sin

(
1

4
(ϕ+ ω)

)
Dvi ,

Λi = cos

(
1

4
(ϕ+ ω)

)
Dvi − sin

(
1

4
(ϕ+ ω)

)
Dui , (3.17)

where the covariant derivatives

Dui ≡ dui − 1

3
viAµ dx

µ ,

Dvi ≡ dvi +
1

3
uiAµ dx

µ , (3.18)
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correspond to the Kaluza-Klein basis (A.13). These are the objects that naturally appear

in the uplift formulae of Appendix A. Let us also note that the proper identification of the

U(1) vector field Aµ among the 15 SO(6) fields Aµ
ab gives rise to the relations

Fµν
abMab,cd F

µν cd =
4

3
FµνF

µν ,

εabcdef F
ab
µνF

cd
ρσA

ef
τ = −32

√
2

9
FµνFρσAτ . (3.19)

We can now give the fields of the uplifted solution. The IIB metric (A.7) takes the

explicit form

ds2
IIB = ∆−2/3

(
gµν(x) dxµdxν + ∆8/3 dŝ2

5

)
(3.20)

with the warp factor ∆ and the internal metric dŝ2
5 given by

∆−8/3 =

(
1 + µ2ν2

)3 (
µ2 + ν6

)
16µ4ν6

+
U2 V 2

16µ4ν8

(
1− ν4

)2 (
µ2 − ν2

)2 (
1 + µ2ν2

)2
− (U · V )2

16µ4ν8

(
1− ν4

)2
(1− µ2ν2)2

(
µ2 + ν2

)2
, (3.21)

dŝ2
5 =

(
1 + ν4

) (
µ2 + ν2

) (
1 + µ2ν2

)
8µ2ν4

(
ΘiΘi + ΛiΛi

)
−
(
1− ν4

)2
8 ν4

(
(U2 − V 2) (ΘiΘi − ΛiΛi) + 4 (U · V ) ΘiΛi

)
+

(
1− µ4

) (
1− ν4

)
8µ2ν2

(
(U2 − V 2) (ΘiΘi − ΛiΛi)− 4 (U · V ) ΘiΛi

)
+

(
1− µ4ν4

)
(1− µ2ν2)

(
µ2 + ν6

)
16µ4ν6

(
(V iΘi)(V jΘj) + (U iΛi)(U jΛj)

)
+

(
1− µ4ν4

) (
1 + µ2ν2

) (
µ2 − ν6

)
8µ4ν6

(V iΘi)(U jΛj)

− (µ4 − ν4)(1− ν8)

4µ2ν6
(U iΘi)(V jΛj) . (3.22)

For vanishing angles (i.e. U i = ui, V i = vi, Θi = dui, Λi = dvi) we recover the result

from [20].11 It is important to note that the only singularities of the IIB metric can be

located at µ, ν = 0 or µ, ν = ∞. Indeed, the warp factor (3.21) can be estimated (using

that U2 V 2 ≥ (U · V )2, and U2 V 2 = U2 (1− U2) ≤ 1
4) to be

∆−8/3 ≥
(
1 + µ2ν2

)3 (
µ2 + ν6

)
16µ4ν6

− U2 V 2

4µ2ν6

(
1− µ4

) (
1− ν4

)3
≥
(
1 + µ2ν2

)3 (
µ2 + ν6

)
16µ4ν6

− 1

16µ2ν6

(
1− µ4

) (
1− ν4

)3
=

(
µ2 + ν2

)3 (
1 + µ2ν6

)
16µ4ν6

> 0 . (3.23)

11We corrected a typo in [20] in the form of index contractions of the penultimate term in (3.22).
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We will take a closer look at the possible singularities in Section 5.

For the symmetric SL(2) dilaton/axion matrix mαβ,

mαβ =
1

=τ

(
|τ |2 −<τ
−<τ 1

)
, τ = C0 + ie−Φ , (3.24)

the uplift formula (A.10) yields

mαβ = ∆4/3 SαaSβb mab , (3.25)

where S is an SO(2) rotation matrix parameterised by

S =

(
cos
(

3
4 ϕ−

1
4 ω
)

sin
(

3
4 ϕ−

1
4 ω
)

− sin
(

3
4 ϕ−

1
4 ω
)

cos
(

3
4 ϕ−

1
4 ω
)) , (3.26)

and mab is a GL(2) matrix with entries

m11 =
1 + µ2ν2

8µ2ν4

( (
1 + ν4

) (
µ2 + ν2

)
+
(
1− ν4

) (
µ2 − ν2

) (
U2 − V 2

) )
,

m12 =

(
1− µ2ν2

) (
1− ν4

) (
µ2 + ν2

)
4µ2ν4

(U · V ) ,

m22 =
1 + µ2ν2

8µ2ν4

( (
1 + ν4

) (
µ2 + ν2

)
−
(
1− ν4

) (
µ2 − ν2

) (
U2 − V 2

) )
. (3.27)

It is straightforward to check that the determinant of mab is given by ∆−8/3 (3.21) as

required in order to have mαβ ∈ SL(2) . Again, for vanishing angles we recover the result

from [20].

It is remarkable that the dependence of the IIB axion/dilation on the (a priori x-

dependent) 5D angles (ϕ, ω) is entirely captured by a rotation of the internal coordi-

nates (3.16) and the SO(2) ⊂ SL(2)IIB rotation (3.26)12. We will see in the following that

this feature persists for the full IIB uplift. In particular, 2π periodicity of the 5D theory

implies that the IIB uplift is invariant under the combination of an exchange U i ↔ V i with

a constant SL(2) rotation (3.26) with S = −iσ2, as is easily verified for (3.22) and (3.27).

3.3 Uplift of the 4-scalar truncation: p-forms

We now evaluate (A.11) on the four scalar truncation in order to derive the IIB p-forms.

Cmnα = ∆8/3 Sαa Cmna , (3.28)

where S is the SO(2) rotation matrix in (3.26), and the 2-form Ca are

C1 = b1 ε
ijk
( (

1− µ2ν2
) (
µ2 + ν6

)
V i Θj ∧Θk +

(
1 + µ2ν2

) (
µ2 − ν6

)
V i Λj ∧ Λk

+ 2 ν2
(
1− µ4ν4

)
U i Θj ∧ Λk

)
12Note that when evaluated on (3.12) the SO(2) ⊂ SL(2)IIB becomes the identity and Θi = dU i,Λi = dV i

(see (3.17)) and thus the 10 dimensional solution involving a non-trivial λ(x) can be obtained by simply

substituting ui, vi with U i, V i.

– 14 –



+ b2 ε
ijk
( (

1 + µ2ν2
) (
µ2 − ν6

)
U i Θj ∧Θk +

(
1− µ2ν2

) (
µ2 + ν6

)
U i Λj ∧ Λk

+ 2 ν2
(
1− µ4ν4

)
V i Θj ∧ Λk

)
,

C2 = −C1

∣∣∣
U i↔V i,Θi↔Λi

, (3.29)

with the functions

b1 = −1 + µ2ν2

64µ4ν8

( (
1 + ν4

) (
µ2 + ν2

)
+
(
1− ν4

) (
µ2 − ν2

) (
U2 − V 2

) )
,

b2 =
1− µ2ν2

32µ4ν8

( (
1− ν4

) (
µ2 + ν2

)
(U · V )

)
. (3.30)

Again, the dependence on the 5D angles (ϕ, ω) is entirely captured by the SO(2) rota-

tion (3.26) and the rotated basis (3.16). The internal component of the 4-form potential

takes the form

C = C̊ +
1

4!
∆8/3 εijmεkln

(
f1 (UmUn − V mV n) + 2 f2 U

(mV n)
)

Θi ∧Θj ∧ Λk ∧ Λl

+
1

4!
∆8/3 f3 Θi ∧Θj ∧ Λi ∧ Λj , (3.31)

where the background field C̊ is given in (A.5) and

f1 = −3 (U · V )

32µ4ν8

(
1− ν4

)2 (
µ2 + ν2

)2 (
1− µ2ν2

)2
,

f2 =
3
(
U2 − V 2

)
64µ4ν8

(
1− ν4

)2 (
µ2 − ν2

)2 (
1 + µ2ν2

)2
,

f3 =
3 (U · V )

(
U2 − V 2

)
8µ2ν6

(
1− ν4

)3 (
1− µ4

)
. (3.32)

Finally, the external component Cµνρσ is determined from integrating the y-independent

function13

5 ∂[µCνρστ ] = −1

3
ωµνρστ

(
Vpot −

1

6
Fκλ F

κλ

)
− 20

√
2

9
F[µνFρσAτ ] , (3.33)

with the scalar potential Vpot from (3.9).

3.4 Five-form field strength and self-duality equations

As a first consistency check, we compute the IIB 5-form field strength

Fµ̂1...µ̂5 ≡ 5 ∂[µ̂1Cµ̂2...µ̂5] −
15

4
εαβ C[µ̂1µ̂2

α∂µ̂3Cµ̂4µ̂5]
β , (3.34)

and verify that it satisfies the first order self-duality equations

F = ?F . (3.35)

13Here, and in the following, we use the notation ωµνρστ =
√
|g| εµνρστ for the 5D volume form.
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Here and in the following, indices µ̂ refer to the ten-dimensional coordinates, split as

{xµ̂} = {xµ, ym} . After some computation we find that the internal components Fm1...m5

calculated from the above expressions for Cmn
α and Cklmn, take the compact form

Fm1...m5 = −1

3
∆8/3 ω̊m1...m5 Vpot , (3.36)

with Vpot the scalar potential in (3.9), and ω̊m1...m5 is the volume-form of S5 defined in

equation (A.5). The external component of the five-form field strength Fµνρστ is computed

from (3.33), (3.34) as

Fµνρστ = 5 ∂[µCνρστ ] − 10F[µν
mCρστ ]m

= −1

3
ωµνρστ

(
Vpot −

1

12
Fκλ F

κλ

)
− 2

9
F[µνFρσAτ ]

+
5

16
F[µν

gaYgYb
(

4 ωρστ ]κλMab,cdF
κλ cd + 3

√
2 εabcdef Fρσ

cdAτ ]
ef
)

= −1

3
ωµνρστ Vpot , (3.37)

upon using (3.19). Comparing to (3.36), we find that five-form we have is indeed self-dual.

Similar calculations lead to the other components of the five-form

Fµm1...m4 Dy
m1 ∧Dym2 ∧Dym3 ∧Dym4 = 3 ∆ ?5

(
U iΛi − V iΘi

)
Jµ , (3.38)

where the current Jµ is defined in (3.10) and the 5D Hodge dual ?5 gives explicitly

2 ∆−5/3 ?5

(
U iΛi − V iΘi

)
= Θi ∧Θj ∧ Λi ∧ Λj

+
(1− ν4)2

ν4

(
U iU j + V iV j

)
Θi ∧Θk ∧ Λj ∧ Λk . (3.39)

Comparing to the result for

FµνρσmDy
m =

1

12
ωµνρσλ

(
DκF

λκ +
1

6
ωλν1...ν4 Fν1ν2Fν3ν4

)(
U iΛi − V iΘi

)
, (3.40)

shows explicitly that the IIB self-duality equations (3.35) reduce to the Maxwell equations

of the D = 5 theory (3.10). For the remaining components, we obtain after some calculation

Fµνρmn = − 1

12
ωµνρστ F

στ (Θi ∧ Λi)mn ,

Fµνkmn = −∆1/3

12
Fµν ?5

(
Θi ∧ Λi

)
kmn

, (3.41)

again in accordance with self-duality of the IIB field strength.

3.5 Dual 6-forms

For an explicit check of the remaining field equations, we further truncate down to two

real scalar fields, i.e. we assume constant angles and set the vector field to zero, so that in
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particular the IIB metric is block diagonal. This is precisely compatible with the GPPZ

solution (2.12). The ten-dimensional IIB 3-form field equations take the form

∇ρ̂
(
mαβF µ̂ν̂ρ̂β

)
= −2

3
εαβF µ̂ν̂κ̂λ̂ρ̂Fκ̂λ̂ρ̂ β , (3.42)

and we have explicitly checked that they are verified if the five-dimensional scalar fields sat-

isfy the five-dimensional equations of motion induced by (3.7). Rather than going through

the details of this calculation, let us give an equivalent consistency check by extracting

the dual six forms in ten dimensions. The field equations (3.42) may be rewritten as the

Bianchi identities

∂[ρ̂1Fρ̂2...ρ̂8]
α = 28 εαβ F[ρ̂1...ρ̂5Fρ̂6ρ̂7ρ̂8]β (3.43)

for the dual 7-form field strength Fρ̂1...ρ̂7
α defined by

Fρ̂1...ρ̂7
α ≡ 1

6

√
|G| ερ̂1...ρ̂7µ̂ν̂ρ̂mαβ F µ̂ν̂ρ̂β . (3.44)

The Bianchi identities (3.43) may then be integrated to

Fρ̂1...ρ̂7
α = 7 ∂[ρ̂1Cρ̂2...ρ̂7]

α − 84 εαβ C[ρ̂1ρ̂2 βFρ̂3...ρ̂7]

− 70 εαβ εγδ C[ρ̂1ρ̂2 βCρ̂3ρ̂4 γFρ̂5ρ̂6ρ̂7] δ , (3.45)

in terms of the dual six-form gauge potential Cρ̂1...ρ̂6
α . With the above explicit expressions

for the IIB gauge potentials (3.29) and field strengths (3.36), (3.37) of our ten-dimensional

solution, we find that equations (3.44) can explicitly be integrated to give the following

non-vanishing components of the six form

Cµνρστ m
α = ωµνρστ Ξm

α

Cµνρσ,mn
α = ωµνρστ g

τλ Ξλmn
α , , (3.46)

in terms of the one- and two-forms

Ξ1 = −
(1− µ2ν2)

(
(µ4 − ν4)(1− µ2ν2) + 2µ2ν2 (1 + µ2ν2)

)
8µ4 ν4

εijk U
i V j Λk ,

Ξ2 = Ξ1
∣∣∣
U↔V,Θ↔Λ

,

Ξλ
1 = εijk

(
∂λν

ν
− ∂λµ

3µ

)
U i Θj ∧Θk + εijk

(
∂λµ

µ
+
∂λν

ν

)
U i Λj ∧ Λk ,

Ξλ
2 = Ξλ

1
∣∣∣
U↔V,Θ↔Λ

. (3.47)

3.6 Einstein equations

It remains to check the dilaton/axion equations and the Einstein equations. In our IIB

conventions, these read

∇µ̂
(
mβγ∂µ̂mαγ

)
= −1

6
mβγFµ̂1µ̂2µ̂3 γF

µ̂1µ̂2µ̂3
α +

1

12
δα
βmγδFµ̂1µ̂2µ̂3 γF

µ̂1µ̂2µ̂3
δ ,(3.48)
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and

Rµ̂ν̂ −
1

2
Gµ̂ν̂ R =

1

6
Fµ̂κ̂λ̂σ̂τ̂Fν̂

κ̂λ̂σ̂τ̂ +
1

4
Fµ̂σ̂τ̂

αFν̂
σ̂τ̂ βmαβ −

1

24
Gµ̂ν̂ Fρ̂σ̂τ̂

αF ρ̂σ̂τ̂ βmαβ

− 1

4
∂µ̂mαβ∂ν̂m

αβ +
1

8
Gµ̂ν̂ ∂ρ̂mαβ∂

ρ̂mαβ . (3.49)

It is a tedious computation to check that with the above expressions for the metric (3.20),

dilaton-axion matrix (3.25), gauge potentials (3.29) and field strengths (3.36), (3.37), these

field equations are indeed satisfied. We have explicitly verified all components of these

equations using Mathematica [27]. We attach a Mathematica file with the explicit IIB

solution and the verification of Einstein’s equations in the arXiv version of this paper. Let

us just note that the contribution from the five-form field strength to the energy-momentum

tensor on the r.h.s. of (3.49) is simply given by

Fµ
ρ1ρ2ρ3ρ4 Fνρ1ρ2ρ3ρ4 = −8

3
∆10/3 V 2

potGµν ,

Fm
k1k2k3k4 Fnk1k2k3k4 =

8

3
∆10/3 V 2

potGmn . (3.50)

In contrast, the remaining terms on the r.h.s. of (3.49) produce very lengthy expressions

in the scalars µ, ν, their derivatives, and the internal coordinates U i, V i, which we do not

report in detail. They combine however precisely into the Einstein tensor computed from

the metric (3.20) upon using the first order flow equations (3.14). All the ten-dimensional

equations are thus satisfied.

4 UV asymptotics of the uplifted solution

In order to interpret our ten-dimensional solution we can compute its asymptotic behaviour

for large values of the radial coordinate and check whether the various field have the fall-

off expected from the AdS/CFT dictionary. It is also interesting to compare our results

with the asymptotic behaviours of the other supergravity solutions that are supposed to

describe N = 1∗, namely the Polchinski-Strassler solution [5] and the zero-temperature

limit of the Freedman-Minahan solution [31]. To this purpose we perform the change of

variable t = eC1/r, where r is the radial coordinate used in [5, 31]. In this section we only

give terms up to quadratic order in the deformation parameters m and σ and we fix the

values of the angles ϕ and ω to constant values. ϕ and ω correspond to rotations in the

space of harmonics. More general expressions can be found in Appendix E.

Dilaton/axion The expansion takes a particularly simple form for the field B = 1+iτ
1−iτ

that appears in the Kaluza-Klein expansion around S5 [10]. The first terms can be easily

computed for any value of the angles ϕ and ω and are

B ∼ −
(

4m2
0

9r2
e−2iϕ − 2m0σ0

3
√

3r4
e−i(ϕ−ω)

)
(u2 − v2)

−2i

(
4m2

0

9r2
e−2iϕ +

2m0σ0

3
√

3r4
e−i(ϕ−ω)

)
(u · v) . (4.1)
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The constants m0 and σ0 are given in (2.14) and are related to the UV mass deformation

and the expectation value of gaugino condensate. The functions (u2 − v2) and (u · v)

corresponds to SO(3) invariant scalar harmonics Y (2,0) and Y (2,1) on S5 in the 20 of SO(6)

(see Appendix D).

From (4.1), setting the angles ϕ and ω to zero, we can compute the expansions of the

dilaton and axion

eΦ ∼ 1 +
2

3

m2
0

r2
(u2 − v2) +

m0σ0√
3r4

(u2 − v2) , (4.2)

C0 ∼
4

3

m2
0

r2
(u · v) +

2√
3

m0σ0

r4
(u · v) . (4.3)

The leading behaviour of the dilaton is the same as for the zero-temperature limit of the

Freedman-Minahan solution [31]. As already discussed in [31], its behaviour does not agree

with the asymptotic limits of the dilaton in the Polchinski-Strassler solution [5], where the

leading term of the dilaton is in a singlet of SO(6).

Metric For ϕ = ω = 0 the large r behaviour of the metric is

ds2
10 = r2

(
1 +

m2
0

24r2

)
ds2

4 +
dr2

r2

(
1 +

m2
0

16r2

)
+ ds2

5 (4.4)

where ds2
4 is the flat Minkowski metric in four dimensions and the internal metric ds2

5 is

given by

ds2
5 = (dui)

2 + (dvi)
2 + duiduj

(
m2

0

r2
Aij +

m0σ0

r4
Bij

)
+dvidvj

(
m2

0

r2
Cij +

m0σ0

r4
Dij

)
+ duidvj

(
m2

0

r2
Eij +

m0σ0

r4
Fij

)
(4.5)

with coefficients

Aij = −1

6
(3 + 4(u2 − v2))δij +

1

3
vivj ,

Bij =
1√
3

[(u2 − v2)δij + vivj ] , (4.6)

Cij = −1

6
(3− 4(u2 − v2))δij +

1

3
uiuj , (4.7)

Dij =
1√
3

[−(u2 − v2)]δij + uiuj ] , (4.8)

Eij =
1

3
[−8(u · v)δij − 8uivj + 6viuj ] , (4.9)

Fij =
2√
3

[−2(u · v)δij + uivj + viuj ] . (4.10)

The form of the metric agrees with the structure of the zero-temperature limit of the

Freedman-Minahan solution.
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Two-form potentials and field strengths For ϕ = ω = 0, the first terms in the

expansion of the two-forms potentials (3.28) are

C1 =
1

2

(
1√
3

m0

r
+

1

2

σ0

r3

)
εijkviduj ∧ duk +

1

2

(√
3
m0

r
− 1

2

σ0

r3

)
εijkvidvj ∧ dvk ,

+

(
1√
3

m0

r
+

1

2

σ0

r3

)
εijkuiduj ∧ dvk (4.11)

C2 = −1

2

(√
3
m0

r
− 1

2

σ0

r3

)
εijkuiduj ∧ duk −

1

2

(
1√
3

m0

r
+

1

2

σ0

r3

)
εijkuidvj ∧ dvk

−
(

1√
3

m0

r
+

1

2

σ0

r3

)
εijkviduj ∧ dvk . (4.12)

A simple derivation gives the asymptotic behaviour of the fully internal components of the

field strengths Fi = dCi

F1 =
3

2

(
1√
3

m0

r
+

1

2

σ0

r3

)
εijkdui ∧ duj ∧ dvk +

(
3
√

3
m0

r
− 3

2

σ0

r3

)
dv1 ∧ dv2 ∧ dv3(4.13)

F2 = −3

2

(
1√
3

m0

r
+

1

2

σ0

r3

)
εijkdui ∧ dvj ∧ dvk −

(
3
√

3
m0

r
− 3

2

σ0

r3

)
du1 ∧ du2 ∧ du3

The terms in 1/r in the (4.11) reproduce the large r behaviour of the two-form potentials

of the Polchinski-Strassler background [5], but the leading terms in σ0 disagree. For a

different values of the angles, ϕ = π/2 and a constant arbitrary ω we also recover the

leading behaviour T = 0 limit of the three-forms in the [31].

Five-form flux Using (3.36) it is easy to derive the large r behaviour of the purely

internal component of five-form flux

F5 = − 1

5!

(
4

r6
− 12m2

0

r8

)
εm1...m6y

m1dym2 ∧ dym3 ∧ dym4 ∧ dym5 ∧ dym6 (4.14)

where ym are the six coordinates of R6 that parameterise the internal manifold. Again this

expression agrees with what given by Freedman and Minahan.

5 Singularity

In this section we discuss the behaviour of the ten-dimensional solution as we approach the

position where the five-dimensional solution has a curvature singularity.

As we reviewed in § 2, in five dimensions we have a metric coupled to two real scalars m

and σ, which have a domain-wall profile along the radial direction. The complete solution

is given in (2.12) and contains two integration constants C1 and C2, which parametrize

the mass deformation and the gaugino condensate, respectively. The geometry is singular

as the radial coordinate y approaches either C1 or C2, as one can verify by computing

curvature invariants. As in [20] we parametrize the location of the singularity by defining

t = exp (−(y − C1)) , χ = 2
√

1− t . (5.1)
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The singularity of the 5d metric is then located at t → 1 or χ → 0, and the curvature

scalar and Kretschmann invariant are given by

R = −16

χ4
+O(χ−2), RµνρσR

µνρσ =
640

χ8
+O(χ−6) . (5.2)

Since the scalar fields are also singular in this limit one may wonder if there is a different

conformal frame than the Einstein frame, where the geometry is regular or at least less

singular. It turns out that this is not the case. We will see later that the situation is

different in 10 dimensions. We also define, again following [20],

λ = e−3(C1−C2) . (5.3)

It was argued in [6] that C1 ≥ C2 and this translates to λ ≤ 1 with the equality corre-

sponding to the case where the singularities in m(y) and σ(y) coincide. The singularity

structure of the 10d solution depends of whether λ < 1 or λ = 1 and we will discuss the

two cases separately.

5.1 The λ < 1 Case

We have computed the curvature scalar of the 10d solution and this has a regular limit as

χ→ 0,

lim
χ→0

R(full) =

√
2

1− λ2

3(1 + λ2)− w2
1(1− 4λ+ λ2)− w2

2(1 + 4λ+ λ2)

(1− w2
1 − w2

2)5/4
. (5.4)

However, the Ricci scalar is now singular at

ζ ≡ 1− w2
1 − w2

2 = 0 (5.5)

which is precisely the ring singularity discussed in [20].

The metric near the singularity is given by

ds2 =
ζ1/4

√
2

{
(1 + χ2f0)(2e2C1(1− λ2)1/3ηµνdx

µdxν + dχ2) +
χ2

4

(
1

ζ
Y (0,0)
v

2
+ σ2

2 + σ2
3

)

+
1

2ζ

(
1− λ
1 + λ

dw2
1 +

1 + λ

1− λ
dw2

2

)
+

χ2

8ζ(1− λ2)
ω‖ +

χ2

16ζ2(1− λ2)2
ωD

}
+O(χ4)

(5.6)

where Y
(0,0)
v is an SO(3) vector harmonic, (see Appendix D). The coefficient f0 and the

differentials ω‖ and ωD are given by

f0 = λ
w2

1 − w2
2

4ζ(1− λ2)
(5.7)

ω‖ = (1 + λ2)(2ζ + 1)2e2C1(1− λ2)1/3ηµνdx
µdxν + (2 + (3ζ − 1)(1− λ2))dχ2 (5.8)

ωD =
[
(1− λ)2d(w2

1) + (1 + λ)2d(w2
2)
]2

−
[
(1 + λ2)(3− 2ζ)− 2λ(w2

1 − w2
2)
] [

(1− λ)2dw2
1 + (1 + λ)2dw2

2

]
+ 8λ(ζ + 1)

[
(1− λ)2dw2

1 − (1 + λ)2dw2
2

]
.

(5.9)
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Pilch and Warner also computed the near-singularity metric in [20]. Their metric is

reproduced by setting f0 = ω‖ = ωD = 0 and 1
ζY

(0,0)
v → σ1 (modulo a typo in one of

the coefficients of dw2
1). Note that dχ2 + 1

4χ
2(σ2

1 + σ2
2 + σ2

3) is just the flat metric on

R4 and the terms in the first line of (5.6) combine to give eight dimensional Minkowski

spacetime. This was interpreted in [20] as evidence that the singularity is associated with

7-branes. We cannot however ignore the terms with f0, ω‖, ωD and 1
ζY

(0,0)
v because they

are of the same order as 1
4χ

2(σ2
1 + σ2

2 + σ2
3). Taking these terms into account, we find no

evidence for 7-branes in the near-singularity structure of the metric. At the position of the

5d singularity, χ = 0, the 10d metric is of co-dimension 4:

ds2 =
ζ1/4

√
2

(
2e2C1(1− λ2)1/3ηµνdx

µdxν +
1

2ζ

(
1− λ
1 + λ

dw2
1 +

1 + λ

1− λ
dw2

2

))
. (5.10)

Note that the limit χ → 0 is not a decoupling limit, i.e. the metric in (5.6) does

not solve the bulk equations of motion and its curvature does not agree with (5.4). To

properly account for (5.4) one needs to keep higher order terms in χ. First consider the

ten-dimensional metric GMN . One can check that in the expansion in the radial coordinate

χ around χ = 0 the lowest order in χ that occurs is the constant order χ0, which is also

manifest in (5.6). The same analysis performed on the full inverse metric GMN shows that

its lowest order in χ is the order χ−2. Given this information we can deduce to which

orders we need to expand GMN and GMN in order to obtain results consistent with the

full computation of the Ricci scalar in the limit χ→ 0. Schematically the Riemann tensor

and the Ricci scalar are given in terms of the metric and its inverse as follows:

RMNRS ∼ ∂2G+G−1∂G∂G (5.11)

R ∼ G−1G−1(∂2G+G−1∂G∂G). (5.12)

Since G−1 ∼ 1/χ2 to get the correct constant term in the Ricci scalar the Riemann tensor

needs to be at least of order χ4. Then, from the second term in (5.11) we infer that ∂G∂G

has to be at least of order χ6, and since a derivative with respect to χ lowers the order

in χ by 1, G has to be at least of order χ7. Similarly, one can deduce that one needs to

keep terms at least up to order χ4 in the inverse metric G−1. We have explicitly checked

that keeping the metric and inverse metric to these orders one indeed obtains a curvature

scalar consistent with (5.4).

Similarly, one can study the order to which one has to keep the other fields in order

for the bulk equations to be satisfied, order by order in χ2. In general, one cannot truncate

this series at some fixed order and have the field equations satisfied, as different orders

contribute to different terms in the field equations.

We now provide the near-singularity behaviour of the warp factor and all other fields.

Warp-Factor Following [20] we define

ξ2 = ∆−8/3 . (5.13)

Then the warp factor has the following leading behaviour as χ→ 0,

ξ =
8ζ1/2

χ4
+O(χ3) . (5.14)
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Axion/Dilaton In the limit χ → 0 the axion/dilaton matrix mαβ is regular and takes

the following form:

mαβ = ζ−1/2

(
1 + w1 w2

w2 1− w1

)
+O(χ2) . (5.15)

2-Form Potential In the limit χ→ 0 the 2-form reduces to the following expression:

C1 =

√
3

ζ

(
Y (0,0)
v ∧ Y (1,1)

v − 1

2
dw1 ∧ Y (1,0)

v − 1

2
dw2 ∧ Y (1,1)

v

)
+O(χ2) (5.16)

C2 =

√
3

ζ

(
−Y (0,0)

v ∧ Y (1,1)
v +

1

2
dw1 ∧ Y (1,1)

v − 1

2
dw2 ∧ Y (1,0)

v

)
+O(χ2) (5.17)

where the SO(3)diag invariant vector harmonics Y
(k,m)
v = Y

(k,m)
v n dyn are 1-forms on the S5

cotangent bundle, and k and m are integers that label the harmonics (see Appendix D for

more details).

4-Form Potential The limit χ → 0 for the 4-form is regular and gives the following

result

C = C̊+
1

32

w2√
ζ(1 + w1)

dw1∧dw2∧σ2∧σ3+
1

16
(w1dw2−w2dw1)∧σ1∧σ2∧σ3+O(χ2) (5.18)

6-Form Potential We get

C(6) →
√

3

2
e4C1(1− λ2)2/3dτ ∧ dx1 ∧ dx2 ∧ dx3 ∧ (χdχ) ∧

(
Y

(1,1)
v

−Y (1,0)
v

)
+O(χ2) . (5.19)

The coordinate τ denotes the time. Note that there are powers of χ that come from

the volume form ωµνρστ and cancel some of the divergences. See equation (C.48) for the

expansion of ωµνρστ in terms of the radial coordinate.

5.2 The λ = 1 Case

We now set λ = 1 first and then take the χ→ 0 limit. The Ricci scalar becomes

R(λ=1) =
1

6
√

3

(
8

χ2
− 1

)
(8 + w2

1 − 8w2
2)(10− w2

1 − 10w2
2)

(4− w2
1 − 4w2

2)9/4
+O(χ). (5.20)

Thus in this case the 10d metric is still singular at χ = 0, though diverging at slower

rate than the 5d solution. In addition, the metric is singular at (w1, w2) = (0,±1) (which

corresponds to (θ, φ) = (π/4, π/2 ± π/2)), but there is no ring singularity anymore. The

metric itself takes the following form

ds2
5 = Ω1/2

[
121/3e2C1ηµνdx

µdxνχ2/3 +

(
3

8
χ2 + 1

)
dχ2 +

1

24Ω2

(
8

χ2
− 1

)
dw2

2 +
χ2

4ζ
δ2

]
+O(χ7/3) .

(5.21)
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The differential δ2 is given by

δ2 = Y (0,0)
v

2
+

3

4
dw2

1 −
1

4
dw2

2 −
ζ

48Ω2
dw2

2 −
ζ(1 + w2

2)

18Ω4
dw2

2 +
2− w2

1

6Ω2
dw2

2 +
w1w2

2Ω2
dw1dw2

+
w1

3Ω2
Y (0,0)
v dw2 +

9

2 + w1
Y (1,0)
v

2
+

2 + w1

Ω2

(
2w2

2 + w1
Y (1,0)
v − Y (1,1)

v

)2

.

(5.22)

The leading order terms in this metric reproduce the result found by Pilch and Warner [20],

but we have additional subleading terms.

Warp-Factor The warp factor has the following leading behaviour under λ → 1, then

χ→ 0

ξ =
16Ω̂

χ4
+O(χ−3) , (5.23)

where

Ω̂ =
1

3

√
4− w2

1 − 4w2
2 . (5.24)

Axion/Dilaton The axion/dilaton matrix mαβ is regular and takes the following form:

mαβ =
1

3Ω̂

(
2 + w1 2w2

2w2 2− w1

)
+O(χ2). (5.25)

2-Form Potential The limit of the 2-form may be written in terms of wedge products

of the vector harmonics found in Appendix D:

C1 =

√
3

ζ

(
Y (0,0)
v − 2ζ − 3w1

18Ω̂2
dw2

)
∧ Y (1,1)

v −
√

3

2ζ

(
dw1 +

w1w2

3Ω̂2

)
∧ Y (1,0)

v +O(χ2) ,

(5.26)

C2 =

√
3

ζ

(
−Y (0,0)

v − 2ζ + 3w1

18Ω̂2
dw2

)
∧ Y (1,0)

v +

√
3

2ζ

(
dw1 +

w1w2

3Ω̂2

)
∧ Y (1,1)

v +O(χ2)

(5.27)

4-Form Potential The limit of the 4-form is regular, and is given by

C = C̊ +
w2ζ

1/2

72(1 + w1)Ω̂2
dw1 ∧ dw2 ∧ σ2 ∧ σ3 − w1

48Ω̂2
dw2 ∧ σ1 ∧ σ2 ∧ σ3

+
1

16
(w1dw2 − w2dw1) ∧ σ1 ∧ σ2 ∧ σ3 +O(χ2)

(5.28)

= C̊ +

(
1 + w1

2

)−1 w2ζ
1/2

144Ω̂2
dw1 ∧ dw2 ∧ σ2 ∧ σ3 − w1

48Ω̂2
dw2 ∧ σ1 ∧ σ2 ∧ σ3

+
1

16
(w1dw2 − w2dw1) ∧ σ1 ∧ σ2 ∧ σ3 +O(χ2) .

(5.29)
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6-Form Potential For the 6-form we get

C(6) → −
7e4C1

22/335/6
dτ ∧ dx1 ∧ dx2 ∧ dx3 ∧ (χ7/3dχ) ∧

(
Y

(1,1)
v

−Y (1,0)
v

)
+O(χ)10/3, (5.30)

where τ is the time coordinate. Again, as in the case λ < 1, there are some powers of χ

that come from the volume form ωµνρστ and cancel some divergences. See equation (C.48)

for the expansion of ωµνρστ in terms of the radial coordinate.

5.3 Different frames

Since the solution involves non-trivial scalars there is an intrinsic ambiguity in the def-

inition of the spacetime metric: one can rescale the metric with powers of the scalars.

Different probe behaviours see different metrics and different conformal frames carry dif-

ferent physical meaning. For example, supergravity probes see the Einstein frame metric

and strings see the string frame metric. In some cases singular geometries are regular in

a different frame. For example, the geometry of non-conformal Dp branes is singular in

the Einstein and string frame but it is regular in the “dual frame” [35] and this is also the

frame best suited for holography [36, 37]. Here we want to analyse the dependence of the

singularity on the choice of frame.

Usually one uses the dilaton when discussing different frames.14 Since our solution has

both an axion and a dilaton we will explore a general rescaling by both: gµ̂ν̂ → g̃µ̂ν̂ = Ω2gµ̂ν̂
with the scaling factor Ω = exφCz0 given by some powers of the dilaton eφ and the axion C0

parameterised through constants x and z. Given the definition of the axion/dilaton matrix

mαβ

mαβ =
1

=τ

(
|τ |2 −<τ
−<τ 1

)
, τ = C0 + ie−Φ, (5.31)

we can write the rescaling parameter as Ω = mx
22(−m12/m22)z. To compute the effect of

rescaling on the Ricci scalar we can use the standard formula for the Weyl rescaling of the

Ricci scalar (see for example [38]):

R̃ = Ω−2
[
R− 18gµ̂ν̂∇µ̂∇ν̂ log Ω− 72gµ̂ν̂(∇µ̂ log Ω)(∇ν̂ log Ω)

]
. (5.32)

The λ < 1 case After the rescaling the Ricci scalar takes the following form:

R̃(λ<1) =
P(λ<1)(w1, w2)

(1− w2
1 − w2

2)
5
4
−xw2+2z

2 (1− w1)2+2x−2z
+O(χ), (5.33)

where P(λ<1)(w1, w2) is a polynomial in w1 and w2 with coefficients containing x, z, and λ.

After a careful inspection it is evident that there is no choice of x and z that removes the

denominator. One can also show that the numerator P(λ<1)(w1, w2) is non-zero for any

choice of x, z, and λ < 1, therefore the singularity in the curvature cannot be completely

removed.

14One reason for this is that the axion is more properly viewed as a 0-form potential and has an associated

gauge invariance.
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One can now study what type of singular behaviour the terms in the denominator

entail. The term (1−w2
1−w2

2) is just the original ring singularity along the circle w2
1 +w2

2 =

1. The term w2 leads to singularities on parts of the ring corresponding to θ ∈ {0, π} or

φ = π/2, while the term (1−w1) reduces the singularity to a single point (w1, w2) = (1, 0),

which is equivalent to the value θ = 0. Thus we see that the least singular behaviour that

we can get is achieved by choosing x ≥ 5/4 and z ≤ −1 which leads to a singularity of

type (1− w1)a with a ≥ 9/4, i.e. in this case we only have a singularity at a single point.

It would be interesting to understand the meaning of these frames.

The λ = 1 case We can now repeat the same analysis for the case λ = 1. The transformed

Ricci scalar has the form

R̃(λ=1) =

(
8

χ2
− 1

)
P(λ=1)(w1, w2)

(4− w2
1 − 4w2

2)
9
4
−xw2z

2 (2− w1)2+2x−2z
+O(χ). (5.34)

First of all, also in this case it can be shown that P(λ=1)(w1, w2) cannot be identically zero

for any choice of x and z. This means that the singularity χ−2 in the radial coordinate

can never be removed. Notice however that the term (2−w1) in the denominator is never

zero since −1 ≤ w1 ≤ 1, and therefore we can arrange that the singularity in the angular

directions is removed completely by choosing x ≥ 9/4 and z ≤ 0.

6 Conclusions and Outlook

In this paper we presented the uplift of the GPPZ solution to ten dimensions. The orig-

inal GPPZ solution involved two real scalars, which correspond to the norm of a N = 1

supersymmetric mass deformation of N = 4 SYM (which is a complex parameter) and

the norm gaugino bilinear. The complex scalars corresponding to the sources that couple

to the complex QFT operators are part of a consistent truncation of D = 5 maximal su-

pergravity containing, besides the two complex scalars, the metric and a U(1) gauge field,

which is dual to the U(1)R current. We generalised the GPPZ solution to complex fields,

which either have constant phases or a spacetime dependent but U(1)-covariantly constant

phase. In ten dimensions the solution with non-zero phases can be obtained from the one

with no phases by a combination of coordinate transformation on S5 and an SO(2) rotation

in SL(2, R) that correspond to a U(1)R transformation and the bonus U(1) transformation

on the QFT side, respectively. The ten-dimensional solution has an infrared singularity

whose structure depends on the ratio of the mass deformation parameter and the gaugino

condensate, which we denoted by λ. It was argued in [6] that the singularity is acceptable

only if λ ≤ 1. In the λ < 1 case, the non-compact part of the metric is regular and there

is only a ring singularity in the S5 part. In the λ = 1 case there is a singularity both

in the radial direction (but milder than that of the five dimensional solution) and also at

two points on S5. Intriguingly, one can find conformal frames such that there is only a

singularity in the Ricci scalar at one point in S5 in the case of λ < 1, or only in the radial

coordinate in the case of λ = 1. We note however that these comments are based on the

Ricci scalar, and we have not checked the behaviour of other curvature invariants.
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The metric and axion-dilaton field of the solution with zero phases agree exactly with

those of the a partial uplift by Pilch and Warner and the singularity structure agrees with

their findings. However we find additional subleading terms in the near-singularity metric,

which do not fit in the interpretation of the singularity as due to seven-branes.

We also compared the asymptotics of the uplifted solution with that of the Polchinski-

Strassler solution [5] and the zero temperature limit of the Freedman-Minahan solution [31].

Our results agree with that of Freedman-Minahan and disagree with Polchinski-Strassler.

We have checked that we use the same boundary condition with Polchinski-Strassler, i.e.

the non-normalizable modes (sources) are in exact agreement: the metric is asymptotically

AdS5 × S5 and the part of the 3-form field strength that depends on the deformation

parameter are in exact agreement. The subleading terms however disagree. Recalling that

the subleading terms (up to the order where the vevs appear) are uniquely fixed in terms

of the sources by the field equations [28], we infer that the Polchinski-Strassler 10d fields

do not satisfy the IIB field equations near the boundary of AdS.

There are still many things to do. The most urgent question is whether the solution

in sourced by branes. While we have checked explicitly with Mathematica that the uplift

solution solves the IIB equations, there may be delta-function sources in the field equations

coming from the couplings of IIB fields to the worldvolume of branes. In principle, one

can detect such terms by a careful analysis of the way the field equations are satisfied. To

illustrate this point suppose that while checking the field equations one needs to evaluate

�
1

rn−2
, (6.1)

where � is the Laplacian in n (Euclidean) dimensions and r is the distance from the origin.

This term is proportional to a delta function and hunting for such terms should provide

the delta function sources. However, given the complexity of the uplifted solution and of

the IIB field equations and the fact that we do not know the positions and orientations of

the branes (if present at all), this is a rather daunting task.

One way to proceed is to observe that one may check that (6.1) has indeed a delta

function by multiplying it with a smooth test function and integrating over all space: if

there is a source then the answer for the integral will be non-zero, otherwise it will be

zero. We have devised a version of this method to check whether the uplifted solution is

supported by branes or not. The analysis is complicated by the fact that the bulk solution

has a (conformal) boundary and it is singular, and thus one needs to carefully disentangle

the three possible contributions to the integral: due to the boundary, from the singularity

and due to delta functions. We will report on this analysis elsewhere.

To understand the implications of the singularity it will also be useful to analyze how

different probes respond when placed in this background. Given that the solution is very

explicit it should be straightforward to perform such analysis.

It is also interesting to understand to which of the many N = 1∗ vacua the GPPZ flow

and the uplifted solution correspond to. Now that we have the solution in ten dimensions

one may proceed to extract the 1-point functions of operators other than the gaugino

bilinear. This can be done following the framework of Kaluza-Klein holography [29] and
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it should allow us to definitely establish whether this solution is dual to the confining

vacuum of N = 1∗, a different vacuum of this theory, or that it is unphysical (because of

the singularity) and it should be discarded. We hope to return to this and related issues

in the near future.

Finally, it is natural to apply the uplift techniques to other five-dimensional solutions,

as, for instance, the solution of N = 8 gauge supergravity dual to the N = 2∗ theory, a

deformation of N = 4 SYM by a mass for two of the chiral multiplets [33, 39–41]. Recently

the approach of consistent truncation has been used to compute the ten-dimensional so-

lution dual to N = 2∗ on S4 [42]. It would be interesting to study other cases, with less

supersymmetry or different compact manifolds.

Note Added: Soon after this paper appeared in the arXiv the paper [43] appeared,

which has overlap with our results. The two solutions are the same expressed in different

coordinates. We thank the authors of [43] for communication regarding the comparison

of the solutions.
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A IIB uplift of D = 5 maximal supergravity

D = 5 maximal SO(6) gauged supergravity [7, 8, 34] is a consistent truncation of IIB

supergravity around AdS5×S5 . Its field content comprises the D = 5 metric gµν together

with 42 scalar fields parametrizing a 27× 27 symmetric E6(6) matrix which we parametrize

in an SL(6)× SL(2) basis as

MMN =

(
Mab,cd Mab

cβ

Maα
cd M

aα,cβ

)
, with inverse MMN =

(
Mab,cd Mab

cβ

Maα
cd Maα,cβ

)
, (A.1)

according to the decomposition of the fundamental representation of E6(6) as

27 −→ (15,1)⊕ (6′,2) , (A.2)

under SL(6) × SL(2). Indices a, b, c, d = 1, . . . , 6, and α, β = 1, 2, label the fundamen-

tal representations of SL(6) and SL(2), respectively. Index pairs ab and cd in (A.1) are
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antisymmetric. The remaining bosonic field content in five dimensions is given by 15 non-

abelian vectors fields Aabµ and 12 topologically massive two-forms Bµν,aα. The truncation

we are eventually interested in and which carries the GPPZ solution [6] carries four scalar

fields, a single vector and no two-forms.

In this section we collect the relevant IIB uplift formulae of D = 5 supergravity from [9]

(see also [40, 44–47]), in the next section we explicitly evaluate these formulas for the four-

scalar truncation. The IIB fields are expressed in terms of the D = 5 fields introduced above

while their dependence on the five internal coordinates ym is carried by the fundamental

S5 sphere harmonics, Ya, (a = 1, . . . , 6), with YaYa = 1, and the S5 Killing vectors

K[ab]m = −
√

2Y [a∂mYb] , m = 1, . . . , 5 . (A.3)

By G̊mn we denote the round metric on S5 which can be expressed as

G̊mn = K[ab]mK[ab]n , (A.4)

in terms of the Killing vectors (A.3). We also define its volume form

ω̊klmnp ≡
√

det G̊ εklmnp ≡ 5 ∂[kC̊ lmnp] , (A.5)

in terms of a 4-form potential C̊klmn . We will also need the tensors

K[ab]mn ≡ ∂mK[ab]n − ∂nK[ab]m ,

K[ab] klm ≡
1

2
ω̊klmnpK[ab]

np , (A.6)

where indices n, p on the r.h.s. are raised with the background metric (A.4).

In terms of these objects, the IIB metric takes the following form

ds2 = ∆−2/3(x, y) gµν(x) dxµdxν

+Gmn(x, y)
(
dym +K[ab]

m(y)Aabµ (x)dxµ
)(

dyn +K[cd]
n(y)Acdν (x)dxν

)
,(A.7)

with the internal block Gmn(x, y) given by inverting the matrix

Gmn(x, y) = ∆(x, y)2/3K[ab]
m(y)K[cd]

n(y)Mab,cd(x) , (A.8)

in terms of the submatrix Mab,cd(x) from (A.1). We use indices µ, ν and m,n for the

external five and internal five coordinates, respectively. The warp factor ∆(x, y) is defined

as

∆(x, y) =
(detGmn(x, y))1/2

(det G̊mn(y))1/2
. (A.9)

The IIB dilaton and axion combine into a symmetric SL(2) matrix mαβ whose inverse is

given by

mαβ(x, y) = ∆(x, y)4/3 Ya(y)Yb(y)Maα,bβ(x) . (A.10)
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The relevant components of the IIB 2-form doublet and 4-form gauge potentials are given

by

Cmn
α = −1

2
εαβ∆4/3mβγ YcK[ab]mnMab

cγ , (A.11)

Cµkmn = −1

8
ω̊kmnpq∇̊pK[ab]

q Aµ
ab −K[ab]

pAµ
[ab] C̊pkmn ,

Cmµνρ = − 1

32
K[ab]m

(
2
√
|g| εµνρστ Mab,cdF

στ cd + 3
√

2 εabcdef ∂[µAν
cdAρ]

ef
)
,

Cklmn = C̊klmn −
1

6
ω̊klmnp G̊

pq ∆−1∂q∆ ,

Cµνρσ = − 1

16
YaYb

√
|g| εµνρστDτMbc,NM

N ca + Λµνρσ ,

with Fµν
ab the five-dimensional field strength of Aµ

ab . The function Λµνρσ(x) in the last

line is defined by integrating

D[µΛνρστ ] =
1

600

√
|g| εµνρστ

(
10 δdhδ

a
e + 2Mfd,gaMgh,fe −Meα

gaMgh
dα
)
M bh,ec δcdδab

− 1

480

√
|g| εµνρστDλ

(
MN acDλMac,N

)
(A.12)

+
1

240

√
|g| εµνρστ Mab,cd Fκλ

ab F κλ cd +
1

32

√
2 εabcdef F[µν

abFρσ
cdAτ ]

ef .

The p-forms (A.11) are given in the standard Kaluza-Klein basis

Dym = dym +K[ab]
m(y)Aabµ (x)dxµ , (A.13)

c.f. (A.7). As compared to the full uplift formulas [9] we have suppressed in the p-

forms (A.11) all terms anti-symmetric in more than one vector field since these will not

survive in the truncation to a single vector field which is of interest here.

B Parametrization of the scalar matrix

In this appendix we spell out the explicit parametrization of the scalar E6(6) matrix

MMN (A.1) in the 4-scalar truncation of D = 5 maximal supergravity. To this end,

we go to a complex basis, in which the SL(6) vector decomposes according to

{Xa} −→ {Xi, Xi = X∗i } , i, i = 1, 2, 3 . (B.1)

In this decomposition, the E6(6) matrix (A.1) decomposes as

MMN =


Mij,kl Mij,kl Mij,kl Mij

kβ Mij
kβ

Mij,kl Mij,kl Mij,kl Mij
kβ Mij

kβ

Mij,kl Mij,kl Mij,kl Mij
kβ Mij

kβ

M iα
kl M

iα
kl M

iα
kl M

iα,kβ M iα,kβ

M iα
kl M

iα
kl M

iα
kl M

iα,kβ M iα,kβ

 , (B.2)
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with its non-vanishing entries given in terms of the SL(2) vector vα ≡ (1,−i)α by

Mij,kl = −δijkl e−i (ϕ+ω) sinh

(
2m√

3

)
sinh (2σ) ,

Mij,kl = δij
kl cosh

(
2m√

3

)
cosh (2σ) ,

Mij
kα =

1

2
εijk e−iϕ sinh

(
2m√

3

)
cosh (2σ) vα ,

Mij
kα = −1

2
εijk eiω cosh

(
2m√

3

)
sinh (2σ) vα ,

Mij
kα =

1

4
εijk e−iϕ sinh

(
4m√

3

)
vα ,

M iα,jβ =
1

2
e2iϕ sinh2

(
2m√

3

)
(vαvβ)∗ − 1

2
ei(ω−ϕ) sinh

(
2m√

3

)
sinh (2σ) vαvβ ,

M iα,jβ =
1

2
cosh2

(
2m√

3

)
(vα)∗ vβ +

1

2
cosh

(
2m√

3

)
cosh (2σ) vα (vβ)∗ , (B.3)

together with those components related by complex conjugation. Plugging this explicit

form of the scalar matrix into the uplift formulas of Appendix A yields the IIB uplift of

the 4-scalar truncation of the D = 5 theory which we describe in Section 3.

C Uplift in Pilch-Warner Coordinates

In this appendix we present the uplift solution in the coordinates introduced in [20]. First

let us recall the definition of the new radial coordinate t and other constants

t = e−(y−C1), λ = e3(C2−C1), C1 = log

(
m0√

3

)
, C2 =

1

3
log
(σ0

2

)
. (C.1)

where C1 and C2 are the 5d integration constants and m0, σ0 are related to the leading

asymptotic behaviour of the 5d fields m and σ (note that m0, σ0 differ by constants relative

to the ones in [20]). Defining µ, ν as in (3.13), the solution of the first order equation in

terms of these variables takes the form

µ(t) =

√
1 + λt3

1− λt3
, ν(t) =

√
1 + t

1− t
. (C.2)

Yet another definition of the radial coordinate introduced in [20] is the following

χ = 2(1− t)1/2. (C.3)

For the internal manifold we think of the round sphere as embedded in R6 described

by the coordinates y1, . . . y6, so that on the sphere ~y 2 = 1. The six coordinates can be

thought of as split into two triplets

~y = (y1, . . . y6)→ (u1, u2, u3, v1, v2, v3) ≡ (~u,~v). (C.4)
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The diagonal SO(3) acts on ui and vj simultaneously in the vector representation. In [20]

the authors show that ~u and ~v can be written as

~u = R

 0

0

cos θ

 ≡ R.~u0 (C.5)

~v = R

 0

sin θ sinφ

sin θ cosφ

 ≡ R.~v0 (C.6)

with θ ∈ [0, π/2], φ ∈ [0, π] and R = R(α1, α2, α3) a generic SO(3) matrix parametrized by

three Euler angles αi. Following [20] we further define

w1 = 2 ~u 2 − 1 = cos(2θ) (C.7)

w2 = 2 ~u.~v = sin(2θ) cosφ (C.8)

such that the internal manifold is described by the coordinates {α1, α2, α3, w1, w2}.
To write form-fields in terms of these coordinates it is useful to compute the differentials

dui and dvi. In the coordinates just introduced this translates to

d~u = dR.~u0 +R.d~u0 = R(R−1dR.~u0 + d~u0). (C.9)

The Maurer-Cartan form R−1dR can be decomposed into left-invariant 1-forms σi, which

we list below in (C.13) so that the differential dui can be written as

d~u = R(iσiT i.~u0 + d~u0), (C.10)

and analogously for dvi. Since in the quantities we are interested in the SO(3) indices are

always contracted the overall factor of R in the differentials drops out. Thus (using the

fact that (T j)ik = iεijk for SO(3)) in SO(3)-invariant expressions we can substitute

dui → εijkuj0σ
k + dui0 (C.11)

dvi → εijkvj0σ
k + dvi0. (C.12)

We take the SO(3) rotation matrix asR(α1, α2, α3) = eiα3T3eiα2T1eiα1T3 . ThenR−1dR =

i
∑3

i=1 σiTi gives the left invariant forms

σ1 = cosα1 dα2 + sinα1 sinα2 dα3

σ2 = sinα1 dα2 − cosα1 sinα2 dα3

σ3 = dα1 + cosα2 dα3.

(C.13)

The ranges for the Euler angles are α1, α3 ∈ [0, 2π], and α2 ∈ [0, π]. One may check directly

that these forms indeed satisfy

dσa =
1

2
εabcσb ∧ σc. (C.14)
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The following variables (also introduced in [20]) are also useful,

ζ = 1− w2
1 − w2

2 (C.15)

Ω̂ =
1

3

√
4(1− w2

1 − w2
2) + 3w2

1 =
1

3

√
4− w2

1 − 4w2
2, (C.16)

These variables are the coefficients of the leading terms of the warp factor in the t → 1

and λ→ 1, t→ 1 limits.

We are now ready to present the solution in terms of these variables.

Warp-Factor The warp-factor ∆ we used earlier and the warp factor ξ in [20] are related

by

ξ2 = ∆−8/3. (C.17)

In the new coordinates we find

ξ2 =
1

(1− t2)4 (1− λ2t6)2×[(
1 + t2

)2 (
1− λ2t8

)2 − 4w2
1 t

4
(
1− λt2

)2 (
1 + λt4

)2 − 4w2
2 t

4
(
1 + λt2

)2 (
1− λt4

)2]
(C.18)

Metric The uplifted ten-dimensional metric was already obtained earlier by Pilch and

Warner [20], see equations (6.1)–(6.7) in their text. It takes a block form containing the

AdS and the S5 parts as follows

ds2
10 = ξ1/2ds2

1,4 + ξ−3/2ds2
5 (C.19)

ds2
1,4 = e2φ(y)ηµνdx

µdxν + dy2 (C.20)

ds2
5 = a1du

idui + 2a2du
idvi + a3dv

idvi

+ a4(uidvi + vidui)2 + 2a5(uidvi)(vjduj) + 2a6(uidui)(vjdvj).
(C.21)

The coefficients ai of the internal metric can be found in equation (6.3) in the Pilch and

Warner text [20]. We can expand the fields µ(t) and ν(t) in terms of the radial coordinate

t to get the following expressions for the coefficients ai:

a1 =

(
1 + λt4

) (
1 + t2(1− 2w1)

(
1− λt2

)
− λt6

)
(1− t2)2 (1− λ2t6)

(C.22)

a2 =
−2w2t

2
(
1 + λt2

) (
1− λt4

)
(1− t2)2 (1− λ2t6)

(C.23)

a3 =

(
1 + λt4

) (
1 + t2(1 + 2w1)

(
1− λt2

)
− λt6

)
(1− t2)2 (1− λ2t6)

(C.24)

a4 =
t2
(
1 + λt2

)2 (
1 + λt4

) (
1 + 3t2

(
1− λt2

)
− λt6

)
(1− t2)3 (1− λ2t6)2 (C.25)

a5 =
2t2
(
1− λ2t4

(
1 + t4

(
1− λ2t4

)))
(1− t2)2 (1− λ2t6)2 (C.26)

a6 =
−4t2

(
1 + t2

) (
1− λt2

(
1 + t2

(
1− λt2

)))
(1− t2)3 (1− λ2t6)

. (C.27)
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Axion/Dilaton The axion/dilaton matrix mαβ is given by

mαβ =
1

ξ
mab =

1

ξ

(
m11 m12

m12 m22

)
(C.28)

with the components

m11 =

(
1 + λt4

)
(1− t2)2 (1− λ2t6)

[
(1− λt6) + t2(1 + 2w1)− λt4(1 + 2w1)

]
(C.29)

m22 =

(
1 + λt4

)
(1− t2)2 (1− λ2t6)

[
(1− λt6) + t2(1− 2w1)− λt4(1− 2w1)

]
(C.30)

m12 =
2w2t

2
(
1− λt4

) (
1 + λt2

)
(1− t2)2 (1− λ2t6)

(C.31)

2-Form Potential The 2-form potential is given by

Cα = Cmn αdy
m ∧ dyn. (C.32)

The new basis for the 2-forms will be given by the following 6 two-forms

{dw1, dw2, σ1} ∧ {σ2, σ3} (C.33)

The expression for Cα in terms of this basis is rather complicated, but reduces to a man-

ageable expression in the t → 1 and λ < 1 or t → 1 limits, which we reported earlier in

Section 5.

4-Form Potential The 4-form potential is given by

C = C̊ +
1

4! ξ2
(f1d

1
4 + f2d

2
4 + f3d

3
4) (C.34)

with the coefficients

f1 =
−12w2 t

4(1 + λt2)2(1− λt4)2

(1− t2)4(1− λ2t6)2
(C.35)

f2 =
12w1 t

4(1− λt2)2(1 + λt4)2

(1− t2)4(1− λ2t6)2
(C.36)

f3 =
48w1w2 λt

6

(1− t2)3(1− λ2t6)
(C.37)

and the 4-forms

d1
4 = εijmεkln(umun − vmvn)dui ∧ duj ∧ dvk ∧ dvl (C.38)

=
ζ1/2

4

(w1 − 1)

(w1 + 1)
dw1 ∧ dw2 ∧ σ2 ∧ σ3

+
1

2
(1 + w2

1 − w2
2) dw1 ∧ σ1 ∧ σ2 ∧ σ3 + w1w2 dw2 ∧ σ1 ∧ σ2 ∧ σ3

d2
4 = εijmεkln(umvn + vmun)dui ∧ duj ∧ dvk ∧ dvl (C.39)
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=
ζ1/2

4

w2

(w1 + 1)
dw1 ∧ dw2 ∧ σ2 ∧ σ3

+ w1w2 dw1 ∧ σ1 ∧ σ2 ∧ σ3 +
1

2
(1− w2

1 + w2
2) dw2 ∧ σ1 ∧ σ2 ∧ σ3

d3
4 = dui ∧ duj ∧ dvi ∧ dvj (C.40)

=
ζ1/2

4

1

w1 + 1
dw1 ∧ dw2 ∧ σ2 ∧ σ3

+
w1

2
dw1 ∧ σ1 ∧ σ2 ∧ σ3 +

w2

2
dw2 ∧ σ1 ∧ σ2 ∧ σ3

The combined 4-form reads

C = C̊ +
t4

4ξ2(1− t2)4(1− λ2t6)2

[
f̃1 dw1 ∧ dw2 ∧ σ2 ∧ σ3

+ f̃2 dw1 ∧ σ1 ∧ σ2 ∧ σ3

+ f̃3 dw2 ∧ σ1 ∧ σ2 ∧ σ3
] (C.41)

with

f̃1 =
ζ1/2

2

w2

1 + w1
(1 + λt2)2(1− λt4)2 (C.42)

f̃2 = −w2

[
(1 + λt2)2(1− λt4)2 − w2

1(1− λt2)2(1 + λt4)2 − w2
2(1 + λt2)2(1− λt4)2

]
f̃3 = w1

[
(1− λt2)2(1 + λt4)2 − w2

1(1− λt2)2(1 + λt4)2 − w2
2(1 + λt2)2(1− λt4)2

]
.

6-Form Potential The non-vanishing components of the 6-form potential are the fol-

lowing

Cµνρστ m
α = ωµνρστ Ξm

α ,

Cµνρσ,mn
α = ωµνρστ g

τλΞλmn
α , (C.43)

We can transform the one-forms Ξα and two-forms Ξαλ into the Pilch-Warner basis and re-

write some of the differentials in terms of vector harmonics. The result for the one-forms

is

Ξα =

√
3

2

(
λt3 + t

) (
λ3t12 + λ3t10 + λ2t8 − 3λ(λ+ 1)t6 + λt4 + t2 + 1

)
(t2 − 1)2 (λ2t6 − 1)2

(
Y

(1,1)
v

−Y (1,0)
v

)
.

(C.44)

For the two-forms we get

Ξαy =

√
3

ζ

t
(
λt2 − 1

) (
λt4 + 1

)
(t2 − 1) (λ2t6 − 1)

(
(1 + w1)

√
ζσ1

−w1w2
1+w1

dw1 − (1− w1)dw2 + (1− w1)
√
ζσ1

)
∧

(
Y

(1,0)
v

Y
(1,1)
v

)

+

√
3

ζ

t(λ2t6 + 3λt4 − 3λt2 − 1)

(t2 − 1) (λ2t6 − 1)

(
−1

2
ζ

1+w1
dw1 + w2

√
ζσ1 − w1dw1 − w2dw2

−1
2

ζ
1+w1

dw1 + w2
√
ζσ1

)
∧

(
Y

(1,1)
v

Y
(1,0)
v

)
(C.45)

– 35 –



Note that there is further t-dependence in the volume form ωµνρστ and the inverse metric

gτλ. In the basis where t is used for the radial coordinate they are given by

gλτ = diag(−e−2φ(t), e−2φ(t), e−2φ(t), e−2φ(t), t2) (C.46)

e2φ(t) =
1

t2
(1− t2)(1− λ2t6)1/3e2C1 (C.47)

ωµνρστ =
1

t
e4φ(t)εµνρστ =

1

t5
(
1− t2

)2 (
1− λ2t6

)2/3
e4C1εµνρστ . (C.48)

D S5 Spherical Harmonics with SO(3)diag Symmetry

In this appendix we would like to list a subset of the S5 scalar, vector, and tensor spherical

harmonics that are invariant under the SO(3)diag ⊂ SO(3) × SO(3) ⊂ SO(6) symmetry.

These harmonics can be found by solving the following defining Laplace eigenvalue equa-

tions under the constraint that the solutions be SO(3)diag-invariant:

0 = ∇̊2Y (k,m) + k(k + 4)Y (k,m) (D.1)

0 = ∇̊2Y (k,m)
v n + (k2 + 6k + 4)Y (k,m)

v n (D.2)

0 = ∇̊2Y
(k,m)
t [np] + (k2 + 6k + 3)Y

(k,m)
t [np] (D.3)

0 = ∇̊nY (k,m)
v n = ∇̊nY (k,m)

t [np] (D.4)

k = 0, 1, 2, . . .

The scalar harmonics are denoted by Y (k,m), the vector harmonics by Y
(k,m)
v n , and the

tensor harmonics by Y
(k,m)
t [np] . The symbol ∇̊ is the covariant derivative on the S5, the

indices n, p ∈ {1, . . . , 5} in Y
(k,m)
v n and Y

(k,m)
t [np] refer to the S5 cotangent space, and the

indices ‘v’ and ‘t’ stand for “vector”and “tensor”. The integer m measures the degeneracy

of the harmonics for a given k. For scalar harmonics m appears in the eigenvalue of the

following differential operator:

1

sinφ

∂

∂φ

(
sinφ

∂

∂φ
Y (k,m)

)
+m(m+ 1)Y (k,m) = 0. (D.5)

In what follows we will normalize the harmonics so that∫
S5

Y (k,m)Y (k′,m′) =

∫
S5

Y (k,m)
v n Y n(k′,m′)

v =

∫
S5

Y
(k,m)
t [np] Y

[np](k′,m′)
t

=
π3

2k−1(k + 1)(k + 2)
δkk
′
δmm

′
. (D.6)

The lowest scalar harmonics are given by

Y (0,0) = 1 (D.7)

Y (2,0) =
1√
6

cos 2θ =
1√
6

(u2 − v2) (D.8)

Y (2,1) =
1√
6

cosφ sin 2θ =

√
2

3
(u · v) (D.9)
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Y (4,0) =
1

4
√

15
(2 cos 4θ + 1) =

1

4
√

15
(3u4 − 10u2v2 + 3v4) (D.10)

Y (4,1) =
1

2
√

10
cosφ sin 4θ =

√
2

5
(u · v)(u2 − v2) (D.11)

Y (4,2) =
1√
30

sin2 θ cos2 θ (3 cos 2φ+ 1) =

√
2

15
[3(u · v)2 − u2v2] (D.12)

Y (6,0) =
1

8
√

7
(cos 2θ + cos 6θ) =

1

4
√

7
(u2 − v2)(u4 − 6u2v2 + v4) (D.13)

Y (6,1) =
1

8
√

35
cosφ (sin 2θ + 3 sin 6θ) =

1

2
√

35
(u · v)(5u4 − 14u2v2 + 5v4) (D.14)

Y (6,2) =
1

2
√

7
sin2 θ cos2 θ cos 2θ (3 cos 2φ+ 1) =

1√
7

(u2 − v2)[3(u · v)2 − u2v2] (D.15)

Y (6,3) =
1√
35

sin3 θ cos3 θ cosφ (5 cos 2φ− 1) =
2√
35

(u · v)[5(u · v)2 − 3u2v2]. (D.16)

The transformation from the angle coordinates (θ, φ) to the embedding coordinates (~u,~v) is

performed using cos2 θ = u2, sin2 θ = v2, and sin θ cos θ cosφ = u · v. The scalar harmonics

can also be converted to the (w1, w2) basis using w1 = 2u2 − 1 = 1 − 2v2 = u2 − v2 and

w2 = 2u · v. One obtains the following expressions

Y (0,0) = 1 (D.17)

Y (2,0) =
w1√

6
(D.18)

Y (2,1) =
w2√

6
(D.19)

Y (4,0) =
4w2

1 − 1

4
√

15
(D.20)

Y (4,1) =
w1w2√

10
(D.21)

Y (4,2) =
w2

1 + 3w2
2 − 1

2
√

30
(D.22)

Y (6,0) =
w1(2w2

1 − 1)

4
√

7
(D.23)

Y (6,1) =
w2(6w2

1 − 1)

4
√

35
(D.24)

Y (6,2) =
w1(w2

1 + 3w2
2 − 1)

4
√

7
(D.25)

Y (6,3) =
w2(3w1 + 5w2

2 − 3)

4
√

35
(D.26)

The lowest vector harmonics that are used in the text are given by

Y (0,0)
v = cos θ sin θ sinφ (2σ1 + dφ)− cosφ dθ = uidvi − vidui (D.27)

Y (1,0)
v =

2√
3

sin θ cos2 θ sinφ σ2 =
2√
3

(εijkviujduk) (D.28)
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Y (1,1)
v =

2√
3

sin2 θ cos θ sinφ (cosφ σ2 − sinφ σ3) =
2√
3

(εijkviujdvk). (D.29)

We can change the (θ, φ) coordinates to (w1, w2) and re-write the harmonics as follows

Y (0,0)
v =

√
ζ σ1 +

1

4

(
1 + w1

2

)−1

w2 dw1 −
1

2
dw2 (D.30)

Y (1,0)
v =

√
1

3

(
1 + w1

2

)1/2√
ζ σ2 (D.31)

Y (1,1)
v =

√
1

12

(
1 + w1

2

)−1/2

(w2

√
ζσ2 − ζσ3). (D.32)

Note that we view the vector harmonics as one-forms Y
(k,m)
v on the S5 cotangent space.

Their components Y
(k,m)
v n can be read off by choosing a basis of one-forms and expanding

the vector harmonics in that basis.

The lowest tensor harmonics corresponding to k = 0 are given by the following two-

forms on the S5 cotangent space:

Y
(0,0)
t = εijk(uiduj ∧ duk) (D.33)

Y
(0,1)
t =

1√
3
εijk(viduj ∧ duk + 2uiduj ∧ dvk) (D.34)

Y
(0,2)
t =

1√
3
εijk(uidvj ∧ dvk + 2vidvj ∧ duk) (D.35)

Y
(0,3)
t = εijk(vidvj ∧ dvk). (D.36)

We can change to the (w1, w2) basis as before and write the tensor harmonics in terms of

the vector harmonics as follows:

Y
(0,0)
t =

√
3

ζ
(1 + w1)

(
Y (0,0)
v − w2dw1

2(1 + w1)
+
dw2

2

)
∧ Y (1,0)

v (D.37)

Y
(0,1)
t =

1

ζ
(1 + w1)

(
Y (0,0)
v − w2dw1

2(1 + w1)
+
dw2

2

)
∧ Y (1,1)

v +
1

ζ
(2w2Y

(0,0)
v − dw1) ∧ Y (1,0)

v

(D.38)

Y
(0,2)
t =

1

ζ
(1− w1)

(
Y (0,0)
v − w2dw1

2(1− w1)
− dw2

2

)
∧ Y (1,0)

v +
1

ζ
(2w2Y

(0,0)
v − dw1) ∧ Y (1,1)

v

(D.39)

Y
(0,3)
t =

√
3

ζ
(1− w1)

(
Y (0,0)
v − w2dw1

2(1− w1)
− dw2

2

)
∧ Y (1,1)

v . (D.40)

E UV Asymptotics of the GPPZ uplift

In this appendix we collect the UV expansion of the various fields in our solution. Contrary

to main text, we keep the explicit dependence on the angles ϕ and ω in (3.6). When possible

we express the results on the basis of S5 harmonics of Appendix D.
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Dilaton/axion The expansion of the axio-dilaton field up to terms of order 1/r4 is

B =
1 + iτ

1− iτ
∼ −m

2
0

r2

4
√

2

3
√

3
e−2iϕ(Y (2,0) + iY (2,1))

+
1

r4

[
2
√

2

3
m0σ0e

−i(ϕ−ω)(Y (2,0) − iY (2,1)) +
4
√

2

9
√

3
m4

0e
−2iϕ(Y (2,0) + iY (2,1))

]
(E.1)

with m0 and σ0 given in (2.14). The first terms of the expansions of the dilaton and axion

are

eΦ = 1 +
m2

0

r2
A1 +

1

r4
(m0σ0A2 +m4

0A3) (E.2)

C0 =
m2

0

r2
B1 +

1

r4
(m0σ0B2 +m4

0B3) (E.3)

where the coefficients Ai and Bi can be expressed in terms of scalar harmonics as

A1 = −2
√

2√
3

(sin 2ϕY (2,1) + cos 2ϕY (2,0))

B1 =
2
√

2√
3

(cos 2ϕY (2,1) − sin 2ϕY (2,0))

A2 =
√

2(cos(ϕ− ω)Y (2,0) − sin(ϕ− ω)Y (2,1))

B2 =
√

2(sin(ϕ− ω)Y (2,0) + cos(ϕ− ω)Y (2,1))

A3 =
1

9
Y (0,0) +

2
√

2

3
√

3
(sin 2ϕY (2,1) − cos 2ϕY (2,0)) +

4
√

5

9
√

3
(Y (4,0) −

√
2Y (4,2))

B3 = −2
√

2

3
√

3
(sin 2ϕY (2,0) + cos 2ϕY (2,1))

−4
√

10

9
√

3
(
√

2 sin 4ϕY (4,0) −
√

3 cos 4ϕY (4,1) − sin 4ϕY (4,2)) . (E.4)

Metric The large r behaviour of the internal five-dimensional metric is, up to order 1/r4

ds2
5 = (dui)

2 + (dvi)
2 +

1

r2
(Aijduiduj + Cijdvidvj + Eijduidvj)

+
1

r4
(Bijduiduj +Dijdvidvj + Fijduidvj) (E.5)

with

Aij = −m
2
0

6
(3 + 4(u2 − v2))δij +

m2
0

3
vivj (E.6)

Bij =

[
m4

0

72
(7 + 40(u2 − v2) + 96(u · v)2 + 24(u2 − v2)2)

+
1√
3
m0σ0(cos(ϕ+ ω)(u2 − v2) + 2 sin(ϕ+ ω)(u · v))

]
δij

+
1√
3
m0σ0[1− cos(ϕ+ ω)]uiuj +

(
m4

0

6
+

1√
3
σ0m0 cos(ϕ+ ω)

)
vivj
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+
1√
3
m0σ0 sin(ϕ+ ω)(uivj + viuj) (E.7)

Cij = −m
2
0

6
(3− 4(u2 − v2))δij +

m2
0

3
uiuj (E.8)

Dij =

[
m4

0

72
(7− 40(u2 − v2) + 96(u · v)2 + 24(u2 − v2)2)

− 1√
3
m0σ0(cos(ϕ+ ω)(u2 − v2) + 2 sin(ϕ+ ω)(u · v))

]
δij

+
1√
3
m0σ0[1− cos(ϕ+ ω)]vivj +

(
m4

0

6
+

1√
3
σ0m0 cos(ϕ+ ω)

)
uiuj

− 1√
3
m0σ0 sin(ϕ+ ω)(uivj + viuj) (E.9)

Eij =
m2

0

3
(−8(u · v)δij − 8uivj + 6viuj) (E.10)

Fij =

[
20m4

0

9
(u · v) +

2√
3
m0σ0(sin(ϕ+ ω)(u2 − v2)− 2 cos(ϕ+ ω)(u · v))

]
δij

+
4m4

0

9

[
1 +

3
√

3σ0

2m3
0

]
uivj +

m4
0

9

[
−7 +

6
√

3σ0

m3
0

]
viuj

− 2√
3
m0σ0 sin(ϕ+ ω)(uiuj − vivj) (E.11)

Two-form potentials For generic values of the angles ϕ and ω, the two-form potentials

are

C1 = −1

2
εijk

[
a−(u, v)√

3

m0

r
− d−(v, u)

2

σ0

r3

−
2c+(v, u) + 2(3f1

−ui + f2
−vi)(u

2 − v2)− 4[3f2
+ui − f1

+vi](u · v))

3
√

3

m3
0

r3

]
duj ∧ duk

−1

2
εijk

[
−b−(v, u)√

3

m0

r
+
d−(v, u)

2

σ0

r3

+
2c−(v, u)− 2(f1

−ui + 3f2
−vi)(u

2 − v2) + 4(f2
+ui − 3f1

+vi)(u · v)

3
√

3

m3
0

r3

]
dvj ∧ dvk

+εijk

[
c−(u, v)√

3

m0

r
− d−(u, v)

2

σ0

r3
(E.12)

−
2c−(u, v)− 2(f2

−ui + f1
−vi)(u

2 − v2)− 4(f1
+ui − f2

+vi)(u · v)

3
√

3

m3
0

r3

]
duj ∧ dvk

C2 = −1

2
εijk

[
b+(u, v)√

3

m0

r
− d+(u, v)

2

σ0

r3

−
2c−(u, v)− 2(3g1

+ui + g2
+vi)(u

2 − v2)− 4(3g2
−ui − g1

−vi)(u · v)

3
√

3

m3
0

r3

]
duj ∧ duk

−1

2
εijk

[
a+(v, u)√

3

m0

r
+
d+(u, v)

2

σ0

r3

+
2c−(u, v) + 2(g1

+ui + 3g2
+vi)(u

2 − v2) + 4(g2
−ui − 3g1

−vi)(u · v)

3
√

3

m3
0

r3

]
dvj ∧ dvk
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−εijk
[
c+(v, u)√

3

m0

r
+
d−(v, u)

2

σ0

r3
(E.13)

−
2c+(v, u)− 2(g2

+ui + g1
+vi](u

2 − v2) + 4(g1
−ui − g2

−vi)(u · v)

3
√

3

m3
0

r3

]
duj ∧ dvk

where

a±(x, y) = 3 sinϕxi ± cosϕyi c±(x, y) = cosϕxi ± sinϕyi

b±(x, y) = 3 cosϕxi ± sinϕyi d±(x, y) = cosωxi ± sinωyi

and

f1
± = sin

ϕ+ ω

4
cos

3ϕ− ω
4

± cos 3
ϕ+ ω

4
sin

3ϕ− ω
4

f2
± = cos

ϕ+ ω

4
cos

3ϕ− ω
4

± sin 3
ϕ+ ω

4
sin

3ϕ− ω
4

g1
± = cos 3

ϕ+ ω

4
cos

3ϕ− ω
4

± sin
ϕ+ ω

4
sin

3ϕ− ω
4

g2
± = sin 3

ϕ+ ω

4
cos

3ϕ− ω
4

± cos
ϕ+ ω

4
sin

3ϕ− ω
4

(E.14)

F One Field Truncations

F.1 The Case m(y) = 0

For the truncation m(y) ≡ 0 the uplift of the resulting D = 5 theory has been given by

Gubser, Herzog, Pufu and Tesileanu [22], see also [23, 24]. In the language of our uplift

this corresponds to setting ν ≡ 1. After applying this to our uplift, and using the usual

definition µ = eσ the warp factor ∆ is simply given by

∆ → (coshσ)−3/2 , (F.1)

and the IIB metric takes the form

ds2
10 = coshσ

[
(coshσ)−2/3e2yηµνdx

µdxν + dy2
]

(F.2)

+
1

coshσ

[
duidui + dvidvi +

(
sinhσY (0,0)

v

)2
]

= coshσ

[( σ0

2 sinhσ

)2/3
ηµνdx

µdxν +

(
2dσ

3 sinh(2σ)

)2

+
dΩ2

5

cosh2 σ
+
(

tanhσY (0,0)
v

)2
]
.

In the second line in the metric we change the radial variable from y to σ. The field σ(y) is

monotonic in y for y ∈ {C2,∞}, and is therefore invertible. The range of σ is σ ∈ {0,∞},
where σ = 0 corresponds to the AdS boundary, and σ = ∞ to the singularity. The Ricci

scalar takes the simple form

R = 18 sinhσ tanhσ . (F.3)
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The asymptotic behaviour of the metric for σ → ∞, which is the expansion around the

singularity is the following

ds2
10 =

(
1

2
eσ
)1/3

ηµνdx
µdxν +

1

9

(
1

2
eσ
)−3

dσ2 +
1

2
eσdΩ2

5 +
1

2
eσ
(
Y (0,0)
v

)2
+ . . . (F.4)

= ρ2/3ηµνdx
µdxν +

(
2

3

dρ

ρ4

)2

+ ρ2

[
dΩ2

5 +
(
Y (0,0)
v

)2
]

+ . . . , (F.5)

where we defined ρ2 = 1
2e
σ. The asymptotic behaviour of the metric for σ → 0, which is

the expansion around the conformal boundary of the AdS, is the following

ds2
10 →

(σ0

2σ

)2/3
ηµνdx

µdxν +

(
dσ

3σ

)2

+ dΩ2
5 (F.6)

+ σ2

[
7

18

(σ0

2σ

)2/3
ηµνdx

µdxν − 5

54
dσ2 − 1

2
dΩ2

5 +
(
Y (0,0)
v

)2
]

+ . . . (F.7)

=
ηµνdx

µdxν + dz2

z2
+ dΩ2

5 (F.8)

+
σ2

0

4
z6

[
7

18

1

z2
ηµνdx

µdxν − 5

24
σ2

0z
4dz2 − 1

2
dΩ2

5 +
(
Y (0,0)
v

)2
]

+ . . . (F.9)

where we have substituted z =
(
σ0
2σ

)−1/3
.

In this truncation, the dilaton/axion matrix reduces to the identity, and the two form

is given by

Cmnα = Sαa Cmna , (F.10)

with

C1 = −1

4
(1− tanhσ) εijk

(
V i
(

Θj ∧Θk − Λj ∧ Λk
)

+ 2U iΘj ∧ Λk
)
,

C2 = −C1

∣∣∣
U i↔V i,Θi↔Λi

. (F.11)

F.2 The Case σ(y) = 0

Another consistent truncation to one scalar corresponds to setting σ(y) = 0, i.e. µ ≡ 1. In

this case, the IIB metric takes the form

ds2
IIB = ∆−2/3

(
gµν(x) dxµdxν + ∆8/3 dŝ2

5

)
, (F.12)

with the warp factor ∆ and the internal metric dŝ2
5 given by

∆−8/3 =

(
1 + ν2

)3 (
1 + ν6

)
16 ν6

+
U2 V 2 − (U · V )2

16 ν8

(
1− ν4

)4
, (F.13)

dŝ2
5 =

(
1 + ν4

) (
1 + ν2

)2
8 ν4

(
ΘiΘi + ΛiΛi

)
−
(
1− ν4

)2
8 ν4

(
(U2 − V 2) (ΘiΘi − ΛiΛi) + 4 (U · V ) ΘiΛi

)
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+

(
1− ν4

)
(1− ν2)

(
1 + ν6

)
16 ν6

(
(V iΘi)(V jΘj) + (U iΛi)(U jΛj)

)
+

(
1− ν4

) (
1 + ν2

) (
1− ν6

)
8 ν6

(V iΘi)(U jΛj)

− (1− ν4)(1− ν8)

4 ν6
(U iΘi)(V jΛj) , (F.14)

respectively. The dilaton/axion matrix mαβ is given by

mαβ = ∆4/3 SαaSβb mab , (F.15)

with the SO(2) rotation matrix S = e
3i
4
ϕσ2 and the matrix mab given by

m11 =
1

8 ν4

( (
1 + ν4

) (
1 + ν2

)2
+
(
1− ν4

)2 (
U2 − V 2

) )
,

m12 =

(
1− ν4

)2
4 ν4

(U · V ) ,

m22 =
1

8 ν4

( (
1 + ν4

) (
1 + ν2

)2 − (1− ν4
)2 (

U2 − V 2
) )

. (F.16)

The two-form doublet is given by

Cmnα = ∆8/3 Sαa Cmna , (F.17)

with

C1 = − 1

8 ν4
m11 ε

ijk
( (

1− ν2
) (

1 + ν6
)
V i Θj ∧Θk +

(
1 + ν2

) (
1− ν6

)
V i Λj ∧ Λk

+ 2 ν2
(
1− ν4

)
U i Θj ∧ Λk

)
+

1

8 ν4
m12 ε

ijk
( (

1 + ν2
) (

1− ν6
)
U i Θj ∧Θk +

(
1− ν2

) (
1 + ν6

)
U i Λj ∧ Λk

+ 2 ν2
(
1− ν4

)
V i Θj ∧ Λk

)
,

C2 = −C1

∣∣∣
U i↔V i,Θi↔Λi

. (F.18)

Finally, the non-vanishing components of the 5-form field strength are given by

Fµνρστ = −1

3
ωµνρστ Vpot ,

Fµνρσm =
1

8
ωµνρσλ J λ

(
U iΛi − V iΘi

)
m
,

Fµνρmn = − 1

12
ωµνρστ F

στ (Θi ∧ Λi)mn , (F.19)

together with those related by self-duality of the IIB field strength.
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