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ON THE SEN LIMIT SQUARED

JAMES FULLWOOD AND DONGXU WANG

Abstract. We introduce a class of F-theory vacua which may be viewed as a specialization
of the so-called E6 fibration, and construct a weak coupling limit associated with such vacua
which we view as the ‘square’ of the Sen limit. We find that while Sen’s limit is naturally
viewed as an orientifold theory, the universal tadpole relation which equates the D3 charge
between the associated F-theory compactification and the limit we construct suggests that
perhaps the limiting theory is in fact an oriented theory compactified on the base of the
F-theory elliptic fibration.

1. Introduction

F-theory compactified on an elliptic Calabi-Yau (n+1)-fold Y → X is essentially a type-IIB
compactification on the base X with varying axio-dilaton [18]. The SL2(Z)-invariant value
of the axio-dilaton at a point p ∈ X is then interpreted as the complex structure modulus
of the elliptic fiber over p. If the Calabi-Yau (n+ 1)-fold Y is a Weierstrass fibration, i.e., if
it globally given by an equation of the form

y2z = x3 + fxz2 + gz3,

Sen constructed in a systematic way how to identify F-theory compactified on Y with a
weakly-coupled orientifold theory compactified on a Calabi-Yau n-fold which is a two-sheeted
cover of X [17]. The identification was established via an explicit deformation of the total
space Y of the elliptic (n + 1)-fold to a degenerate Calabi-Yau in which all the fibers are
singular, which signals weak coupling everywhere on the base. This systematic procedure
via deformation of a Weierstrass equation for establishing a duality between F-theory and
orientifold type-IIB theories is then referred to as the Sen limit.

Since every elliptic fibration is birational to a fibration in Weierstrass form, for a while Sen’s
limit was viewed as being applicable to a general F-theory compactification. But as pointed
out in [2][3], birational transformations of elliptic fibrations don’t preserve singular fibers,
and since the singular fibers of an elliptic fibration play a crucial role in the physics of F-
theory, one is not investigating the general case by considering fibrations in Weierstrass form
whose total space is smooth. Moreover, the Weierstrass form of a smooth elliptic fibration
admits a total space which is in general singular, so in dealing with Weierstrass models
of elliptic fibrations not initially given by a global Weierstrass equation, one must either
resolve singularities or take up the issue of defining F-theory on singular elliptic fibrations
[12][16][7][4].

In light of this, in [3] Aluffi and Esole initiated a program of moving beyond Weier-
strass models in F-theory, where they considered families of smooth elliptic n-folds not given
by global Weierstrass equations, and constructed orientifold limits associated with such fi-
brations by generalizing the method first employed by Sen. Further investigations into
non-Weierstrass fibrations and weak coupling limits involving the Tate form of Weierstrass
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fibrations were explored in [8][11][9][5][15]. A comparison of the D3 charge in F-theory and
its limit poses consistency conditions which take the form of an identity relating the Euler
characteristic of the elliptic (n + 1)-fold associated with the F-theory compactification and
the Euler characteristics of D-branes which arise in the limit. For a general deformation of an
elliptic Calabi-Yau, such consistency conditions – referred to as tadpole relations – will not
hold, so constructing a consistent limit is a non-trivial affair. Moreover, what is interesting
from a purely mathematical perspective is that when the tadpole relations do hold between
an F-theory compactification and its limit, in all known examples the associated identity
between Euler characteristics turns out to be the dimension-zero component of a much more
general identity which holds at the level of Chern classes, and moreover, the identities hold
without any dimensional constraints on the base of the fibration and without any Calabi-Yau
hypothesis on the total space [2][3][9][10]. Such Chern class identities were then referred to
as universal tadpole relations, and a purely mathematical explanation for the existence of
such identities was given in [13].

In this note, we introduce a class of F-theory vacua that, while not given by a global
Weierstrass equation, its discriminant is given by an equation which may be smoothly de-
formed to the square of the discriminant of a smooth Weierstrass fibration. In particular,
we construct a weak coupling limit associated with such fibrations in such a way that the
limiting discriminant is the square of the limiting discriminant in Sen’s limit, and as such,
the the branes arising in the limit are all doubles of the branes arising in Sen’s limit. The
main difference from Sen’s limit however, is we find that the universal tadpole relation asso-
ciated with the limit holds only once a factor of two that appears when viewing charges from
the perspective of an orientifold theory is canceled. So while an orientifold interpretation of
the limit may exist, the form of the universal tadpole relation suggests to us that the limit
we construct may exist more naturally as an oriented theory on the base of the orientifold
projection, i.e., on the ‘square’ of the orientifold.

Acknowledgements. JF would like to thank Mboyo Esole and Matt Young for useful discus-
sions.

2. Sen’s limit

The F -theory vacua considered by Sen in constructing his limit correspond precisely to
smooth Weierstrass models, i.e., elliptic fibrations associated with the Weierstrass equation

y2z = x3 + fxz2 + gz3. (2.1)

For equation (2.1) to define an elliptic fibration, let X be a smooth compact Fano n-fold
over C, so that its anti-canonical bundle O(−KX) is ample. We then consider the vector
bundle1

E = O ⊕ O(−KX)
2 ⊕ O(−KX)

3,

and denote by π : P(E ) → X the projective bundle of lines in E . The tautological bundle
on P(E ) will then be denoted by O(−1). We then associate with equation (2.1) a section
of O(3)⊗ π∗O(−KX)

6 by taking x to be a section of O(1)⊗ π∗O(−KX)
2, y to be a section

1A super-script on a line bundle such as L k will always be used to denote the kth tensor power of the
line bundle for any positive integer k.
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of O(1) ⊗ π∗O(−KX)
3, z to be a section of O(1), f to be a section of π∗O(−KX)

4 and
g to be a section of π∗O(−KX)

6. With these prescriptions, equation (2.1) then defines
a codimension 1 embedding W →֒ P(E ), and composing the embedding with the bundle
projection π : P(E ) → X endows Y with the structure of an elliptic (n + 1)-fold Y → X ,
where the fiber over a point p in X is given by

Wp : (y
2z = x3 + f(p)xz2 + g(p)z3) ⊂ P

2.

For W to be smooth we require that the hypersurfaces

F : (f = 0) ⊂ X and G : (g = 0) ⊂ X

are both smooth and intersect transversally. The singular fibers of W → X then lie over the
discriminant hypersurface

∆W : (4f 3 + 27g2 = 0) ⊂ X.

Over a general point of ∆W , the fiber of W → X will be a nodal cubic, and over the
codimension 2 smooth complete intersection

C : (f = g = 0) ⊂ X

the fibers enhance to cuspidal cubics. From B.5.8 in [14] along with the adjunction formula

c(W ) =
(1 +H)(1 +H − 2KX)(1 +H − 3KX)(3H − 6KX)

1 + 3H − 6KX

π∗c(X),

where H denotes the first Chern class of the bundle O(1) → P(E ). It immediately follows
that the first Chern class of W is zero, so that the total space of the fibration is an anti-
canonical hypersurface in P(E ).

From the type-IIB viewpoint, the axio-dilaton field on X is given by

τ = C(0) + i
1

gs
,

where C(0) is the axion RR-scalar field and gs is the string coupling constant. From the
F -theory viewpoint the axio-dilaton τ is then identified with the complex structure modulus
of the elliptic fibers of W → X . A weak coupling limit then corresponds to deforming W in
such a way that the complex structure modulus approaches i∞ everywhere over X . Sen’s
limit is then constructed by perturbing f and g in equation (2.1) in terms of a complex
deformation parameter t in such a way that the central fiber of the associated family is
a degenerate fibration in which all the fibers are singular (so that τ approaches i∞). In
particular, the family corresponding to Sen’s limit is given by

W : (y2z = x3 + (−3h2 + tη)xz2 + (−2h3 + thη + t2ψ)z3) ⊂ P(E )×D,

where D denotes an open disk centered about 0 ∈ C, and h, η and ψ are general sections of
π∗O(−KX)

2, π∗O(−KX)
4 and π∗O(−KX)

6 respectively. The central fiber is then given by

W0 : (y
2z = x2 + (−3h2)xz2 + (−2h3)z3) ⊂ P(E ),

whose fibers are nodal for h 6= 0 and cuspidal for h = 0. The auxiliary n-fold corresponding
to the orientifold theory is then given by

Z : (ζ2 = h) ⊂ O(−KX),
3



where ζ is a general section O(−KX). It then follows that Z is a double cover of X ramified
over O : (h = 0) ⊂ X , which we identify with the orientifold plane. The tangent bundle of
the total space of the anti-canonical bundle p : O(−KX) → X fits into the exact sequence

0 → p∗O(−KX) → TO(−KX) → p∗TX → 0,

thus by adjunction we have

c(Z) = p∗
(
c(O(−KX))c(TX)

c(O(−2KX))

)
∩ [Z].

It immediately follows that c1(Z) = 0, so Z is in fact a Calabi-Yau n-fold.
To locate the D-branes associated with the limit, we take the flat limit as t → 0 of the

corresponding family of discriminants

DW : (4(−3h2 + tη)3 + 27(−2h3 + thη + t2ψ)2 = 0) ⊂ X ×D,

which yields

∆W0
: (h2(η2 + 12hψ) = 0) ⊂ X.

We then pullback the flat limit ∆0 of DW as t→ 0 to Z to obtain the D-brane spectrum of
the orientifold limit, which is given by

∆̃W0
: (ζ4(η2 + 12ζ2ψ) = 0) ⊂ Z.

The D-brane given by

D : (η2 + 12ζ2ψ = 0) ⊂ Z

has singularities reminiscent of those of a Whitney umbrella, and as such was referred to
as a ‘Whitney brane’ in [2][6]. Comparing the D3 tadpole condition between F -theory and
type-IIB then predicts that 2χ(W ) coincides with 4χ(O) + χ(D) (χ denotes topological
Euler characteristic with compact support), but it was shown in the literature that for such
a relation to hold a certain contribution is needed coming from the singularities of D [6].
In particular, it was shown that such tadpole relations hold precisely when the pinch-point
singularities of D are subtracted from the charge of a small resolution D of D, thus yielding
the tadpole relation

2χ(W ) = 4χ(O) + χ(D)− χ(S), (2.2)

where S is the pinch locus of D, namely

S : (ζ = η = ψ = 0) ⊂ Z.

It was then shown by Aluffi and Esole that the tadpole relation (2.2) is in fact a consequence
of a much more general relation at the level of Chern classes, which they referred to as a
universal tadpole relation [3]. More precisely, let ψ : W → X denote the projection of the
elliptic fibration corresponding to the F-theory vacua, then the tadpole relation (2.2) is just
the dimension-zero component of the universal tadpole relation

2ψ∗c(W ) = 4c(O) + c(∞)(D), (2.3)

where c(∞)(D) denotes a certain characteristic class of the singular variety D whose compo-
nent of dimension zero coincides with χ(D)−χ(S) as appearing on the RHS of (2.2) (see §5
of [2] for a the precise definition of c(∞)(D)). We can also write formula (2.3) is in terms of
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the components of the limiting discriminant ∆W0
. In particular, denote by D the singular

component of ∆W0
given by

D : (η2 + 12hψ = 0) ⊂ X,

and denote its singular locus by S, which is a smooth codimenison 3 complete intersection
given by

S : (h = η = ψ = 0) ⊂ X.

Then it turns out that c(∞)(D) = 2(cSM(D)− c(S)) (again see [2] §5 for details), thus (2.3)
may be rewritten as

2ψ∗c(W ) = 4c(O) + 2(cSM(D)− c(S)), (2.4)

where cSM(D) denotes the Chern-Schwartz-MacPherson class of D 2. This form (2.4) of the
universal tadpole relation for Sen’s limit will be of use when we make a connection with the
limit constructed in §4.

3. A specialization of the E6 fibration

Let X be a smooth compact Fano n-fold over C as in §2. We now introduce a class of
F -theory vacua over X from which we will construct a weak coupling limit which may be
viewed as the square of Sen’s limit. For this, we use the equation

x3 + y3 + eyz2 + fxz2 + gz3 = 0. (3.1)

We then consider the vector bundle

E = O ⊕ O(−KX)⊕ O(−KX),

and denote by π : P(E ) → X the projective bundle of lines in E , with tautological bundle
O(−1) → P(E ). For equation (3.1) to define the zero-locus of a well-defined section of a
line bundle on P(E ), we take x and y both to be sections of O(1) ⊗ π∗O(−KX), z to be
a section of O(1), both e and f to be a section of π∗O(−KX)

2, and g to be a section of
π∗O(−KX)

3. With these prescriptions, the LHS of equation (3.1) yields a well-defined section
of O(3) ⊗ π∗O(−KX)

3, whose zero locus defines a codimension 1 embedding Y →֒ P(E ).
Composing the embedding Y →֒ P(E ) with the bundle projection π : P(E ) → X yields the
projection ϕ : Y → X , which endows the total space Y with the structure of an elliptic
fibration. The fiber over a point p ∈ X is then given by

Yp : (x
3 + y3 + e(p)yz2 + f(p)xz2 + g(p)z3 = 0) ⊂ P

2.

The Chern class of Y is given by

c(Y ) =
(1 +H)(1 +H −KX)

2(3H − 3KX)

1 + 3H − 3KX

π∗c(X),

where again H denotes the first Chern class of O(1) → P(E ). It immediately follows that
c1(Y ) = 0, so that Y is an anti-canonical hypersurface in P(E ).

The connection with Sen’s limit comes from the fact that by setting e = 0, the discriminant
of ϕ : Y → X becomes the square of the discriminant of Weierstrass fibrations (which will

2A nice introduction to Chern-Schwartz-MacPherson classes is given in [1].
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be crucial in the next section, when we construct a weak coupling limit). In particular, we
have that the Weierstrass form for Y is given by

y2z + x3 + Fxz2 +Gz3 = y2z + x3 + (−3ef)xz2 +

(
f 3 +

27

4
g2
)
z3 = 0,

so that F = −3ef and G = e3 + f 3 + 27
4
g2. The discriminant of ϕ : Y → X is then given by

∆Y : (4F 3 + 27G2 = 0) ⊂ X.

We note that when e = 0, ∆Y takes the form (4f 3 + 27g2)2, which is the square of the
discriminant of Weierstrass fibrations ∆W . The j-invariant viewed as a function on X \∆Y

then takes the form

j = 1728
e3f 3

4e3f 3 − (e3 + f 3 + 27
4
g2)2

.

As in the case of Weierstrass fibrations, in order to ensure that the total space of the fibration
Y is smooth we assume that the hypersurfaces

E : (e = 0) ⊂ X and F : (f = 0) ⊂ X and G : (g = 0) ⊂ X

are all smooth and intersect each other transversally. The fibers over a general point of
∆Y are nodal cubics which enhance to cuspidal cubics over e = 0, while over the smooth
codimension 3 complete intersection

C : (e = f = g = 0) ⊂ X

the fibers enhance to a bouquet of three 2-spheres intersecting at a point.

Remark 3.1. The fibration ϕ : Y → X may be seen as a special case of the so-called E6

fibration which was studied in detail in [3], which is given by

YE6
: (x3 + y3 = dxyz + exz2 + fyz2 + gz3) ⊂ P(E ).

As such, we see that the fibration ϕ : Y → X corresponds to setting d = 0 in the equation
for YE6

. Moreover, since YE6
may also be realized as the zero-locus of a section of O(3) ⊗

π∗O(−KX)
3, YE6

has the same divisor class as Y in P(E ), thus they share the same Chern
classes, Euler characteristic, Chern numbers etc. This is interesting in light of the fact
that the E6 fibration admits six topologically distinct singular fibers, while the fibration
ϕ : Y → X admits only three.

4. Sen’s limit squared

We now define a weak coupling limit associated with ϕ : Y → X by essentially deforming
e to 0, and perturbing f and g in the equation for Y in precisely the same way as in Sen’s
limit. In particular, we take

e = tǫ, f = −3ζ2 + tϑ, and g = −2ζ3 + tζϑ+ t2φ,

where ζ , ϑ and φ are all sections of the square roots of the line bundles for which h, η and
ψ denoted sections of in Sen’s limit respectively, and t as before is a complex deformation
parameter varying over a disk D about the origin in C. Such prescriptions then give rise to
a family

Y : (x3 + y3 + tǫyz2 + (−3ζ2 + tϑ)xz2 + (−2ζ3 + thϑ+ t2φ)z3 = 0) ⊂ P(E )×D,
6



whose central fiber corresponds to the weak coupling limit, since in the limit t → 0 the
j-invariant approaches ∞ everywhere over the base. The limiting discriminant then takes
the form

∆Y0
: (ζ4(ϑ2 + 12ζφ)2 = 0) ⊂ X, (4.1)

which is essentially the same as the limiting discriminant in Sen’s limit but with all compo-
nents squared.

At this point, one may define the auxiliary n-fold required for an orientifold compactifica-
tion in precisely the same way as in Sen’s limit, i.e., by defining a double cover of X given
by

Z : (ζ2 = h) ⊂ O(−KX),

where ζ and h now denote pull backs to O(−KX) of sections of O(−KX) and O(−KX)
2

respectively, so that the orientifold plane O is given by h = 0. But since the limiting
discriminant ∆Y0

appears with a factor of ζ4 rather than h2 (as in the case of Sen’s limit), its
pullback to Z doesn’t change the form of its equation in any way. As such, it is perhaps more
natural to view the limiting type-IIB theory as an oriented theory on the base X , rather
than an orientifolded theory on Z. From this perspective, the D-brane spectrum associated
with the limit then consists of a stack of 4 branes supported on the smooth locus

D : (ζ = 0) ⊂ X,

and a double-brane supported on

D : (ϑ2 + 12ζφ = 0) ⊂ X.

The D-branes supported on D then admit singularities along the codimension 3 locus

S : (ϑ = ζ = φ = 0) ⊂ X.

In the next section we derive the universal tadpole relation associated with this limit,
which takes the form

ϕ∗c(Y ) = 4c(D) + 2(cSM(D)− c(S)). (4.2)

We point out that (4.2) is very similar to the universal tadpole relation (2.4) associated with
Sen’s limit, namely

2ψ∗c(W ) = 4c(O) + 2(cSM(D)− c(S)). (4.3)

In particular, while the RHS of both equations are identical in form, the LHS of equation
(4.2) differs from the LHS of (4.3) by a factor of 2, which perhaps further suggests that while
the tadpole relation (4.3) corresponds to an orientifolded theory, the relation (4.2) in fact
corresponds to an oriented one.

5. Universal tadpole relation

We now derive the universal tadpole relation (4.2). We first note that since the divisor
class of the total space of the fibration ϕ : Y → X in P(E ) is the same as the E6 fibration
mentioned in Remark 3.1, they share the same Chern classes. And since the pushforward
to its base of the Chern class of an E6 fibration was computed in Theorem 4.3 in [3], we
already know ϕ∗c(Y ), which is given by

ϕ∗c(Y ) = 4c(G), (5.1)

where G is the smooth hypersurface in X given by g = 0 (recall that g is the coefficient of
z3 in the defining equation for Y ). Moreover, viewing Lemma 4.4 in [2] from a more general
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perspective, its conclusion says that if V is a singular hypersurface in X given by a general
equation of the form

V : (x2 + 12yz = 0) ⊂ X,

and if we denote by Y and S the subvarieties of X corresponding to the equations y = 0 and
x = y = z = 0 respectively, then

2c(Y) + cSM(V )− c(S) = 2c(G), (5.2)

where G is a smooth hypersurface in X whose divisor class is 3[Y ]. As such, from the
definition of D, D and S in the previous section, in equation (5.2) we may replace Y by D,
V by D and S by S to arrive at the equation

2c(D) + cSM(D)− c(S) = 2c(G),

since [G] = 3[D]. Putting this equation together with equation (5.1) then yields

ϕ∗c(Y ) = 4c(D) + 2(cSM(D)− c(S)), (5.3)

which we view as the universal tadpole relation associated with the limit constructed in the
previous section §4. Note that the limiting discriminant associated with the limit is of the
form

ζ4(ϑ2 + 12ζφ)2 = 0,

so that the RHS of (5.3) is precisely the sum of Chern classes of branes supported on the
irreducible components of the limiting discriminant weighted with the appropriate multiplic-
ities (together with the negative contribution coming from the singularities S of D, as in
Sen’s limit). If the limit was then viewed as an oreintifold theory compactified on a double
cover of X given by ζ2 − h = 0, then the pullback to the orientifold of the limiting discrim-
inant wouldn’t change its form at all, thus we’d expect a similar relation to (5.3) but with
D replaced by the orientifold plane O and a factor of 2 appearing on the LHS, as in the
universal tadpole relation associated with Sen’s limit, which we recall is given by

2ψ∗c(W ) = 4c(O) + 2(cSM(D)− c(S)).

Perhaps there is a way to still view the limit as an orientifold theory by adding fluxes
or more carefully investigating the nature of the D3 charge in the context at hand, but an
oriented theory on the base seems more natural, at least from the form of equation (5.3).
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