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Abstract

We study systems of polynomial equations in several classes of finitely generated rings and
algebras. For each ring R (or algebra) in one of these classes we obtain an interpretation by
systems of equations of a ring of integers O of a finite field extension of either Q or Fpptq, for
some prime p and variable t. This implies that the Diophantine problem (decidability of systems
of polynomial equations) in O is Karp-reducible to the same problem in R. In several cases we
further obtain an interpretation by systems of equations of the ring Fprts in R, which implies
that the Diophantine problem in R is undecidable in this case. Otherwise, the ring O is a ring
of algebraic integers, and then the long-standing conjecture that Z is always interpretable by
systems of equations in a ring of algebraic integers carries over to R. If true, it implies that the
Diophantine problem in R is also undecidable.

Some of the classes of finitely generated rings studied in this paper are the following: all
associative, commutative, non-unitary rings (a similar statement for the unitary case was obtained
by Eisentraeger); all possibly non-associative, non-commutative non-unitary rings that are finitely
generated as an abelian group; and several classes of finitely generated non-commutative rings.
Analogous statements are obtained for algebras over finitely generated associative commutative
unitary rings.

Another contribution of the paper is the technique by which the aforementioned results are
obtained. More precisely, we show that given a bilinear map f : A ˆ B Ñ C between finitely
generated abelian groups (or modules), under some mild assumptions, there exists a certain ring
(or algebra) R with nice properties which is interpretable by systems of equations in the multi-
sorted structure pA,B,C; fq. This result fits nicely the study of rings (or algebras) since the
multiplication operation of such structures can be seen as a bilinear map between abelian groups
(or modules). This result is potentially applicable in many other settings, such as in the area of
group theory, see for example [11].
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1 Introduction

In this paper, we study systems of polynomial equations in different classes of rings and algebras. For
each R in one of these classes we interpret by systems of equations a ring of integers O of a number
field or a global function field (i.e. O is the integral closure of Z or Fprts in a finite extension of Q or
Fpptq, respectively). In particular, this reduces the Diophantine problem (decidability of systems of
polynomial equations) in O to the same problem in R. Hence if DpOq is undecidable, then also DpRq
is undecidable. It is known that DpOq is undecidable if O has positive characteristic [36], and it is
conjectured to be also undecidable if otherwise O is a ring of algebraic integers [5, 30].

A number field is a finite field extension of Q. A global function field is a finite extension of Fpptq,
for some prime p. A ring of integers of a number field is called a ring of algebraic integers.

The Diophantine problem in a structure R, denoted DpRq, asks whether there exists an algorithm
that, given a system of equations S with coefficients in R, determines if S has a solution in R or
not. The original modern version of the Diophantine problem (also called Hilbert’s Tenth Problem or
generalized Hilbert’s Tenth Problem) was posed by Hilbert for the ring of integers Z. This was solved
in the negative in 1970 by Matiyasevich [23] building on the work of Davis, Putnam, and Robinson [4].
Subsequently the same problem has been studied in a wide variety of rings, most notably in Q and
in rings of algebraic integers O, where it remains widely open. As mentioned above, a long-standing
conjecture [5, 30] states that Z is Diophantine in any such O (and thus DpOq is undecidable). This
conjecture has been verified in some particular cases [10, 34, 37], and it has been shown to be true
assuming the Safarevich-Tate conjecture [24].

The situation is much clearer for rings of integers of global function fields, i.e. for finite field
extensions of rational function fields of the form Fpptq for some variable t and some prime integer p.
Indeed, Shlapentokh [35] showed that Fprts is Diophantine in any such ring O, and consequently that
DpOq is undecidable.

Some commutative rings where the Diophantine problem remains open are most remarkably Q

(it is known however that this problem is undecidable in ZrS´1s, for S an infinite set of primes of
Dirichlet density 1 [31]); the rational functions Cptq (even though DpCpt1, t2qq is undecidable [20]);
and the field of Laurent series Fppptqq. We refer to [21, 30, 32, 37] for further information and surveys
of results in this direction.

Eisentraeger [7, Theorem 7.1] proved the general result that for any finitely generated associative
commutative unitary ring R, the Diophantine problem DpRq is undecidable conditionally on the
conjecture that DpOq is undecidable for any ring of algebraic integers. Moreover, she showed that
DpRq is undecidable in many cases, see [7, Theorem 7.1] or Theorem 2.14 in this paper.

Regarding non-commutative rings, Romankov [33] showed that DpF q is undecidable in several
types of free rings F , which include free Lie rings, free associative or non-associative rings, and free
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nilpotent rings. One can view these rings as free Z-algebras, it is essentail, since the proofs use unde-
cidability of the Diophantine problem in the coefficients Z. Using different methods Kharlampovich
and Miasnikov recently proved undecidability of DpAq, for any of the following rings A: a free associa-
tive k-algebra, a free Lie k-algebra (of rank at least 3), and group k-algebras kpGq for various groups
G (including free, torsion-free hyperbolic, right-angled Artin, and other groups) [15, 17]. In all these
results the field k is arbitrary, possibly with decidable Dpkq.

We proceed to describe the results obtained in the present work. In this paper we convene that
all rings and algebras are possibly non-associative, non-commutative, and non-unitary unless stated
otherwise. A ring or algebra R is called unitary if and only if it has a multiplicative identity. Algebras
will over be considered over associtative commutative unitary ring, and we fix Λ to denote such ring.
Given a Λ-algebra L, we let L2 be the Λ-module generated by all products of two elements of L. In
this paper the notion of ring is equivalent to the notion of Z-algebra.

he main tool used in this paper is the so-called interpretability by systems of equations (or e-
interpretability), which is a variation of the classical notion of the first-order interpretability, where
instead of arbitrary first-order formulas, finite systems of equations are used as the interpreting for-
mulas (see Definition 2.5 for details). The main relevant property of such interpretations is that if
A1 is e-interpretable in A2 then DpA1q is Karp-reducible to DpA2q by a polynomial time many-one
reduction (Karp reductions). All reductions mentioned in this paper are of this type.

In number theoretic terms, an interpretation by systems of equations is roughly a Diophantine
definition up to a Diophantine equivalence relation. Here Diophantine definitions are considered using
systems of equations, as opposed to single equations. We convene that all systems of equations and
all e-interpretations allow the use of any constant elements of the structures at hand, not necessarily
in the signature. See Subsections 2.1.3, 2.1.2 and 2.3 for further comments on these matters.

One of the main results of the paper is the following. By Lring we refer to the language of rings
with constants. We write pR;Lq to indicate that a structure R is considered with a language L.

Theorem 1.1. Let A be a ring (possibly non-associative, non-commutative, and non-unitary). As-
sume that A is finitely generated as an abelian group, and that A2 is infinite. Then there exists a ring
of algebraic integers O such that pO;Lring q is e-interpretable (see below) in pA;Lring q, and DpO;Lring q
is Karp-reducible to DpA,Lring q. If otherwise A2 is finite, then DpR;Lring q is decidable.

Theorem 1.1 is further generalized to algebras. The language of Λ-modules Lmod , or of Λ-algebras
Lalg , consists in the usual language of groups Lgroup or of rings Lring , respectively, together with
unary functions t¨λ | λ P Λu representing multiplication by elements of Λ (see Subsection 2.3).

Theorem 1.2. Let R be a (possibly non-associative, non-commutative, and non-unitary) algebra over
a finitely generated associative commutative unitary ring Λ. Suppose that R is finitely generated as
a Λ-module. Then if, R2 “ xtxy | x P R, y P RuyΛ is infinite, there exists a ring of integers O of
a number field or a global function field such that pO;Lring q is e-interpretable in pR;Lalgq, and the
Diophantine problem DpO;Lring q is Karp-reducible to DpR;Lalg q. Moreover:

1. If R2 is infinite and Λ has positive characteristic, then pFprts;Lringq is e-interpretable in pR;Lalgq
for some prime integer p, and DpR;Lalgq is undecidable.

2. If R2 is finite and DpR;Lmodq is decidable, then DpR;Lalgq is decidable.

If Λ is a finite field, then all the above holds after replacing pR;Lalgq by pR;Lring q.

Theorems 1.1 and 1.2 are further extended to other classes of finitely generated rings and alge-
bras, including associative commutative non-unitary rings. We say that a non-unitary ring R has
characteristic n P N if n is the smallest nonnegative integer such that nr “ 0 for all r P R.

Theorem 1.3. Let A be a finitely generated associative commutative non-unitary ring, with A2 infi-
nite. Then there exists a ring of integers O of a number or a global function field such that pO;Lring q
is e-interpretable in pA;Lring q, and DpO;Lring q is Karp-reducible to DpA;Lring q.
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Moreover, if A has positive characteristic, then the following holds: O is the ring of integers of a
global function field; the ring of polynomials pFprts;Lringq is e-interpretable in A for prime integer p;
and DpA;Lring q is undecidable.

In [7, Theorem 7.1], Eisentraeger studied the Diophantine problem in finitely generated associative
commutative unitary rings. The main result of that work is stated in this paper in Theorem 2.14.
The above Theorem 1.3, together with the aforementioned result, provide insight on the Diophantine
problem in finitely generated associative commutative rings, unitary or not. Indeed, for any such
ring R, one can reduce DpO;Lring q to DpR;Lring q for some ring of integers O of a number or global
function field, and in a wide variety of cases O turns out to be a ring of integers of a global function
field, making DpR;Lring q undecidable due to Shlapentokh’s work [35].

We also prove a statement analogous to Theorem 1.3 for algebras:

Theorem 1.4. Let L be a finitely generated associative commutative non-unitary algebra over a
finitely generated associative commutative unitary ring Θ, with L2 infinite. Then there exists a ring
of integers O of a number field or a global function field such that pO;Lring q is e-interpretable in
pL;Lalgq, and DpO;Lring q is Karp-reducible to DpL;Lalg q.

Moreover, if Θ has positive characteristic, then O is the ring of integers of a global function field,
pFprts;Lringq is e-interpretable in pL;Lalgq for some prime integer p, and DpL;Lalgq is undecidable.

Our results also involve some classes of possibly non-associative and non-commutative algebras
and rings. We only give the statement for algebras, keeping in mind that the statement for rings is
obtained by taking Λ “ Z. We need the following definition: Let L be a Λ-algebra, and let T be a
generating set of R. If R is non-unitary then we let InpT q or In denote the Λ-ideal generated by all
products of n elements of T . If L is unitary then we let InpT q, or In in short, denote the Λ-ideal
generated by all products of n elements of T ztλ ¨1 | λ P Λu, where 1 denotes the multiplicative identity
of R. We say that L is left-normed-generated with respect to T if for all n ě 1, InpT q is generated as
a Λ-module by a (possibly infinite) set of elements of the form pt1pt2p. . . ptk´1tkq . . . qqq, with k ě n

and ti P T for all i.

Theorem 1.5. Let L be a finitely generated algebra (possibly non-associative, non-commutative and
non-unitary) over a finitely generated associative commutative unitary ring Λ. Suppose that L is left-
normed-generated with respect to some finite generating set T , and that pL{InpT qq2 is infinite for some
n ě 1. Then there exists a ring of integers O of a number field or of a global function field such that
pO;Lring q is e-interpretable in pR;Lalgq, and DpO;Lring q is Karp-reducible to DpL;Lalgq. Moreover:

1. If Λ has positive characteristic p, then pFprts;Lringq is e-interpretable in pL;Lalgq, and DpL;Lalgq
is undecidable.

2. If L is a ring (i.e. Λ “ Z) then O is a ring of algebraic integers.

If Λ is Z or a finite field then all the above holds after replacing pL;Lalgq by pL;Lring q.

We obtain the following applications of the result above. By rR{In, R{Ins we denote the Λ-
submodule of R{In generated by trx, ys | x, y P R{Inu.

Corollary 1.6. Let L be a finitely generated Lie Λ-algebra. Assume that rR{In, R{Ins is infinite for
some n ě 1, and that Λ is finitely generated. Then the conclusions of Theorem 4.10 hold for L.

Corollary 1.7. Let F be a finitely generated free associative Λ-algebra (possibly non-commutative and
non-unitary) or a free Lie algebra of rank at least 2, with Λ finitely generated. Then the conclusions
of Theorem 4.10 hold for F .

This complements the previously mentioned results of Romankov [33] and of Kharlampovich and
Miasnikov [15, 17] regarding free algebras. We remark that in [33] it is proved (among others) that
the algebras of Corollary 4.13 actually have undecidable Diophantine problem if Λ “ Z.

It is known that the first order theory of any ring of integers of a number field or of a global
function field is undecidable. Therefore we obtain the following consequence:
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Theorem 1.8. Suppose that A satisfies the hypotheses of any of the theorems and corollaries above.
Then the first-order theory of A in the corresponding language with constants is undecidable.

The above result extends Noskov’s work [29] where it is proved that all finitely generated infinite
associative commutative unitary rings have undecidable first-order theory.

From bilinear maps to associative commutative unitary algebras. The main techniques
developed in this paper allow to move from studying arbitrary rings and algebras (possibly non-
associative, non-commutative, and non-unitary) to studying finitely generated associative commuta-
tive unitary rings. The Diophantine problem in the latter scenario is more or less understood, modulo
the Diophantine problem of rings of integers of number fields, as was shown in [7, Theorem 7.1].

The reduction from arbitrary rings (algebras) to associative commutative unitary rings (algebras)
is achieved through the study of rings of scalars of bilinear maps between Λ-modules, where Λ is a
finitely generated associative commutative unitary ring (when dealing with rings we have Λ “ Z).
These are relevant for us because much of the structure of a Λ-algebra (or a ring) can be “seen” in its
ring multiplication operation, which is indeed a Λ-bilinear map between Λ-modules. In fact, bilinear
maps also arise naturally in other structures, and in some cases, it is possible to apply the methods
presented in this paper to these, for example, in some classes of groups. In [11] we explore further
this line of work for several classes of solvable groups.

Next we describe further our approach with bilinear maps. Some of the ideas we present now were
introduced by the second named author in [25], and they have been used successfully to study different
first-order theoretic aspects of different types of structures, including rings whose additive group is
finitely generated [26], free algebras [16, 18, 19], and nilpotent groups [27, 28]. Our contribution is a
treatment of these ideas by means of systems of equations.

Observe that ring multiplication ¨ of a Λ-algebra R is, by definition, a Λ-bilinear map between
Λ-modules. One can try to replace Λ by a “larger” associative commutative unitary ring ∆. To do
so, one needs to find a ring ∆ that acts on R by Λ-module endomorphisms (thus making the additive
group of R into a ∆-module), in a way that ¨ becomes a ∆-bilinear map between ∆-modules. In this
case, we say that ∆ is a ring of scalars of the multiplication map ¨.

These considerations apply in the same way if one starts with an arbitrary Λ-bilinear map f :
N ˆ N Ñ M between Λ-modules N and M . If f is full and non-degenerate (see Subsection 3.1)
then one can define the largest ring of scalars of f , denoted Rpfq. This ring constitutes an important
feature of f , and in some sense, it provides an “approximation” to interpreting (in pN,M ; f ;Lmodq)
multiplication of constant elements from N and M by integer variables, or by variables taking values
in Λ. Another important property of Rpfq is that it is interpretable in pN,M ; f ;Lmodq by first-order
formulas without constants [25]. In this paper, we prove that this is still true if one uses systems of
equations instead (with constants).

Theorem 1.9. If f is full and non-degenerate, and if N and M are finitely generated, then both
ZpSympfqq and the largest ring of scalars Rpfq of f are e-interpretable in the two sorted structure
pN,M ; f,Lmodq.

By EndΛpNq we denote the algebra of Λ-endomorphisms of N . The ring Sympfq is defined as

Sympfq “ tα P EndΛpAq | fpαx, yq “ fpx, αyq @ x, y P Au,

and ZpSympfqq denotes the center of Sympfq (i.e. the set of elements from Sympfq that commute
with all elements from Sympfq). The interest we have for ZpSympfqq is mostly technical. This is
explained in Remark 3.12.

We next provide an idea of the proof of Theorem 1.9. There are two main observations. The first
goes as follows: Both ZpSympfqq and Rpfq can be seen as subalgebras EndΛpNq. Let a1, . . . , ak be a
module generating set of N . Then each α P EndΛpNq can be identified with the tuple pαa1, . . . , αakq P
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Nk, and so we can think of ZpSympfqq and Rpfq as Λ-submodules of Nk with an extra ring multipli-
cation operation. In particular we manage to first e-interpret the whole algebra EndΛpNq in pN ;Lalgq,
together with the action of any element of EndΛpNq on the elements ta1, . . . , aku.

The second idea is to use the properties of f in order to “express” statements about endomor-
phisms from ZpSympfqq and of Rpfq in terms of their actions on a1, . . . , ak. For example, given
α, β, γ P ZpSympfqq, one has that γ “ αβ if and only if fpγai, ajq “ fpβai, αajq for all 1 ď i, j ď k

(this is proved using bilinearity of f and the fact that fpαβx, yq “ fpβx, αyq for all x and y). This
and the considerations in the previous paragraph can be combined to show (after some work) that
multiplication in ZpSympfqq is e-interpretable in pN,M ; f,Lmodq. The rest of the proof follows in a
similar fashion, with the e-interpretation of Rpfq being more involved but of a likewise spirit.

In Subsection 3.3 we generalize Theorem 1.9 to the following result.

Theorem 1.10. Let f : A ˆ B Ñ C be a Λ-bilinear map between finitely generated Λ-modules. Then
there exists an associative commutative unitary ring Θ that is a Λ-algebra and is finitely generated as
a Λ-module, with the property that pΘ;Lalgq is e-interpretable in F “ pA,B,C; f,Lmod q. If Λ is the
ring Z or a field, then Lalg and Lmod can be replaced by Lring and Lgroup, respectively.

As mentioned above, the ring multiplication of any Λ-algebra R, finitely generated as a Λ-module,
is a Λ-bilinear map ¨ : R ˆ R Ñ R between finitely generated Λ-modules, and pR,R,R; ¨,Lmodq is
e-interpretable in pR;Lalgq. Applying Theorem 1.10 and transitivity of e-interpretations we manage
to move from the possibly non-associative, non-commutative, and non-unitary R to an associative,
commutative, unitary algebra.

As we discussed in the abstract of the present paper, we believe that the above Theorem 1.10
constitutes one of the main contributions of the paper, with potential applicability to other structures
other than rings or algebras.

2 Preliminaries

2.1 Interpretability by systems of equations

2.1.1 Multi-sorted structures

A multi-sorted structure A is a tuple A “ pAi; fj , rk, cℓ | i P I, j P J, k P K, ℓ P Lq, where the Ai are
pairwise disjoint sets called sorts ; the fj are functions of the form fj : Ai1 ˆ¨ ¨ ¨ˆAim Ñ Aim`1

for some
i1, . . . , im`1 P I; the rk are relations of the form rk : Ai1

1
ˆ ¨ ¨ ¨ ˆ Ai1

p
Ñ t0, 1u, for some i1

1, . . . , i
1
p P I;

and the cℓ are constants, each one belonging to some sort. The tuple pfj , rk, cℓ | j P J, k P K, ℓ P Lq is
called the signature or the language of A. We always assume that A contains the relations ”equality
in Ai”, for all sorts Ai, but we do not write them in the signature.

All our terms will allow the use of any constant element in any sort, regardless of whether the
constant is in the signature of the structure at hand. For this reason, and without losing generality,
we will always work with (multi-sorted) structures without constants in the signature.

If A has only one sort then A is a structure in the usual sense. One can construct terms in a multi-
sorted structure in an analogous way as in uniquely-sorted structures. In this case, when introducing
a variable x, one must specify a sort where it takes values, which we denote Ax.

A set S of generators of A is a collection of elements from different sorts such that any element
from any sort can be written as a term using only constants from S and from the signature of A (and
using function symbols).

Example 2.1. A ring is a structure pR,`, ¨,“q with one sort R, the operations of addition ` and
multiplication ¨, and the equality relation “. When there is no risk of ambiguity we will always denote
a classical one-sorted structure, such as a ring or a group, simply by its sort, that is we denote a ring
pR,`, ¨,“q simply by R.
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In this paper we understand left modules over a ring as one-sorted structures in the way explained
in Section 2.3. An alternative formulation arises by considering two sorts A (the underlying abelian
group) and R (the ring acting on A), a group addition `A, ring addition and multiplication `R, ¨R,
equality relations “R, “A, and an action operation ¨ : R ˆ A Ñ A. We stress again that this is not
the approach taken in this paper.

Let A1, . . . ,An be a collection of multi-sorted structures. We let pA1, . . . ,Anq be the multi-sorted
structure that is formed by all the sorts, functions, relations, and constants of each Ai. Given a
function f or a relation r we use the notation pA, fq or pA, rq to denote the multi-sorted structure A

with the additional function f or relation r.

Example 2.2. The following example will be used later in the paper. Let A,B,C be abelian groups,
and let f : AˆB Ñ C be a bilinear map, i.e. a map such that for all a P A the map fpa, ¨q : B Ñ C is a
group homomorphism, and similarly, for all b P B the map fp¨, bq : B Ñ C is a group homomorphism.

Then one can consider the multi-sorted structure pA,B,C, fq. This is formed by the sorts A,B,C;
the group operations and relations of A,B, and C, and the operation given by the map f .

An example of a terms in pA,B,C, fq is fpx, bq ` y where b is an element from B, and x, y are
variables taking values in A and C, respectively.

2.1.2 Diophantine problems and reductions.

Let A be a multi-sorted structure. An equation in A is an expression of the form rpτ1, . . . , τkq, where
r is a signature relation of A (typically, the equality relation), and each τi is a term in A (taking
values in an appropriate sort) where some of its variables may have been substituted by elements of
A. Such elements are called the coefficients (or the constants) of the equation. These may not be
signature constants. A system of equations is a finite conjunction of equations. A solution to a system
of equations ^iΣipx1, . . . , xnq on variables x1, . . . , xn is a tuple pa1, . . . , anq P Ax1

ˆ ¨ ¨ ¨ ˆ Axn
such

that all equations Σipa1, . . . , anq are true in A.
The Diophantine problem in A, denoted DpAq, refers to the algorithmic problem of determining

if each given system of equations in A (with coefficients in a fixed computable set) has a solution.
Sometimes this is also called Hilbert’s tenth problem in A. An algorithm L is a solution to DpAq if,
given a system of equations S in A, determines whether S has a solution or not. If such an algorithm
exists, then DpAq is called decidable, and, if it does not, undecidable.

An algorithmic problem P1 is said to be Karp-reducible (or polynomial-time many-one reducible)
to another problem P2 if there is a polynomial-time algorithm that transforms inputs to problem P1

into inputs to problem P2, such that both problems have the same output given an input and the
transformed input, respectively.

A crucial observation is that if P1 is undecidable, and P1 is Karp-reducible to P2, then P2 is
undecidable as well.

In some cases, one restricts the set of coefficients C that can be used in the input equations of the
Diophantine problem of a structure. For instance, one typically takes C “ Z when studying DpQq
(equivalently one can take C “ t0, 1u). In this paper, we will always need that C contains certain
coefficients, namely those used in a certain e-interpretation, and maybe also the preimage of some
constants of the structure that is being e-interpreted. For this reason, and to simplify the exposition,
we agree that C is always the whole structure, or a suitable computable subset if the structure is not
countable.

2.1.3 Interpretations by systems of equations

In this section we review the notion of interpretability by systems of equations between multi-sorted
structures. Here we use a much more general setting since our arguments will require handling a
variety of multi-sorted structures.
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Interpretability by systems of equations (e-interpretability) is the analog of the classic model-
theoretic notion of interpretability by first-order formulas (see [13, 22]). In e-interpretability one
requires that only systems of equations with coefficients are used, instead of first-order formulas.
From a number theoretic viewpoint, e-interpretability is roughly Diophantine definability by systems
of equations up to a Diophantine definable equivalence relation.

In this paper —in e-interpretations and Diophantine problems— we consider systems of equations
and not just single equations. This may contrast with some number-theoretic settings, where systems
of equations are equivalent to single equations, and both notions are treated interchangeably, i.e. when
studying integral domains whose field of fractions is not algebraically closed.

Definition 2.3. Let A be a structure with sorts tAi | i P Iu. A basic set of A is a set of the form
Ai1 ˆ ¨ ¨ ¨ ˆ Aim for some m and ij’s.

Definition 2.4. Let M be a basic set of a multi-sorted structure M. A subset A Ă M is called defin-
able by equations (or e-definable) in M if there exists a system of equations ΣApx1, . . . , xm, y1, . . . , ykq
on variables px1, . . . , xm, y1, . . . , ykq “ px,yq such that x takes values in M , and such that for any
tuple a P M , one has that a P A if and only if the system ΣApa,yq on variables y has a solution in M.
In this case ΣA is said to define A in M. The integer n is called the dimension of the e-definition.

From an algebraic geometric viewpoint, an e-definable set is a projection onto some coordinates
of an affine algebraic set. From a number theoretic point, it is a Diophantine definable set, allowing
to use systems of equations rather than a single equation.

Definition 2.5. Let A “ pA1, . . . ; f, . . . , r . . . q and M be two multi-sorted structures. One says that
A is interpretable by equations (or e-interpretable) in M if for each sort Ai there exists a basic set
MpAiq of M, a subset Xi Ď Mi, and a surjective map φi : Xi Ñ Ai such that:

1. Xi is e-definable in M, for all i.

2. For each function f and each relation r in the signature of A (including the equality relation
of each sort), the preimage by φ “ pφ1, . . . q of the graph of f (and of r) is e-definable in M,
in which case we say that f (or r) is e-interpretable in M. The same terminology applies to
functions and relations that are not necessarily in the signature of A.

The tuple of maps φ “ pφ1, . . . q is called an e-interpretation of A in M. The map φ is called an e-
interpretation of R1 in R2. We will say that A is e-interpretable in M if there exists an e-interpretation
φ of A in M. It is usually clear, but not important, what the specific e-interpretation is.

The next lemma illustrates a key application of e-interpretability.

Lemma 2.6. Let R be a ring, not necessarily commutative or associative. Suppose I ď R is an ideal
that admits a 1-dimensional e-definition in R. Then R{I is e-interpretable in R.

Proof. Let ΣIpx, y1, . . . , ymq be a system of equations giving a 1-dimensional e-definition of I in R,
so that a P R belongs to I if and only if ΣIpa, y1, . . . , ymq has a solution on y1, . . . , ym. It suffices to
check that the natural epimorphism π : R Ñ R{I is an e-interpretation of R{I in R. First observe
that the preimage of π is the whole R, which is clearly e-definable in R. Regarding the preimage of
the equality relation of R{I, we have that πpa1q “ πpa2q in R{I if and only if a1 ´ a2 P I, i.e. if and
only if ΣIpa1 ´a2, y1, . . . , ymq has a solution. From this it follows that the preimage of equality in R{I,
i.e. ta1, a2 P R | πpa1q “ πpa2qu , is e-definable in R by the system of equations Σ1

Ipx1, x2, y1, . . . , ymq
obtained from ΣIpx, y1, . . . , ymq after substituting each occurrence of x by x1 ´ x2, where x1 and x2

are fresh new variables.
By similar arguments, the preimages of the addition and multiplication operations of R{I are

e-definable in R: indeed, for any three elements a1, a2, a3 P R we have that πpa1q ` πpa2q “ πpa3q if
and only if a1 ` a2 ´ a3 P I, and πpa1qπpa2q “ πpa3q if and only if a1a2 ´ a3 P I.

8



Interestingly, all finitely generated ideals of a ring are e-interpretable in it:

Lemma 2.7. Let I be a finitely generated ideal of a ring R. Then I is e-definable in R. As a
consequence, R{I is e-interpretable in R.

Proof. Let a1, . . . , an be a generating set of I. Then the equation x “
ř

xiai on variables px, x1, . . . , xnq
e-defines I in R. Lemma 2.6 now implies that R{I is e-interpretable in R.

Note that any finitely generated ring R (as all rings considered in this work) is Noetherian, i.e. all
their ideals are finitely generated (this follows from Hilbert’s basis theorem). Thus any ideal I of R
is e-definable in R and R{I is e-interpretable in R.

Remark 2.8. It is clear from the proof that an analog of Lemma 2.6 holds for other structures, such
as groups with e-definable normal subgroups, modules with e-definable submodules, etc.

The following remark will be used several times without referring to it.

Remark 2.9. Let A “ pA; f, . . . ; r, . . . q and B “ pB; f 1, . . . ; r1, . . . q be uniquely-sorted structures
such that A Ď B and all functions and relations of A are also functions and relations of B. Assume
A is e-definable in B. Then, clearly, A is e-interpretable in B.

The next two results are fundamental. They follow from Lemma 2.12, which we present at the
end of this subsection.

Proposition 2.10 (E-interpretability is transitive). If A is e-interpretable in B and B is e-interpretable
in M, then A is e-interpretable in M.

Proposition 2.11 (Reduction of Diophantine problems). Let A and M be (possibly multi-sorted)
finitely generated structures such that A is e-interpretable in M. Then DpAq is Karp-reducible to
DpMq. As a consequence, if DpAq is undecidable, then so is DpMq.

Similarly, the first-order theory of A is Karp-reducible to the first-order theory (with constants1)
of M, and the second is undecidable if the first is.

Both Propositions 2.10 and 2.11 are consequences of the following lemma, which states in technical
terms that if one structure is e-interpretable in the other, then one may “express” equations in the
first as systems of equations in the second. Similar results to this with analogous proof are well-known.
We include a proof for completeness.

Lemma 2.12. Let φ “ pφ1, . . . q be an e-interpretation of a multi-sorted structureA “ pA1, . . . ; f, . . . , r, . . . q
in another multi-sorted structure M, with φi : Xi Ă MpAiq Ñ Ai (see Definition 2.5). Let σpxq “
σpx1, . . . , xnq be an arbitrary system of equations in A with each variable xi taking values in Aji . Then
there exists a system of equations Σσpy1, . . . ,ynq in M, such that each tuple of variables yi takes val-
ues in MpAjiq, and such that a tuple pb1, . . . ,bnq P

śn

i“1
MpAjiq is a solution to Σσpy1, . . . ,ynq if

and only if pb1, . . . ,bnq P
śn

i“1
Xji and pφj1pb1q, . . . , φjnpbnqq is a solution to σ.

Proof. We claim that, by introducing new variables and new equations, we can rewrite σ so that σ

consists in a conjunction of equations σ1 ^ ¨ ¨ ¨ ^σm such that the following holds: For all i “ 1, . . . ,m,
σi is either of the form z “ fpx1, ¨ ¨ ¨xnq, rpx1, . . . , xnq, or z “ a, where f is some function from A, the
symbol r is some relation from A, the symbols x1, . . . , xn, z are variables, and a is any element from
the sorts of A. The lemma follows from the claim, since by the definition of e-interpretability, the
present lemma is true for each of σi, i “ 1, . . . ,m. Hence, it suffices to take Σσ to be Σσ1

^ ¨ ¨ ¨ ^Σσn
.

We now prove the claim. We proceed by induction on the syntactic length |σ| of σ, the base cases
being clear. We can assume that σ consists on a single equation. Suppose first that σ does not have the
desired form and that it is of the form z “ fpt1, . . . , tmq for some variable z, some function f , and some

1The considerations made regarding the use of constants in systems of equations and Diophantine problems apply
as well for first-order formulas and their decidability problems (see Paragraph 3 of Subsection 2.3 or Subsection 2.1.2).
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terms t1, . . . , tm depending on some variables x1, . . . , xk. We can rewrite σ into the equivalent system
of equations z “ fpy1, . . . , ymq ^ y1 “ t1px1, . . . , xkq ^ ¨ ¨ ¨ ^ ym “ tmpx1, . . . , xkq, where y1, . . . , ym
are new variables. The syntactic length of each one of these equations is strictly less than |σ|, and
then we can proceed by induction. If σ has the form rpt1, . . . , tmq for some relation r and some terms
t1, . . . , tm, we can proceed similarly by rewriting it as rpy1, . . . , ymq^^y1 “ t1px1, . . . , xkq^¨ ¨ ¨^ym “
tmpx1, . . . , xkq. Finally if σ has the form fpt1, . . . , tmq “ gpt1

1, . . . , t
1
kq for some functions f, g and terms

t1, . . . , tm, t1
1, . . . , t

1
k, we can rewrite sigma in the form z “ fpt1, . . . , tmq ^ z “ gpt1

1, . . . , t
1
kq. Each one

of the equations in the conjunction has syntactic length smaller than |σ|, and again we can proceed
by induction. This proves the claim.

We will use the following observations in different occasions:

Remark 2.13. Let A, B, and M be (possibly multi-sorted) structures. Suppose that all sorts among
the sorts of A and B are pairwise disjoint. Let N be a (possibly multi-sorted) structure which is the
result of adding functions, relations, constants, or more sorts to M. Suppose A is e-interpretable in
M. Then A is also e-interpretable in N .

Moreover, if both A and B are e-interpretable in M, then the multi-sorted structure pA,Bq is also
e-interpretable in M.

2.2 The Diophantine problem in finitely generated associative commuta-

tive unitary rings

Recall that, given two associative commutative unitary rings R,S with S Ď R, and an element r P R,
we say that r is integral over S if there exists a monic polynomial ppxq P Srxs such that pprq “ 0. The
integral closure of S in R is defined as the subset of integral elements of R, and it forms a subring of
R. We will often denote it OR when the ring S is understood from the context, and we will refer to
OR as the ring of integers of R.

A number field is a finite field extension of Q. Given a field k, by kptq we denote the set of rational
functions with coefficients in k and variable t. The integral closure of Z in a number field K is called
a ring of algebraic integers. A global function field is a finite field extension of Fpptq for some finite
field Fp with a prime number p of elements.

Shlapentokh proved that the Diophantine problem is undecidable in any ring of integers of a global
function field (see 10.6.2 from [37]). On the other hand, it is conjectured that the same is true for any
ring of algebraic integers.

In the PhD thesis [7, Theorem 7.1] Eisentraeger proved the following relation between the Dio-
phantine problem of any infinite finitely generated commutative associative unitary ring, and the
Diophantine problem of rings of integers of number or global function fields. Recall that the charac-
teristic of a ring with unity is the minimum positive integer n such that 1 ` n. . . ` 1 “ 0.

Theorem 2.14 (Theorem 7.1 in [7]). Let A be an infinite finitely generated associative commutative
unitary ring.

1. Assume that the characteristic of A is n ą 0. If A has infinitely many elements, then Hilbert’s
Tenth Problem for A is undecidable.

2. Assume A has characteristic zero. If the Krull dimension of A is at least 2, then DpA;Lring q
is undecidable. If we assume that DpOK ;Lringq is undecidable for any ring of algebraic integers
OK of integers of number fields is undecidable, then DpA;Lring q is undecidable.

We are interested in a variation, slightly stronger, formulation of this result, which we state below.
The proof of this alternative formulation can be obtained from the proof of Theorem 2.14 [7] by
making straightforward modifications. For completeness, we include an alternative yet similar proof
in the appendix at the end of this paper.

We need the notion of rank of an abelian group, and by extension of a ring. This is defined in a
variety of manners throughout the literature. Here we follow [9].
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Definition 2.15 ([9]). The rank of an abelian group A is the maximal number of nonzero elements
a1, . . . , an P A such that whenever α1a1 ` ¨ ¨ ¨ ` αnai “ 0 for some integers α1, . . . , αn P Z, then
αiai “ 0 for all i “ 1, . . . , n.

The rank of a ring is defined as the rank of R seen as an abelian group (i.e. forgetting its multipli-
cation operation).

Remark 2.16. Let R be an integral domain. If R has zero characteristic then the rank of R coincides
with the dimension of R seen as a Z-module, which is the maximum number of Z-linearly independent
elements in R, i.e. elements a1, . . . , ar such that whenever

řr
i“1

αiai “ 0 for some integers αi, we have
αi “ 0 for all i “ 1, . . . , r. If R has positive characteristic p ą 0, then the rank of R is the dimension
of R as a Fp-vector space.

Hence the notion of rank generalizes dimension of Z-modules and of vector spaces. As an example
we have that the rank of the non-integral domain R “ Zrxs{ppxq is infinite. However, note that R has
only one linearly independent element over Z, hence R seen as a Z-module has dimension 1. On the
other hand, R does not admit the structure of a vector space over a finite field. Another illustrative
example is given by the integral domain Zr 1

2
s, which has rank 1.

Theorem 2.17. Let R be an infinite finitely generated commutative ring with identity. Then there
exists a ring of integers O of a number or a global function field such that pO;Lring q is e-interpretable
in pR;Lring q, and DpO;Lring q is Karp-reducible to DpR;Lring q. Moreover, one of the following holds:

1. If R has positive characteristic p ą 0, then the following holds: O is the ring of integers of
a global function field; the ring of polynomials pFprts;Lringq is e-interpretable in pR;Lring q for
some variable t; and DpR;Lring q is undecidable.

2. If R has zero characteristic and it has infinite rank then the same conclusions as above hold:
O is the ring of integers of a global function field; the ring of polynomials pFprts;Lringq is e-
interpretable in pR;Lringq for some prime p and variable t; and DpR;Lring q is undecidable.

3. If R has zero characteristic and it has finite rank n, then O is a ring of algebraic integers, and
DpR;Lring q is undecidable provided that DpO;Lring q is undecidable. Additionally, K is a field
extension of Q of degree at most n.

Proof. See Appendix 5.

2.3 Notation and conventions

Here we note and emphasize some relevant aspects of the notation used in the paper.

1. Unless stated otherwise, all rings and algebras are not necessarily associative, commutative, or
unitary.

Given an algebra R over a ring Λ, and a subset S Ď R, we let xSyΛ be the left Λ-submodule of R
generated by a set S. We also let R2 “ xxy | x, y P RyΛ.

All modules are assumed to be left modules over commutative associative unitary rings. Similarly,
the underlying module of an algebra is assumed to be a left module over commutative associative
unitary rings. All arguments work in the same way if we replace all left modules by right modules or
all left module by bimodules.

3. The language of additive groups is Lgroup “ p`q. The language of Λ-modules is Lmod “
pLgroup , ¨Λq, where the ¨Λ “ t¨λ | λ P Λu are unary functions representing multiplication by scalars:
¨λpxq “ λx. The language of rings Lring is p`, ¨q. The language of Λ-algebras is Lalg “ p`, ¨, ¨Λq.
If Λ admits a finite generating set S, then one can replace ¨Λ by ¨S “ t¨λ | λ P Su without loss of
generality.
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Hence, in an equation (or in a formula) over a Λ-module or Λ-algebra R, one is allowed to multiply
any element of R by any constant element of Λ. But this is as far as one can involve Λ: no variable
can take values in Λ, no quantification over Λ can be made, etc.

4. The notion of Z-module or Z-algebra with the languages above is equivalent, for the purposes of
studying decidability of the Diophantine problem, to the notion of abelian group or ring, respectively.

5. Sometimes we will want to look at an algebra L over a ring Λ as a Λ-module, or as a ring, or
as a group, forgetting about the corresponding additional operations of L. We will use the notation
pL;Lmodq, pL;Lringq, pL;Lgroupq when this is done, respectively. We will also write pL;Lalgq to
emphasize that L is considered with all its Λ-algebra operations. A similar terminology will be used
for other structures such as rings and modules.

This notation will be used extensively in expressions of the type pL;L1q is e-interpretable in
pK;L2q. This means that the structure L with the operations of the language L1 is e-interpretable in
K considered with the operations of L2. In the particular case that L1 “ L2 we will also say that L
is e-interpretable in K in the language L1.

3 From bilinear maps to commutative rings and algebras

A brief description of the arguments used in this section can be found in the last part of the introduc-
tion.

3.1 Ring of scalars of a full non-degenerate bilinear map

Throughout this subsection, Λ denotes an associative, commutative, unitary ring, possibly infinitely
generated.

A map f : N ˆ N Ñ M between Λ-modules N and M is Λ-bilinear if, for all a P N , the maps
ℓa : N Ñ M and ra : N Ñ M defined as ℓapbq “ fpa, bq and rapbq “ fpb, aq are homomorphisms
of Λ-modules. We call f non-degenerate if whenever fpa, xq “ 0 for all x P N , we have a “ 0, and
also whenever fpx, aq “ 0 for all x P N we have a “ 0. The map f is called full if the Λ-submodule
generated by the image of f is the whole M .

The set of module endomorphisms of a Λ-module N , denoted EndΛpNq, forms an associative
unitary Λ-algebra once we equip it with the operations of addition and composition (henceforth called
multiplication). Given α P EndΛpNq and x P N , we write αx instead of αpxq. An action of a ring ∆
on N is a ring homomorphism φ : ∆ Ñ EndΛpNq. Any such action φ endows N with a structure of
∆-module. The action is called faithful if φ is an embedding.

Definition 3.1. Let Λ be a commutative associative unitary ring, let N and M be Λ-modules, and
let f : N ˆ N Ñ M be a Λ-bilinear map between N and M . A ring ∆ is called a ring of scalars of f
if it is associative, commutative, and unitary, and there exist faithful actions of ∆ on M and N such
that fpαx, yq “ fpx, αyq “ αfpx, yq for all α P ∆ and all x, y P N .

Since the actions of a ring of scalars ∆ of f on M and N are faithful, there exist ring embeddings
∆ ãÑ EndΛpMq and ∆ ãÑ EndΛpNq. For this reason and for convenience, we always assume that a
ring of scalars of f is a subring of EndΛpNq.

Definition 3.2. We say that ∆ is the largest ring of scalars of f if for any other ring of scalars ∆1 of
f , one has ∆1 ď ∆ as subrings of EndΛpNq. We denote such ring by Rpfq.

We will also need the following notation:
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Definition 3.3. Let Λ be an associative commutative unitary ring, and let N be a Λ-module. We
define the following subsets of EndΛpNq:

Sympfq “ tα P EndΛpNq | fpαx, yq “ fpx, αyq for all x, y P Nu , (1)

ZpSympfqq “ tα P Sympfq | αβ “ βα for all β P Sympfqu . (2)

It is straightforward to check that both Sympfq and ZpSympfqq are Λ-modules.

The next result was proved by the second author in [25]. We recover its proof since we will need
to elaborate on it in the next subsection.

Theorem 3.4 (cf. [25]). Let Λ be an associative commutative unitary ring, and let f : N ˆ N Ñ M

be a full non-degenerate bilinear map between Λ-modules. Then the largest ring of scalars Rpfq of f
exists and is unique.

Proof. First observe that for all α1, α2 P ZpSympfqq and all x, y P N ,

fpα1α2x, yq “ fpα2x, α1yq “ fpx, α2α1yq “ fpx, α1α2yq,

and thus α1α2 P Sympfq. Since both α1 and α2 commute with any element from Sympfq, so does
α1α2. Hence, α1α2 P ZpSympfqq, and so ZpSympfqq is a Λ-subalgebra of EndΛpNq.

Next, let ∆ be an arbitrary ring of scalars of f . We will show ∆ is a subring of ZpSympfqq. Indeed,
by definition, ∆ Ď Sympfq. To see that ∆ Ă ZpSympfqq, let α P ∆ and β P Sympfq. Then, for all
x, y P N ,

fpαβx, yq “ αfpβx, yq “ αfpx, βyq “ fpαx, βyq “ fpβαx, yq.

Hence fppαβ´βαqx, yq “ 0 for all x, y P N . Since f is non-degenerate and y is arbitrary, pαβ´βαqx “
0 for all x P N . It follows that αβ “ βα, and thus ∆ Ď ZpSympfqq.

By what we have seen so far, ZpSympfqq is an associative commutative unitary Λ-algebra that
acts faithfully on N . We now wish to find a subring of ZpSympfqq, call it Θ, that acts on M . Since
f is full, for all z P M we have z “

ř

i fpxi, yiq for some xi, yi P N . Hence, one may try to define the
following action:

αz “
ÿ

fpαxi, yiq for α P ∆. (3)

However, this is not necessarily well-defined, because the same z P M may have different expressions
as sums of elements fpxi, yiq. With this in mind, we let Θ be the set of all α P ZpSympfqq such that

ÿ

fpαxi, yiq “
ÿ

fpαx1
i, y

1
iq whenever

ÿ

fpxi, yiq “
ÿ

fpx1
i, y

1
iq. (4)

Clearly, Θ is closed under addition and multiplication, and therefore it is a subring of ZpSympfqq
with a well-defined action on M given by (3). Since the action of Θ on N is faithful, and f is a
non-degenerate map, the action of Θ on M is faithful as well. It follows that Θ is a ring of scalars
of f . Moreover, any other ring of scalars ∆ of f satisfies (4), and thus, since ∆ Ă ZpSympfqq by our
previous argument, we have ∆ ď Θ. We conclude that Θ is the unique largest ring of scalars of f .

Remark 3.5. It is clear from the proof above that Rpfq is closed under multiplication by Λ. Hence,
Rpfq admits the structure of a Λ-algebra.

3.2 E-interpreting ZpSympfqq and the largest ring of scalars

Throughout this subsection Λ denotes a Noetherian associative commutative unitary ring (possibly
infinitely generated). Recall that a ring is Noetherian if for every infinite ascending chain of ideals
I1 Ď I2 Ď . . . there exists n such that In “ Im for all m ě n. In this case, any finitely generated Λ-
module is Noetherian and finitely presented (see [6] or [12]). We refer to Subsection 2.3 for important
notation and terminology conventions.

The goal of this subsection is to prove the following result.
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Theorem 3.6. Let f : N ˆ N Ñ M be a full non-degenerate bilinear map between finitely generated
Λ-modules. Then both ZpSympfqq (see Definition 3.3) and the largest ring of scalars Rpfq of f are
finitely generated as Λ-modules, and they are e-interpretable as Λ-algebras in F “ pN,M ; f,Lmodq.
Moreover,

1. ZpSympfqq, Rpfq, N , and M are all simultaneously finite, or they are all simultaneously infinite.

2. If Λ is a field, then pZpSympfqq;Lring q is e-interpretable in pN,M ; f,Lgroupq (i.e. multiplication
by scalars is not required).

3. If Λ “ Z, then both pZpSympfqq;Lring q and pRpfq;Lring q are e-interpretable in pN,M ; f,Lgroupq.

We state some lemmas and observations before proving Theorem 3.6, starting with a useful de-
scription of EndΛpNq.

Remark 3.7. Let N be a Λ-module with finite module presentation xa1, . . . , am |
ř

i xj,iai, j “
1, . . . , T yΛ, where xj,i P Λ for all i, j. Each element α of EndΛpNq uniquely determines an m-tuple
pαa1, . . . , αamq P Nm, and one has

ř

i xj,ipαaiq “ 0 for all j. Conversely, any m-tuple from Nm with
this last property determines an element from EndΛpNq. Thus EndΛpNq can be identified with the
set of m-tuples pα1, . . . , αmq P Nm that satisfy

ř

i xj,iαi “ 0 for all j.
In the particular case that Λ is a field we have that N is a vector space. In particular, N is a

free Λ-module, and so it admits a finite presentation with an empty set of relations. In this case,
EndΛpNq “ Nm1

for some m1 ď m. Let us mention a particular case when N is a free Λ-module. In
this case N admits a finite presentation with an empty set of relations. In this case, EndΛpNq “ Nm1

for some m1 ď m. This happens, for example, if Λ is a field or if Λ “ Z and N is torsion-free.

The above identification of EndΛpNq with a subset of Nm is used to prove the following result.

Lemma 3.8. Let N be a finitely generated Λ-module. Then the following hold:

1. pEndΛpNq;Lmod q is e-interpretable in pN ;Lmodq.

2. Let SN “ ta1, . . . , amu be a generating set of N , and define maps ¨ai : EndΛpNq Ñ N so that
¨ai sends each α P EndΛpNq to αai P N . Denote ¨SN “ t¨a1, . . . , ¨amu. Then the two-sorted
structure ENDΛpNq “ pEndΛpNq, N ; ¨SN ,Lmodq is e-interpretable in pN ;Lmodq.

3. In the particular case that Λ is a field or the ring of integers Z, the previous statements are still
valid after replacing Lmod by Lgroup in all structures.

Proof. As mentioned above, since Λ is a Noetherian associative commutative unitary ring, any finitely
generated Λ-module is finitely presented with respect to any finite generating set. Let

ř

xj,iai, j “
1, . . . , T be a finite set of relations of N , with xj,i P Λ for all i, j.

Following Remark 3.7, identify each element α of EndΛpNq with the m-tuple pα1, . . . , αmq “
pαa1, . . . , αamq P Nm. By this same remark, anym-tuple α “ pα1, . . . , αmq P Nm belongs to EndΛpNq
if and only if

ř

xj,iαi “ 0 for all j. This is a finite system of equations in pN ;Lmodq with variables αi,
and so EndΛpNq as a set is e-definable in pN ;Lmodq. As observed in Remark 3.7, if Λ is a field then
EndΛpNq “ Nm1

for somem1 ď m, and so the e-definition consists in an empty equation. In particular,
it does not use multiplication by scalars. Hence EndΛpNq is e-definable as a set in pN ;Lgroupq.

The group addition of two tuples from the Λ-module EndΛpNq is obtained by component-wise ad-
dition. Hence the graph of the addition operation of EndΛpNq (which is a subset ofN3m) is e-definable
in pN,Lmodq. By similar reasons, so are the graphs of the equality relation of EndΛpNq and of mul-
tiplication by fixed elements of Λ (i.e. multiplication by scalars). This proves that pEndΛpNq;Lmod q
is e-interpretable in pN ;Lmodq. In the case that Λ is a field, pEndΛpNq;Lgroupq is e-interpretable in
pN ;Lgroupq.

It follows that the two-sorted structure pEndΛpNq, N ;Lmodq is e-interpretable in pN ;Lmodq. Fi-
nally, notice that, for α “ pα1, . . . , αmq P EndΛpNq and x P N , the tuple pα, xq “ Nm ˆN belongs to
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the graph of ¨ai if and only if x “ αai “ αi. In other words, for any tuple py1, . . . , ym`1q P Nm`1 we
have

py1, . . . , ym`1q P Graphp¨aiq Ď Nm`1 if and only if yi “ ym`1,

hence the graph of ¨ai is e-definable in pN ;Lgroupq. This completes the proof that ENDΛpNq is
e-interpretable in pN ;Lmodq.

If Λ is a field then multiplication by scalars was not used in any equation other than when e-
interpreting the scalar multiplication of EndΛpNq. If Λ “ Z then a Λ-module is just a group, because
nx “ x ` n. . . ` x for all n P Z. Hence, Item 3 holds.

Remark 3.9. It follows from Lemma 3.8 and Remark 2.13 that there exists an e-interpretation φ of
the three-sorted structure

F1 “ pEndΛpNq, N,M ; f, ¨SN ,Lmodq

in F “ pN,M ; f,Lmodq. If Λ is a field or Z, then one can replace Lmod by Lgroup .
Thus by transitivity of e-interpretations (Proposition 2.10), in order to prove that pRpfq;Lalgq

or pZpSympfqq;Lalg q is e-interpretable in F it suffices to show that it e-interpretable in F1. For
this one must keep in mind that an equation in F1 can involve constants and variables from N , M ,
and EndΛpNq; the map f ; actions of endomorphisms on the ai’s given by ¨SN ; and the operations
of pN ;Lmodq, pM ;Lmodq, and pEndΛpNq;Lmodq without its ring multiplication. For example, the
equation fpαai, ajq “ fpai, αajq on the variable α is valid in F1, whereas α1α2ai “ α2α1ai or αx “ ai
is not (for variables α1, α2, α P EndΛpNq, x P N).

We next prove the main result of this subsection.

Proof of Theorem 3.6. First observe that EndΛpNq is finitely generated as a Λ-module, because Nm

is a Noetherian module and EndΛpNq embeds as a Λ-module into Nm, by Remark 3.7. By the same
reason both Rpfq and ZpSympfqq are finitely generated as Λ-modules.

Denote F “ pN,M ; f,Lmodq. We proceed to prove that pZpSympfqq;Lalgq is e-interpretable in F .
By the previous Remark 3.9, it suffices to show that pZpSympfqq;Lalgq is e-interpretable in F1 for
some generating set SN “ ta1, . . . , anu of N .

We start by proving that Sympfq can be e-defined as a subset of EndΛpNq in F1. Indeed, take
any x, y P N and write x “

ř

xiai and y “
ř

yiai for some xi, yi P Λ. Since αx “
ř

xiαai for all
α P EndΛpNq, we have fpαx, yq “

ř

xiyjfpαai, ajq, and similarly for fpx, αyq. It follows that

Sympfq “ tα P EndΛpNq | fpαai, ajq “ fpai, αajq for all 1 ď i, j ď nu . (5)

Observe that αai “ ¨aipαq for all i “ 1, . . . , n. Hence (5) can be written as a first-order sentence in
F1. We conclude that Sympfq is e-definable as a set in F1 by the system of equations

ľ

1ďi,jďn

“

f p¨aipαq, ajq “ fpai, ¨ajpαqq
‰

(6)

on the single variable α taking values in EndΛpNq. Note that (6) does not use multiplication by
scalars Λ.

Since the signature of F1 contains all operations of pEndΛpNq;Lmodq, we have that Sympfq ď
EndΛpNq as a Λ-module is e-interpretable in F1.

Next, we show that ZpSympfqq is e-definable as a set in F1. As before, this immediately implies
that the Λ-module pZpSympfqq;Lmodq is e-interpretable in F1. Let β1, . . . , βk be a finite generating set
of pSympfq;Lmodq. Then, α P ZpSympfqq if and only if α P Sympfq and αβt “ βtα for all t “ 1, . . . , k.
This implies that

fpαai, βtajq “ fpai, αβtajq “ fpai, βtαajq “ fpβtai, αajq for all i, j, t. (7)
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We claim that (7) is a sufficient condition for an endomorphism α P Sympfq to belong to ZpSympfqq.
As a consequence one has that ZpSympfqq is definable as a set in F1 by means of the following system
of equations on the variable α:

ľ

t“1,...,k,
1ďi,jďn

“

fp¨aipαq, ¨ajpβtqq “ fp¨aipβtq, ¨ajpαqq
‰

, (8)

together with the system (6), which ensures that α P Sympfq. Again, recall that αai and βtaj are
written in F1 in the form ¨aipαq and ¨ajpβtq. As before, (8) does not use multiplication by the scalars
Λ.

To prove the claim, i.e. that (7) is a sufficient condition for α P Sympfq to belong to ZpSympfqq,
suppose (8) holds. Then fpβtαai, ajq “ fpαβtai, ajq for all i, j, t, and thus, for fixed i and t,
fprβt, αsai, ajq “ 0 for all j, where rβt, αs “ βtα´αβt. By bilinearity of f and the fact that a1, . . . , an
generate N , we have that fprβt, αsai, xq “ 0 for all x P N and for all i, t. Since f is non-degenerate,
rβt, αsai “ 0 for all i, t. This implies that rβt, αsx “ 0 for all x P N , and thus rβt, αs “ 0 for all t.
This completes the proof of the claim.

We have seen that the Λ-module pZpSympfqq;Lmodq is e-interpretable in F1. Moreover, multiplica-
tion by scalars Λ is only used for defining the the scalar multiplication of pZpSympfqq;Lmodq. Hence in
fact ZpSympfqq as a group is e-interpretable in pEndΛpNq, N,M ; f, ¨SN ,Lgroupq (i.e. F1 after replacing
Lmod by Lgroup).

By analogous reasons as above, for any triple γ1, γ2, γ3 P ZpSympfqq the equality γ3 “ γ1γ2 holds
if and only if

fpγ3ai, ajq “ fpγ2ai, γ1ajq for all 1 ď i, j ď n. (9)

Hence the ring multiplication of ZpSympfqq is e-interpretable in F1 by means of (9) and appropriate
systems of the form (6) and (8) (which ensure that γi P ZpSympfqq). We conclude that ZpSympfqq
as a Λ-algebra is e-interpretable in F1, and hence in F “ pN,M ; f,Lmodq.

We now prove Items 2 and 3 of the statement of the Theorem 3.6. As observed in the arguments
above, multiplication by scalars of F1 was only used in order to e-interpret multiplication by scalars
of ZpSympfqq. Hence pZpSympfqq;Lring q is e-interpretable in pEndΛpNq, N,M ; f, ¨SN ,Lgroupq. By
Lemma 3.8 and Remark 3.9, if Λ is either Z or a field, then the latter structure is e-interpretable in
pM,M ; f,Lgroupq. Hence pZpSympfqq;Lring q is e-interpretable as a ring in pM,M ; f,Lgroupq. This
concludes the proof of Items 2 and 3.

Next we show that pRpfq;Lalgq is e-interpretable in pN,M ; f,Lmodq. By the previous arguments
and by transitivity of e-interpretations, it suffices to prove that pRpfq;Lalgq is e-interpretable in F1.
First recall from the proof of Theorem 3.4 that Rpfq is the set of all α P ZpSympfqq such that

if
t

ÿ

i“1

fpxi, yiq “
ÿ

i

fpx1
i, y

1
iq, then

t
ÿ

i“1

fpαxi, yiq “
ÿ

i

fpαx1
i, y

1
iq,

for any t ě 1 and elements x1, . . . , xt, y1, . . . , yt, x
1
1, . . . , x

1
t, y1, . . . , y

1
t inN t. This condition is equivalent

to

if
t

ÿ

i“1

fpxi, yiq “ 0, then
t

ÿ

i“1

fpαxi, yiq “ 0. (10)

We claim that α P ZpSympfqq satisfies (10) if and only if it satisfies the following condition:

if
ÿ

1ďj,kďn

zj,kfpaj, akq “ 0 for some zj,k P Λ p1 ď j, k ď nq, then
ÿ

1ďj,kďn

zj,kfpαaj , akq “ 0. (11)

Indeed, the direct implication is immediate. Conversely, suppose that α satisfies (11), and let t ě 1
and x1, . . . , xt, y1, . . . , yt P N be such that

řt
i“1

fpxi, yiq “ 0. Write each xi and yi in terms of the
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generators a1, . . . , an,

xi “
n

ÿ

j“1

xi,jaj , and yni“1 “
ÿ

k

yi,kak, xi,j , yi,k P Λ.

Since f is bilinear,
t

ÿ

i“1

fpxi, yiq “
ÿ

1ďj,kďn

˜

t
ÿ

i“1

xi,jyi,k

¸

fpaj, akq “ 0.

Thus by (11),

0 “
ÿ

1ďj,kďn

t
ÿ

i“1

xi,jyi,kfpαaj , akq “
t

ÿ

i“1

fpαxi, yjq.

This completes the proof of the claim.
The set S of all tuples pzi,jq P Λn2

such that
ř

1ďi,jďn zi,jfpai, ajq “ 0 forms a submodule of Λn2

,
and so it admits a finite generating set, say X “ tsi | i “ 1, . . . , T u. Write si “ psi,j,k | 1 ď j, k ď nq.
Then α P ZpSympfqq belongs to Rpfq if and only if

ÿ

1ďj,kďn

˜

t
ÿ

i“1

qisi,j,k

¸

fpαaj , akq “ 0, for all q1, . . . , qt P Λ. (12)

Equivalently,
t

ÿ

i“1

qi

˜

ÿ

1ďj,kďn

si,j,kfpαaj , akq

¸

“ 0, for all q1, . . . , qt P Λ. (13)

By making appropriate choices for the qi’s, one sees that (13) holds if and only if each one of the
expressions inside the parenthesis is 0. It follows that Rpfq is e-definable as a set in F1. Consequently,
Rpfq is e-interpretable as a Λ-algebra in F1, since all the operations of pRpfq;Lalgq are already present
in the signature of the latter. It follows that Rpfq is e-interpretable as a Λ-algebra in pN,M ; f,Lmodq.

Finally we prove Item 1, i.e. that ZpSympfqq, Rpfq, N , and M are all simultaneously either finite,
or all simultaneously infinite. We first claim that, in general, if Θ is an associative commutative unitary
ring, then any finitely generated faithful Θ-module K is infinite if and only if Θ is infinite. Indeed,
if K is finite, then EndΘpKq is finite as well, because EndΘpKq embeds as a Θ-module into Kn, for
some n (see Remark 3.7). Since K is a faithful Θ-module, there exists an embedding Θ ãÑ EndΘpKq,
and hence Θ is finite as well. On the other hand, if K is infinite, then, since K is finitely generated,
there must exist k P K such that the set tθk | θ P Θu is infinite, hence Θ is infinite. The claim follows.

Observe that both N and M are faithful Rpfq-modules, and that N is also a faithful ZpSympfqq-
module. We claim that both these modules are finitely generated. Indeed, let ΛN “ tλ P Λ | λn “
0 for all n P Nu, and define ΛM analogously. Then N (resp. M) is a finitely generated faithful
Λ{ΛN -module (resp. Λ{ΛM -module). Using that f is full and non-degenerate, one can see that N is
also a faithful Λ{ΛM -module under the action pλ ` ΛM qx “ λx. With this action, Λ{ΛM becomes a
ring of scalars of f , and so by maximality of Rpfq we have Λ{ΛM ď Rpfq ď ZpSympfqq as subrings
of EndΛpNq. Similar arguments yield Λ{ΛN ď Rpfq ď ZpSympfqq. Since N is finitely generated
as a Λ{ΛN -module, it is also finitely generated as a Rpfq-module. Similarly, N is finitely generated
as a ZpSympfqq-module, and M is finitely generated as a Rpfq-module. Observe also that all these
modules are faithful since ZpSympfqq and Rpfq embed in EndΛpNq by construction. This completes
the proof of the claim. Item 1 of the statement of the theorem follows now from this and the previous
claim.
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3.3 Arbitrary bilinear maps

In this subsection we keep the assumption that Λ is a Noetherian associative commutative ring with
identity (possibly infinitely generated). Our next goal is to generalize Theorem 3.6 to arbitrary bilinear
maps. Given a map Λ-bilinear map between finitely generated Λ-modules f : A ˆ B Ñ C, we let the
left and right annihilators of f be, respectively,

Ann lpfq “ ta P A | fpa, yq “ 0 for all y P Bu ,

Annrpfq “ tb P B | fpx, bq “ 0 for all x P Au.

Theorem 3.10. Let f : A ˆ B Ñ C be a Λ-bilinear map between finitely generated Λ-modules. Then
there exists an associative, commutative, unitary Λ-algebra Θ such that pΘ;Lalgq is finitely generated
as a Λ-module and it is e-interpretable in F “ pA,B,C; f,Lmod q. Moreover,

1. In case that Λ is a field or the ring Z, then pΘ;Lring q is e-interpretable in pA,B,C; f,Lgroupq.

2. Θ is infinite if and only if both Λ-modules xfpA,BqyΛ and A{Annlpfq ˆB{Annrpfq are infinite,
respectively. Here xfpA,BqyΛ denotes the Λ-submodule of C generated by the set tfpa, bq | a P
A, b P Bu.

The proof of this result relies on constructing from f a suitable full non-degenerate bilinear map
of the form g : X ˆ X Ñ Y , so that we can apply Theorem 3.6 to it. Observe that f induces a full
non-degenerate Λ-bilinear map

f1 : A{Annlpfq ˆ B{Annrpfq Ñ xfpA,BqyΛ. (14)

Let us denote F “ pA,B,C; f,Lmod q, A1 “ A{Annlpfq, B1 “ B{Annrpfq, C1 “ xfpA,BqyΛ, and
F1 “ pA1, B1, C1; f1,Lmodq. Note that A1, B1 and C1 are finitely generated since A,B and C are
Noetherian modules. If A1 “ B1, then f1 satisfies the hypothesis of Theorem 3.6. Otherwise consider
the map

f2 :
`

A1 ˆ B1

˘

ˆ
`

A1 ˆ B1

˘

Ñ C1 ˆ C1

`

pa, bq, pa1, b1q
˘

ÞÑ
`

f1pa, b1q, f1pa1, bq
˘

.
(15)

One can easily check that f2 is a full non-degenerate Λ-bilinear map between finitely generated Λ-
modules. Denote F2 “ pA1 ˆ B1, C1 ˆ C1; f2,Lmodq. Either f1 or f2 are of the desired form, hence
Theorem 3.6 can be applied to at least one of them. Moreover:

Lemma 3.11. Both F1 and F2 are e-interpretable in F . The same is true if one replaces Lmod with
Lgroup in F1, F2, and F .

Proof. Let SA “ ta1, . . . , anu and SB “ tb1, . . . , bmu be generating sets of A and B, respectively. The
submodules Annlpfq and Annrpfq are e-definable as sets in F by the systems of equations fpx, biq “ 0,
i “ 1, . . . ,m, and ^ifpai, yq “ 0, i “ 1, . . . , n, respectively. Here x and y are variables taking values
in A and in B, respectively. An element c P C belongs to C1 “ xfpA,BqyΛ if and only if there exist
elements λij , i “ 1, . . . , n, j “ 1, . . . ,m, such that

c “
ÿ

1ďi,jďn,m

λi,jfpai, bjq “
m
ÿ

j“1

f

˜

n
ÿ

i“1

λi,jai, bj

¸

.

It follows that C1 is e-definable as a set in F by the equation z “
ř

j fpxj , bjq on variables z and
X “ txj | j “ 1, . . . , nu. The variable z takes values in C and the variables from X take values in A.

The operations of Ann lpfq,Annrpfq and C1 are e-interpretable in F because they are already
present in the signature of F . Hence by Lemma 2.6 and Remark 2.8, pA1;Lmodq and pB1;Lmodq are
e-interpretable as Λ-modules in pA;Lmod q and pB;Lmod q, respectively. Moreover, from the proof of
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Lemma 2.6 and the fact that the e-definitions in F of Annlpfq and Annrpfq do not use multiplication
by scalars, we have that pA1;Lgroupq and pB1;Lgroupq are e-interpretable in pA;Lgroupq and pB;Lgroupq,
respectively.

The preimage in F of the graph of f1 is e-definable in F by the system consisting on the two equa-
tions z “ fpx, yq and z “

ř

j fpxj , bjq on variables z, x, y,X “ tx1, . . . , xmu taking values in C, A, B,
and A, respectively (note that the second equation is added to ensure that z takes values in C1). Again
this equation does not use multiplication by scalars. We conclude that F1 “ pA1, B1, C1; f1,Lmodq is
e-interpretable in pA,B,C; f,Lmod q, and that the same holds if one drops multiplication by scalars in
both structures.

Finally, we claim that pA1 ˆ B1;Lmodq is e-interpretable in pA1, B1;Lmodq, and pC1 ˆ C1;Lmodq
is e-interpretable in pC1;Lmodq. Indeed, both A1 ˆ B1 and C1 ˆ C1 are basic sets of pA1, B1q and
C1, and so they are defined as sets by empty systems of equations. Similarly as before, the equations
z “ f1px, y1q and z1 “ f1px1, yq on variables x, y, x1, y1, z, z1 taking values in A1, B1, A1, B1, C1, C1,
respectively, e-define the graph of f2 in F1. It follows that the whole two-sorted structure F2 is e-
interpretable in F1, and also in F by transitivity of e-interpretations. Moreover, in all e-interpretations
we constructed, multiplication by scalars Λ in one structure is only used to e-interpret multiplication
by scalars Λ in the other structure. Hence F2 is still e-interpretable in F if one replaces Lmod by
Lgroup in the F2 and F .

Proof of Theorem 3.10. The result follows immediately after using Theorem 3.6 in order to e-interpret
pZpSympf2qq;Lalgq or pZpSympf1qq;Lalgq in F2 or F1, depending on whether or not A1 “ B1, respec-
tively. Items 1 and 2 are a direct consequence of Items 1 and 3 of Theorem 3.6.

Remark 3.12. In Theorem 3.10 we e-interpreted ZpSympf2qq in F2 (or ZpSympf1qq in F1 if A1 “ B1).
Alternatively one can also e-interpret the largest ring of scalars Rpf2q of f2 in F2 (similarly for
f1). This may have some advantages if one seeks to study the structure of A,B, C and f , because
Rpf2q is determined by “more properties” of these than ZpSympf2qq. However, when it comes to the
Diophantine problem, ZpSympf2qq is a more practical choice than Rpf2q, because it uses a simpler
e-interpretation. For instance, as we have seen, if Λ is a field then one can drop multiplication by
scalars in the e-interpretation of pZpSympf2qq;Lring q, whereas there is no apparent way to do the
same with pRpf2q;Lring q.

4 Rings and algebras over finitely generated associative com-

mutative unitary rings

The following lemma is a combination of the results obtained so far. It constitutes the main “general
tool” presented in this paper. We will explore its consequences throughout the rest of the section. In
[11] it is applied further to the area of group theory. We refer again to Subsection 2.3 for important
notation and terminology conventions.

Lemma 4.1. Let Λ be a associative commutative unitary ring, let f : AˆB Ñ C be a Λ-bilinear map
between finitely generated Λ-modules, and write C1 “ xImpfqyΛ. Suppose that pA,B,C; f,Lmod q is
e-interpretable in some structure M. Then there exists an associative, commutative, unitary Λ-algebra
R such that R is finitely generated as a Λ-module and pR;Lalgq is e-interpretable in M. Moreover, R
is infinite if and only if C1 is infinite.

Furthermore, if C1 is infinite and Λ is finitely generated, then there exists a ring of integers O of
a number field or a global function field such that pO;Lring q is e-interpretable in pR;Lring q, and in
M. Additionally in this case:

1. If Λ has positive characteristic p, then the ring of polynomials pFprts;Lringq is e-interpretable in
M, and DpMq is undecidable.
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2. If Λ “ Z then O is a ring of algebraic integers.

If Λ is Z or a field, then the whole lemma holds after replacing pA,B,C; f,Lmod q by pA,B,C; f,Lgroupq
and pR;Lalgq by pR;Lring q, i.e. multiplication by scalars is not required.

Proof. By Theorem 3.10, there exists an associative commutative unitary Λ-algebra R such that
R is finitely generated as a Λ-module and pR;Lalgq is e-interpretable in pA,B,C; f,Lmodq. Hence
pR;Lalgq is e-interpretable in pR;Lalgq by transitivity of e-interpretations. The statement regarding
the cardinality of R follows from Item 2 of Theorem 3.10.

Suppose that C1 is infinite and that Λ is finitely generated. Then R is infinite and finitely generated
as a ring. Hence, by Theorem 2.17 there exists a ring of integersO of a number field or a global function
field such that pO;Lring q is e-interpretable in pR;Lring q, and hence in M.

If Λ has positive characteristic p ą 0, then so does R, because it is a unitary algebra over Λ. Hence
pFprts;Lringq is e-interpretable in M, by Item 1 of Theorem 2.17 and by transitivity. If Λ “ Z, then R

is finitely generated as an abelian group, hence O is a ring of algebraic integers by Item 3 of Theorem
2.17.

If Λ is Z or a field, then pR;Lring q is e-interpretable in pA,B,C; f,Lgroupq, by Item 1 of Theorem
3.10. Therefore if the latter is e-interpretable in M, then the lemma holds after replacing Lalg by
Lring and Lmod by Lgroup .

4.1 Rings and algebras which are finitely generated as modules

Throughout this subsection, Λ denotes a finitely generated associative commutative unitary ring,
possibly infinitely generated.

The following is one of the main results of the paper. The case Λ “ Z will be considered separately
afterwards. We recall that the language Lalg of a Λ-algebra refers to the language of rings together
with multiplication by any constant element from Λ (however variables cannot take values in Λ), see
Subsection 2.3 for more details.

Theorem 4.2. Let R be a (possibly non-associative, non-commutative, and non-unitary) algebra over
a finitely generated associative commutative unitary ring Λ. Suppose that R is finitely generated as
a Λ-module. Then if, R2 “ xtxy | x P R, y P RuyΛ is infinite, there exists a ring of integers O of
a number field or a global function field such that pO;Lring q is e-interpretable in pR;Lalgq, and the
Diophantine problem DpO;Lring q is Karp-reducible to DpR;Lalg q. Moreover:

1. If R2 is infinite and Λ has positive characteristic, then pFprts;Lringq is e-interpretable in pR;Lalgq
for some prime integer p, and DpR;Lalgq is undecidable.

2. If R2 is finite and DpR;Lmodq is decidable, then DpR;Lalgq is decidable.

If Λ is a finite field, then all the above holds after replacing pR;Lalgq by pR;Lring q.

Proof. The ring multiplication operation ¨ of R induces a Λ-bilinear map between finitely generated
Λ-modules ¨ : R ˆ R Ñ R, with xImp¨qyΛ “ R2. Since the three-sorted structure pR,R,R; ¨,Lmodq is
e-interpretable in pR;Lalgq, the result, except Item 2, follows from Lemma 4.1.

We now prove Item 2. Let Σ be a system of equations in the Λ-algebra R. By adding new
variables and equations in an analogous way as done in the proof of Lemma 2.12, we may rewrite
that Σ into an equivalent system of equations, still denoted Σ, of the following form: the new Σ
consists in a system of equations in the Λ-module pR;Lmodq (i.e. a system of Λ-linear equations), in
conjunction with a system of equations of the form x1 “ y1z1, x2 “ y2z2, . . . , xk “ ykzk where the
x1, . . . , xk, y1, . . . , yk, z1, . . . , zk are variables taking values in R. Note that no variable appears more
than once in this last part of the system.

Note that Annlp¨q and Annrp¨q are finite index submodules of R, by Item 2 of Theorem 3.10. Let
Sl “ ta1, . . . , asu and Sr “ tb1, . . . , btu be full systems of coset representatives of R{Annlp¨q and
A{Annrp¨q, respectively. Let also SR be a finite generating set of R.
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For each variable y P ty1, . . . , yku, do the following: choose a coset representative a P ta1, . . . , asu,
and introduce a new variable y1. Then replace each occurrence of y in Σ by a ` y1. We now wish to
make y1 to take values in Annlp¨q. The system of equations ^rPSR

ur “ 0 on the variable u e-defines
Annlp¨q in R. Hence, we add the system ^rPSL

y1r “ 0 to Σ in order to ensure that y1 takes values in
Annlp¨q. Notice that ^rPSL

y1r “ 0 is a system of equations in the Λ-module pR;Lmodq.
We now proceed in an analogous way with each variable z P tz1, . . . , zku, this time replacing z by

b ` z1 for some b P tb1, . . . , btu, and adding the system of equations ^rPSR
rz1 “ 0 to Σ, in order to

ensure that z1 takes values in Annrp¨q.
Let Σ1 be the resulting system of equations after making all the above transformations. Since there

are finitely many coset representatives, the number of all possible resulting systems Σ1 is finite. Let
Σ1, . . . ,Σm be all of them. It is clear that Σ has a solution if and only if Σi has a solution for some
i “ 1, . . . ,m.

We now prove that it is possible to decide algorithmically if each one of the Σi has a solution or
not, in which case our proof is concluded. Indeed, each Σi consists in some equations in the Λ-module
pR;Lmodq, together with some equations of the form x “ pa` y1qpb` z1q, where y1 and z1 are variables
taking values in Annlp¨q and in Annrp¨q, respectively. Hence each equation x “ pa` y1qpb` z1q can be
replaced by x “ ab, which is an equation in pR;Lmodq. Thus Σi is equivalent to a system of Λ-linear
equations. By assumption, we can algorithmically check if Σi has a solution.

The following is a particular case of the previous Theorem 4.2. It is stated separately due to its
independent interest.

Theorem 4.3. Let A be a ring (possibly non-associative, non-commutative, and non-unitary). As-
sume that A is finitely generated as an abelian group, and that A2 is infinite. Then there exists a
ring of algebraic integers O such that pO;Lring q is e-interpretable in pA;Lring q, and DpO;Lring q is
Karp-reducible to DpA,Lring q. If otherwise A2 is finite, then DpR;Lring q is decidable.

Proof. The first part of the theorem follows in the same way as Theorem 4.2, taking Λ “ Z and
observing that here O is a ring of algebraic integers by Item 2 of Lemma 4.1. The last part follows by
Item 2 of Theorem 4.2, since here pA;Lmodq is a finitely generated abelian group and DpA;Lgroupq is
decidable [8], hence DpA;Lmod q is decidable.

4.2 Finitely generated associative, commutative non-unitary rings and al-

gebras

In this subsection we study associative commutative rings and algebras that do not have an identity
element. We begin with a lemma that allows us to e-interpret a certain unitary algebra.

Lemma 4.4. Let A be a finitely generated associative commutative non-unitary algebra over a (pos-
sibly infinitely generated) associative commutative unitary ring Θ. Then there exists an associative
commutative unitary ring Λ and an associative commutative unitary Λ-algebra B such that B is finitely
generated as a Λ-module, and pB;Lalgq is e-interpretable in pA;Lalg q. Additionally, A2 is infinite if
and only if B is infinite.

Proof. Define Λ “ Θ‘A to be the set of formal sums of elements from Θ and from A, equipped with the
natural addition and multiplication operations. More precisely, Λ “ Θ ‘ A “ tpθ, aq | θ P Θ, a P Au
and Λ is endowed with the following ring operations: pθ1, a1q ` pθ2, a2q “ pθ1 ` θ2, a1 ` a2q and
pθ1, a1q ¨ pθ2, a2q “ pθ1θ2, θ1a2 ` θ2a1 ` a1a2q. We have that Λ is an associative commutative unitary
ring.

Moreover, Λ acts naturally by endomorphisms on A, i.e. pθ, aq ¨ a1 “ θa1 ` aa1 for all pθ, aq P Λ and
all a1 P A. With this action A is a Λ-algebra. During this proof we write AΛ and AΘ to refer to A

seen as a Λ-algebra or as a Θ-algebra, respectively. The operation of multiplication by a given scalar
θ ‘ a P Λ is e-interpreted in pAΘ;Lalgq by the equation y “ θx ` ax on variables y, x taking values in
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A. Hence pAΛ;Lalgq is e-interpretable in pAΘ;Lalgq. Suppose that AΘ is generated as a Θ-algebra by
n elements SA “ ta1, . . . , anu. Then, since each element of A can be written as a linear combination
of monomials from Θra1, . . . , ans, we have that AΛ is generated as a Λ-module by SA, since for all
x P A there exists y1, . . . , yn P Λ such that x “

ř

i yiai. Hence A is finitely generated as a Λ-module.
The ring multiplication of AΛ is a Λ-bilinear map between finitely generated Λ-modules ¨ : AˆA Ñ

A. Moreover, pAΛ, AΛ, AΛ; ¨,Lmodq is e-interpretable in pAΛ;Lalgq, which in turn is e-interpretable
in pAΘ;Lalgq. Hence, by the first part of Lemma 4.1, and by transitivity of e-interpretations, there
exists an associative commutative unitary Λ-algebra DΛ, which is finitely generated as a Λ-module,
and pDΛ;Lalgq is e-interpretable in pAΘ;Lalgq.

Finally, we note that pAΛq2 “ xImp¨qyΛ is infinite if and only if DΛ is also infinite, by Lemma
4.1.

We are ready to study associative commutaty non-unitary algebras. We convene that the charac-
teristic of a non-unitary ring A is defined as the maximum positive integer n such that nx “ 0 for all
x P R.

Theorem 4.5. Let L be a finitely generated associative commutative non-unitary algebra over a
finitely generated associative commutative unitary ring Θ, with L2 infinite. Then there exists a ring
of integers O of a number field or of a global function field such that pO;Lring q is e-interpretable in
pL;Lalgq, and DpO;Lring q is Karp-reducible to DpL;Lalg q.

Moreover, if Θ has positive characteristic, then O is the ring of integers of a global function field,
pFprts;Lringq is e-interpretable in pL;Lalgq for some prime integer p, and DpL;Lalgq is undecidable.

Proof. Let B be the associative commutative unitary Λ-algebra, finitely generated as a Λ-module,
given by Item 1 of Lemma 4.4, where Λ “ Θ ‘ B. Suppose that L2 is infinite. By this same lemma,
B is infinite, and since B is unitary we have that B2 “ B is infinite as well. Note further that if Θ
has positive characteristic then so does Λ. The result now follows by transitivity of e-interpretations
and by Theorem 4.2 applied to B.

Finally, we formulate and slightly modify the previous Theorem 4.5 for the particular case when
L is a ring, i.e. when Θ “ Z.

Theorem 4.6. Let A be a finitely generated associative commutative non-unitary ring, with A2 infi-
nite. Then there exists a ring of integers O of a number or a global function field such that pO;Lring q
is e-interpretable in pA;Lring q, and DpO;Lring q is Karp-reducible to DpA;Lring q.

Moreover, if A has positive characteristic, then the following holds: O is the ring of integers of a
global function field; the ring of polynomials pFprts;Lringq is e-interpretable in A for prime integer p;
and DpA;Lring q is undecidable.

Proof. Let n be the characteristic of A. Then A is a finitely generated Z{nZ-algebra, where if n “ 0
we understand that Z{nZ “ Z. Moreover, multiplication by scalars from Z{nZ is e-interpretable in
pA,Lring q since pk`nZq ¨x “ x` k. . .`x for any x P A and any equivalence class pk`nZq P Z{nZ with
representative 0 ď k ď n ´ 1. Hence pA,Lalgq is e-interpretable in pA,Lring q. The result now follows
by applying the previous Theorem 4.5 on pA,Lalgq, and by transitivity of e-interpretations.

4.3 Finitely generated rings and algebras satisfying an infiniteness condi-

tion

In this subsection Λ denotes an associative commutative unitary ring, possibly infinitely generated.
We next apply Theorems 4.2 and 4.3 to certain classes of non-commutative finitely generated rings

and algebras L which are not necessarily finitely generated as modules. The approach consists in
e-defining an ideal In in L that contains “enough” products of at least n elements of L (for example,
the ideal generated by all such products), so that the quotient L{In is infinite and finitely generated
as a module. Then it suffices to apply the results from Section 4.1, together with transitivity of
e-interpretations. This approach presents two challenges:
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1. In can be difficult to e-define if L is non-associative (hence Definition 4.8).

2. L{In may be finite. For instance, if L is unitary (i.e. it has an identity element) one cannot
simply take In to be the ideal generated by all products of n elements of L, since then In “ L,
and L{In “ 0 (hence the next definition).

Definition 4.7. Let L be a Λ-algebra, and let T be a generating set of L. If L is non-unitary then
we let InpT q or In denote the Λ-ideal generated by all products of n elements of T .

If L is unitary then we let InpT q or In denote the Λ-ideal generated by all products of n elements
of T ztλ ¨ 1 | λ P Λu, where 1 denotes the multiplicative identity of L.

Throughout the rest of the section, L denotes a finitely generated Λ-algebra, possibly non-associative,
non-commutative, non-unitary, and not finitely generated as a Λ-module. We fix a finite set T “
ta1, . . . , amu as in Definition 4.7, and we define the ideals In accordingly.

Definition 4.8. Let L be a Λ-algebra and let T “ ta1, a2, . . . u be a generating set of L. Then L is
called left-normed-generated with respect to T if, for all n ě 1, InpT q is generated as a Λ-module by
all left-normed products tpai1pai2p. . . paik´1

aikq . . . qqq | k ě n, 1 ď i1, . . . , iku.

Notice that any associative algebra is left-normed-generate with respect to any generating set.

Lemma 4.9. Suppose that L is a left-normed-generated Λ-algebra with respect to some finite gener-
ating set, and let n ě 1. Then pL{In;Lring q and pL{In;Lalgq are e-interpretable in pL;Lring q and
pL;Lalgq, respectively. Moreover, L{In is a Λ-algebra which is finitely generated as a Λ-module.

Proof. Let T “ ta1, . . . , amu be a finite generating set of L. Then each element of In is a finite sum
of elements of the form

λpai1 pai2p. . . paik´1
aikq . . . qqq, λ P Λ, k ě n. (16)

Hence each element as in (16) can be written as pai1p. . . pain´1
yq . . . qq for some y P L in the non-unitary

case. Consequently, if L is non-unitary, then In is e-definable as a set in pL;Lring q by the equation

x “
ÿ

1ďi1,...,in´1ďm

pai1p. . . pain´1
yi1,...,in´1

q . . . qq (17)

on variables x and tyi1,...,in´1
u (the e-definition is in pL;Lring q because it makes no use of multiplication

by scalars Λ). Observe however that (17) would not work in the case that L is unitary, since a solution
to (17) may yield x P In´1, for example if each yi1,...,in´1

is a Λ-multiple of 1. This can be solved by,
in this case, taking the equation

x “
ÿ

1ďi1,...,inďm

pai1p. . . pain´1
painyi1,...,inqq . . . qq (18)

instead of (17). Hence, in both cases pL{In;Lring q and pL{In;Lalgq are e-interpretable in pL;Lring q
and pL;Lalgq by Lemma 2.6.

Finally, note that L{In is generated as a Λ-module by the projection of all products of less than
n elements of T , together with 1 ` In if L is unitary. It follows that L{In is finitely generated as a
Λ-module.

We now state the main result of this subsection. The ideals In are defined with respect to any set
T satisfying the conditions of Definition 4.7.

Theorem 4.10. Let L be a finitely generated algebra (possibly non-associative, non-commutative and
non-unitary) over a finitely generated associative commutative unitary ring Λ. Suppose that L is
left-normed-generated with respect to some finite generating set, and that pL{Inq2 is infinite for some
n ě 1. Then there exists a ring of integers O of a number field or a global function field such that
pO;Lring q is e-interpretable in pL;Lalgq, and DpO;Lring q is Karp-reducible to DpL;Lalgq. Moreover:
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1. If Λ has positive characteristic p, then pFprts;Lringq is e-interpretable in pL;Lalgq, and DpL;Lalgq
is undecidable.

2. If L is a ring (i.e. Λ “ Z) then O is a ring of algebraic integers.

If Λ is Z or a finite field then all the above holds after replacing pL;Lalgq by pL;Lring q.

Proof. By Lemma 4.9, L{In is a Λ-algebra, it is finitely generated as a Λ-module, and it is e-
interpretable as an algebra in pL;Lalgq. The same result states that pL{In,Lring q is e-interpretable as
a ring in pL;Lring q. By hypothesis, we can take n so that pL{Inq2 is infinite. Now the result follows
by Theorems 4.2 and 4.3 applied to L{In, and by transitivity of e-interpretations.

We next apply the previous theorem to the class of Lie algebras, which are popular examples of
non-associative, non-commutative and non-unitary algebras. First, we prove that Lie algebras are
left-normed-generated.

Lemma 4.11. Any countably generated Lie algebra L is left-normed-generated with respect to any
countable generating set.

Proof. Let A “ ta1, a2, . . . u be a generating set of L. In [2] it is proved that any free Lie algebra
F “ F pb1, b2, . . . q generated by B “ tb1, b2, . . . u is freely generated as a module by a subset of the
set B “ tpbi1pbi2p. . . pbik´1

bikq . . . qqq | k ě 1, 1 ď i1, . . . , iku. In particular, it is left-normed-generated
with respect to B. Let π : F Ñ L be the natural projection of F onto L sending bi to ai for all i ě 1.
We denote by IFn and ILn the ideals of F and L, respectively, generated by all products of at least n
elements from B and from A, respectively. Observe that πpIFn q “ ILn .

For each n ě 1, let Sn be a subset of trbi1 , rbi2 , r. . . , rbik´1
, biks . . . sss | k ě n, 1 ď i1, . . . , iku such

that the ideal IFn of F is generated by all Λ-multiples of Sn. Then πpIFn q “ ILn is generated by all
Λ-multiples of πpSnq. Now πpSnq is a subset of

trπpbi1q, rπpbi2q, r. . . , rπpbik´1
q, πpbikqs . . . sss | k ě n, 1 ď i1, . . . , iku,

hence L is left-normed generated with respect to πpBq “ A.

The next two corollaries follow immediately from Theorem 4.10 and Lemma 4.11. By rL{In, L{Ins
we denote the Λ-submodule of L{In generated by trx, ys | x, y P L{Inu.

Corollary 4.12. Let L be a finitely generated Lie Λ-algebra. Assume that rL{In, L{Ins is infinite for
some n ě 1, and that Λ is finitely generated. Then the conclusions of Theorem 4.10 hold for L.

Corollary 4.13. Let F be a finitely generated free associative Λ-algebra (possibly non-commutative
and non-unitary) or a free Lie algebra of rank at least 2, with Λ finitely generated. Then the conclusions
of Theorem 4.10 hold for F .

Proof. If F is a free Lie algebra, let In be taken with respect to any free generating set of F , n ě 1.
If F is a free associative algebra freely generated by t1, a1, . . . , amu, let In be taken with respect to
ta1, . . . , amu, n ě 1. In both cases pF {Inq2 is infinite for all n ě 3. Therefore the result follows from
Theorem 4.10 and the previous Corollary 4.12.

Corollary 4.13 complements Romankov’s [33], and Kharlampovich and Miasnikov’s [15, 17] papers
on free algebras. In the first reference [33], it is proved that DpF ;Lring q is undecidable for many
types of free rings F . In particular, it is proved that the algebras of Corollary 4.13 have undecidable
Diophantine problem if Λ “ Z. In [15, 17] it is proved that DpF ;Lring q is undecidable if Λ is an
arbitrary field, and F is a free associative non-commutative unitary algebra, or a free Lie algebra of
rank at least 3. Note that an infinite field is necessarily infinitely generated, hence our Corollary 4.13
does not intersect with [15, 17].
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4.4 Undecidability of first-order theories

The first-order theory T (or elementary theory) of a structure M in a language L is the set of all
first-order sentences in L that are true in M . One says that T is decidable if there exists an algorithm
that, given a sentence φ in L, determines if φ is true in M or not, i.e. if φ belongs to T . If such an
algorithm does not exist then T is said to be undecidable.

The first-order theory with constants of M in the language L is the set of first order sentences that
are true in M , allowing the use of any constant element from M in the sentences.

Noskov proved in [29] that the first-order theory of an infinite finitely generated associative com-
mutative unitary ring is undecidable in the language of rings with constants. In particular this is
true for the ring of integers of any number field or global function field. Hence using transitivity of
e-interpretations and Proposition 2.11 we immediately obtain the following:

Theorem 4.14. Let L be a ring or an algebra satisfying the hypotheses of one of the Theorems 2.17,
4.2, 4.3, 4.5, 4.6, 4.10, or Corollaries 4.12 and 4.13. Assume L2 is infinite. Let L denote Lring if L
is a ring (this includes the case when L is a Z-algebra) or if L is an algebra over a field and it does
not satisfy the hypothesis of Theorem 4.5. Otherwise let L “ Lalg . Then the first-order theory of L in
the language L with constants is undecidable.

5 Appendix: finitely generated associative commutative uni-

tary rings

In this section we prove Theorem 2.17, which we restate next. The definition of rank we use is given
in Definition 2.15.

Theorem 5.1. Let R be an infinite finitely generated commutative ring with identity. Then there
exists a ring of integers O of a number or a global function field such that pO;Lring q is e-interpretable
in pR;Lringq, and DpO;Lring q is polynomial-time Karp-reducible to DpR;Lring q. Moreover, one of the
following holds:

1. If R has positive characteristic p ą 0, then the following holds: O is the ring of integers of
a global function field; the ring of polynomials pFprts;Lringq is e-interpretable in pR;Lring q for
some variable t; and DpR;Lring q is undecidable.

2. If R has zero characteristic and it has infinite rank then the same conclusions as above hold:
O is the ring of integers of a global function field; the ring of polynomials pFprts;Lringq is e-
interpretable in pR;Lringq for some prime p and variable t; and DpR;Lring q is undecidable.

3. If R has zero characteristic and it has finite rank n, then O is a ring of algebraic integers, and
DpR;Lring q is undecidable provided that DpO;Lring q is undecidable. Additionally, K is a field
extension of Q of degree at most n.

As we mentioned, this result is almost identical to Theorem 7.1 in Eisentraeger thesis [7] (see The-
orem 2.14 in this paper for the statement in [7]). Since we are interested in having an e-interpretation
of a ring of integers O in R, rather than just a reduction of the Diophantine problems, and for
completeness, we provide a proof in this appendix.

We postpone the proof for later in this section. Next we introduce some intermediate notions and
results that we will need.

Proposition 5.2. Let R be a finitely generated integral domain whose field of fractions K is a number
or a global function field. In the case that K is a global function field of characteristic p, assume that
R contains Fprts. Then the ring of integers O of K is e-interpretable in R. Furthermore, if K has
positive characteristic p, then Fprts is e-interpretable in R, and the Diophantine problem DpRq is
undecidable.
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We proceed to provide a proof. First, we review some necessary notions and results. Proposition
5.2 is essentially a restatement of some of the results from [37]. There, instead of e-interpretability,
the notion of Dioph-generation is used:

Definition 5.3 (Definition 2.1.5 [37]). Let R1 and R2 be two integral domains with fields of fractions
F1 and F2, respectively. Assume that neither F1 nor F2 is algebraically closed. Let F be a finite
extension of F2 such that F1 Ď F . Further, assume that for some integers k and m there exists a base
tω1, . . . , ωku of F over F2 and a polynomial fpa1, . . . , ak, b, x1, . . . , xmq with coefficients in R2 such
that fpa1, . . . , ak, b, x1, . . . , xmq “ 0 implies that b ‰ 0, and

R1 “ t
k

ÿ

i“1

tiωi | Da1, . . . , ak, b, x1, . . . , xm P R2,

bt1 “ a1, . . . , btk “ ak, fpa1, . . . , ak, b, x1, . . . , xmq “ 0u.

Then we say that R1 is Dioph-generated over R2.

The corresponding statement is the following:

Theorem 5.4 ([37]). Let R be a finitely generated integral domain whose field of fractions K is a
number or a global function field. In the case that K is a global function field of characteristic p, assume
that R contains Fprts. Then the ring of integers O of K is Dioph-generated over R. Furthermore, if
R has positive characteristic p, then Fprts is Dioph-generated over R, and the Diophantine problem
DpRq is undecidable.

Next we use the above Theorem 5.4 in order to prove Proposition 5.4. It suffices to prove a suitable
equivalence between the notions of e-interpretability and of Dioph-generation.

The next definition will be used only in an auxiliary manner in the next Lemma 5.6.

Definition 5.5 (Definition 2.1.1 [37]). Let R be an integral domain with field of fractions F . Let
k,m be positive integers and let A Ď F k be some subset of F k. Assume further that there exists a
polynomial fpa1, . . . , ak, b, x1, . . . , xmq with coefficients in R such that, for all a1, . . . , ak, b, x1, . . . , xm P
R, we have fpa1, . . . , ak, b, x1, . . . , xmq “ 0 ñ b ‰ 0, and

A “ tpt1, . . . , tkq P F k | Da1, . . . , ak, b, x1, . . . , xm P R,

bt1 “ a1, . . . , btk “ ak, fpa1, . . . , ak, b, x1, . . . , xmq “ 0u.

Then A is said to be field-Diophantine over R.

Next we provide a condition for Dioph-generation to imply e-definability.

Lemma 5.6. Let R1, R2 be integral domains with R1 Ď R2. Then R1 is Dioph-generated over R2 if
and only if R1 admits a 1-dimensional e-definition in R2.

Proof. Suppose R1 is Dioph-generated over R2. By Corollary 2.1.10 in [37], R1 is field-Diophantine
over R2. Now by Lemma 2.1.2 in [37] (taking A to be R1, R to be R2, and k “ 1) we have that
R1 is e-definable in R2 (note that in [37] an e-definition is called Diophantine definition, see 1.2.1
[37]). Moreover, from the proof of Lemma 2.1.2 in [37] we see immediately that the e-definition is
1-dimensional.

Now assume R1 admits a 1-dimensional e-definition in R2. Then again by Lemma 2.1.2 in [37]
we have that R1 is field-Diophantine over R2. Moreover, the proof of this lemma shows that R1 is
field-Diophantine over R2 taking k “ 1 in the notation of Definition 5.5 (and taking A to be R1, and
R to be R2). We now claim that R1 is Dioph-generated over R2. Indeed, it suffices to take, following
the notation in Definition 5.3, F “ F2, the basis t1u of F over F2, and the polynomial f from the
field-Diophantine definition of R1 in R2.
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Proof of Proposition 5.2. It follows immediately from Theorem 5.4, Lemma 5.6, and Remark 2.9.

We will need the following observation:

Remark 5.7. Let R be a countable commutative ring of finite rank and positive characteristic k.
Then R is finite: indeed, this follows from one of Prüfer theorems, as in this case R is a bounded
abelian group since kR “ 0 (see Theorem 5.2 in [9]).

Furthermore, if 1 Ñ R1 Ñ R2 Ñ R3 Ñ 1 is a short exact sequence of rings, then the rank of R2

is at least the rank of R1, and at most the rank of R1 plus the rank of R3 (see Exercise 3, Chapter
3.4 in [9]). Finally, if A is a finitely generated R-module, and R has finite rank, then A as an abelian
group also has finite rank (this follows from the fact that an abelian group B has rank k if and only if
k is the largest integer such that B contains a subgroup B0 which is the direct sum of k cyclic groups,
and for all b P B there exists an integer n ‰ 0 such that nb P B0).

We are ready to prove Theorem 5.1.

Proof of Theorem 5.1. Throughout the proof we will use the facts that e-interpretability is transitive,
by Proposition 2.10; and that the quotient by any ideal of a Noetherian ring R is e-interpretable
in R, by Lemma 2.7. More precisely, we successively replace R by appropriate quotients of R until
obtaining an infinite finitely generated subring R1 of a number or a global function field K. We then
use Proposition 5.2 from the previous section, and obtain first an e-interpretation of OK in R1 for
some number or global function field K, and then an e-interpretation in R by the aforementioned
transitivity property and Lemma 2.7. Moreover, since R1 is a quotient of R, Items 1 and 3 of the
statement follow rather quickly. Item 2, the case when R has infinite rank and zero characteristic,
requires an extra intermediate step where a suitable quotient of the form R{pR is found, for some
prime p.
Step 1: Reduction to integral domains. Let R be a finitely generated infinite commutative ring.
Suppose first that R is not an integral domain. We will find a quotient of R which is an infinite finitely
generated integral domain and which is e-interpretable in R. LetN “ tx P R | xm “ 0 for somem P Nu
be the nilradical of R, i.e. the ideal formed by all nilpotent elements of R. Equivalently, N is the
intersection of all minimal prime nonzero ideals of R. There are finitely many such ideals q1, . . . , qn
in a Noetherian ring (see Theorem 87 of [14]), hence N “ q1 X ¨ ¨ ¨ X qn. We claim that n ě 1. Indeed,
R contains at least one nonzero maximal ideal, since otherwise R would be a finitely generated ring
which is a field, and so R would be finite (see Exercise 6 in Chapter 7 of [1]). Since maximal ideals
are prime, we have n ě 1.

We now claim that there exists i such that R{qi is infinite. We also claim that if R has infinite
rank, then there exists i such that R{qi has infinite rank (in particular, R{qi is infinite by Remark
5.7). Indeed, note first that R{N admits an embedding into the direct sum R{q1 ‘ ¨ ¨ ¨ ‘R{qn via the
well-defined map r ` N ÞÑ pr ` q1q ‘ ¨ ¨ ¨ ‘ pr ` qnq. Hence, if all R{qi are finite, then R{N is finite.
If all R{qi have finite rank, then also R{N has finite rank by Remark 5.7.

Now, the R{N -moduleN i{N i`1 is finitely generated as a R{N -module (since it is finitely generated
as a ring) for all i “ 1, . . . , n´1. It follows that if R{N is finite then N i{N i`1 is also finite. The same
is true for the rank: if R{N has finite rank, then N i{N i`1 also has finite rank by Remark 5.7. Since
Nm “ 0 for some m, it follows that if R{N is finite then also R is finite, a contradiction. Similarly, it
follows that if R{N has finite rank then so does R, by Remark 5.7. Hence the claim is proved.

Note that if R has zero characteristic and finite rank then R{qi has also zero characteristic, since
otherwise it would be finite.

In views of the previous arguments, we can assume from now on that R is an infinite finitely
generated integral domain. Note that, by Remark 2.16, now the notion of rank is the same as vector
space dimension (for positive characteristic) and of Z-module dimension (for zero characteristic).

Step 2: The case of infinite rank and zero characteristic. We now assume that R is a finitely gen-
erated integral domain of zero characteristic and infinite rank. We will e-interpret in R an infinite
finitely generated integral domain of positive characteristic. This will allow us to assume, in the next
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steps of the proof, that R either has finite rank and zero characteristic, or infinite rank and positive
characteristic. In particular, this reduces the hypothesis of Item 2 in the statement of the theorem to
the hypothesis of Item 1.

Note that for every prime integer p, R{pR is e-interpretable in R by Lemma 2.7. Hence this step
will be complete once we prove that there exists a prime p such that R{pR is infinite.

We first claim that R must contain a transcendental element over Q (we identify R with its
embedding in its field of fractions, which is a field extension of Q). Indeed, assume not, so that every
element of R is a root of a polynomial with integer coefficients. In particular, each element in a finite
generating set of R, say r1, . . . , rℓ, is the root of some polynomial in Zrxs. Since R is generated as
a ring by r1, . . . , rℓ, the field of fractions of R is generated as a field by r1, . . . , rℓ. Since all ri are
algebraic over Q (i “ 1, . . . , ℓ), the field of fractions of R is a finite field extension of Q, i.e. it is a
finite-dimensional Q-vector space. It follows that R has finitely many Z-linearly independent elements,
and so R has finite rank, a contradiction. The claim is proved.

Now pick a transcendental element x P R. Then the subring ofR generated by 1 and x is isomorphic
to Zrxs. We identify this subring with Zrxs. Given an integer prime q let φq : R Ñ R{qR be the
natural quotient map. We will show that φqpZrxsq is infinite for some q. This will imply immediately
that R{qR is infinite as well, and hence this step will be complete.

Let φq |Zrxs be the restriction of φq on Zrxs. We will find a prime q such that kerpφq |Zrxsq “ qZrxs,
from where it follows that φqpZrxsq – Fqrxs is infinite.

Indeed, first note that kerpφq |Zrxsq “ qRXZrxs. Define A “ tr P R | nr P Zrxs for some n P Nzt0uu.
We have kerpφq|Zrxsq “ qR X Zrxs “ qA X Zrxs. If A “ Zrxs it follows that kerpφq|Zrxsq “ qZrxs as
required. Hence assume Zrxs Ĺ A. Note that A is a finitely generated subring of R and that it can
be identified with a subring of Qrxs. Hence any element of Qrxs can be written as ppxq{n for some
ppxq P Zrxs and some n P Nzt0u. Let a1, . . . , ak be a finite generating set of A as a ring, and let
p1pxq, . . . , pkpxq and n1, . . . , nk be polynomials from Zrxs and non-zero integers, respectively, such
that ai “ pipxq{ni for all i “ 1, . . . , k. Since Zrxs Ĺ A, at least one of the ni is larger than 1. Let q
be a prime integer that is coprime with all ni. It follows that every element of A can be written in
the form ppxq{n where n ě 1 is coprime with q, and ppxq P Zrxs. Then any element from qA which
belongs to Zrxs must belong to qZrxs. Hence kerpφq |Zrxsq “ qA X Zrxs “ qZrxs, as required.

Step 3: Reduction to Krull dimension 1. From now on we assume that either the hypothesis of Item
1 or of Item 3 of the statement of the theorem hold. Hence R is an infinite fintely generated integral
domain either of finite rank and zero characteristic, or of infinite rank and positive characteristic.
The Krull dimension of R is the largest integer k for which there exists a proper ascending chain
of prime ideals p0 ă p1 ă . . . ă pk ă R. Such k is finite under our assumptions (see Section 8.2.1
of [6]). It is not possible that k “ 0, since in this case R would be a finitely generated Artinian
domain (see Proposition 9.1 in [6]), and thus a finitely generated field (see Proposition 8.30 of [3]),
a contradiction because, as referred to earlier, a finitely generated ring which is a field is necessarily
finite. Hence k ě 1. We may assume that k “ 1, since if k ě 2 then R{pk´1 is a finitely generated
integral domain, e-interpretable in R, and of Krull dimension 1. The latter implies that R{pk´1 is
infinite. This implies that R{pk´1 has finite rank and zero characteristic, or infinite rank and positive
characteristic, depending on which of these two properties R satisfies, respectively.

Step 4: Reduction to a subring of a number or a global function field. Assume R is a finitely generated
infinite integral domain of Krull dimension 1, either of infinite rank and positive characteristic, or of
finite rank and zero characteristic. We claim that one of the following hold:

1. R is a subring of a number field (if R has zero characteristic). This is proved in 2.2 of [29].

2. There exists a prime integer p and a transcendental element t P R over Fp such that Fprts Ď R

and R is integral over Fprts. It follows that R is a subring of a finite field extension K of Fpptq,
with Fprts Ď R. In particular, R has positive characteristic.

This follows from the Noether normalization lemma (Theorem A1 of Chapter 8.2 in [6]), which
states that any finitely generated k-algebra is a finitely generated module over kry1, . . . , yds,
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where k is any field and d is the Krull dimension of the algebra. Hence in our case R is a finitely
generated Fprts-module, and so it is integral over Fprts.

Step 5: Reduction to rings of integers. Assume R satisfies Item 1 or Item 2 of the previous step. Then
the field of fractions K of R is a number or a global function field. Since R is finitely generated,
Proposition 5.2 implies that the ring of integers OK of K is e-interpretable in R (note that Item 2
above grants us the requirement that R contains Fprts). By transitivity (Proposition 2.11), OK is
e-interpretable in R, and therefore DpOKq is Karp-reducible to DpRq (Proposition 2.11).

If R has finite rank n, then it has zero characteristic, because it is infinite. Hence, R is a subring of
a number field, and OK is a ring of algebraic integers. Moreover, since R as a Z-module has dimension
n, we have that K is an n-dimensional Q-vector space, i.e. K is field extension of Q of degree n.

If R has characteristic p ą 0, then Proposition 5.2, and transitivity of e-interpretations and
reduction of Diophantine problems (Propositions 2.10 and 2.11) yield that Fprts is e-interpretable in
R, and that DpRq is undecidable.

Step 6: Conclusion. Let R be the ring given initially in the statement of the theorem, and let OK

be the ring of integers obtained in the previous Step 5. As discussed at the beginning of the proof,
OK is e-interpretable in R and DpOKq is Karp-reducible to R. Moreover, we have, following each one
of the previous Steps 1 through 5, that each one of Items 1, 2, and 3 in the statement hold: indeed,
Item 2 reduces to Item 1, and in the rest of cases the fact that R has zero or positive characteristic
does not change throughout all steps. Hence the Items 1 and 3 hold due to Step 5.

6 Bibliography

[1] M. F. Atiyah and I. G. Macdonald. Introduction to commutative algebra. Addison-Wesley Pub-
lishing Co., Reading, Mass.-London-Don Mills, Ont., 1969.

[2] E. S. Chibrikov. A right normed basis for free Lie algebras and Lyndon-Shirshov words. J.
Algebra, 302(2):593–612, 2006.

[3] P. L. Clark. Commutative algebra, 2015. Available at
http://math.uga.edu/~pete/integral.pdf.

[4] M. Davis, H. Putnam, and J. Robinson. The decision problem for exponential Diophantine
equations. Annals of Mathematics, 74(3):425–436, 1961.

[5] J. Denef and L. Lipshitz. Diophantine sets over some rings of algebraic integers. Journal of the
London Mathematical Society, s2-18(3):385–391, 1978.

[6] D. Eisenbud. Commutative Algebra: With a View Toward Algebraic Geometry. Graduate Texts
in Mathematics. Springer, 1995.

[7] K. Eisentraeger. Hilbert’s Tenth Problem and Arithmetic Geometry. PhD thesis, 2003.

[8] Y. Ershov. Elementary group theories. Dokl. Akad. Nauk SSSR, 203:1240–1243, 1972.

[9] L. Fuchs, J.P. Kahane, A.P. Robertson, and S. Ulam. Abelian Groups. ISSN. Elsevier Science,
2014.

[10] N. Garcia-Fritz and H. Pasten. Towards Hilbert’s Tenth Problem for rings of integers through
Iwasawa theory and Heegner points. Mathematische Annalen, 377(3):989–1013, 2020.

[11] A. Garreta, A. Miasnikov, and D. Ovchinnikov. Diophantine problems in solvable groups. ArXiv
e-prints, May 2018.

29

http://math.uga.edu/~pete/integral.pdf


[12] K. R. Goodearl and R. B. Warfield. An Introduction to Noncommutative Noetherian Rings.
London Mathematical Society St. Cambridge University Press, 2004.

[13] W. Hodges. Model theory, volume 42 of Encyclopedia of Mathematics and its Applications. Cam-
bridge University Press, Cambridge, 1993.

[14] I. Kaplansky. Commutative Rings. Chicago lectures in mathematics. University of Chicago Press,
1974.

[15] O. Kharlampovich and A. G. Miasnikov. Equations in algebras. ArXiv e-prints, 2016.

[16] O. Kharlampovich and A. G. Miasnikov. What does a group algebra of a free group know about
the group? ArXiv e-prints, 2016.

[17] O. Kharlampovich and A. G. Miasnikov. Undecidability of equations in free Lie algebras. ArXiv
e-prints, 2017.

[18] O. Kharlampovich and A. G. Miasnikov. Undecidability of the first order theories of free non-
commutative Lie algebras. ArXiv e-prints, 2017.

[19] O. Kharlampovich and A. G. Miasnikov. Tarski-type problems for free associative algebras.
Journal of Algebra, 500:589 – 643, 2018. Special Issue dedicated to Efim Zelmanov.

[20] K. H. Kim and F. W. Roush. Diophantine undecidability of c(t1, t2). Journal of Algebra, 150(1):35
– 44, 1992.

[21] J. Koenigsmann. Undecidability in Number Theory, pages 159–195. Springer Berlin Heidelberg,
Berlin, Heidelberg, 2014.

[22] D. Marker. Model Theory : An Introduction. Graduate Texts in Mathematics. Springer New
York, 2002.
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