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We introduce a new information-theoretic measure of multipartite corre-
lations Ap, by generalizing the entanglement of purification to multipartite
states. We provide proofs of its various properties, focusing on several en-
tropic inequalities, in generic quantum systems. In particular, it turns out
that the multipartite entanglement of purification gives an upper bound on
multipartite mutual information, which is a generalization of quantum mu-
tual information in the spirit of relative entropy. After that, motivated by
a tensor network description of the AdS/CFT correspondence, we conjec-
ture a holographic dual of multipartite entanglement of purification Ayy, as
a sum of minimal areas of codimension-2 surfaces which divide the entan-
glement wedge into multi-pieces. We prove that this geometrical quantity
satisfies all properties we proved for the multipartite entanglement of pu-
rification. These agreements strongly support the Ap = Ay conjecture.
We also show that the multipartite entanglement of purification is larger

than multipartite squashed entanglement, which is a promising measure
of multipartite quantum entanglement. We discuss potential saturation of
multipartite squashed entanglement onto multipartite mutual information

in holographic CFTs and its applications.
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1 Introduction

Quantum entanglement has recently played significant roles in condensed matter
physics [1, 2, 3], particle physics [4, 5, 6, 7, 8] and string theory [9, 10]. To study
the quantum entanglement in states of a quantum system, we often divide the
total system into a subsystem A and its complement A¢; and then compute the
entanglement entropy S4 := —Trpa log pa, where py4 is the reduced density matrix
of a given total state pa := Tracp;r. In the gauge/gravity correspondence [11], the
Ryu-Takayanagi formula [9, 10] allows one to compute the entanglement entropy
in CF'Ts by a minimal area of codimension-2 surface in AdS. This discovery opens
a new era of studying precise relations between spacetime geometry and quantum
entanglement [12, 13, 14, 15, 16, 17, 18, 19, 20].

Recently the holographic counterpart of a new quantity independent of en-
tanglement entropy, called the entanglement of purification Ep [21], has been
conjectured [22, 23]. The entanglement of purification quantifies an amount of
total correlation, including quantum entanglement, for bipartite mixed states pap
acting on Hap = Ha ® Hp. On the other hand, the entanglement entropy truly
measures quantum entanglement only for pure states [¢) , 5. Indeed, it is not even
a correlation measure if a given total state is mixed. Thus, so called Ep = Ey



conjecture fills a gap between correlations in mixed states and spacetime geometry.
This has been further studied in the literature [24, 25, 26, 27, 28].

Another important direction is to explore multipartite correlation measure and
its geometric dual. It is well known that there are richer correlation structures in
quantum systems consisting of three or more subsystems, especially about quan-
tum entanglement (see e.g. [29]). For example, there appear different separability
criteria for multipartite states. To understand operational aspects of an amount of
entanglement by means of (S)LOCC, one needs (infinitely) many kinds of standard
states, such as W and GHZ states. Therefore multipartite entanglement is much
more sophisticated than bipartite entanglement.

On the other hand, the holographic interpretation of multipartite correlations
is less known, though it can play a crucial role to understand the emergence of
bulk geometry out of boundary renormalization group flows as well as the idea
of ER=EPR [14, 30, 31, 32]. In the literature, one quantity I called tripartite
information, which is one particular generalization of mutual information (A :
B) = Sa+ Sp — Sap, attracts a lot of attention in holography [30, 33, 34, 35, 36].
However, it can be either positive or negative, which makes it a bit hard to use it
to diagnose physical properties of the system at times.

In this paper, we first introduce a new measure of multipartite quantum and
classical correlations Ap in generic quantum systems. It is given by generalizing
the entanglement of purification to multipartite states. We study its information-
theoretic properties, especially focusing on various entropic inequalities. It turns
out that Ap gives an upper bound on another generalization of quantum mutual
information introduced in [37, 38|, the so called multipartite mutual information.

We then propose a holographic dual of multipartite entanglement of purification
Ay, as a sum of minimal areas of codimension-2 surfaces in the entanglement
wedge [39, 40, 41], motivated by the tensor network description of the AdS/CFT
correspondence [12; 16, 17, 18]. One typical example of Ay, was drawn in Fig.1.1.
We demonstrate that it satisfies all the properties of the multipartite entanglement
of purification by geometrical proofs. These agreements tempt us to provide a new
conjecture Ap = Ayy.

We clarify in the appendix that Ap is larger than the multipartite generaliza-
tion [37, 38] of squashed entanglement, which is a promising measure of genuine
quantum entanglement [42, 43, 44]. We also discuss the holographic counterpart
of squashed entanglement.

This paper is organized as follows: In Section 2, we give the definition of multi-
partite entanglement of purification Ap and prove its information-theoretic prop-
erties. In Section 3, we introduce a multipartite generalization of the entanglement
wedge cross-section Ay, in holography and study its properties geometrically, and
find full agreement with those we proved in Section 2. Based on these facts, we



Figure 1.1: An example of minimal surfaces which gives Ay, for a tripartite setup.

propose the conjecture Ap = Ay,. In Section 4, we conclude and discuss future
questions. In appendix A, the universal relation between Ap and multipartite
squashed entanglement was clarified and the holographic counterpart of squashed
entanglement was also discussed.

Note added: After all the results in this paper were obtained, [45] appeared
in which the authors defined the same multipartite generalization of Ep (up to a
normalization factor) and tested a holographic dual which is different from Ay .

2 Multipartite entanglement of purification

In this section, we will define a generalization of entanglement of purification for
multipartite correlations and prove its various information-theoretic properties.

Let us start from recalling the definition and basic properties of the entangle-
ment of purification [21, 46]. We consider a quantum state pap on a bipartite
quantum system Hap = Ha ® Hp. The entanglement of purification Ep for a
bipartite state p4p is defined by

Ep(pAB> = min SAAH (21)

>AA’BB’

where the minimization is taken over purifications pap = Trap/[|V) (V| 055/
This is an information-theoretic measure of total correlations, namely, it captures
both quantum and classical correlations between A and B. In this point of view,
it is similar as the quantum mutual information (A : B) = S4 + S — Sap. Nev-
ertheless, it is known that the regularized version of entanglement of purification
E¥(pap) := lim,_,o Ep(pGr)/n has an operational interpretation in terms of EPR
pairs and local operation and asymptotically vanishing communication [21]. From
the definition, we can see that Ep measures the value of quantum entanglement
between AA’ and BB’ in the optimally purified system.



We simply write Ep(pap) as Ep(A : B) unless otherwise a given state specified.
We summarize some known properties of Ep for the reader’s convenience:
(I) It reduces to the entanglement entropy for pure state pap = [¢) (¥| 45,

Ep(A: B) =S4 = Sp, for pure states. (2.2)
(IT) It vanishes if and only if a given state pap is a product,
Ep(A:B)=0< pap = pa® pp. (2.3)
(III) It monotonically decreases upon discarding ancilla,
Ep(A: BC)> Ep(A: B). (2.4)
(IV) It is bounded from above by the entanglement entropy,
Ep(A: B) <min{Sy, Sg}. (2.5)
(Va) It is bounded from below by a half of mutual information,

Ep(A:B) > @. (2.6)

(Vb) For tripartite state papc, it has a lower bound,

EP(A:BC)EI(A:B);KA:C). (2.7)

(VI) For tripartite pure state [1) 4, it is polygamous,

(VIIa) For a class of states that saturate the subadditivity, i.e. Sap = Sp—Sa,
it reduces to the entanglement entropy,

Ep(A: B) =S4 when Syp = Sg — Sa. (2.9)

(VIIb) For a class of states that saturate the strong subadditivity, i.e. Sap +
Sac = Sp + Se, it reduces to the entanglement entropy;,

Ep(A:B)ZSA when Sap + Sac = S + Sc. (2.10)

These properties are not independent from each other and one can prove (VI)
from (I) and (Va), and also prove (VIIa) (or (VIIb)) from (III) and (Va) (or
(Vb)). All these properties are proven in generic quantum systems. (I) allows
us to regard Ep as a generalization of entanglement entropy for quantifying an
amount of correlations for mixed states. We refer to [21, 46] for detailed proofs
and discussion.



2.1 Definition

We define a new quantity that captures total multipartite correlations by gener-
alizing the entanglement of purification. We first note that we can rewrite the
definition of Ep (2.1) as

1 .
Ep(,OAB) = — min [SAA’ + SBB’]7 (211)
2 [$) aarppr
because Sqa = Spp holds for any purifications [¢)) , 5. This form of Ep

motivate us to define a generalization of entanglement of purification for a n-
partite state pa,..4, as follows.

Definition 1. For n-partite quantum states pa,..a,, we define the multipartite
entanglement of purification Ap as !

Ap(payeia,) = min Y Sy, (2.12)

‘w>A1A'1"'AnA4L i=1

where the minimization is taken over all possible purifications of py,...4, .

We call it multipartite entanglement of purification and write Ap(pa,....a,) =
Ap(Ay -+ A,) unless we need to specify a given state. Ap can be regarded as
the value of sum of quantum entanglement in an optimal purification [¢) . A A AL
between one of n-parties and the other n — 1 parts. For example, for tripartite
state papc, it can be represented as

AP(A :B: C) = min [SAA/ + SBB/ + SCC’]; (213)

[¥)aarsBrcc

and the entanglement entropies S44/, Spp and Scer in the brackets characterize
quantum entanglement between AA" : BB'CC’', BB’ : AA'CC" and CC' : AABB’,
respectively. We also note that a purification that gives the optimal value in (2.13)
may not be unique in general, as is so for the entanglement of purification Ep.

2.2 Other measures

Besides the entanglement of purification, there have been a lot of measures of
quantum and/or classical correlations which quantify bipartite correlations for

I'The normalization factor is not essential in our discussion, so we take it so that the entropic
inequalities below become simple. We remark that it is common and even operationally mean-
ingful at times in quantum information theory to define a multipartite generalization of some
measure with % prefactor regardless to n. If we follow this convention for Ap, some results in
this paper will seemingly change e.g. from Ap > T to Ap > 1/2.



mixed states - including mutual information and squashed entanglement [42, 43].
Their generalization for multipartite cases have also been proposed in the literature
[37, 38]. To see that multipartite entanglement is not just a sum of bipartite one,
let us consider the famous GHZ state in a 3-qubit system:

1
V2

For this state, the three qubits are strongly correlated by genuine tripartite en-
tanglement. The point is that, after one of the subsystems is traced out, the
remaining bipartite state is just a separable state and there is no quantum en-
tanglement. This is an example which shows that the structure of multipartite
quantum entanglement is much richer than bipartite ones.

To quantify an amount of correlations for multipartite states, there have been
several proposals by generalizing the mutual information. One well known quan-
tity, the so-called tripartite information is defined as (based on Ven diagram)

IGHZ) = —(]000) + [111)). (2.14)

I3(A:B:C):=Ss+ Sp+Sc — Sap — Spc — Sca + Sanc
=I(A:C)+1(A:B)—1I1(A: BC). (2.15)

This quantity plays an important role in holography and has been studied e.g. in
[30, 33, 34, 35]. The tripartite information I, however, can take all of negative,
zero, or positive values in generic quantum systems, and especially it always van-
ishes for all pure states. These facts make it hard to be regarded as a standard
measure of correlations.

An alternative approach is introduced in [37, 38] and the authors called the
generalization as multipartite mutual information, defined by the relative entropy
between a given original state and its local product state:

I(A B C) = S(pABcﬂpA ® pp & pc) =Sa+ S+ Sc — Sasc, (2.16)

where S(p||o) = Trplog p—Trplog o. This definition is motivated by an expression
of the bipartite mutual information,

I(A: B) = S(pasllpa ® pp). (2.17)

In general, the multipartite mutual information for n-partite state p4,...4,1s defined
in the same manner:

I(Ay -t Ay) = S(parea,llpa, ® - ®pa,) =Y Sa, — Sajea,.  (2.18)
=1

This is clearly positive semi-definite and is monotonic under local operations [37].
Thus one may consider it as a more promising measure than [ for the purpose



of total multipartite correlations. Note that we can rewrite I(A; : ---: A,,) as a
suggestive form, which is a summation of bipartite mutual information:

](Al . An):](A1A2)+](A1A2A3)++I(A1An_1An) (219)

We will carefully distinguish these two types of generalizations of mutual informa-
tion, I and I, and we mainly discuss the latter one in the following context.

2.3 Properties of multipartite entanglement of purification

Here we explore properties of Ap in generic quantum systems. Firstly, we can
immediately see the following property from the definition.

Lemma 2. If one of the subsystems is decoupled pa,..a, = pa,.-.a, , @ pa,, then
Ap(Ay -t Ap1 2 Ap) = Ap(Ay -+ Ayy).

Proof. One can separately purify p,4, and the remaining parts, and then it directly
follows by definition. ]

Especially, for bipartite state pap, it reduces to the twice of entanglement of
purification: Ap(A: B) = 2Ep(A : B). This guarantees that Ap is a generaliza-
tion of Ep to multipartite states.

We expect that Ap is a natural generalization of Ep for multipartite correla-
tions and has similar properties. Indeed, one can prove the following properties
which are the counterparts of those of Ep mentioned above.

Proposition 3. If a given n-partite state |¢)A1_“An 1s pure, then the multipartite
entanglement of purification is given by the summation of entanglement entropy
of each single subsystem,

Ap(Ay:--- 1 Ay) = Z Sy, for pure states. (2.20)

=1

Proof. Notice that |¢) , .., itself is a purification, and that all the other purifica-
tions should have a form |1/J)A1A,1MAHA41 = |P) 4 .n, ® |¢/>A/1“‘AL/' Thus adding ancil-
lary systems always increases the sum of entanglement entropy of purified systems,
and the minimum is achieved by the original state |¢>A1A,1“.AnA, = ‘¢>A1-~An' O

This is a generalization of property (I) and makes it easy to calculate Ap
for pure states. Note that in the case of pure state, the multipartite mutual
information also reduces to the sum of entanglement entropy: [(A; : ---: A,) =
Sor 1S4 — Saya, = 9y Sa,. Thus we have Ap = [ for any pure multipartite
states.



Proposition 4. Ap vanishes if and only if a given n-partite state is fully product,
Ap(Al e An) =0 pa,.a, =pa, Q- Qpa,. (221)

Even though it can be directly proven, we postpone its proof after the propo-
sition 8. This property indicates that Ap is not a measure of merely quantum
entanglement but of both quantum and classical correlations. This is expected
since it is a generalization of Ep. Note that Ap is not a measure of genuine n-
partite correlations, but also includes 2, --- ,n — 1-partite correlations in pu;...4, .

As a measure of correlations, it is natural to expect that Ap decreases when
we trace out a part of one subsystem. Actually, this is true as we can see in the
following.

Proposition 5. Ap monotonically decrease upon discarding ancilla,
Ap(XAy -1 Ay) > Ap(Ay -+ Ay). (2.22)

Proof. 1t follows from the fact that all purifications of pxa,..a, are included in
these of pa,..a,. Namely, if |1/1>XX,A1A,1WAnA, is a optimal purification for pxa,..4,,
then it is also one of the (not optimal in general) purification of p4,...a,, thus

AP(XAl Ll An) = SA1(A’1XX’)+SA2A’2+' "+SA"A’n Z Ap(Al Ll An) (223)
[

Now we give an upper bound on Ap in terms of a certain sum of entanglement
entropy. This is a generalization of property (IV).

Proposition 6. Ap is bounded from above by
AP(Al e An) < min[SA1 + e 4 SAl"'Ai—lAH—l'”Ai + 4 SAn] (224)

Proof. For simplicity, we will first prove this bound for tripartite state papc . Let
us consider a standard purification of a given state papc = > pi |¢F) (¢F| 4 5 such
that

rank[papc]
V) anppoe = Z VPE18") ape © 10) 4 @ [0) g, @ [K) - (2.25)
k=1

For this purification we have Ap(A : B : C) < Saa + Sy + Sccr. Note that
paar = pa ® |0) (0], and the same for B, and Sccr = Saapp, it can be easily
shown that

Saar = Sa, Sppr =SB, Sccr = Sas, (2.26)



for the state (2.25). Thus we get Ap(A: B : C) < Sy + Sp+ Sap. Commuting
A, B,C, we get three upper bounds on Ap,

AP(A - B C) < min{SA + S+ SaB, S+ Sc + Sgc, Sc + Sa + SC’A}- (2.27)

The generalization of this proof to n-partite cases is straightforward. O

These upper bounds indicates that if we have a bipartite state p4p, and con-
sider extensions papc, the upper bound of Ap(A : B : C) is totally determined by
the information included in p4p. In other words, we can not arbitrarily increase
the multipartite correlations by adding ancillary systems (the upper bound can
be reached by any purification [¢) 45~ of pap, though it is not the only way to
saturate these bounds as we will see in corollary 10 and 11).

Next we state universal lower bounds on Ap. We first show the following
inequality satisfied for any tripartite state papc.

Proposition 7. Tripartite entanglement of purification Ap(A : B : C) is bounded
from below by

AP(A ' B C) > maX{SA+SB+Sc—SAB(j,Q(SA+SB+Sc)—SAB—SBC—SCA}.
(2.28)

Proof. Let us take an optimal purification [¢) 4 4 ggrccn- For this state we have
Ap(A:B:C)=Saa + Spp + Sccr
=I1(AA": BB')+ I(AA'BB' : CC")
>I(A:B)+1(AB: ()
=S4+ S+ Sc — Sasc, (2.29)
where in the third line we used the monotonicity of mutual information

I(AX :B) > I(A: B). (2.30)

Moreover, for tripartite pure states |¢) 4, ppiccrs We have I(AA'BB' : CC'") =
I(AA": CC")+ I(BB': CC"). Thus we get

Ap(A:B:C) = I(AA: BB)) + I(BB': CC") + I(CC’ : AA)
>I(A:B)+1(B:C)+1(C:A)
:2(SA+SB+SC)_SAB—SBC—SCA- (2.31)



These bounds have a suggestive form in terms of tripartite mutual information?:
Ap(A:B:C)>max{I(A:B:C), [(A:B:C)+I3(A: B:C)}. (2.32)

In particular, Ap is always greater or equal to the multipartite mutual information
I(A: B: (). We will see that this is also true for n-partite states in the following
proposition.

Proposition 8. The multipartite entanglement of purification Ap(Ay : -+ : Ay,)
158 bounded from below by the multipartite mutual information,
Ap(Ay -t Ay) > T(A -+ Ay). (2.33)

Proof. The proof is essentially the same as that in tripartite case. Let us consider
an optimal purification W>A1A’1---AnA' for pa,..a,. Then we have

AP(Al o An) = Z SAiA; = Z SAiAg - SAlA’lmA,,LA;L
i=1 i=1
=I(AA - AAD)
> 1Ay Ay, (2.34)

where we used the property of multipartite mutual information [37]
I(AX oot Ay) > I(A -+ Ay). (2.35)
L]

This is a generalization of property (Va), (Vb) and provides general relation-
ship between two types of multipartite total correlation measures I and Ap. It
is worth to point out that these two quantities behave very similarly. Indeed, the
propositions 2, 3, 4, 5, and 6 are also true for multipartite mutual information.
One exception is, the lower bound of tripartite case, Ap(A: B:C) > I(A: B :
C)+1I5(A: B: C), which is obviously violated for (A : B : C') when I3(A: B : C)

is positive.

The proposition 8 also allows us to give a simple proof of the proposition 4.

Proof. If a n-partite state is totally product pa,..a, = pa, ® --- ® pa,, then one
can get Ap = 0 by purifying each subsystems independently. On the other hand,

if Ap(Ay:---:A,) =0, then I(A;: - A,) = S(paya,llpa, @ - @pa,) =0
following the proposition 8. Thus, the non-degeneracy of relative entropy leads to
PA A, = PA; @ D pa,. L

2Note that it leads to a general relationship Ap(A: B: C) > I3(A: B : C) for any quantum
states.

10



Using the above arguments, some properties of Ap follow as corollaries.

Corollary 9. For any pure n-partite state, Ap is polygamous:

Ap(Ay -1 Ay :BCO) < Ap(Ay -t A1 B)+Ap(Ay -2 Apq : O).
(2.36)

Proof. For any pure state |¢) A,..4, e 1t follows from the proposition 3 that

n—1 n—1
Ap(Al ceee s Apy BC) = ZSAL + Spc = ZSAZ + SAI"‘An—l
1=1 =1
n—1
<2) Sy,
=1
n—1 n—1

= Z Sa, +Sp— 54,4, B+ Z Sa, +Sc — Saya,_ic
i—1 i=1
<AA A B)FAA -0 AL O), (2.37)

where in the first inequality we used the subadditivity of von Neumann entropy
recursively, in the third line Sp = Sa,..a, ¢y Sc = Sa,..a,_,p for pure states,
and in the last inequality the proposition 8. O

As Ep is so, the multipartite entanglement of purification is difficult to cal-
culate in general because of the minimization over infinitely many purifications.
Nevertheless, there is a class of quantum states for which one can rigorously cal-
culate Ap in terms of entanglement entropy.

Corollary 10. For a class of tripartite states papc that saturate the subadditivity
Sapc = Sc — Sap, we have Ap(A: B:C) =S54+ Sg+ Sasp.

Proof. From proposition 6 and 7, we have
SA+SB+SC—SABC§AP(AZBZO)SSA+SB+SAB. (238)
Therefore SC — SABC = SAB leads AP(A - B O) = SA + SB + SAB' ]

Corollary 11. For a class of tripartite states papc that saturate both of the two
forms of the strong subadditivity, Sa+Sc = Sap+Spc and Sp+Sc = Sap+ Sac,
then we have Ap(A: B :C) =S4+ Sg+ Sap-

Proof. From proposition 6 and 7, we have
2(SA—|—SB+Sc) —Sup —Spc — Sca < AP(A B C) < Sa+ S+ Sas, (2.39)

11



where the lower bound can be expressed as

Q(SA + Sg + Sc) — Sag — Spc — Sca
=S4+ Sp+ Sap+ (Sa+ Sc — Sap — Spc) + (Sp + Sc — Sap — Sac).  (2.40)

Thus if the two strong subadditivity are simultaneously saturated, we get Ap(A :
B:C):SA+SB+SAB. ]

We also provide another lower bound on Ap in terms of bipartite entanglement
of purification.

Proposition 12. Ap is bounded from below by
AP(Al Ll An) Z Z Ep(Az . Al s Ai—lAi+1 cee An) (241)
i=1

Proof. Let us prove it for tripartite cases for simplicity. For a state papc, we have

AP(A:B:C): min [SAA’+SBB/+SCC’]
[¥) aarBBICCOY
> min  Spx+ min Sy + min  Sgor
|1/’>AA/BBICC/ |w>AA’BB’CC’ W)>AA’BB’CC’
then the bound follows. O

3 Holography: multipartite entanglement wedge
cross section

In this section, we define a multipartite generalization of entanglement wedge
cross-section introduced in [22, 23], motivated by the tensor network description
of AdS geometry [12, 16, 17, 18|.

3.1 Definition

We start by setting our conventions in holography. To compute entanglement
entropy in quantum field theories, we often choose a (maybe disconnected) sub-
system A on a time slice, and the Hilbert space of the field theory is factorized
into H;or = Ha ® Hac. Then the entanglement entropy for subsystem A in a state
Piot, 1S defined as the von Neumann entropy of the reduced density matrix pa,

Sp:=—Trpalogpa, pa=Tracpior . (3.1)

12



In the AdS/CFT correspondence, the holographic entanglement entropy formula
9, 10] tells us how to calculate entanglement entropy in dual gravity side. Consider
a state in d-dimensional holographic CF'T which has a classical d + 1 dimensional
gravity dual. In the present paper, we will restrict ourselves to static cases®.
The dual gravity solution of the given state p;; will be a canonical time slice M
in gravity side. To compute the entanglement entropy for a chosen subsystem
A C OM, we are looking for a d — 1-dimensional surface I'4 in M with minimal
area, under the conditions that dI'y = 0A and I'4 is homologous to A. Then the

holographic entanglement entropy is determined by the minimal area?,
Area(T"™)
Sp=—"-—"-.
4Gy

Let us start to define our main interest, i.e. a multipartite generalization of
entanglement wedge cross-section Ay, We mostly focus on tripartite case for
simplicity, though the generalization to more partite cases is rather straightfor-
ward. We take subsystems A, B and C on the boundary 0M. In general pspc
is a mixed state. Then one can compute the holographic entanglement entropy
Sa,Sp, Sc and also Sypc following (3.2). The corresponding minimal surfaces are
denoted by T, Tpin Tmin Tmin | respectively. The entanglement wedge Mapc
39, 40, 41] is defined as a region of M ® with boundary A, B, C' and ['"}i.:

OMapc = AUBUCUTY &, . (3.3)

(3.2)

Notice that Mg gets disconnected when some of A, B, C' or all of them are
decoupled. Also note that dM4pc may include bifurcation surfaces in the bulk
such as in AdS black hole geometry.

Next, we divide arbitrarily the boundary OMspc (not Mapc itself) into three
parts g, E, C so that they satisfy

AUBUC = 0Mapc , (3.4)

and

AcA BcB,CcC. (3.5)

The boundary of /Nl, E, C is denoted by Dapc. Regarding each g, E, C' as a sub-
system of a geometric pure state, we can calculate

Si+ S+ 5z, (3.6)

3Even though we can define a covariant version of multipartite entanglement wedge cross-
section in a similar way for Ey [22], the holographic proofs of its entropic inequalities for more
than 4-partite cases is not straightforward [48]. We leave it as a future problem.

4We work at the leading order of large N limit through the whole of present paper.

5More precisely, we consider a constant time slice of entanglement wedge and call it also
entanglement wedge, while the former is codimension-0 and the latter is codimension-1.

13



by using holographic entanglement entropy formula (3.2). This is performed by
finding a minimal surface X7%., that consists of three parts X4, X5, ¥, which
share the boundary D4, such that

and o
Yapc is homologous to A, B,C inside Mypc . (3.8)

Since dMapc is codimention-2, the surfaces Dspc which plays the role of the
division of OMapc = AUBU C’ is codimension-3. In the case of AdS3;/CFTs,

Dapc is in general three separated points on I'"}4%, see Fig 3.1, 3.2.

Figure 3.1:  An example of tripartite entanglement wedge cross-section. The
black bold dashed lines represents the minimal surface Iy, giving a part of the
boundary of Mapc. The yellow thin dashed lines represents X7, whose area
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Figure 3.2: An example of tripartite entanglement wedge cross-section in a black
hole geometry. Each surface of 74, is doubled.

Finally we minimize the area of X774, over all possible divisions A, B,C that
satisfy the conditions (3.4) and (3.5). This gives now a quantity we call the mul-
tipartite entanglement wedge cross section

Aw(papc) := min

i M) o9

4G N

For n-partite boundary subsystems, in general, the multipartite entanglement
wedge cross-section is defined in the same manner. Notice that when it is reduced
to the bipartite case, this definition is actually twice of the bipartite entanglement
wedge cross-section defined in [22; 23]. We sometimes write Ay (papc) = Aw (A :
B : C) to clarify a way of partition of subsystems.

In summary, Ay computes the multipartite cross-sections of the entanglement
wedge M e and it is a natural generalization of the bipartite entanglement wedge
cross-section. This can be used as a total measure of how strongly multiple parties

are holographically connected with each other. Below we study the properties of
Ay

3.2 Properties of multipartite entanglement wedge cross-
section and the conjecture Ay = Ap

In the following, we investigate holographic properties of Ay, inspired by those
of Ap. To avoid unnecessary complexity, we mostly consider tripartite case only,
and it should be understood that the properties are easily generalized for n-partite
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cases in somewhat trivial ways unless otherwise emphasized.

First, if papc is pure, from the definition (3.7), 74, coincides with T} U
pin YT, Therefore Ay is equal to the sum of the entanglement entropy of A,
B and C":

Aw<AIBZC):SA+SB+Sc. (310)

As we mentioned above, for a partly decoupled entanglement wedges i.e. if
Mapc = Mag| | Mc, where | | denote that the geometries Map, M¢ are totally
separated, then Ay is reduced to (twice of) entanglement wedge cross-section.
This clearly leads that Ay, = 0 if and only if the entire entanglement wedge is
totally decoupled My,..a, = | |;\_; Ma, for multipartite setups.

One can easily show that Ay, decreases when we reduce one of the subregions
in A,B,C = CyUCs:

Aw(A:B:CiUCy)) > Aw(A:B: (), (3.11)
by using the so-called entanglement wedge nesting,
My C Mxy, (312)

which holds for any boundary subregions X, Y [39, 40, 41].

One can also easily show an upper bound of Ay, by a graph proof (Fig.3.3):
AW(AIB:C)SSA-FSB-FSAB, (3.13)
By commuting A, B, C, one can further get

AW(A - B O) < min[SA + S+ Sap, S+ Sc + Sgc, Sa+ Sc -f—SAc]. (3.14)
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Figure 3.3: The proof of an upper bound of Ay,. The sum of blue real lines
is Sa + Sp + Sap and the sum of dashed yellow lines are Ay (papc). Clearly
Aw(papc) < Sa+ Sp + Sap holds somewhat trivially since S4 + Sp + Sap has
UV divergences while Ay, does not. When two of subsystems share the boundary,
Ay also diverges, but it is always weaker than S, + Sg + Sap shown by a graph.

Furthermore, for tripartite setups, one can show two lower bounds of Ay, also
by graph proofs (Fig.3.4, Fig.3.5):

Aw(A:B:C)>I(A:B:C)=Ss+ S+ Sc — Sapc - (3.15)

Aw(A:B:C)>I(A:B:C)+I3(A: B:C) =2(S4+S5+Sc)—Sap—Ssc—Sac .
(3.16)
Note that, however, in holography we always have I(A : B : C) > I(A : B :
C)+13(A : B : C) because of negative tripartite information I3 < 0 [30]. Therefore
the former is always tighter.
Similarly, for n-partite setup, one can easily show that

Aw(Ay - Ap) > 1A -0 Ay, (3.17)

by drawing graphs.
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Figure 3.4:  The proof of a lower bound of Ay,. The sum of dashed yellow
lines is Aapc + Sapc and the sum of real blue lines are Sy + Sg + Sc. Clearly
Aw(papc) + Sapc > Sa + Sp + Sc follows since the entanglement entropy are
defined as minimal surfaces.

C

. g
O
A

Figure 3.5: The proof of a lower bound of Ay,. The sum of dashed yellow lines is
Aapc+Sap+Spc+Sca, and the sum of real doubled blue lines are 2(S4+Sg+5¢).
Clearly Ay + Sap+Spc+ Sca > 2(Sa+ Sp+ Sc) follows, since the entanglement
entropy are defined as minimal surfaces.

Note that the corollaries in the previous section automatically follows for Ay,

from the above discussion, while we can also show them by drawing graphs. We
also note that the proposition 12 for Ay, can be easily shown by graphs.
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One can view the above properties are the multipartite generalization of the
holographic properties of bipartite entanglement wedge cross-section. Motivated
by the same properties of Ay and Ap, we now make a conjecture that, the multi-
partite entanglement wedge cross-section Ay, we defined in this section is nothing
but the holographic counterpart of the multipartite entanglement of purification
Ap we defined in the last section (at the leading order O(N?)):

Aw = Ap . (3.18)

3.3 Computation of Ay in pure AdS;

Now we compute Ay, in the simple examples of AdS;/CFTy. We work in Poincaré
patch, and a static ground state of a CF'Ts on a infinite line is described by a bulk
solution with the metric

da® + dz*
ds® = — 7 € (=00, +00), z € [0,+00) . (3.19)
The three subsystems we choose are the intervals A = [-b, —a—r], B = [—a+7r,a—

r], C' = [a+r,b], where b > a > 0 and r is relatively small compared to both a and b.
We require that the entanglement wedge of ABC'is connected, as shown in Fig.3.6.
Following the definition of Ay, given in (3.9), in this set up the problem becomes
to find a triangle type configuration with the minimal length of three connected
geodesics, where the ending points of the geodesics are located on 3 semi-circles
separately, as shown in Fig.3.6. Since we focus on the case of 3 intervals A, B, C
which have a reflection symmetry x — —x, the reasonable minimal configuration
should also keep the reflection symmetry. This consideration reduces the problem
to find a special angle 6 such that the length of 3 geodesics is minimal. Then, the
tripartite entanglement wedge cross-section Ay, is given by

Aw(A:B:C) = mgin {%9]3] . (3.20)
We obtained a compact formula of the length L as a function of a,b,r and @,
however this formula is rather complicated. We instead show numerical 6 depen-
dence of L as plotted in Fig.3.7 and evaluate the special values of both # and L
satisfying the minimal length condition for a given a, b, r.
It is also straightforward to check the properties of Ay, studied before in this
particular setup.

19



A B C

Figure 3.6: The computation of Ay, in pure AdSs.

Figure 3.7: L — 6 plot in the computation of Ay with differ-
ent parameters. From top to bottom, the parameters of (a,b,r) are
(10,100, 0.05), (10, 100, 0.1), (10,100, 0.5), (10, 100,0.75). Aw * 4Gy and the the
optimal value of # are (27.2046,6 — 1.56818) (24.432,60 — 1.5657),(17.9942,0 —
1.54531), (16.3723,0 — 1.53255), respectively.

3.4 Computation of Ay, in BTZ black hole

Now we turn to the BTZ black holes. A planar BTZ black hole describes a 2d
CFT on a infinite line at finite temperature. The metric of a fixed time slice of
BTZ is given by

ds? = ; (]fl(f) + dﬁ) L fe) =12 (3.21)
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where the temperature is related to the horizon by g = 27wzy. For simplicity we
choose 3 subsystems A, B, C as intervals [—/,0], [0, /] and the remaining part of
the infinite line, respectively.

Figure 3.8: The computation of Ay in BTZ.

As studied in [22], the geodesic length between the boundary and the horizon
is

L, =log £ , (3.22)
e
where ¢ is the UV cutoff. The geodesic length between (—¢,0) and (0,0) is 6
Ly = 2log Bsinh(x¢/6) , (3.23)
e

and the geodesic length between (—¢,0) and (¢,0) is

Ly =2log Bsinh(2rt/5) . (3.24)

s

At high temperature, 3 4gc consists of six short lines of length L, so the tripartite
cross-section is given by

Aw = 6L, = 6log Bo_am (3.25)
TE

At low temperature, ¥ pc consists of 3 geodesic lines connecting (—¢,0), (0,0)
and (¢,0), so the Ay is given by

S sinh(wl/3) +2l0g B sinh(27¢/B)

s TE

Aw = 2Ly + L3 = 4log = A®  (3.26)

6Tt is the same as the geodesic length between (0,0) and (¢, 0).
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The tripartite entanglement wedge cross-section Ay, is thus given by

Aw(A:B:C)= ﬁmin[A(l),A@)] . (3.27)

We compare A and A® and find the critical temperature

log /-
=, .2
5. — By 3.9

where y, is the positive root of

+y ' =2)y—-y')=8. (3.29)

Furthermore, one can confirm that there are only two phases A, A® separated
by the above critical temperature. When 8 < f3,, AW is favored and when 8 > 3,
A® ig favored.

4 Conclusion

In this paper, we defined a generalization of entanglement of purification to multi-
partite states denoted by Ap, and proved its various properties focusing on bounds
described by other entropic quantities. We demonstrate that Ap satisfies desired
properties as a generalization of Ep and provides an upper bound on the multi-
partite mutual information introduced in [37, 38]. In particular, we show that the
tripartite entanglement of purification Ap(A : B : C) is bounded from below by a
sum of two different generalizations of mutual information. We also show that for
a class of tripartite quantum states which saturate the subadditivity or the strong
subadditivity, there is a closed expression of Ap in terms of entanglement entropy.

Based on the holographic conjecture of entanglement of purification [22, 23],
we defined a generalization of entanglement wedge cross-section as the holographic
counterpart of the multipartite entanglement of purification Ay, and show that
all the properties Ap has are indeed satisfied by Ay . It leads us to propose a
new conjecture Ap = Ay at the leading order O(N?) of large N limit. Alterna-
tively speaking, this implies the naive picture of purified geometry based on tensor
network description [16, 17, 18] still works for multipartite cases. As explicit ex-
amples, we calculated Ay, for several simple setups in AdS;/CFTy including pure
AdS; and black hole geometry.

Several future questions are in order: First, proof of Ay, properties in time-
dependent background geometry. The properties in this case are expected to be
very useful in understanding the dynamical process in quantum gravity systems,
since many interesting physical set up go beyond the bi-partite pattern. The en-
tropic inequalities for multipartite cases were actually discussed in [48] for covariant
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cases, there they argued that new techniques apart from the maximin surfaces [40]
are needed to prove them for 5 or more partite cases. Second, we expect that there
is an operational interpretation for Ap just like Ep has, such as the one based on
SLOCC for multipartite qubits. Third, looking for the new properties satisfied by
Ay but not always by Ap is certainly interesting, because these are essentially the
new constraints on holographic states, such as the conjectured strong superaddi-
tivity of entanglement of purification in holography. We shall report the progress
in future publications.
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A The multipartite squashed entanglement and
holography

There have been a lot of measures of genuine quantum entanglement proposed. In
particular, the squashed entanglement [42, 43] is the most promising measure of
quantum entanglement for mixed states, as it satisfies all known desirable proper-
ties e.g. additivity. The squashed entanglement is defined by

Es(pap) == % inf I(A: B|E), (A.1)
PABE
where I(A : B|E) = I(A : BE) — I(A : E) = Sap + Spe — Sape — Sg is the
conditional mutual information, and the minimization is taken over all possible
extensions pap = Trg[papr]. By taking E is trivial we see that by definition Ej,
is less than or equal to half of the mutual information: E,, < I/2.
In [37, 38], multipartite generalizations of E, were also introduced. To define
the one we are interested, we first introduce a conditional multipartite mutual
information,

I(Al R An|E) = I(Al . A2|E) + ](AlAQ . A3|E) + - +I(A1 o 'An—l . An|E)
(A.2)
Using this, the (¢g-)multipartite squashed entanglement for n-partite state pa,...a,
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is defined by 7

Ei (A0 Ay) = inf I(Ay:--- 0 AglE), (A.3)

PA--AnE

where the minimization is taken over all possible extensions of pa,...4,-
Noting that a trivial extension pa,..a,5 = pa,..a, ® |0) (0|5 gives I(A; : ---:
ALE) =1(Ay:---: A,), we get a generic bound,

Bl (At Ap) S T(Ay -t Ay). (A.4)

Combining it with the proposition 8, we get a generic order of three different
measures of multipartite correlations.

Corollary 13. It holds for any n-partite quantum states that
Bi(Ay: i Ay) ST(Ap s Ay) S Ap(Ar -0 Ay). (A.5)

Note that for any pure n-partite state these bounds are saturated and we have
El, =1=Ap. Generally, £ < Ap is a desirable property, since Ap is expected
to be a measure of both quantum and classical correlations while Y, is only of

quantum ones.

A.1 Holographic counterpart of E,,

The definition of squashed entanglement (A.1) is similar to that of the entangle-
ment of purification (2.1). Both of them use a certain type of extension, indeed,
purification is a special set of extension. This observation motivates us to seek for
a holographic counterpart of E,, in the same spirit of Ep or Ap.

Let us regard a time slice of AdS as a tensor network which describes a quantum
state of CFT. In a gravity background with a tensor network description, one can
define a pure or mixed state for any codimension two convex surface, called the
surface/state correspondence [16, 17, 18]. Let us now take use of this picture to
study what the holographic counterpart of squashed entanglement could be if it
indeed exists®.

First, we consider a class of extensions from pap to papr which have classical
gravity duals described by tensor networks. The extensions are not necessarily
on the original AdS boundary, but each extended geometry should include the
entanglement wedge Msp and its boundary should be convex [16]. We assume

"Here we also define the multipartite squashed entanglemet without % prefactor following our
convention for Ap.

8We are grateful to Tadashi Takayanagi for lots of fruitful comments on the following discus-
sion.
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that there exists an optimal extension for (A.1) in this class. Then we find that all
nontrivial such extensions give (A : B|E) > I(A : B). Indeed this is equivalent
to say that the holographic tripartite information is always negative: fg(A - B
E) < 0. This eventually leads that the optimal solution in (A.1) is given by half
of the mutual information in holography

B (A:B) = %](A . B) . (A.6)

In the remaining text, we illustrate our argument in details.

To compute the squashed entanglement (A.1), we want to consider how much
correlation one can reduce between A and B by knowing the ancillary system F.
This is appropriately quantified by the tripartite information

I3(A:B:E)=I1(A:B)—I(A: B|E). (A.7)

This quantity has been widely studied in holography. In particular, the so called
monogamy of mutual information (MMI) shows that I3(A : B : E) is always
negative in holography in the case E is on the original AdS boundary [30]

I(A:BE)>I(A:B)+I(A:FE) & I(A:B:E)<0. (A.8)

Hence one can never reduce the correlation between A and B by knowing the
extension F located on the original AdS boundary, i.e. I(A : B|E) > I(A :
B) holds in this case (Fig.A.1). Note that (A.8) is a characteristic property of
holographic states, since it is not generally satisfied by arbitrary tripartite quantum
states.
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Figure A.1: A proof of I(A: B|E) > I(A: B) for an extension papg, where E is
on the original boundary [30]. The difference I(A : B|E) — I(A : B) is given by
the area of dashed orange codimension-2 surfaces minus that of solid blue ones,
which is clearly non-negative by the minimal property of RT-surfaces.

Now, we would like to assert that this type of monogamy (A.8) is still true in
more general holographic states we consider, as long as the entanglement entropy is
still given by a minimal area functional in dual geometry®. This is because the proof
of MMI in [30] does not rely on any peculiarity of asymptotic AdS boundary. In
particular, it does not concern whether the boundary is at the asymptotic infinity
or not. This fact temps us to assume that all extensions with classical gravity duals
satisfy the monogamy of mutual information (or equivalentally I5(A : B : E) < 0).
This situation can be graphically illustrated for example in Fig.A.2.

90One can replace in this argument the area functional to any geometrical functional as long
as it is extensive [30]. In particular, the authors of [30] showed that higher curvature corrections
does not affect the MMI, and conjectured that it will be a common property of all large-N field
theories.
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Figure A.2: A proof of I(A : B|E) > I(A : B) for an extension pspg, where
E is on the minimal purification (i.e. RT-surface of Syp). The difference I(A :
B|E) — I(A : B) in this case is given by the area of the orange codimension-2
surfaces minus that of the blue ones, which is certainly non-negative. For simplicity
here we assumed that FE is relatively small, but the same result is true for large £
(i.e. near the purification).

From the above argument we conjecture that one cannot reduce the correlation
between A and B by measuring an ancillary system E i.e. I(A: B|E) > I(A: B)
holds for any extension with classical gravity dual. With the assumption that in
(A.1) there exists an optimal extension with a classical geometrical description,
the squashed entanglement in holography will be given by just half of the mutual
information (at O(N?)):

B, (A:B) = %I(A . B) | (A.9)

which can clearly be achieved by a trivial extension. This tells that the inequality
E.(A: B) <I(A: B)/2is saturated in holography'’.

As a consistency check of this saturation conjecture, one can test whether the
holographic properties of them (such as the additivity) coincide or not. As men-
tioned above, the mutual information does not always satisfy the monogamy, while
the squashed entanglement does for any tripartite state [44]. The fact that the
mutual information becomes monogamous in holography actually provides a non-
trivial check of (A.6). One might also regard (A.6) as the origin of the MMI in

10This saturation can also be observed in a tensor network model of holography [32].
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holography.

Note that the saturation (A.6) is already implicated in [30], motivated by the
MMI itself.

Moreover, we expect that this kind of saturation also happens for multipartite
cases. Namely, we are tempted to test the saturation of (A.4) in holography (at
O(N?)):

EL(Ar i Ay) =" I(Ay -1 Ay). (A.10)

One of such non-trivial tests is given by the strong superadditivity of multipartite
squashed entanglement [37]:

Bl (ABy - AyBy) > EL(Ay -1 Apy) + EL(By: -+ By). (A.11)

This is true in any 2n-partite state pa, g, ...a, 5, . Note that the multipartite mutual
information does not satisfy this property in general. For example, if one considers
a quantum state

1
PA, By AyByAsBs = EGOOOOOO) (0000001 4, g, 4, By 458, T111I11L) (LTI 4 5. 4B A s )s
(A.12)
This will lead to I(AlBl . AQBQ : Ang) = I(Al : A2 : Ag) = ](Bl . Bz . Bg),
which clearly violates the inequality.
However, in holographic CFTs, one can show that the multipartite mutual
information does satisfy the strong superadditivity. This comes as follows:

I(A1By -+ ABy) = 1(A1By : AyBy) + 1(A1B1AsBy - A3B3) + - -+
oo+ I(A1B1AsBy -+ Ay 1Bn1 0 AnBy)
>T(Ay: Ay) + T(A1 Ayt Ag) + -+ T(A1Ay- - Ay 0 Ay)
4 I(By: By) + I(BiBy: Bs) -+ [(B\By---By1: By)
=I(Ay - A)+I1(By:--: By), (A.13)

where we have used the monogamy of holographic mutual information recursively.
This observation gives us further evidence for our conjectured saturation in holog-
raphy (A.10).

To our best knowledge, there is no counter example for such saturation con-
jecture. If there is a property which L, always satisfies but I does not always,
then one can try to test whether it holds for holographic mutual information. If it
does, this can be considered as additional positive evidence for our conjecture.!!

HNote that related properties about holographic entanglement entropy are intensively studied
in [47] for multipartite setups.
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