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ON TWO LETTER IDENTITIES IN LIE RINGS

BORIS BARANOV, SERGEI O. IVANOV, AND SAVELII NOVIKOV

ABSTRACT. Let L = L(a,b) be a free Lie ring on two letters a,b. We investigate the kernel I of the map
L@ L — L given by (A, B) — [A,a] + [B,b]. Any homogeneous element of L of degree > 2 can be presented
as [A,a] + [B,b]. Then I measures how far such a presentation from being unique. Elements of I can be
interpreted as identities [A(a, b), a] = [B(a,b),b] in Lie rings. The kernel I can be decomposed into a direct
sum [ = @n’m In,m, where elements of I, correspond to identities on commutators of weight n 4+ m,
where the letter a occurs n times and the letter b occurs m times. We give a full description of I ,,; describe
the rank of I3 ,,; and present a concrete non-trivial element in I3 3, for n > 1.

INTRODUCTION

It is easy to check that the following identity is satisfied in any Lie ring (=Lie algebra over Z)
(1) [a,b,b,a] = [a,b,a,b],

where [21,...,2,] is the left-normed bracket of elements z1,...,z, defined by recursion [z1,...,z,] =
[[z1,- .., Tn-1],2n]. We denote by [a,; b] the Engel brackets of a,b :

[a70 b] = a, [a)i-i-l b] = [[a)i b]v b]
For example, [a,3b] = [a,b,b,b]. In [I] the second author together with Roman Mikhailov generalized the
identity ([I)) as follows

n—1

(2) [[a72n b]v a} = Z(_l)i[[aﬂnflfi b]7 [aai b]] ) b )

i=0
where n > 1. This identity is crucial in their proof that the wedge of two circles S' Vv S is a Q-bad space
in sense of Bousfield-Kan. Note that the letter a occurs twice in each commutator of this identity and the

letter b occurs 2n times. Moreover, the identity has the form [A,a] = [B, ).
We are interested in identities of the form:
(3) [A(a,b),a] = [B(a,b),b],

where A and B are some expressions on letters a and b. These identities can be interpreted as an equalities in
the free Lie ring L = L(a, b). Note that a description of all identities of such kind would give a full description
of the intersection [L,a] N [L,b]. Consider a Z-linear map

©O:LeL— L,
O(A,B) =[A,a]l + [B, ).
Then the problem of describing identities of type can be formalised as the problem of describing
I := Ker(0).

Any homogeneous element of L of degree > 2 can be presented as [4,a] 4+ [B,b]. So I measures how far
this presentation from being unique. The problem of describing of I is different from the problem formu-
lated on the formal language of identities, because A, B here are not just formal expressions but they are
elements of the free Lie ring. For example, the identity [[b,b], a] = [[a, a], b] is not interesting for us because
([b,b],—[a, a]) = (0,0) in I. This work is devoted to the study of I.

The Lie ring L has a natural grading by the weight of a commutator: L = @,,~, L,. Moreover, L, =
@k tm=n L. m, where Ly € Lity, is an abelian group generated by multiple commutators with k letters
a and m letters b. We can consider the following restrictions of the map ©

On : Lp1®Ly_1 — Ly, Opi: L1, ®Lii—1 — Ly
and set I,, = Ker(0,,) and I, ; = Ker(0y,). It is easy to check that

I:@In, I, = EB I

n>1 k+l=n



The main results of the paper are the full description of Iy ,,; the description of the rank of the free abelian
group I3 ,; and the description of a concrete series of elements from I3 3, for any n > 1.

The rank of a free abelian group X is called “dimension of X” in this paper and it is denoted by dim X.
It well known that the dimension of L,, can be computed by the Necklace polynomial

1 n
dimL, =~ (7>2d
im Ly = — rly ,
d|n
where p is the Mobius function.

n |1|2]3|4|5|6]7|8]|9 |10 11 | 12 | 13
dimL, [2|1]2|3|6|9]|18|30 |56 |99 | 186 |335 | 630

Since the map ©,, is an epimorphsm, we obtain
diml, =2-dim L,,_; —dim L,,.
We prove the following

if m is odd 1 -1
dim I, — | @ itmisodd dim Iy, = | 2| |22 g
’ 1, if m is even ’ 2 3

(Proposition Proposition [2.5]). For n < 13 we obtain the following table for dimensions.

n 2131415678910 ]11|12]13
dimlsp—2[0|0|{1|0O|2|0|2]0| 1] 01
dim/lz,-3[0|0|0f0O|2|0O|1 |11 |1]2]|1

dim I,, 3/0(1|10(|3[0|6|4|13]12]|37]|40

The computation of dim I5 ,,, shows that there are no any other elements in I5 ,,, except those that come
from the identities . In particular, all non-trivial identities corresponding to elements of I5 ,, have even
weight.

Note that I, = 0 for odd n < 9. This can be interpreted as the fact that there is no a non-trivial identity

of the type [4,a] = [B,b] on two letters of odd weight lesser than 9. However, we have found a non-trivial
identity of this type of weight 9 (Theorem . If we set
C, = [aan b],

then the following identity of weight 9 holds in any Lie ring
(4) [2[C5,C1] + 5[C4, Ca), a | = [2[Cy4, C1, Co] + 3[Cs, Ca, Co] — 2[C3, C1, C1] + [C2,C1, Ca), b .

The main result of this paper is a concrete series of identities that correspond to non-trivial elements in
I3 35, that generalise the identity (Theorem [2.3]). Namely, for any n > 1, the following identity is satisfied
in L3,3n-

L2 ] n 5]
Z ()" a1k x[Cons1ky Crir1] , a| = (-1 j[Crsijs Cryj—1,Cni] , b,

k=0 i=0 j=0

where a0 =1 and «; ; = 2(i+§71) + (1?_12) — (1?_52) — 2(“;3_51) for 4,7 > 0 and (¢, 7) # (0,0). For n = 2

we obtain the identity . For n = 1 we obtain the identity
[ 3[a,b,b,[a,b]] + 2[a,b,b,a] , a] = [ —]|a,b,a,][a,d]] + 2[a,b,b,a,a] , b]
that holds in any Lie ring.

1. IDENTITIES CORRESPONDING TO ELEMENTS IN I3 ,,

Definition 1.1. If w is a Lyndon word, we denote by [w] the corresponding element of the Lyndon-Shirshov
basis of the free Lie algebra L (see [2]). If w is a letter, then [w] = w. If w is not a letter then w has
a standard factorisation w = wv and [w] is defined by recursion [w] = [[u], [v]]. For example, [a] = a and
[ab™] = [[ab™~1],b] = C,,.

Lemma 1.2. The following set is a basis of Lo, with n € N.

{ICr,Ci] |E>1L, k+1l=n kl,meN}.
2



Proof. The intersection of the Lyndon-Shirshov basis with Ly, ,, is a basis of Ly, ,,,. The basis of Ly ,, consists
of commutators of Lyndon words with 2 letters “a” and m letters “b”.

[ablab®] = [[ab'], [ab"]] = —[[ab], [ab"]] = —[Ck, C1].
Word ab'ab” is a Lyndon word only when k > [. The assertion follows. O

Lemma 1.3. For any n € N the following is satisfied:

dim L, = [ 5] = VHJ .

2 2

Proof. Consider the basis from lemma Hence L ,, = ({[Ch,, Cn,] | n1,n2 € No,n1 > ng and ny + ng =
n}). Total number of words with 2 letters a and n letters b starting with a is n 4+ 1. However, in our case
ny1 > no. Hence for odd n number of such commutators is ”“ and for even n it is 7. ([l

Proposition 1.4. For any m € N we have

dim o — 0, if m is odd
Bm = 1, if m is even.

Proof. By definition, I ,, = Ker Og ,,. Then dim I5 ,,, = dim(ker O3 ,,) = dim(Ly @ L2 pm—1)—dim(Im Og 4, )
dim(Ll,m D Lg’mfl) —dim Ly, = dile’m + ding,m,l - dingym =1+ dim Lg’mfl — dim L27m =
1+ {%J — Lmjlj (see lemma. Let m be even, then dim I, = 1+ 5 — Lﬂ — %J =1+ -F =1

2
Consider the case of odd m. Then dim /5, =1+ {7"2_11 - ’”T'H =1+7% - 1L_m_1_yg

2 2 2

O
Theorem 1.5. For any m € N the following is satisfied

Lo 0, if m is odd
B ((Chp, Zil(fl)i[cm_i,@_l])% if m is even.

Proof. Triviality of the kernel for odd m can be easily proven using lemma Consider the case when m
is even. Then basis of L, consists of one element [ab™], i.e. L1, = {afab™] |« € Z}. Basis of Lg 1

consists of L%J elements (according to lemma . Because m is even L%J = 7. Hence the following
equality is true
Lo -1 = {ai[aab™ '] + as[abab™ %] + -+ + a%[ab 2 labm %) | g,y ag, ..., am €L},

By definition, I3 ,, = ker©3,,. We can apply map O, ,, to arbitrary element of L; ,, & L ,,—1 that is
expressed as basis elements and equate the obtained to zero. Jacobi identity implies the following

[[ab™ab™], ] = [[ab™*], [ab™]] + [ab™ab™ 1]

We can use this equality to transform an image of an element from Lg ,,,—1.

m

O2.m a[abm],Zai[abi_labm_i] = aof[adb™],a] +

i=1 2

ai[[abrab™ "), b] =

'Mw\s

1
= —ala, [ab™]] + Z o ([[ab’], [ad™ "] + [ab"tab™ ")) =
i=1
For all i # @ commutator [[ab], [ab™ ] = [ab’ab™?]. Then the sum can be rewritten as follows
= —a[aabm] + a1 [abab™ ] + aq[aab™] 4 aslab®ab™ 2] + az[abab™ ] 4 - - + a;_q[ab" tab™ T+
+ai1[[ab2ab™ " 2] + afablab™ Y + ag[abt tab™ T ] + a1 [abTab™ T ) + g [ablab™ T 4 -

—l-a%[[ab ], [ab™ 2] + am [ab® ~Lab™= 2 1] = 0.

m m m

Last but one element of sum is equals to 0 because avm [[ab? ], [ab™ ™2 ]] = am [[abZ],[ab? ]] = 0. It is easy to
see that for equality we need such coefficients a and «; that terms of the sum will be reduced. Let o = 1, hence
a1 = 1 because we need —afaab™] and a1 [aad™] to be reduced. Other coefficients can be obtained similarly.
Commutators with coefficients «; and «;41 will be reduced. Hence ker O3 ,, is generated by element [ab™] =

Cpn and sum [aab™ 1] — [ababm72]+m F [ab% ~Lab™ = 2+ £+ [ab 2gbm’m] Z (=) abi"tabm ) =
= S (D) ek 1, fab™ ) = S (< 1) [fab™ =, [ab ) = Y (<1)[Coi, i

3
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2. IDENTITIES CORRESPONDING TO ELEMENTS IN Igﬁm
Lemma 2.1. For any n € N the following set is a basis of L3 .
{[Ck, Cl,CR] |E>1LE>m k+1+m=n klmeNy}.

Proof. Lyndon words commutators of length n + 3 with 3 letters “a” and n letters “b” construct the basis
of L3 . It is easy to prove that ab’ab’ab’ is a Lyndon word if and only if i < j and ¢ < ¢, where 4, j,t € No.
Consider two cases:

(1) j < t then [ablablab’] = [[ab'], [ab’ab?]] = [[ab'],[[ab’], [ab']]] = [[ab'], [ab?], [ab]] = [C}, Cj, C;]. Take
t=k,jg=1li=mthenk > k>mandl>m.
(2) j > t then [ab'ablabl] = [[ablab’], [abl]] = [[ab],[ab’],[ad!]] = [C;,C},Cy] = —[C},Cy, Ct]. Take
j=k,u=Ilt=mthenk >m,l <kand m >1. Hence k >m >1,s0k > [.
If we unite conditions of both cases, we get k > [ and k > m for arbitrary k,[,m € Ny. (Il

2.1. Generalized identity with three letters “a”.
Lem‘rr.1a 2.2. FOT. expression a; j = 2(”?71) + (’J;SQ) — (ZJJFZQ) — 2(“;51), where i,7 € Ny the following
conditions are satisfied:

].) Q1.5 + Q51 = Q4 5, when 1 74—‘] and] 7£ 0

2) QG -1 = O g, when i 2 2

3) a0 =2, wheni>1

Proof. We can use the recurrence relation for binomial coefficient to prove the first condition:
14+7—2 14+j—3 14+j—3 1+j—2
ai—l,""ai,'—lzz( . >+< ‘ - . -2 . +
T j j—1 j—2 j—2
Lo L S Lo Lo Lo
(0 (0 () () ()
J—1 J—2 Jj=3 J=3 J Jg—1
i+j—3 i+j—3 i+j—3 i +j—3 i+ —2 i+ — 2
(T (T (" (0 (") (T =
J—1 J—2 J—2 J=3 J—2 J—=3
L AR Lo L
_9 z—&—]- n Z—‘y?] B ’L-ijj 9 Z—ljj ~ .
J J—1 J—2 J=2 ’

To prove the second condition we can substitute j = 4 into oy ; and express each term using recurrence
relation for binomial coefficient:

(21, (22 2i-2) _(2%-1)_
ai=El i—1 i—2 i-2) "

2 — 2 2 — 2 2 —3 2 — 3 2% -3\ (23 2% — 2 2% — 2
- 2 - - _9 —9 -
(o)== () (5) - () - () - (05) (05 (=)
(%), (28 2 -3\ _, (%2
- it i i1 i—2 i-2)

All we need to prove now is that 2(*7?) + () — (¥7}) — 2(*77) = 0. Using symmetric property of

binomial coefficient, i.e. (}) = (,",), all terms will be reduced:

9 2@"—2 n 2-2'—3 B 2'1'—3 _ g 2'1'—2 _ 2'1'—3 49 2'1‘—2 B 2.1'—3 _q 2'1'—2 _0.
) 1—1 17— 2 7 — 2 1—2 1 —2 71— 2 17— 2
Consider the case, when j = 0. We need to mention that for £ < 0 binomial coefficient (Z) = 0. Then the
expression will be as follows.

=20+ (5 (5) (%) (0 ) -2

|
Theorem 2.3. For any n € N, the following identity is satisfied in L3 3,,.
[ =] n 3]
> D" anr ke klCongrok Crgralial = | DD (1) i j[Cryiojy Cyj1,Cril bl
k=0 i=0 j=0

where ag o = 1 and oy ; = 2(i+§_1) + (1';3:12) — (7';'1;2) — 2(“;51), where 1,7 € N.
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Proof. Consider n, k € N. Lets prove the following identity for any k& < n:
k3] ‘ |5
ZZ(_l)l—i_laifj,j[CrH»ifjaCnJrjfl;Cnfi];b = Z (=) 104 [Crtt1—ts Cr144, Cr—i-

i=0 j=0 t=0

Denote the left part as wy, and the right part as . We will prove this equality using mathematical induction
with variable k.

We can expand the sum and use lemma
w1 = [~a0,0[Cpn, Cn—1,Cr] + a1,0[Crt1, Cr1,Cr—1],b] = —=1[Ch, Cri—1, Cp, b] 4+ 2[Crii1, Ce1, Cr1, 0] =
= _1[0n+17 Cnfla Cn]+1[cn+17 Cn, Cn71]+2[0n+17 Cnflz Cn]+2[on+2; Cnfly Cn71]+2[cn+17 Cnflz Cnfl} =
- 2[0n+2; Cnfl, Cnfl] + 3[Cna Cnfla Cn] = aQ,O[Cn+27 Cnfla Cnfl] + 1,1 [Cnv Cnfla Cn] = 01

We need to prove that wy = 6j implies w11 = O+1. We can expand wy41 as a sum of wy and the
last element of the first sum in wyy1:

—~—

52
Wgt1 = W + Z (=215 i [Crtit1—js Crgj—1, Ceio—1), b
05 7=0

By expanding the commutator as follows [Cp1k+1—5, Crntj—1, Cr—k—1,b] = [Crntk+2—j, Cntj—1, Cn_k—1,b] +
[Crtkt+1—js Cntjs Crk—1, b +[Crkt1—j, Cntj—1, Cn_, b], we can express the second term as three different
sums. One of them will be reduced by 6.

| ] | =]
W1 = Z (=) avpy1—t4[Crtht1—ts Cr14t, Cr i)+ (=) 2apy1-j i [Crsrro—j, Crtj—1, Crmp1]+
t=0 =0
+ 11

5] |5

+ (—=1)*"2 01—, [Crtks1—js Crgjs Crmk—1] + (—D)* i1 [Crtis1—js Crsj—1, Cni] =

[557)

N‘
N‘

<
Il
=]

<
<]

>
+
-
>

N‘

[ ]
(=) 2041-5,5[Crtir2—js Crgj—1, Crmio1] + Z (—1)"*?py1-; i [Crtbs1—js Crts Crmi—1]
j=0 j=0
Denote commutators in sums as a; and b; correspondingly. We can show that for any j > 0 it is satisfied
that aj4+1 = bj.
aj41 = [Cniit2—j—1,Cngjri—1,Crnk—1] = [Crnprti—js Cntj, Cn—p—1] = b;.
Because of that, the expression can be written as a sum of ag, bL k| with corresponding coefficients and
2
one sum on index j with summed coefficients.
2] -1
We1 = Z (—D)** (g jr1trari1— i )Cnikr1—js Cntjs Crnor1]+(=1)*2ap 1 0[Criras Cro1, Cr 1] —
§=0
+(—1)k+204 k41 k41 [C k1, C it ), C ]
k= [ A5 L[ A5 | P nbk 1= [ 52 ] M [ A | kLl
Coefficients of commutators, in obtained sum on index j, can be transformed using the first case of lemma

[2:2] Also, we can change index of sum by subtracting 1 from it. Coefficient of ay can be rewritten using the
third case of lemmaﬁ Then bL kit | will become a zero element of sum on index j.
2

5]

Wet1 = (=12 ay 405 i [Cotiro—js Crm14jy Crmi—1] + (=1)* 2 ayi0 0[Criigas Crmt1y Crm 1]+

N‘-,L

HED o g 52 O 22 Qa2 O] =
|5
- Z) (1) k12 [Cnikt2—js Cn11j> Cnk1] + (—1)k+2%+1—L%JvL%JbL%J'
iz
Consider two cases:



1) k is odd. Then LLJ = % + %J = % + L%J = % = {%J, hence bL%J = 0. It is true because

bL%J =[C i1 SEp C,. Bl Cp—r—1] = [0,Cp—_k—1] = 0. Consequently wi11 can be expressed as follows.

1552
Wk+1 = Z (_1)k+2ak+2fj,j[Cn+k+27j7CnflJrjvCn*kfl] = Ok+1.
=0
. k+2| _ k+2 _ |k _ | k1 —
2) k is even. Then L—J = 5= = bJ +1 = LTJ + 1, hence Opyo | k2| | kg2 | = O| kg1 |4 | 542
because of the second case of 1emma ﬁ It is important to mention that LkHJ = Lg + %J =
Qg | B2 | [ | = Okyy [0 | = O i1 LLJ We can express 641 as a sum up to L—J 1= {7

and the last addendum with j = L#J L J
542
Orp+1 = Z (=140 ;[Crtiro—js Cro14j, Crog—1]+
j=0

2

+(_1)k+2ak+2*[¥J1LMJ [Cn+k+2—L%jfl’Cn 1| Bt J+1ycn—k—1] =

+

15

= (1) ?apy2-;[Cniksa—j> Cn11js Cnk—1] + (—1)“2%“{% )b e | = Wh

N‘

<.
I
=)

Consequently, the identity above is satisfied for any n,k € N, such that £ < n. If we substitute & = n,
we will get the original identity. |

2.2. Additional results.
Lemma 2.4. For any n € N the following is satisfied:

—1
dim L., — dim Ly p_y = V‘ . J +1.

Proof. To calculate this expression, we need to count all Lyndon words of form ab™ ab™?ab™3, where ny,nq, n3 €
Ng and ny + no + n3 = n. Let ny = ¢ and no = j, hence n3 = n —i — j. As it was mentioned before,
ab™ab™ab™ is a Lyndon word if and only if n; < ny and n; < ng, where ny,ns,n3 € N. We can portray
integer points that satisfy these conditions on coordinate plane by drawing plots of functions ¥y = x and
y=n—2x.




Abscissa of functions intersection point is 7. ablab’ab™ =7 is a Lyndon word if point (4, j) belongs to AABC
(without point on the line y = n —2z). Then dim L3 ,, equals to number of integer points in ADEC. Hence
dim L3 , — dim L3 1 equals to number of integer points on segment DE, i.e. L%‘lj + 1. ([l

Proposition 2.5. For any m € N the following is satisfied:

dim I, = [%] - {m;lJ CL

Proof. By definition, I3, = ker ©3,,. Hence, according to lemmas [T.4] and |_TLAFIL dim I3 ,,, = dimker ©3 ,,, =
2

dim(Lgﬂn D L3,m—1) — dlm L37m = dlm Lg)m — (dlm Lgym — dln’l LS,m—l) = [m — LmTAJ — 1. |

Lemma 2.6. For k > 1, k > m the following is satisfied:

[Crkit1,Cl, Cr] + [Chy Cry1,Cr] + [Cr, Cr, Cra ], if k> 1+ 1, k>m+ 1
[Ckt1,Cl, Cr) + [C, Cty Crpga l, if k=141, k >m +1

2[Crk+1,C1, Cr] — [Ck+1,Cig1, Con—a ], if k=141, k=m
2[Ck+1,C1, Cr) + [Cky Cr41, Cr] — [Crt1, Cr, Cil, if k> 14+ 1, k =m.

[Ck7 Cla Cm7 b] =

Proof. 1t is easy to rewrite the expression in the first case using Jacobi identity:
[Ck, C1, Cin, 0] = [Cy, C1, b, Cr] + [Ch, C1, [Co, b]] = [Cregr, Cr, Co] 4 [Ch, Cryn, Cr] + [Ch, Cr,y Crg1].
Second case:
[Ck, C1, Cpn,y b = [Cig2,Ct, Cr] + [Cri1, Cri1, Cr] + [Cli1, Cry Cnt1] = [Crt1, City Cr] + [Cr, Cry Cia]-
Third case:
[Ck, Ci, Cp,y b] = [Cry1, Ci, C) + [Cr, Cry Crng1] = [Crt1, C1, Cin] 4+ [Cry Crige1, Gt + [Crge1, Ciy Ci] =
= 2[Cr+1,C1, O] = [Cht1, Crpa, Cppa].
Fourth case:
[Ck, C1, Cn, b = [Crg1,Cl, C] + [Cr, Cr1, Cin] + [Cr, Ct, Crat] = [Ciog1, C1, Cr] + [Cr, Crgr, G+
+[Ck, Crat1,C1) — [C1, Crs1, k] = [Crt1, C1, Cn] + [Ck, Crg1, Cr) + [Ck, Crng1, C1) — [Cr, Crr, k] =
= 2[Ck+1, C1, Cr] + [Ck, Cry1, Cr] — [Cry1, Cr, Ci).

Theorem 2.7. The kernel of Oz 3 is generated by the following element:
(3[C2, C1] + 2[C3, Col, [C1, Co, C1] = 2[C2, Co, Co)).

Proof. According to lemma dim I3 3 = (%1 — bJ — 1 = 1. Consequently, we have to provide only one

identity to describe the whole I5 3. Substitute n = 1 into identity from theorem
[a2,0[C3, Co] + a1,1[Co, C1], a] = [—0,0[C1, Co, C1] + a1,0[Ca, Co, Co}, b].

By definition of «; j, a0 = 2, 1,1 = 3, ap,o = 1 and a0 = 2. We can move right part of the equality to
the left side and it will become an image of the element from Lo 3 & L3 o:

[2[C3, Col+3[Ca, C1], a]+[[C1, Co, C1]—-2[Cs, Co, Col, b] = O3.3(2[C3, Col+3[Ca, C1], [C1, Co, C1]—2[C4, Cp, Cy]) = 0

As a result, we obtained the element that generates all identities in L3 3 that is equivalent to description of
1373. O

2

Theorem 2.8. The abelian group Is ¢ is generated by the following element
(—2[Cs5, C1] = 5[C4, Co , 2[C4, C1, Col + 3[Cs, C2, Co] — 2[C3, C1, C1] + [Ca, C1, Cs))

Proof. Similarly to proof of the theorem dimI36 = [$] — [3] — 1 = 1. Substitute n = 2 into identity
from theorem 2.3t

[—013,0[05, Cl] — Q21 [047 02], a] = [—010,0[027 Cy, Cz] + 01,0[03, Cy, Cl] — Q20 [04, Cy, C()] — Q1,1 [037 Cy, 00]7 b]~

Coeflicients will be a3 =2, as1 =5, ago =1, a10 =2, g = 2 and ;1 = 3. Again, we’ve found an

element of Ly ¢ @ L35 that generates all possible identities. Coefficients in the right part will be multiplied

by —1 because of moving to the left side. ]
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