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SHARP WELL-POSEDNESS AND ILL-POSEDNESS FOR THE 3-D
MICROPOLAR FLUID SYSTEM IN FOURIER-BESOV SPACES

WEIPENG ZHU!

ABSTRACT. We study the Cauchy problem of the incompressible micropolar fluid sys-
tem in R?. In a recent work of the first author and Jihong Zhao [30], it is proved that
the Cauchy problem of the incompressible micropolar fluid system is locally well-posed

.. 9.3
in the Fourier-Besov spaces F'B,,,” for 1 < p < oo and 1 < r < oo, and globally
well-posed in these spaces with small initial data. In this work we consider the critical

case p = 1. We show that this problem is locally well-posed in F' B ;i for1 <r <2, and
is globally well-posed in these spaces with small initial data. Furthermore, we prove

-1
that such problem is ill-posed in F'By ,. for 2 <7 < oo, which implies that the function
-1
space F'B, 5 is sharp for well-posedness. In addition, using a similar argument we also

prove that this problem is ill-posed in the Besov space BZl with 2 < r < oo.

00,

1. INTRODUCTION

In this paper we study the following initial value problem for the system of partial
differential equations describing the motion of incompressible micropolar fluid:

Ou— (X +V)Au+u-Vu+Vr —2xV xw =0 in R® x Ry,

0w — pAw + 1 - Vw +4yw — kVdivw — 2YV x u = 0 in R® x R,
divu=0 in R® x R,

(u, W) |=0 = (ug,wp) in R3.

(1.1)

Here u = u(z,t), w = w(z,t) and 7 = w(x,t) are unknown functions representing
the linear velocity field, the micro-rotation velocity field and the pressure field of the
fluid, respectively, and k, u, v and y are positive constants reflecting various viscosity
of the fluid. For simplicity, throughout this paper we only consider the situation with
k=p=1and x =v=1/2.

The model (1.1) was first theoretically studied by Eringen in the pioneering work [7].
It was proposed as an essential modification to the classical Navier-Stokes equations
for the purpose to better describe the motion of various real world fluids consisting of
rigid but randomly oriented particles (such as blood) by considering the effect of micro-
rotation of the particles suspended in the fluid. A fluid possessing such a property is
called a micropolar fluid, so that the model (1.1) is referred to as micropolar fluid system
in the literature. Since the publication of the article of Eringen mentioned above, there
have been some experiments in laboratory showing that solutions of the micropolar fluid
system do better mimic behavior of real world fluids like blood than those of the classical
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Navier-Stokes equations, cf., [19-21] and references therein. We refer the reader to see
the references [16, 18] for more physical background of the above model.

Clearly, if x = 0 and w = 0 then the system (1.1) reduces into the classical Navier-
Stokes equations, which have been intensively studied during the past sixty years, espe-
cially during the past twenty years. We refer the reader to see the compositive books
of Lemarié-Rieusset [14,15] and references cited therein for interested reader on Navier-
Stokes equations. Our interest of this paper is the case x # 0 and w # 0.

Mathematical treatment of the micropolar fluid system (1.1) has also drawn much
attention during the past fourty years. The first result on existence and uniqueness of
solutions of the problem (1.1) was obtained by Galdi and Rionero in the reference [10].
Existence of global weak solutions of the problem (1.1) was established by Lukaszewicz
[17] and Boldrini and Rojas-Medar [23]. For existence and uniqueness of strong solutions
to the problem (1.1) and more complex systems such as the magneto-micropolar fluid
system, we refer the reader to see [4,22,24]. Well-posedness of the problem (1.1) in
various function spaces has also been well studied by many authors and some interesting
results have been obtained. For instance, in [9] Ferreira and Villamizar-Roa proved well-
posedness of a more general model than (1.1) in pseudo-measure spaces. In [5] Chen
and Miao established global well-posedness of the problem (1.1) for small initial data in
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the Besov spaces BP,TH”(]R?’) for p € [1,6) and r = oco. Moreover, if r = 1, the range of
p for the existence can be extended to [1,00). Recently, in a collaborating work of the
first author of the present paper with Zhao [30], well-posedness of the problem (1.1) in

the Fourier-Besov spaces F' B (R3) for p € (1,00] and r € [1,00) is established. We
also refer the reader to see the references [6,27-29] for other related work.
In this paper we study well-posedness of the problem (1.1) in the borderline Fourier-

Besov spaces F 'B_l(]R?)) (1 < r < o0). We prove that this problem is well-posed in

F ‘B;i(R3) for 1 <r < 2, while ill-posed for 2 < r < co. Further, as a by-product of the
argument that we use to prove the second result, we also prove that the problem (1.1) is
ill-posed in the Besov space BC;},T,(R?’) for 2 < r < oo. For systematic study of the issue
of sharp well-posedness and ill-posedness of the problem (1.1) in Besov-type spaces we
leave for future work. '

Fourier-Besov spaces FB;T(R?’) (s € R, p,r € [1,00]) (see Definition 1.2 below) were
first introduced by Iwabuchi in [11] in the study of the parabolic-elliptic Keller-Segel
system. Later in [12] Iwabuchi and Takada used such spaces to study the initial value
problem of the Navier-Stokes-Coriolis system arising from geophysical fluid theory. They
are introduced for the purpose to overcome difficulties caused by some linear terms like
the terms 2xV X w, 4yw and 2xV x w in the model (1.1). Application of such spaces in
the study of the classical Navier-Stokes equations was made by Konieczny and Yoneda
n [13], where they proved global well-posedness of small-data initial value problem of
the Navier-Stokes equations in critical Fourier-Besov spaces. We also refer the reader to
see [1,8] for some extensions of these results in the Fourier-Besov-Morrey spaces for the
active scalar equations and the Navier-Stokes-Coriolis equations, respectively.

Before stating the main results of this paper, let us first introduce some notions
and notations. Let S(R?) be the Schwartz class of rapidly decreasing functions on
R3, and S&'(R?) the space of tempered distributions. Moreover, we denote S;(R3) :=
S'(R3)/P(R?), where P(R?) is the set of polynomials (see [2,26]). Let ¢, be two
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nonnegative functions in S(R?) supported in B := {£ € R® : [£] < 3} and C := {¢ €
R3: 3 < |¢] < 8}, respectively, such that

D w(27E) =1, VEeR\{0}
JEL

and

O+ b7 =1, VeR

7>0

For u € §'(R?), we define the homogeneous dyadic blocks A; and S; as follows:
Aju=F 1 27a(€)) and Sju:=F (p(277)a(€)), VjeZ,

where F~! is the inverse Fourier transform. Then for any u € S} (R?), we have the
following well-known Littlewood-Paley decomposition:

u = Z Aju and  Sju= Z Apu.
JEL k<j—1
Moreover, one easily checks that

AjAyu=0, [j—kl >2 and A;(Spuldyu) =0, |j—Fkl>5.

The homogeneous Besov space B;,T (R3), the homogeneous Fourier-Besov space F.B;T(R?’),
and the Chemin-Lerner type space L0, T; F 'B;T(]R?’)) are respectively defined as fol-
lows:

Definition 1.1. Let s € R and 1 < p,r < oco. The space B;T(R?’) is defined to be the
set of all tempered distributions f € S;(R?) such that the following norm is finite:

1
(Sice 271851 15)" i 1<r < o0,
supjez 27°(|A; f| o if r=o0

Definition 1.2. Let s € R and 1 < p,r < oo. The space F‘Bs (R3) is defined to be

the set of all tempered distributions f € S;(R?) such that fe LlOC(R?’) and the following
norm is finite:

1
(e I8 ) " i 1S <o,
supjez 27°[| A f[ e if T=00
Definition 1.3. For 0 < T < oo, s € R and 1 < p,r, A < oo, we set (with the usual

convention if r = 00):

1
||f||LA FB, 22]” |A f”LA(OTLP )T'

JEZ

We then define the space L0, T; F'B;T(R?’)) as the set of temperate distributions f over
(0,T) x R3 such that jli)r_noo S;f=01in8(0,T) x R and HfHﬂ%(F'B;,T.) < 00.
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The corresponding linear system of the nonlinear system (1.1) is as follows:
ou—Au—V xw=0,
Ow —Aw+ 2w —Vdivw —V x u =0,
divu = 0,

(u, w)]i=0 = (ug,wp)-

(1.2)

We use the notation G(t) to denote the solution operator of the above problem, i.e.,
for given initial data (ug,wp) in suitable function space, (u,w)? = G(t)(ug,wp)? is the
unique solution of the above problem. A simple computation shows that the operator
G(t) has the following expression:

(GO = e AOf(©) for fx) = (fi(x), fola)T,

where
_ [lePr B(¢§)
AQ=1Ble) (e +2)+c(©)
with
0 & & &7 & &6
B¢)=i|-¢& 0 & and C(&) = |G & &&
& —& 0 6i& 6& &

On the other hand, it is convenient to eliminate the pressure 7 by applying the Leray
projection P to both sides of the first equations of (1.1), one has

Ou—Au+P(u-Vu) =V xw =0,
Ow—Aw+u-Vw+ 2w —Vdivw -V xu=0,
divu = 0,
(1, W) li=0 = (o, wo),
where P := I+ V(—A)~!div is the 3 x 3 matrix pseudo-differential operator in R?* with
the symbol (6;; — Tii’{)‘g Denote by

& Jig=1
ven= (o) v=(000) = () veo=(UE)) =12
and

U,QU, = <u1 ® u2) ., PV. (U,&Uy) = (PV (@ u2)) .

(1.3)

U @ wo V- (u1 ® wo)

Then by the Duhamel principle, the solution of system (1.3) can be reduced to finding
a solution U of the following integral equations:

U(t) = G(t)Uy — / t G(t — TPV - (USU)(7)dr. (1.4)

A solution of (1.4) is called a mild solution of (1.1).
The main results of this paper are as follows:

Theorem 1.4. Let r € [1,2] and o € (0,1).
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(1) For any initial data (ug,wp) € F'Bl_;(R?’) satisfying divug = 0, there exists a positive
T such that the system (1.1) has a unique mild solution such that

(u,w) € C(10,T); FB, (R%) N L™= (0, T; FB} (R*) N L™= (0, T; F B, (R?)).

ere exists a positive constant € suc at for any initial data (ug,wy) € B R?
2) Th t t tant h that f tial dat FB,,
satisfying divug = 0 and

(0, 0) et < €

the system (1.1) has a unique global mild solution such that
(u,w) € C((0, 00); FBy,(R?)) N LT (0, 00; FBY,(R?)) N LT5 (0, 00 F B, ; (R?)).

Theorem 1.5. For r € (2,00|, the system (1.1) is ill-posedness in F'Bl_,i(]R?)) in the
sense that the solution map is discontinuous at origin. More precisely, there exist a

sequence of initial data {fN}¥_, C F.B;;(Rg’) and a sequence of time {t" }35_, with
||fN||F'B;i(R3) —0and ty — 0, as N — oo,
such that the corresponding sequence of solutions (u,w) € C([0, 00); F'B;;(R?’)) to initial
value problem (1.1) with (u,w)[f™](0) = fV satisfies
P iy = 0 a0 TP g = o
with a positive constant ¢y independent of N.

Theorem 1.6. Forr € (2,00, the system (1.1) is ill-posedness in B\, (R?) in the sense
that the solution map is discontinuous at origin. More precisely, there exist a sequence

of initial data {fN}¥_, C F‘B;;(Rg) and a sequence of time {tN}¥_, with
||fN’|BgO{T(R3) — 0 and tn — 0, as N — 0,

such that the corresponding sequence of solutions (u,w) € C([0, 00); F'B;;(R?’)) to initial
value problem (1.1) with (u,w)[f™](0) = fV satisfies

Il M 1E 22, sy 2 o and [l IE) 2, g3y > o,

with a positive constant ¢y independent of N.

The rest of this paper is organized as follows. In Section 2, we prove Theorem 1.4.
The proofs of Theorem 1.5 and Theorem 1.6 is given in Section 3.

Notation. In the following, let ¢; and ¢y be two positive constants, we use 54 ~ B to
denote ¢;A < B < ¢;A. Given f € L'(R?), the Fourier transform F[f] (or f) and the
inverse Fourier transform F~![f] (or f) are defined by

FIUNO = fi6) = [ eyt FUNO = Q) = s [ e

R4
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2. THE PROOF OF THEOREM 1.4

In this section, we aim at establishing the local and global existence and uniqueness
of solutions for the generalized micropolar equations (1.1). To this end, we establish
some linear estimates for the semigroup G(-) and collect an important multiplication
estimate.

2.1. Linear estimates and product laws. We first give the property of semigroup

G().
Lemma 2.1. Fort >0 and || # 0. We have

_ —|g|2? . _ _
le™ 4O < e ¥ with e = sup [l f]. (2.1)
lFl1<1
Here || f|| = max; |a;| with ||f|| = S0_, avi, v1,v9, -+ ,v6 are the eigenvectors for A(E).
Proof. See the proof in [9]. O

Next, we establish the linear estimates for the semigroup G(-).

Lemma 2.2. Let r € [1,4+00]. Then there exists a positive constant C' such that

for allt >0 and all Uy € FB,,.

Proof. By Lemma 2.1, we have

1G#)Voll i 2 <Z2 TFIGE)A, U0]||L1>

JEZ

(ZQ e MO FA,; Uo]!lu)

JEZ

1
T

=C (Z 2_”6_52”!|f[Aon]||21>

JEZ.

<c <Z 2‘]"“IIF[A]-U0]||21)

JEZ

= CHUOHF'B;l
This completes the proof of Lemma 2.2. O

Lemma 2.3. Letr € [1,+00], T € (0,400] and o € (0,1). Then there exists a positive
constant C' = C(«) depending only on o such that

GOVl < OllU| g

p#a (0,1;FBE 25 i

for all Uy € FBl_Tl,
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Proof. By Definition 1.3, it is easy to see that

r(+a)
IGOTO e i (Zzﬂ IFCOATN )

jr(xa) i ,—tA(E
(Zz e A OFIATI 2 )

<O(X 2 e 1 F Ul

1
T
1
T

1
T

L= (o, T))

1

< oY 2t Fa U1, )
J

< CHUOHFB;?{
The proof of Lemma 2.3 is complete. O
Lemma 2.4. LetT >0, s € R and p,r, X € [1,00]. Then there exists a positive constant
C such that
| [ at-niear|, . . <l
LMO,T;F B, , ) L1(0,T;FB;, )
for all f € LY(0,T; F'BP;X).
Proof. By Young’s inequality, we obtain
t
Gt — d )
H / (t =) f(r)dr LM0,T;FB;, )
2]7’5 —(t—7).A(&) FIA. ‘ ) B
- (2 [ e omsnmad,

1

r

(t—7)2% ' "
[ iEaaivad, )

1

< C(Zzﬂ“
J

< o( 2 DIFAAD s oam)
J

< Clf]]
We complete the proof of Lemma 2.4. O

- L s—2 .
LY(0,T;FBy.*)

Finally, we collect an important multiplication estimate in the context of the homo-
geneous Fourier—Besov spaces.

Lemma 2.5. Let r € [1,2], T € (0,+00] and o € (0,1). Then there exists a positive
constant C' such that

||fg||[~/1(0,T;F'B1 < C(Hf“

+ gl

L1+a(0TFB HgHLi_(OTFB “)

sy T 171

Proof. See Lemma 2.4 of [25]. O

i7%s (0,1;F B ))
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2.2. The proof of Theorem 1.4. In order to prove Theorem 1.4, we shall employ the
following standard fixed point theorem.

Proposition 2.6. Let X be a Banach space, B a continuous bilinear map from X x X
to X, and ¢ a positive real number such that

1
< ——— with ||B||:= sup [|B(u,v)].
4B | Jullloll<1

For any y in the ball B(0,¢) (i.e., with center 0 and radius €) in X, then there exists a
unique z in B(0,2¢) such that
r=y+ Bz, ).

Proof. See Lemma 5.5 in [2]. O

Proof of Theorem 1./ (1). Let a € (0,1) be as in Theorem 1.4. Given T' > 0, define the
solution space X ¢ as

Xg:={U: UeLu(0,T;FB;,)NLts(0,T; FB, )}
and equipped with the following standard product norm:
1915 = W01 g, 10
Given U € X£, we define ®(U) as follows

HE% (0,T;FBy )’

O(U) :=G(t)Uy — /t G(t — )PV - (URU)(r)dr. (2.2)

Obviously, U is a mild solution of (1.1) on [0, 7] if and only if it is a fixed point of ®.
We define the bilinear operator B as

t
B(U,, Us) = / Gt — )PV - (1h&U,)(7)dr. (2.3)
0
Then by Lemma 2.4 and Lemma 2.5, we have

|BUL, U) s = | / Gt — 7PV - (U0 (Fdr| . >

i (0,1 JFB )

+y|/0 G(t — 7)PV - (UL QU,)(r)dr||. >

LT (0,T;FB; ;)

< C|PV - (U1®U2)||L1 (0,00:F B 1)
<C{||U1H = (01 F B0 H 2HL'1_(0TFB )
+l 2||L1+a(0TFB I 1HLl E OTFBH)}
A APN AT 24

Combining (2.2) with (2.4), we conclude that
12(U)llxg < 1GOUoll gy + CrllU | xg 1U ] xg-

Notice that applying Lemma 2.3, we have

IG#®)Vollxg < CollUsll ;1
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Then [|G(t)Upl|xe — 0 as T" — 0, since o # 1. Hence, there exists T > 0 such that
||G(t)UO||X§¥ < ﬁ-

solution U € X¢ with ||U][xe < ﬁ By using a standard density argument, we can

further infer that U € C([0,7); FBl_i (R3)). The proof of Theorem 1.4 (1) is complete.
Next, we replace X7 by X&. Then we have

Using Proposition 2.6, system (1.1) admits a unique global mild

IB(UL, Ua)llxg, < CullUn]lxg |0zl xe (2.6)
Combining (2.5) with (2.6), we conclude that

12(U)llxg, < CollUoll 2 + CillUlxg 1Tl xg, -

Hence, applying Proposition 2.6, if ||Up|| Fpt < , then system (1.1) admits a unique

1
4C1C2
global mild solution U € X§ with ||Ul|xe < ﬁ This complete the proof of Theorem
1.4 (2). O

3. PROOFS OF THEOREM 1.5 AND THEOREM 1.6

In this section we give the proofs of Theorem 1.5 and Theorem 1.6. Before giving the
proofs, let us sketch the ideas used in the proof of Theorem 1.5, which can be used in
Theorem 1.6 similarly. Motivated by [3,12], we define the maps A,, for n = 1,2,--- as
follows:

A= 3 /0G(t—T)f’V-(Anl(f)®An2(f))(T)dT for n—=2.3--

ni,n2>1n1+n2=n

Then we construct a sequence f" such that [|fV]|,, @) — 0 when N — oo and
1,7

||fN||F-B;;(R3) < C6. For r € (2,00], it is easy to check that
N
||Al(f )||FB;i(R3) - 07 N — o0,

and

D A i sy < O DA g sy S O, N> 1,6 < L.
k=3 k=3
The key point is to prove

S A gy > O N> 1, 6< 1,

k=3

which implies that system (1.1) is ill-posedness in F 'Bl_’rl,(R?’).
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The proof of Theorem 1.5: We rewrite A(&) as follows:

A(€) = Qdiag(€]”, 20¢* + 2, 1€ — VIEP + 1+ 1 [¢P = VIR + 1+1,
P+ VIEP+ T+ LEP+ VIEP+ 1+ DR
= Qdiag(|¢]?, 2/¢%, €17, 1€, €%, €)@
+Qdiag(0,2, —/[EP+ 1+ 1, —/[EP+ 1+ 1,
VIEE+1+1, V)P +1+1)Q !

= A1(§) + A2(),
where
[& , —voTesét Vgt Volegé” —V/TgpE-
l€]2 le? lel? ez
© ( —VoTegEt VIt JoTepgEs  VoIETHENE
€3 €11¢? €1le? €1lel? €1lel?
Q=110 VEIERHE3)ET  oTeaeadt —VELETHE)ET —v=Teesé |
11¢? €1le? €1le? €1le? )
0 & & —&3 &2 —&3
&3 &1 &1 &1 &1
&
0 1 0 1 0
&3
0 1 0 1 0 1 J

Here £+ = VIEP+1+1 and & = V€2 + 1 —1. Since A;(£)Ax(E) = Az(€)AL(E), we

have

(tAE) gt AO+A(E) _ —tAI(E) o—tA2(€)

Note that e *42(&) = 2;0% =TI+, % then the semigroup G(-)
satisfies

~ B —tA(s —tA1 tA2 o —
where
EH() R LN
0 R()
with
2 2 2
€22l +£ge,;‘§‘ +e2etlel 51526*2t\€\2;51§26*t\5\2 51536—27:\{\27251536—7:\{\2
l€] l€] lél
2 2 2
— §1€2€72t‘5‘27§1£267t‘5‘2 g%e*t\f\ +5%e*2t\§\ +§§e*t\5\ £2§3e72t‘§‘2752§3e7t‘5‘2
) 2 2 2
l€] l€] l€l
2 2 2
L e foege 287 g e omtlE? 2emtEl® 2o —tlEl g2 2t
HE HE €2

Let [V := (ul’,wl’) and define

1, if |&] <1, k=1,2,3
0, otherwise,
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and Xj-E = (&£ F 2ey) for j € Z, where e; = (0,1,0). Then we construct a sequence
{(ud,wi)}3%_, by Fourier transform

[EN]+1 &
— 5v/—1 . 1
WO =1 2 PO+ @ | =&
j=N
and
[3N]+1 &
—~ §v/—1 . 1
wy' (€) = NI 2”(xj(£)+x;(£))m 0],
> j=N 0

here ¢§ is a small constant which will be chosen later. It is easy to see that
N 1_1
for all N € N and all 2 <r < co. Then by Lemma 2.2, we obtain

1AL (fY) )| oyt < CONT—2 (3.1)

1,r

forall N e Nand all 2 <r < 0.
Let E be a measurable set in R? such that the Lebesgue measure of F is positive,
there exists a constant C' > 0 such that

2
_ % >0, for €= (6,6.6) € B,

and

1
Ec{SGR?’lES&SL €] < 1}

—

Since & < |¢] < 1 for all £ € F, there exists jo € N such that 37° . ¢;(¢) = 1 for all

10 J=—Jo

ek
Note that
([N Wl =AY,
k=1
define
(uk(fN)T7wk(fN)T>T = Ak(fN)v k= 1727"' )
then

ul N =3 w(fY), Wl =) w(fY).
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By considering the first component of Flus(f)(¢)](€), we have

I[szNX)Kﬁﬂ

|

’/ R CTE 61% Zﬁk « (G(r) ¥)udr
2 g
-| [ e -niFy. <G<r>fN®G<T>fN>1<5>dT\

2| [ e

/ —(t=mlel (1 — & S gy (e TP U, 5 (e TP G, dr‘
0 €1

— / —(t—7 52€|§22€ (e HfPuéV)l « (6—7\5\2u§)2d7‘
0

_ / —(t—1)|€|? g‘é% 62(6—7\5\2ué\/)2 % (6—7\5\2ué\7)2d7‘
0

2y / D = S ) (G (€7 ]|

k=1

—Z / IR (5, — S (G, e ¢ (G (6 P |

2
P! €l

/ G (6.t — )| FIPY - (G(r) N OG(r) 1)) (€)dr
I t) — aE,8) — Ty(E0) — Tu(€1) — To(E,1) — Jo(E, 1) — J(E0).

We first estimates for J;(£,t) with € € E. By the definitions of u’, we have

g [ e o—r(E=n>+Inf?)
nen |- [ensa-te [ o

[EN]+1

Gz mm o > 25X (§ = n)x; (n)dndr|.

€ =nllnl N =

Since

(&2 — m2)ne <1

-1< <
& —nl|n] 16

(3.2)
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for all n € supp x; with { —n € supp X;’, or all n € supp X;’ with £ —n € supp x; , we
obtain

[2N]+
Cs? g _
Ji(&,t) > N Z 2]/ / T(|€=n|*+[nl?) X] e - n)X]( Ydndr
j=N =
[2N]+1
o852 o 25
Z s 22]2—2](1 - 682 Jt)
N =
> Co°
for all € € E and all t ~ 272V which yields that

1J1(&,8) || 12 (m) > C6°. (3.3)
On the estimates of J5(&,t) and J5(¢,t) for £ € E, we have

[EN]+1

052 > _
Jo(6,1) + J3(€,1) < — Z 223/ / r(e—n2+ni?) €1 = 771||772|Xj (€ = n)x; (n)dndr
R3 € = nlln]
[2N]+1
C6% >
< ~ 223/ / T([g=nl>+n*)9— ]Xj (€ — U)X]( YdndT
Jj=N RS
[SN]+1
22 . S
< 92j9=2j9=]
N =
Co?
< NaF (3.4)
On the estimates of J4(&,t) for £ € E, we have
[2N]+1
052 > _
Ju(€,1) < = Z 223/ /RS 7(ig=nP*+nl? %x}(ﬁ—nm (n)dndr
o8 [2N]+1 o
< Z 92972192
Co?
S W. (3-5)
On the estimates of J5(&,t) and Jg(&, t) note that
—2Ng3N ,
G (5 )| = ‘ —TAL(E) Z (- TA? ‘ < Ce —lgf? Z% < 2% Tl
k=1 k=1 ’

for all € € suppa{? and all 7 € (0,¢] with t ~ 272, Then for £ € E, we obtain

vy [ ~Tle=n 1 FN (¢ — e~ N (n) I dndr.
2y [ [ R = e N

E
2

J5(8, 1) + Js(&, 1) < C(2
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Since it holds that Z;:OZ_].O %(f) =1 for all £ € F, Lemma 2.3, Lemma 2.4 and Lemma
2.5 ensures that

195(6,8) + Jo(& Dl oy < C27% / eTTHIFN ()] % e FN () dr|

LY(B)

1

<cr ¥ JO / G FIF e P )

J——Jo
< C2 > |F e AN INFE e )
_N
< C2 NP,

<0527, (3.6)
On the estimates of J7(&,t), since it holds that

—

Gl )] = |em4® 3o Crelan e }< Ce ‘7'5'227(2_,:7)]6 < coN
k=1 k=1 ’

for all £ € E and all 7 € (0,t] with ¢ ~ 272, Then, in the similar way to (3.6), for
¢ € E, we have

[77(&, )| Ly < 02‘2N/0 IFIG() Y @ Gr) f||dr
< C27V |G NG )
< 02‘2N||fNII§~Bf;
< Co*27N, (3.7)

By (3.2)—(3.7), we see that

C
V)0 s 2 8(C — O — €272 — )

for all N € Nand t ~ 272V, Let N large enough, then we have

CH?
||U2(fN)(t)||F-B£1 > 5 (3.8)

Now, we consider the fourth component of F[A,(f)(¢)](€), which is the first compo-
nent of Flwa(fN)(¢)](€). Denote R; ;(&,t) by the entry in the i-th row and j-th column
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of the matrix R(,t), we have

—

> | /0 ZRu(f,t—7>§gjgk<a<f>ffv>k*(G(r)wah\

| [ 1@ - FRY - G e i
zr/timzw—ﬂimmwmwr

—

- /OERUU—T ng 7YY # (C(P) TV ]|

=1

—

- /OZRU &t—1) ng D)% (G TN o]

- /0 ZRUU—T Zsk ot (G ()T o]
-| [ -niFy @ <r>fN®G<T>fN>1<f>dT\
=: Ki(§,t) — Ka(&t) — K5(&,t) — Ku(€, 1) — Ks(&, ). (3.9)

Since [Ry(€,t — 7)] < Ce~t=DIE [ = 1,23 and |(Gm(r) )| < Ce T FN|, & =
1,2,3,4,5,6, the similar process for getting J5(§ t) and J7(&,t) gives

1E(€, 1) + K(€,8) + Ka(&, 1) + Ks(§, 1) |1y < C0°27= (3.10)

Now we consider the estimate for K;(,t) with £ € F.

Ki(§,t) = ‘/0 ZRllﬁt—T ng —7l¢f? N)k*Ru(& T)(wo)dr‘
‘/Rll t—7§1 oIl uN)l*Rll(g, 7)(wd ))df‘

—\/Rnfﬂf—f£ TG ¢ a6 )i

‘/ ZRuSt—T ng —7l¢|? Nk*Rll(g, ) (w (]]V)ld’T‘
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On the estimates of K11(&,t) for £ € E, we have

t
K (§,t) > ‘ —/ e 2IEP e [ g€l Hinl?)
0

RS
52 [EN]+1

(S —m2)ms | (&2 —m2)’n %) dnd
(e e n|3|n|> Z 225 (6 = (ahdnr |

Since

& (Emm)n 1

~ e =mnllnl o1& =Pl T 256

f?;rt all 7 € supp x; with { —7 € supp X;, or all ) € supp x;” with & —n € supp xj , we
obtain

o2 [EN]+1 ’
. _r(1E—n|? 2 _
Kuen)> 0 3 o / / e~ H)\+ (¢ — )= (m)dndr
N 0 JRr3
[EN]+1
o2 Y 2
Z - 22]2—2](1 - 682 Jt)
N e
> (6

for all ¢ € E and all t ~ 272V which yields that
1K1 (& )|y > CF°. (3.12)

On the estimates of Ki2(&,t) for £ € E, we have

t
/ e~ =nlelg, [ =rle=n+in)
0 R3

[N]+1

Kp(€,t) < C6°

Nl

(&G —m)ns (& —m)’my 1 Y _
X + — 22X T(& = n)x; (n)dndr
( € =nllnl® &= nl3n] >N e ! ’
[EN]+1
4§22 . o
< — 2%97219~
N =
C'5?

(3.13)

IN
=2

2N
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On the estimates of Ki3(&,t) for £ € E, we have

t
Ki3(&,t) < 052‘/ 6‘@—7)\5\251 o= (E=nP+nl?)
0

R3
[(ZN]+1
G —m)&—m)n  (e—n)mn\ 1 Y _
X + ~ 29X (€ = m)x; (n)dndr
= e N 2 TS E )
[2N]+1
62 > . o
< 2j9=2j9—j
=N 299272
j=N
0§52
< .
< o (3.14)
By (3.9)-(3.14), we see that
N C
sl ) 2 20— C2F =)
for all N € N and t ~ 272V, Let N large enough, then we have
052
Hw2(fN)( )HFB’1 > T (315)

Hence, applying Lemma 2.2, Lemma 2.4, Lemma 2.5 and putting (3.1) and (3.8) together
yields

lulf MW g2 = N2 (F) Ol = 142 (g O i ZIIAk ug) ()l

> (0102 — CRdN~2T7 — (0yo®

2
4Co =

,5¢¢ "} Similarly, we have

here we choose § = mln{z, 10+ and N > max{1000

ol gt = Newa () O it = 1AL (i )( Z 1A ) Ol g3

> 0,62 — 025N—%+% 0,83

This completes the proof of Theorem 1.5. '
The proof of Theorem 1.6: Next, we prove ill-posedness for system (1.1) in B !.(R?)

with r € (2, 00]. Similarly to the proof in the case of F ‘Bl_,:,, we use the same sequence
of initial data. By F'Bl_’rl,(]R?’) — B! (R%), we have

1Y, < CONT=,
Define

—{SGR?’I—_& €l < }

_10 — 10
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then £ CC E. By (3.2), it is easy to check that

t — —
[eea- (e ) x (e i
0

€]?
_ —2/ —elel (1 ﬂ% r(lg=nP+nl?)
0 3
(&a — m2)m2 6% 2 gl

m]\f Z 22JXJ (S U)X]( YdndT

207

then Flug(f™)(t)](€) is a nonnegative locally integrable function in E. Let ¢ be a
nonnegative functions in S(R?) supported in E such that ¢(§) =1 for all £ € E. Thus

luz(FY) Ol g2z, = CIFHS(E] * FHFluz(FY) (0] o (r)
> C||F 7 [o(&)F uz(f) ()] ()] o ()
> Cl| Flua(fY)ONE 21wy
> ()67
Here we apply the following proposition: Let f € &' (R?’); If f(£) is a nonnegative locally

integrable function, then f is bounded if and only if f is integrable, and in this case
I fllzee = (2m)73||f]lz1. Therefore, we obtain

L sz, 2 M (F) Oz, = 1A ) Bz, = D 1K) Ol 2

> 0107 — Cod N~ — Cy6°
C’l 52

Similarly, by (3.11), we have

o~

[ Raste.t= ()0« Rusle, ) )ar
0

t
_ / o2l [ mrle—nHn?)
0 R3

[ N]+1

(52_772)77% (52 ) 2j d d
(el * e n|3w) 2 PG 6=

Z 07
then Flwa(fNV)(t)](€) is a nonnegative locally integrable function in E. Thus
lwa(f¥) Ol 2, = ClUF w2 (FYONE 22y = Cr%,

which implies that ||w[fV]| B, 2 €152, This completes the proof of Theorem 1.6.
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