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Abstract

In this note, we investigate the 3D steady axially symmetric Navier-Stokes equa-
tions, and obtained Liouville type theorems if the velocity or the vorticity satisfies
some a priori decay assumptions.
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1 Introduction

An interesting question about Liouville type theorem of the 3D stationary Navier-Stokes
equations in R? is as follows: whether the solution of

{ — Au+u-Vu=—-Vp,

V.-u=0, 1)

satisfying the vanishing property at infinity

lim u(x) =0, (2)
|z| =00
and the bounded Dirichlet energy
D(u) = / |Vul*dz < oo (3)
R3
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implies u = 0 is still an open problem, which is related to J. Leray (see also P12. Galdi
[7])-

Many conditional criteria have been obtained for this issue. For example, Galdi
proved the above Liouville type theorem by assuming u € L%(R?’) in [7]. Chae in
[2] showed the condition Au € L%(R?)) is sufficient for the vanishing property of w.
Also, Chae-Wolf gave an improvement of logarithmic form for Galdi’s result in [4] by
assuming that [, |u|2 {In(2 + ‘—11L|)}_1dx < oo. Seregin obtained the conditional criterion
uw € BMO™'(R?) in [12]. Moreover, Kozonoa-Terasawab-Wakasugib proved u = 0 if the
vorticity w = o(|z|73) or ||u||L%OO(R3) < 6D(u)'/? for a small constant ¢ in [10]. It is

shown that all the above norms u € L2 (R?), the log form of u € LZ(R?) or u € L2>(R?)
can be replaced by the norms in the annular domain Bp \ Bg/s in [16] by Seregin and the
author, where the following energy description was stated:

_ _9
/ |VU‘2dSL’ < CR 2 (/ |u|2dx> + C(Q)R2 4 ||u||iq,oo(BR\BR/2)
Br2 Br\BpR/2

where Br = Bg(0) is a ball centered at 0 and ¢ > 3. Note that the conditions (2) and (3)
are not used in [16] as in [4]. More references, we refer to [3, 13, 14] and the references
therein.

Moreover, the problem is not solved, even for the case of axially symmetric Navier-
Stokes equations, to the best of the author’s knowledge. Motivated by the result Seregin in
[14], where he proved that the condition |u| < ﬁ with 2’ = (21, z2) and p =~ 0.77 implies
u = 0, we are aimed to improve the decay assumption. At first, let us introduce the axially
symmetric Navier-Stokes equations. Let u(x) = w,.(t, 7, 2)e, + ug(t, 7, 2)eg + u.(t, 7, 2)e.,

where
1 T2 .
r = Ty Ty - 97 07 Y
e, = ( s 0) = (cosf,sinf,0)
g = (_ﬂ7 ﬂjo) = (—sinf,cosb,0),
r’or
€, = (Ov 07 1)
and (1) becomes
) 2
b-Vur—AourﬂLu—;—%‘f‘&rp:Ov
r r
Ug UrUg
b-vue—Aoug—i‘ﬁ—i_ r = U, (4)

b-Vu, — Aqu, + 9d,p =0,
L Oy (ru,) + 0. (ru,) =0,

where

1
b= UpCp + UzE,, A0 = arr + _ar + azz-
T
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The vorticity is represented as

O (rug)

w = wype, + wpey + w,e, = (—dug)e, + (0.u, — Oru,)eg + €.
r

There are also many developments on the Liouville type theorems of axi-symmetric
case. For example, Liouville type theorem was proved by assuming no swirl (i.e. ug = 0),
see Koch-Nadirashvili-Seregin-Sverak [9] or Korobkov-Pileckas-Russo[11]. The condition
rug € L9 with some ¢ > 1 or b € L? is enough, see Chae-Weng in [5]. Specially, for
the axially symmetric case, the decay of the velocity or the vorticity can be obtained:
Choe-Jin [6], Weng [17] proved that

[ (r, 2)| + |us(r, 2)| + Jug(r, 2)| < \/

[wo(r, 2)] S 77007, Jw,(r, 2)| + Iwz(w

Recently, Carrillo-Pan-Zhang in [1] gave an alternative method for the decay of u and an
improvement for the decay bound of the vorticity

1

|w7’(ra Z)| + |wz(r, Z)| < T_%(lnr)?

~

u:-\w
—

lwe(r, 2)| S Z(lnr)

~

by using Brezis-Gallouet inequality.

It’s a natural question: Whether there exist the sharp constants Ji1, 2 such that
|(ur(r, 2), ux(r, 2), ug(r, 2))| S =5 or [(we(r, 2), w.(r, 2), we(r, 2))| S = implies that u =0
for the axially symmetric case?

With the help of energy estimates in [16] we can improve the result in [14] to > 2

which is almost a equivalent form of u € L2
Theorem 1.1. Suppose that u is axially symmetric smooth solution of the equation (/)

and for some | > %,

< —\
< T

Then u = 0.

Note that I' = ruy satisfies the special structure
2
b-VI — A+ -0,'=0
r

and Maximum principle can be applied, thus the condition ug = o(2) as |z| — oo implies u
is trivial. However, it’s still known that whether ug = o(%) can be replaced by ug = O(2).
But we show that the condition [b] = O(%) or b € BMO~*(R?®) is sufficient, which
improved the assumption b € L3(R?) in [5].



Here we say a function f € BMO™'(R?) if there exists a vector-value function d € R?
and d; € BMO(R?) such that f = div d = d; ;. It’s well-known that for the BMO space,
we have

S

['(s)= sup |d — dwO,R|Sd:c) < 00.

20€R3,R>0 <|l3R(1b)\ Br(z0)

for any s € [1,00).
In details, we obtained the following result.

Theorem 1.2. Suppose that u is axially symmetric smooth solution of the equation (/)
satisfying (2) and (3). Then uw = 0 if one of the following conditions is satisfied

(i) b= (up,u.) € BMO™Y(R);

C
L C
(i) 10l <

For the decay of the vorticity, we also state the following corresponding result.

Theorem 1.3. Suppose that u is axially symmetric smooth solution of the equation (/)
satisfying (2) and (3). Moreover,

W | Ot

C
|(wy, we, w,)| < et 8>
Then u = 0.

Remark 1. This conclusion generalized the result of [10] to the azially symmetric case,
where the condition |w| = o(|x|73) was put.

Throughout this article, C' denotes a constant, which may be different from line to
line.

2 Proof of Theorem 1.1

Recall a Caccioppoli inequality in [16], which is stated as follows.

Proposition 2.1. Let (u,p) be the smooth solution of (1). Then for 0 < § < 1 and
6(3-9)
< q < 3, we have

6—6
C
/ |Vul?de < —3 / lu|?dx
Bry» R Br\Bpg/2

2
3_s 9 9-36 5\ 2—5
"‘0(5) <||u| qum(BR\BRm)R ! 2)




Proof of Theorem 1.1. Let Cr denote the cylindrical region {z; || < R, |z| < R},
then it’s easy to check that

Br C Cr C B\/§R'

Hence, it follows from Proposition 2.1 that

/ |Vul?de < % / u|?dx
c R Cr\Cys ,
vz

V2
TR

N

2
_ _9-35 5\ 29
+C(6) (||u||iq’i°(cR\C\/§R)R2 q 2)
Ey

2
6 _ _9-35_46\ 35
< Cllulfuen R 7 +C6q) (Jlullial, B2 %)

Li(Cr !
for ¢ > 2, where we used the property of Lorentz space

|| oo ) < Cq, ) ||w]| Lo

(for example, see Proposition 1.4.10 in [§]).
For ugq > 2, we have

R : X
|| Loy < C (R/ (1+ T)l_“qdr) < C(u,q)Re
0

Then the terms of the right hand side of (5) is controlled by

; lz 2
/ Vul*de < Clu, q) Tt C(0,1,9) <R2_%_6}26> B
C\/iR
1
Claim that: for fixed p > 2, there exist constants 6 € (0,1) and ¢ such that
3

— ) — 20
max{62—_§,%}<q<3, and 2———6q <0 (7)

hence letting R — oo, by (6) we have

/ |Vul*dz = 0,
R3

which implies u = 0.
Proof of (7). First for fixed p > %, we choose dy € (0,1) such that

2 3 —do
<4
K 4 —do

bt



Since 0 < &g < 1, we have

Y
4 6
and
3 — 4 3— 0
6 4
6—0 ~ 1—0,
so we take
1 3—90p 2 3 — 0
= - 4
q 2 (maX{G _50’/./6}_'_ 4_60)
Then we have
3—90p 2 3 — 0
- 4
max{66—60’u}< < 4_50<3,

which implies (7).
Hence the proof of Theorem 1.1 is complete.

3 Proof of Theorem 1.2

Let ¢(z) = ¢(r, z) € C3°(Cr) and 0 < ¢ < 1 satisfying

C C
Vol < 50 V%0l < 55

1,
0,

S CR/27
r e Ch

¢(x)

and

Without loss of generality, by Theorem X.5.1 in [7] we can assume that

lim |p| + [u] = 0.
|z| =00

Note that Ap = —0,0;(u;u;), then using Calderén-Zygmund estimates and gradient esti-

mates of harmonic function, we have

/ Ip® + |u|®dx < CD(u)?,
R3
and

91,3 < CD(w),
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since ||\Vu|u]|L%(R3) < CD(u).
Multiplying ¢u- on both sides of (1), integration by parts yields that

Ug

2 2
/ & (|Vur|2 + V2 + [V + = + —) d
Cr r

72

IN

(G ) (w0, + )it + Clulfye
= ]+C||u||2L6(CR\CR/2)

Case (i). Due to u,,u, € BMO™'(R?), we write

u, = 0jdy;, u,=0;daj;, j=1,2,3,

where d; j,ds; € BMO(R?). Also, denote f as the mean value of f on the domain Cp.

Then we have
1 - _
I - / <§\u\2 +P) [0i(dvj — d1j)0; + 0;(da,j — do)0:] ddx
Cr
] - _
— _/ 9; (§|U|2 +p) [(d1j = d1;)0:¢ + (da; — do5)0:0] dx
Cr

_/C (%‘UP —|—p) [(dLj — CZLj)&j (8r¢) + (d2,j - CZQ,J)aJ(aZQﬁ)} dx

Recall that ¢(x) = ¢(r, z) and

8382¢ = 8Z8j¢, for j = 1, 2, 3,
@&gb = 820]@5, for ] = 3,
10,0 = cos002¢,  D:0,¢ = sin 0029,

which and the property of BMO function yield that

1< RNV + VPl g, (1 = drillsen + g = dagllisien)

FOR([ulsicmcnyn + IPlemenm) (14 = Al 3 0, + s = Aol 30, )
CINV () + 198113 ¢ ) + CUtE i) + IPlsCm )

IN

—0 (as R— o)

Hence, the proof of case (i) is complete.
Case (ii). When |(u,,u.)| < € for r > 0,

I - / <1|u|2+p> (1,0, + 1.0, )b
Cr 2
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= C/ (%IuIQ - |pl) (0 n(r)|0,] + 0, In(r)|0:9]) d.
Cr

Let g(r) = In(r) and g be the mean value of g on {z';]2'| < R}. Then we have

1
I < —C i 0r(§|u|2+|p|)(g—§)(|&¢|+|0z¢|)dx

1
- /cR (5'“'2 + |p|) (9—9)0. (|10,0| +10.0|) dx

1 1
¢ [ (G +191) - 903 (001 + o.0]) do
Cr r
= L+DL+]

Note that g € BMO(R?) (see, for example, Chapter IV [15]), and we have

R </ 9 —g|3dx) <C <R‘2/ g —g|3dx) <C
Cr |z’|<R

R~ (/ Ig—glgdx) <C, R? (/ |g—§|12dx) <C
CR CR

Hence as the arguments of (i), we have

and

I+ Iy < OV P + 199113 6 0, & Clscngn + P30

For the term of I3, we get

1
—1 2 _
I < CR™(lullzscacnya) + IPlscmen)lg = el 2 o

VAN

_1 _
CR™A([ullZs(cp\cny) + 1122 ireny)lg = GllLrzcn
< CllullZsemens + 1PllLscrrcnye)

Hence, we can conclude that
I -0 (as R— o0)

The proof of Theorem 1.2 is complete.

4 Proof of Theorem 1.3

We are going to prove that



Proposition 4.1. Assume that the conditions of Theorem 1.3 hold. (1) Let wg < Cr="

with > 1. Then we get for r > 1
(1+7) w0, B>2
[ur(r, 2)| + Jus(r2)| S CQ (L+7)7F, 1< p<2,
(1+7r)"'In(r+1), =2
(2) Let |w,| + |w.| < Cr=? with 8> 1. Then we get for r > 1
(1+r) "2 200, B>2,
lug(r, 2)] < C ¢ (1+7)P, 1<p <2,
(1+7r)"n(r+1), B=2.

Proof of Theorem 1.3. It follows from Proposition 4.1 and Theorem 1.1 directly.
Next we are aimed to prove Proposition 4.1. Firstly, we introduce a representation

formula of u,, u, and uy with the help of the vorticity. Since b = u,e, + u,e, and

V X b=wpeq, V X (ugey) = wye, + w,e,

by Biot-Savart law, we can get the integral representation of the velocity as follows(for
example, see Lemma 2.2 for a local version by Choe-Jin [6], also see Lemma 3.10 by Weng

[17]).

Lemma 4.2. Like the vorticity at the point (r cos0,rsin 6, z) denoted by (w,, wy, w,)(r, z),
we write the vorticity at the point (pcos ¢, psin ¢, k) as (w,, wy, wi)(p, k). Then we have

/ / Ly (r, p, 2 — k)wy(p, k) pdpdk,
[ [ rapz = Dyl Wy
—o0 J0

/ / Us(r, p, z — k)wi(p, k) pdpdk
—o0 J0
[ [ 002 = Do Ry
—o0 J0

where

1 27 Z—]{Z

-~ ,z—k::—/ cos od

1(r, p ) ar Jo o [r2 + p2 —2TPCOS¢+(Z_]€)2]3 o
1 21 — T COS

Fyrpe ) — L p ¢ s do,
Ty 25 2rpeosot o B
1 o p— T Cos ¢

dr o [r2 + p? —2rpcos ¢ + (z — k)?]

9
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Secondly, we give the bounds of estimate of I'y, I's and 'y, which will be used in the
proof. This is similar to that in [6], where p &~ r was assumed. Here we consider all p > 0
and large r > 0. In details, we have the following estimates.

Lemma 4.3 (Estimate of I'y, I'; and T'y).

C
Lo(r,p, 2z —k L3(r,p,z— k)| < —, 11
e s ey s o

forr>1and 0 < a<1;

Clz — k|
(max{p,7})°[(r = p)2 + (= — k)?] ="
wherer>1,0§a§1f0r£§p§4r, and0§a§3f0rp<£ or p > 4r.

Ti(r,p, 2 — k)| < (12)

Thirdly, we assume Lemma 4.3 holds and complete the proof of Proposition 4.1 and
Lemma 4.3 is proved later.
Proof of Proposition 4.1: At first, we estimate the term of u,(r, z). Let

I = ur(r,z):/ / I'ywgpdpdk
—o0 J 0
() r7/8 00 r/4 00 r—19/2
_ /8 —oo Jr/4
r479/2 00 00
/ / F1w¢,0dpdk‘—l—/ / F1w¢pd,0dk—|—/ / I'ywgpdpdk
r—rd/2 +r8/2 —oco J4r

= L+t

where 0 < v, < 1, to be decided.
For the term [;, by (12) and [[wyl|72zsy < CD(u) < 0o we get

00 r7/8 %
L<c ( [ [ - k>|2,odpdk>

—o0 J 0

00 r7/8 |Z o k‘|2 %
dk
. (foo/ o+ (- e
/8 _2‘Z ]{2|2 3

< —1 < -5+
< (/ / T (2 = k)2 —r—dk pdp | <Cr

where 0 < a < %
For the term I, using r > 1, (12) and wy < Cr="

() r/4
I, < C’/ / Iy pPdpdk
—oo Jr7/8

10
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IN
Q

[
ri/s T2+ (2 — k)22

4 7,—1+'y(2 B) (5 = 2)
< Clrtlnr (B=2)
L7 1< B<?2)

where 0 < a < 1.
Moreover, for the term I3, by (12) and wy < Cr—*

00 r—r9/2
I; < C / / Iy p P dpdk
—oo Jr/4
00 r—r9/2 .
C / / |2~ K| o' Pdodk
wdin = g (=
0o r—r9/2 -0, _
S C,r,—a—5+a6 / / r |Z k| g,ar_édkpl_ﬁdp
—oco Jr/d [i + 7"_26(2’ — k’)z]T

o p2-Ba—itia (B<2orf>2)
rreTt Y e (B =2)

IN

<

where 0 < a < 1.
Similarly, for I5 we have

prrfmesitia (3 <9 or > 2)
]5 < C —a—0+ad
r Inr (B=2)

where 0 < a < 1.
Furthermore, for 0 < o < 1 by (12) and wy < Cr~” we have

r+r5/2
I, < C / / Ty p' Pdpdk
r+r5/2 .
<ol ] N Pdpa
r—roj2 T[(r—p)2+ (2 — k)=
r479/2
C / T—a(r_p)—1+ap1—ﬁdp
r—r9/2
r4r9/2
S VI
r—r9/2

< C,,,,l—ﬁ—oc-‘réa (5 > 1)

Finally, (12) and ws < Cr=7 yield that

Iy < C/ / Iy pPdpdk
—oo JA4r

11
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< / / 2=k sapa
o plp?+(z— k)22

< CcrtFf B>1)

Hence, concluding the estimates of Iy, --- , I5, we have the following arguments.
Case a. [ > 2. At this time, we have

1<C [T—%ﬂ | 1H@-B) | p2-B-a—dtba | 1-f-atda | 1-8

Wher60§a<1and0<%5<1
First, we choose v = 6T such that —= —I— v=—14+~(2— (). Furthermore, we take

a1 1,011 such that

B

(=01 -0) 53+ 5

which implies
—14+~92-08)>2—-F—a—0+
Moreover, note that
2—f—a—-0+d0a>1—->1—-0—a+da
Then, we get for r > 1
lup(r,2)] < Crz t25T,
Case b. [ < 2. At this time, we have
1<C [T—%—m 4 p2-B-a=8tda | 1-f-atba | 1-8
where 0 < a <1 and 0 <+v,0 < 1. We choose v =0 and = 1, then we get
lup (1, 2)| < Cr'=7.
Case c. [ = 2. At this time, we have
1<C rm2 Y oy oSl 1 gy pleBrata rl_ﬁ]
where 0 < a < 1and 0 <~,6 <1. We choose v =0 and § = 1, then we get
lup(r,2)| < Cr~tlnr.
Hence we complete the estimate of u,(r, z).

12



Note that the bound of I'y used as above is similar to the estimates of I'y and I's.
Hence similar arguments hold for u, and ug. The proof of Proposition 4.1 is complete.

Proof of Lemma 4.3. The remaining part is devoted to proving Lemma 4.3, which
is similar to that of [6], where the case 7 < p < 4r is discussed. Here we consider all the
value p > 0 and sketch the proof. First, for £ > 0 and § > 1 we find

[_/% de - C(6)min{1,k" %}, B=1
o (Vi ksin?) T | C(B)min{1,k72}, B >1

for any 0 < 6 < 1. Obviously, k& < C' holds, and next we assume that k is large enough.
Then for 0 < ¢ < 1

(13)

™

2 d¢
1</ v
—+A(mw@w
Due to ¢ < 2sin¢ for ¢ € (0, 7), we have
1§£+2kﬁﬂmugy—m@, B =1,

and

()= — -7
1-5 7

which yield the required bound (13) by choosing a suitable £.

I <0+ 2002 B> 1,

Obviously, from the formulas of I'y, '3 and I'y, we have

Du(r,p 2 — )| < PIr i=23 (14)
2

[(r = p)? + (2 = k)%

.
[(r = p)> + (= = k)2

L1 (r, p,z — k)| < (15)
for all p > 0 and r > 0.

Next we go on estimating 'y, I's, and I'y carefully, respectively.

Step I. Noting the periodic and even property and variable transform for ¢, we also

have
27 1 — 7" COS
Iy = _/ A (12 2 ; : 2§d¢
o 4T [r2 4+ p2 —2rpcoso+ (z — k)?|2
zl _ 2
:_/2_ p — 1 Cos2¢ _d¢
o T[r?+p*—2rpcos2¢+ (z — k)?|2
and

_/%i p* — 2rpcos2¢ +r* + p* —r? i
0 27 pl(r — p) + drpsin® ¢ + (2 — k)2

13



w/2

< C 1 / do

o (r—p2+(z—-k2Jo 1+ Ksin’¢

w/2 2 .2
1 1 _ / pF_r do

27l —pP+ (= kP S (V1 Ko g

= L+
where
o 4drp

=0+ (-~ kP

When K <1, that is 4rp < (r — p)> + (2 — k)%, we have (r — p)? + (z — k)* > 2r? for
p < %and (r—p)*+(z—Fk)*>2r*for £ < p < 4r. Moreover, for p > 4r we have
3 9

(0= )+ (=R > (G > (Sp )P > (ot 1)

Hence for K <1 we ha\/e
2 =
p\/(7 - p)2 + (Z - k)2

When K > 1, by (13) we have

| =] - ((r — PP+ (- k)?) 5](17)

where 0 < § < 1.

Case a. Forr >1and p <7 orp>dr, by (14) we know the estimate (11) holds.

Case b. Forr > 1and § < p < 4r with K < 1, by (14) and (16) we know the
estimate (11) holds.

Case c. Forr >1and § < p < 4r with K >> 1, by (14) and (17) we know the
estimate (11) holds by noting that (r — p)? + (z — k)? < 1672 and

p* =) k)2<<r—p>2+<z—k>2)5<p+r

< 5.
(r—p)*+(z - Arp T ViArp T
Hence the proof of I'y is complete.
Step II. The term Iy is similar and we omitted the details.
Step III. The term I'; is estimated as follows.
1 [7 —k
Ty(rop.z—k) = - + cos gdep

2m Jy 12+ p? —2rpcosé + (2 — k)22

14



1 [2 Lk
T ' 20d
/0 [(T_P)2+4T‘psin2¢+(z_k)z]g cos 2¢do

|z — k| /2 1
< C d
 r=p)2+ (2= k) /0 (v/1+4 K sin® ¢)3 ¢

N

= I
where
4drp
P kP
When K < 1, ie. 4rp < (r—p)* + (2 — k)%, we have (r — p)? + (z — k)? > 372 for
p < %and (r—p)?+(z—Fk)*>2r*for £ < p < 4r. Moreover, for p > 4r we have
3

(r= o+ (= = ) = (50

K —

Hence for K <1 we have

(r—p)*+ (2 = k)* > 5 (max{r, p})*

N —

Using (15), for K <1 we get
Clz—k
Ti(rpez Bl < L —— (18)
(ma{p, )Pl — )+ (2 — 7]

where 0 < o < 3.
When K > 1, ie. 4rp > (r — p)? + (2 — k)?, which implies p > &7, by (13) we have

. Clz=M___ ((r—p)2+(z—k)2)%
(= p)? (= = P} iy
Clz — k|
VTpl(r = p)? + (2 = k)?]

|F1(Ta P,z — k)|

<

Thus for ér < p < 4r, we have
Clz—k
Di(r.p.z— B < . - (19)
(max{p,r})*[(r — p)* + (z — k)] 2
where 0 < a < 1. For p > 4r, by (15) we also derive that
Clz — k|

Ci(r,p,z— k)| < . 20
2 = B S o D — PP + = 20

where 0 < o < 3.

Concluding the estimates (18), (19) and (20), we complete the proof of the inequality
(12).
Acknowledgments. W. Wang was supported by NSFC under grant 11671067, "the
Fundamental Research Funds for the Central Universities” and China Scholarship Coun-
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