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ON THE SO(n +3) TO SO(n) BRANCHING MULTIPLICITY SPACE
EMILIO A. LAURET, FIORELA ROSSI BERTONE

ABSTRACT. We study the decomposition as an SO(3)-module of the multiplicity space corre-
sponding to the branching from SO(n + 3) to SO(n). Here, SO(n) (resp. SO(3)) is considered
embedded in SO(n + 3) in the upper left-hand block (resp. lower right-hand block). We show
that when the highest weight of the irreducible representation of SO(n) interlaces the highest
weight of the irreducible representation of SO(n 4 3), then the multiplicity space decomposes
as a tensor product of [(n + 2)/2] reducible representations of SO(3).

1. INTRODUCTION

The branching law from a compact Lie group G to a closed subgroup K describes how an
irreducible representation m of G decomposes when is restricted to K (see [Kn, Ch. IX] and
[GW], Ch. 8] for comprehensive texts, and [KnO1) §1] for a detailed historical review). Since

(1.1) T @ 7 ® Homg (7, )
ek

as K-modules (I? denotes the unitary dual of K, and K acts on the right-hand side at the left
in each term), the branching law is determined by the dimension of the branching multiplicity
space (or just multiplicity space) Homg (7, ), for each 7 € K. In other words, dim Homg (7, 7)

is the number of times that 7 occurs in 7|k.
Ford>d > 1, let G, K and H be given by a row in the table

G K H type
(1.2) SO(d+ d') SO(d) SO(d') orthpgonal .
U(d+d') U(d) U(d') unitary

Sp(d+ d) Sp(d) Sp(d') symplectic

In the sequel, we assume K (resp. H) embedded in G in the upper left-hand block (resp. lower
right-hand block). The quotient G/(K x H) is a compact symmetric space called (real, complex
or quaternionic) Grassmannian space.

We now examine some consequences from the fact that the subgroups K and H commute to
each other. The subgroup of G generated by K and H is isomorphic to K x H; we denote it by
K x H. Thus, any irreducible representation of K x H is given by the outer tensor product c®7
for some o € K and 7 € H. F urthermore, the branching multiplicity space Homg (o, 7) carries
the structure of an H-module. The action is given by (k-)(v) = 7(k)-¢(v), for ¢ € Homg (o, 7)
and v in the underlying vector space V,, of . We conclude that the multiplicity of o @ 7 in 7|x
is equal to

(1.3) dim Homg g (0 @ 7,7) = dim Homg (7, Homg (o, )).
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Therefore, an explicit decomposition as an H-module of the multiplicity space Homg (o, 7) may
be seen as a more precise branching law from G to K x H.

The branching law from G to K x H is known only for specific choices of d and d’. We first
review the case when d’ = 1. In the orthogonal case, H ~ SO(1) = {1}, thus the problem
reduces to the classical branching from SO(d + 1) to SO(d). A similar situation takes place in
the unitary case where H ~ U(1). In conclusion, in both cases, under standard choices for a
Cartan subalgebra and positiveness in the associated root systems (e.g. as in [Kun| or [GW]), if
A= (A1, A\g,...) and p = (pg, po, - . . ) are the highest weights of 7w € Gandoec K respectively,
then o occurs in 7|k if and only if u simply interlaces X\, which roughly speaking means

(1.4) AL 2> > Ay > g > Ag >

The symplectic case still assuming d’ = 1, which was established by Lepowsky [LeT1], presents
more difficulties than the previous cases. For example, it is not multiplicity-free. Moreover,
the necessary condition Homg (o, m) # 0 becomes in a doubly interlacing N\; > p; > Ay for all
1 <1 <d (with Agyo = Agy3 = 0) between the coefficients (A, ..., A\gr1) and (g1, ..., pq) of
the highest weight of m and o respectively. Wallach and Yacobi [WYQ09] (see also [YalO] and
[KY12]) gave a clean decomposition for the multiplicity space. They proved that

(1.5) Homy (o, ) ~ V... gt

as H-modules, where 7( denotes the irreducible representation of H = Sp(1) ~ SU(2) of
dimension s; —t; + 1, and {s1 > t; > -+ > s441 > tqi1} is the decreasing rearrangement of
{1, Adwt, M1 - -5 fa, 0. In their proof, they extended the Clebsch—Gordan formula to an
arbitrary tensor product of irreducible representations of SU(2) (see Theorem 2.).

We now consider d’ = 2. In the orthogonal case, H = SO(2) is abelian, so its representations
are one-dimensional. In conclusion, a decomposition as an H-module of the multiplicity space
does not provide more information than its dimension. An implicit branching law from G =
SO(d + 2) to K x H = SO(d) x SO(2) was given by Tsukamoto [Ts81]. The implicit term
refers to the fact that the number of times that an irreducible representation o ® 7, of K x H
appears in 7| g is given by the k-th coefficient of certain power series, where 74 (h) acts on C
by multiplication by h* for any h € S ~ H

Kim [Kil3| considered the unitary case when d’ = 2. He gave a decomposition of the branch-
ing multiplicity space as a U( )-module similar to (LH). In order to describe such decompo-
sition, let m € G and 0 € K with highest weights A = (Ay, ..., A\gee) and p = (1, ..., fa)
respectively, and write {s; > t; > -+ > s441 > tqr1} for the decreasing rearrangement of
{1,y Adwas i1, - - 5 pa}- Kim’s decomposition (see [Kil3, Thm. 3.5]) is

(1.6) Homg(o,7) ~C® Mg...grdt)

where C is the one-dimensional representation given by det(h)***#¢ and 7 denotes the
(s; — t; + 1)-dimensional representation C ® Sym"~*(C?) of H, with h € H acting on C by
det(h)% and C? denotes the standard representation of H.

The next challenge is the case d’ = 3. The orthogonal case seems to be the simplest one
since SO(3) ~ SU(2)/{+£1} is three-dimensional, while U(3) and Sp(3) have dimensions 9 and
21 respectively.

The aim of this paper is to study, for G = SO(d+3), K = SO(d), H = SO(3), whether there
is a clean decomposition of the G to K branching multiplicity space as an H-module as in (.5
and (L.€). The conclusion is that this decomposition is pretty dirty.
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Nevertheless, when p simply interlaces A, we decompose the multiplicity space Homg (o, 73)
as a tensor product of |42 ] (reducible) representations of H (Theorems Bl and ELT]). Generi-
cally, each factor of the tensor product is non-trivial. We recall that Homy (o, my) # 0 if and
only if p triply interlaces A (cf. last paragraph in [Knl §1X.3]).

Furthermore, Theorems and establish a partial decomposition of Homg (o, ) as an
H-module under certain coincidence among the coefficients of the highest weights of 7 and o.
Moreover, the decomposition is reduced to a simple branching law from U(3) to H = SO(3) by
using a duality by Knapp [Kn01].

Tsukamoto [T's05] showed an implicit branching law from G to K x H. Similarly as mentioned
above, his result gives the multiplicity of an irreducible representation o @ 7 of K X H in 7|« p
for 7 € G as the coefficient of certain power series. El Chami [EIC04][EICT2] applied the
same method to the branching laws from SO(d + d’) to SO(d) x SO(d') and from Sp(d + d’) to
Sp(d) x Sp(d'). In all cases, their main goal was to describe the spectra of the corresponding
symmetric spaces.

The tools used in the proofs include Kostant’s branching formula, Tsukamoto’s implicit
branching law from SO(d + 3) to SO(d) x SO(3), and a duality of Knapp [Kn01] between the

SO(3)-representation V% and certain canonical associated representation of U(3).

The article is organized as follows. Section [2] reviews standard facts used in the sequel. The
case when G = SO(2n +3), K = SO(2n) and H = SO(3), called the type B case, is considered
in Section Bl Similarly, Section [] deals with the type D case, that is, when G = SO(2n + 4),
K =S0(2n+ 1) and H = SO(3).

2. PRELIMINARIES

In this section we introduce several tools used in the sequel, divided in subsections. Such
tools are Kostant’s branching formula, Wallach and Yacobi’s extension of the Clebsch—Gordan
rule, and standard facts on characters of compact groups and representations of U(3).

In what follows, we denote compact Lie groups by capital letters (e.g. ), their Lie algebras
by the corresponding Gothic letter with the subscript 0 (e.g. go), and their complexified Lie
algebras by the corresponding Gothic letter (e.g. g).

Furthermore, each time that a maximal torus 7T is fixed in a compact Lie group G, therefore
a Cartan subalgebra t of g is picked, we will use the following notation without any mention:
®(g,t) denotes the associated root system, W, the Weyl group, and P(G) the weight lattice
of G. Moreover, a positive system ®7(g,t) will be assumed, unless an order on t* is explicitly
chosen. In any of these cases, we denote by P™*(G) the set of G-integral dominant weights in
t* and by p, half of the sum of the positive roots.

2.1. Characters. We first review standard facts for characters. We refer to [Knl, Ch. IV-V] for
further details. Let G be a compact connected semisimple Lie group, let 7" be a maximal torus
in GG, and let 7 be a finite-dimensional representation of (G, that is, a continuous homomorphism
7 : G — GL(Vy), where V, is the complex finite-dimensional underlying vector space of .

We denote by xr : G — C the character of 7, that is, x(g) = tr(m(g)). It is well known that
X~ determines 7, that is, x. = x» if and only if 7 and n’ are equivalent. It will be useful to
consider x, as a formal power series }_, _p ) Ma(n) €7, with m«(n) € No the multiplicity of n

in 7. The identification satisfies X (exp(X)) = > p(g) m=(n) e"X) for all X € t5. Of course,
mx(n) = 0 for all but finitely many n € P(G). For n € P(G), we set

(2.1) Ealn) = Y sen(w) e,

weWy
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For A € PT1(G), let ) denote the irreducible representation of G with highest weight .
The Weyl character formula ensures that

gGO\ + pg)
2.2 =
(2.2) X a(pg)
Furthermore,
(2.3) olpe) = [ (e —e),
acedt(g,t)

Let K be a closed subgroup of G. Suppose that a maximal torus S of K is contained in
T. For f € t*, we denote by 3 its restriction to s*. We extend this operator to the formal
power series discussed above by setting €7 = e for any n € P(G). It turns out that, for a
representation 7w of GG, the character of its restriction 7|x to K satisfies

(24) Xnlx = Xr-

2.2. Kostant’s Branching Formula. We will follow [Knl, §1X.4] (see also [GW], §8.2]). This
formula is valid for a big amount of homogeneous spaces including all symmetric spaces.

Let G be a connected compact Lie group, and let K be a connected closed subgroup. We
assume that the centralizer T in GG of a maximal torus S of K is abelian. Thus, T is a maximal
torus in GG. Equivalently, there is a regular element of K that is regular in GG. This allows us to
introduce compatible positive systems ®* (g, t) and ®* (£, 5) by defining positivity relative to a
regular element in isy. Set

(2.5) S = 3 (g, 1) ~ B (E,5).

More precisely, ¥ is the multiset given by the elements @ for a € T (g, t), repeated according to
their multiplicity, but deleting the elements in ®* (¢, s), each with multiplicity one. The Kostant
partition function Py is defined as follows: Pg(v) is the number of ways that a member v of s*
can be written as a sum of members of ¥, with the multiple versions of a member of ¥ being
regarded as distinct.

Under the notation above, for A € P**(G) and p € P (K), Kostant’s Branching Formula
tells us that the multiplicity of the irreducible representation o, of K with highest weight y in
the restriction of the irreducible representation 7y of G with highest weight A is given by

(2.6) dim Homg (0, my) = Z sgn(w) Pu(w(A+ pg) — pg — 1)-

weWy

2.3. Generalized Clebsch—Gordan formula. We now recall the extension of the Clebsch—
Gordan formula given by Wallach and Yacobi [WYQ9] for an arbitrary tensor product of ir-
reducible representations of SU(2). It is well known that the representations of SU(2) are
parametrized by non-negative integer numbers. We denote them by 7/, for k € Z>(, whose
underlying vector space V7, , has dimension £ + 1.

Let {e1,...,&,41} denote the canonical basis of C"**. We set

(2.7) Y={e tep1:1<i<n}
For v € C"*!, denote by Ps/(v) the number of ways of writing v as a sum of elements in X,

(2.8) Py (v) = # {{aa}aegr taq € Ny, Z Ao = V} :

aey!
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Theorem 2.1. [WY09, Thm. 2.3] For non-negative integers r1, ..., ny1, the number of times
that 7,2 appears in T, /o @ -+ @ Ty, . /2 15 equal to

n+1 n+1
dim HOH’ISU(Q) (Tk/g, ®?:—|—11T7“i/2) = PE’ (Z Ti€; — k€n+1) - PE’ (Z € + (]{7 + 2)5n+1) .
=1 =1

Write [1,n] = {m € Z:1<m < n}, and for any I C [1,n], set 3 = .., &;. The following
elementary lemma will be very useful in the sequel.

Lemma 2.2. We have that Y. Ps/(v— B;) = Ps(2v) for every v € C*FL,
IC1,n]

Proof. Write u;t =g e, fori=1,...,n. Let

(2.9) A= {(al,bl, Gy by) € N2 ST aiuf + biu; = v — By for some I C [[l,n]]} :
i=1

(2.10) B= {(cl,dl, o Cnydy) €NV ST cuf  diu; = 21/} )
i=1

We will prove that there exists a bijective correspondence between A and B.
For (ai,b1,...,an,b0,) € A, we have a; + b; = v; — 1 foralli € I, a; +b; = v; forall i ¢ I,
and > | a; — b; = Upy1, for some I C [1,n]. Define

{Qai+1 ificl,
C; =

2.11
(2.11) 2a; ifid¢l;

- di:{Qmel if i €I,

2b; ifigl

Hence, (¢1,dy, ..., ¢y, dy) € B, since 2¢; + 2d; = 2v; for all ¢ and > | ¢; — d; = 2041,
Moreover, if (¢1,dy, ..., cp, dy) € B, then for each i = 1,...,n we have ¢; = d; (mod 2). This
implies that the correspondence is bijective and the lemma follows. U

2.4. Representations of U(3). We now fix the notation to parametrize the irreducible rep-
resentations of U(3) = {g € GL(3,C) : g*g = I3}. Let T" = {diag(e'?, e*®,e%) : §; € R Vj}
with associated Cartan subalgebra b’ of u(3) given by b’ = {diag(f;,62,603) : 6, € C Vj}. Let
g€ ()" for 1 < j < 3 given by e’ (diag(0y, 02, 03)) = 0;.

We consider the standard order given by the lexicographic order with respect to the ordered
basis {€],¢€5,¢4}. Thus, the irreducible representations of U(3) are in correspondence with
PtH(U@3)) = {23:1 Nighvaj € LV j, a1 > ag > az}. For N € PT(U(3)), let ), denote the
irreducible representation of U(3) with highest weight \'.

3. TYPE B CASE
Throughout this section, we set
G =S0(2n + 3), K =S0(2n), H =850(3),
for any n > 2. We have that g = so(2n + 3, C) is a classical Lie algebra of type B, 1.

3.1. Root system notation for type B case. We first fix compatible notation for the cor-
responding root systems associated to G, K, H, and K x H. We pick the maximal torus of G
given by

(3.1) T := {diag(R(61),...,R(0ns1),1) : 0; € RV j},
where R(#) = (%% s}, whose associated Cartan subalgebra is given by

(3.2) t:= {diag ((_?91 igl) e <i93+1 w’g“) ,0) 10, €C Vj} .
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For any 1 < j <n+1, let ¢; € t* given by ¢;(X) = 6; for X in t as above. Then, the set of
roots is ®(g,t) = {*e; £¢;: 1 <i<j<n+1}U{xe:1<j<n+1}.

The maximal torus TN K of K satisfies (¢€Nt)* = spanc{ey,...,e,}, thus ®(¢,t) = {£e; ¢, :
1 <i < j<mn}. Similarly, TNH is a maximal torus in H satisfying that (hNt)* = spanc{e,+1},
thus ®(h,t) = {£ep41}-

We fix the order on t* given by the lexicographic order with respect to the ordered basis
{€1,...,€nt1}. We have compatible order on (8N t)* and (h Nt)*. Then

(3.3) P (g,t) ={eite;:1<i<j<n+1}U{g:1<j<n+1},
(3.4) Pt t)={eite;:1<i<j<n}, o (h,t) = {ent1},

P(G) =&t Ze;, PTG ={XZ \g; € P(G) s Ay > -+ = Apya > 0},

J

P(K) =@} 1Ze;,  PT(K)={3"_ 1 Ng; € P(K): Ay > -+ > A1 > [\},

P(H) = Zens, P (H) = {keny1 € P(H) : k > 0},
n+1 n
(3.8) Py 1= Z(n + 3 — i), pe = Z(n —1)ey, Py = 3En+a-
i=1 i=1

We will denote by my, 0, The,,, the irreducible representations of G, K and H with highest
weights A € PTH(G), p € PTH(K), and ke,y1 € PTT(H), respectively. We will abbreviate
Tk — TkenJrl.

We now describe the Weyl group W;. Any element w € Wy is of the form w = sp, with p a
permutation of the n 4+ 1 coordinates and s a multiplication by —1 on a subset of coordinates.
For 1 <i<n+1, write s; : t* — t* the reflexion with respect to the axis i, that is, s;(¢;) = —¢;
and s;(g;) = ¢; for all j # 1.

We consider the inner product (-,-) on g given by (X,Y) = %tr(XY). With respect to its
extension to t*, {e1,...,€,41} is an orthonormal basis.

3.2. Main theorem for type B case. The main result in this section is the following.

Theorem 3.1. Let n > 2, G = SO(2n + 3), K = SO(2n), H = SO(3), A = S \ie; €
PT™(GQ), p=>"1" e, € PTH(K). If p simply interlaces N, i.e. N; > || > Niy1 for1 <i <n,
then

n LA —lus1)/2]
(3.9) HOIHK(U,M ) TAni1 & ® @ Txj—|nj|—2m

7j=1 m=0

as H-modules.

The absolute value on every pu; simplifies the notation, though |u;| = u; for all i < n.

Kostant’s Branching Formula will be the main tool to prove Theorem B.Il We next give
the first steps to apply it to the symmetric space G/(K x H). The maximal torus 7" in G (see
(B1)) is also a maximal torus in K x H. In particular, the restriction denoted by a bar is the
identity operator on t*. Furthermore, ®* (¢ x h,t) = d* (¢, tN€) UPT(h,tNh). From (B3) and
([B4), it follows that

(3.10) Y={eite,1:1<i<n}U{eg:1<1i<n},

each element with multiplicity one. Clearly, for v € t*,

(3.11) Ps(v) >0 = vii=(ev)E€Z Vi, ; >0 V1<i<n, [V <Dy
i=1
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Let A = YS! \iey € PHH(G), p = S0, jue; € PTH(K), and ke, € PYF(H). We obtain
from (2.6) that the number of times that 0, ® 7, € K x H occurs in m)|gxx g is given by

(3.12) dim Hompg (0, @ 73, ) = Z sgn(w) P (w(A+ pg) — pg — 1 — keny1).

weWy

The next lemmas will indicate the set of elements w € W, such that the w-th term in the
above formula does not vanish.

Lemma 3.2. Assume p, > 0. If w € W, satisfies that the w-th term in (B.12) is non-zero,
then w = p or w = $,11p, for some permutation p.

Proof. Write w = sp as above. Suppose that s(e;) = —¢; for some 1 < j < n. Since Px(w(A +
Pg) — Pg — I — kent1) > 0 by assumption, [B.II) forces 0 < (g;,w(A+ pg) — pg — t — kEpt1), SO
0 < (gj,pg+ 1+ kent1) < (g5,wA+ pg)) = (g, sp(A+ pg)) = —(£;, (A + pg)) < 0, which is a
contradiction. Hence, s(aj) =¢; for all 1 < j < n and the claim follows. O

Lemma 3.3. Assume \; > p; > N1 for all 1 <@ < n. If w e W, satisfies that the w-th term
in (B12) is non-zero, then w =1 or w = s,41.

Proof. By Lemma B.2 we may assume that w = sp with p a permutation and s = s,,1 or
s = 1. Let [ be an index distinct to n + 1 and let r be the index such that p(e,) = &;. Since
Ps(w(Apg)—pg—i—kent1) > 0 by assumption, [BII) gives 0 < (), w(A+pg) —pg—p—kent1) =
(Ers A+ pg) — (€1, pg + 10+ kens1) = N — pu + (I — ). We conclude that A\, > +7r — L.

If ] =1, thenr = 1. Indeed, if r > 2, then A\y > A\, > pu;+7r—1 > Ay by assumption, which is a
contradiction. Suppose ! < n—1and w(e;) =¢; forall 1 <i <[, and let r be an index such that
w(e,) =¢. Clearly, r > 1. If r > 1+ 1, then A1y > A\, > py+7 — 1> iy > \jyq by assumption,
which is again a contradiction. We conclude that r = [. We have shown that w(e;) = ¢; for all
1 <4 <n—1. In other words, w = s or w = spj, p4+1 Where p,, 41 preserves g; forall 1 <7 <n-—1
and switches e, and €,,11. If w = spy, 41, then 0 < (e, w(A+pg) —pg—p—kent1) = A1 —1—pp
which is impossible when p,, > 0 because |p,| > A,41. This completes the proof. O

We now show that it is sufficient to prove Theorem B.1] for u,, > 0. We set i = 2:.:11 i€ —
pnen for any p=>""  pe; € PTT(K). Note p € PTH(K).

Lemma 3.4. For any A\ € P*H(G), p € P*H(K), k>0, 0, ® 7, and o3 ® 73, occur in my|kxu
the same number of times.

Proof. We set go € diag(1,...,1,—1,1,1,1) € O(2n + 3). Although g is not in G, the map
@ 1 x = goxgo is an automorphism of G. It turns out that 7y o ¢ ~ ), 0, 0 p|x =~ oz, and
Tk 0 ol = 7. It follows immediately that Homy g (o, ® 73, m5) =~ Homgp(op ® 75, 7)) as
complex vector spaces, as asserted. U

We are now in position to prove the main theorem of this section.

Proof of Theorem[31l. To establish the isomorphism of H-modules in ([8.9), we will show that
each irreducible representation 75, of H occurs in both sides with the same multiplicity. For the
right-hand side, we will use Theorem 2.1l For the left-hand side, we use that

(313) dim HomH(Tk, HOIIlK(O'u, 7T)\)) = dim HOIIlKXH(O'# X Tk 7T)\),

and then we apply Kostant’s Branching Formula to G/(K x H). Note that (8.13]) and Lemma[3.4]
allow us to assume u,, > 0 for the rest of the proof.
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Lemmas 3.2 and 3.3 tell us that the only non-zero terms in ([B.12) are given by w = 1 and
w = Sp+1. The term corresponding to the last choice is equal to

(3.14) Ps (51N + p) — pg =t — kewin) = P (30 Aisi = 11 = Ot +k + Do)
i=1

- PE (Sn-i-l(z )\igi — K + ()‘n-i-l + k + 1)5n+1)) = PZ ()\ — K + (k + 1)5n+1)-
i=1
The last identity follows by Px(s,+1v) = Ps(v) for all v. We have established so far that
(3.15) dim Hompy (7, Homg (0, m2)) = Pu(A — g — kent1) — Ps(A — p + (K + D)epsq).
Since ¥ = {e; £ e,41: 1 <i < n} C X, it follows that the previous expression becomes

)\1—}11 An_ﬂn

(316) > - 3 (Po(A == ke = v) = P (A= it (b Ve = v))

v1=0 vn=0
|24 |2ngin|
Z YD Pe(A i kenn — 27— Bi)
71=0 =0 IC[1,n]

~ 3" Po(A =t (k+ Ve — 2y - Br)

IC1,n]

v vg; and v = > vig;, whenever v; and +y; for
1 <i < n are determined. The notation for 3; was introduced before Lemma 2.2 Such lemma
implies

Here and subsequently, we write v = > " |

(3.17)  dim Homp (7, Homg (0, 7))
A1 “1J L>\n HnJ

Z Z (PE’ >\ — U — k€n+1 — 2’}/)) - PE’ (2(>\ — K + (k + 1>5n+1 - 27))) .

71=0 =0
On the other hand, the right-hand side of (8.9) is
I
(3.18) @ e @ Ta—p—291 @ @ Ta—pin—2yn @ Tanys-
1=0 Y =0

One has that H = SO(3) ~ SU(2)/{%1}. The irreducible representation 75/ of SU(2) with
k odd does not descend to a representation of SO(3). Furthermore, the (2k + 1)-dimensional
representation 7 of SU(2) descends to SO(3). Therefore, Theorem 2.1l ensures that the number
of times that 7, occurs in the factor 7y, —,,—2¢, ® -+ ® Ta,—p -2y @ Ta,y, 18 equal to

(3.19) P (2(A — = 27) = 2kens1) — P (2N — = 29) + (2k + 2)enta) -
It follows that the number of times that 7 occurs in (8.I8)) coincides with ([B.17), as asserted. [
3.3. Prescribed highest weight end for type B case. The aim in this subsection is to prove

Theorem Roughly speaking, it is a decomposition of the multiplicity space Homg (o, )
as H-module when the ending coefficients of A\ coincide with a part of the coefficients of p.
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Theorem 3.5. Let G = SO(2n + 3), K = SO(2n), and H = SO(3) for any n > 2. For
po=y 1 i € PTH(K) and X = Z"H \ig; € PTH(G) with N\izg = p; for all1 <i <n—2
and fi,—1 < Apy1, we have that

Hn—1
(3.20) Hompg (0, m\) >~ 7 |g ® @ Tj

J=pnl

as H-modules, where 7, denotes the irreducible representation of U(3) with highest weight
N = Mgl + Aagh + Asehy (see Subsection [2.7).

We note that the condition pu,,_; < A,y is redundant unless n = 2.

It turns out that Kostant’s branching formula is not adequate to prove this result, since the
number of non-zero terms in the formula (B:I2]) is too high. We will use the branching law from
G to K x H given by Tsukamoto [Ts05]. We first recall such a result.

Fix A € PT7(G). It will be convenient to set \,41o0 = Ay13 = 0 and ag = po = ;. Further-
more, for 1 € PT*(K), let 5, denote the representation of K given by ¢, = o, if p,, = 0 and
o, = 0, ® op otherwise.

Tsukamoto established in the proof of Theorem 1 in [T's05] that

T heni)
e i€n+1 __ e~ i€n+1
(3.21) X = ! > e Y, S

7rA|K><H (6%€"+1 . 6_%€"+1) " Opn (al an) (e€n+1 —_ 6—€7L+1)TL )

where the first sum is over every pu € PT1(K) triply interlacing A, that is, A\; > p; > iy
for all 1 < ¢ < n, the second sum is over the n-tuples (aq,...,a,) € Z" satisfying that
a; > -+ >a, >0 and max(u;, Aiz2) < a; < min(p;_1, A;) for all 1 <7 < n, and the parameters
ly,...,l,11 are given by

(3.22) {li = min(A;, a;—1) — max(Ai1, ;) + 1 forall 1 <i<mn,

lny1 = min(N,yq,a,) + 1/2.

Since X, = Eu(kens1 + p)/Eulpy) by @2), with Eu(kenis + py) = Eul(k + 3)Ent1) =
etta)enit _ e=(kty)entn and £4(py) = e2°+ — e~ 2"+ Tsukamoto thus obtained the following
implicit branching rule from G' = SO(2n + 3) to K x H = SO(2n) x SO(3).

Theorem 3.6. [Ts05, Theorem 1] Let A € PTH(G), u € P (K), and ke,yy € PTH(H). If
N > i > Niys for all1 < i <n—1and N\, > ||, then the number of times that o, ®
occurs in Ty kxm 1S given by my, where the coefficients my, for p > 0 are defined by

n+1

1_[1 (eli5n+1 _ e_l'5n+1> o
v + )e —(P+3)en
(3.23) Z (een+1 — En+1 Zmp 6 (» ntl _ o~ Pty L+1)7

(a1,-...an) p>0
where the sum at the left is over the n-tuples (ay, .. .,a,) € Z" satisfying that a; > --- > a, >0,
max (f;, Aiv2) < a; <min(p;_1, \;) for all 1 <i <n—1, max(|u,|, \nio) < ap, < min(p,_1, Ap),
and ly, ..., l,11 are given by (3.22)). Otherwise, o, @ T, does not occur in Tx|kxH-

Proof of Theorem[3.3. We will assume throughout the proof that u, > 0, which is possible by
Lemma B4 We will first show that

MHn—1
(324) HOIIlK(O'“,W)\) HOHIK 0'0,7'(')\/ (@ 73)

J=Hn
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as H-modules, where X' = \g; + Aogy + A3e3. To do that, we will check that the term

accompanying X, in X, coincides with the term accompanying x,, in Xr,, times 25; ui X, -
From (3.21)), the term accompanying x,, in X, equals

n+1
. H (eli5n+1 _ e—li€n+1)

1=1
& (py) 2 (e5ntt —emensn)n

(alv"'van)

(3.25)

where the sum is over (aq,...,a,) € Z" satisfying that a; > -+ > a, > 0 and max(p;, A\jyo) <
a; < min(p;_1, ;) for all 1 < ¢ < n, and the parameters [y, ...,l,11 are given by (3.22).
By assumption, \;;3 = p; for all 1 < ¢ < n — 2. This implies that the sum reduces to
(a1,...,a,) € Z" satisfying that A3 < a3 < A, pn < ay < pn_1, and a; = Ao for all
1<i<n-—1,thusl; = A\ +1—max(Ag,a1), ls = min(Ag,a;) — A3+ 1,; =1 forall 3 <i <mn,
lns1 = a, + 1/2. Hence, the previous expression becomes

AL lient1 _ p—lient1 loent1 _ p—l2ent1 Hn—1 Int+1€n+1 _ p—lnt1€nt1
(3.26) (e e )(e e ) (e e )
' =, (esntt — ement1)? = Em(py)
A1 (611€n+1 _ e—ll€n+1)(612€n+1 _ 6—12€n+1> Hn—1
= > - > X
= (6€n+1 —e €n+1)2 = Tan | 2

where I; = A} + 1 — max(\y,a;) and Iy, = min(Ag,a;) — A3 + 1. We conclude that the proof
of ([3.24) follows by checking that the second term in the right-hand side of the last expression
coincides with the term accompanying X, in Xn,,. This can be easily checked by (3.21]) since
Niyz = p; = 0 for all 7 > 1. Indeed, one obtains A3 < a; < Ay, a; = 0 for all 2 < ¢ < n,
li =M +1—max(Ay,a1), b =min(Ay,a1) — A3+ 1, ; =1 forall 3 <i<mn,and [,,; =1/2.
He have established so far the identity (8.24]). Now, by using Knapp’s duality [Kn01], the
multiplicity space Hom (0¢, my) is isomorphic as an H-module to the restriction of the repre-
sentation 7, of U(3) to H = SO(3). This completes the proof. O

Remark 3.7. The branching law from U(3) to SO(3) has been thoroughly studied. It states
that (see for instance |GL9I, (1.18)]) the number of times that 7, occurs in 7} [go3) with

N = Z?Zl Nie’s, is given by

0 if0<p<k-—-1,
okt [eskoa) ifk<p<2k 0<g<p—k,
e=ke1] ifk<p<2k p—-k<q<k,
[e=htl] _ ek if 2k <p, 0<q<k,
[P=AEL] _[e=hma] (4R fop <p, k<q<p-k,
\[p—l;rl} _ [%} it2k<p, p—k<g,

where p = X| — X}, ¢ = X, — X}, and [-] stands for the ceiling function (i.e. [x] is the least
integer greater than or equal to x). Now, Theorem and (B27) give an explicit expression
for the number of times that o, ® 7, occurs in 7|k« g for A and p as in Theorem B0

Remark 3.8. Knapp’s duality [Kn01] was already present in |[GK84] (cf. second-to-last para-
graph in §2 of [HTWO5]).
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4. TYPE D CASE

We consider in this section the case d = 2n + 1, thus for any n > 1, we set
G =S0(2n +4), K =S0(2n+1), H =S0(3).

The Lie algebra g = s0(2n + 4,C) is a classical Lie algebra of type D,,12. There are several
similarities with the previous case considered in Section [3], so we will omit many details.

4.1. Root system notation for type D case. We pick the maximal torus

(4.1) T = {diag(R(6h),...,R(Ont2)) : 0; e RV j},
(4.2) ti={diag (%, %) (w0l 7)) 05 €TV}

We define ¢; € t* by ¢;(X) = 6; for X in t as above, for 1 < j < n+ 2. Then, ®(g,t) =
{teide;:1<i<j<n+2}

The maximal torus T'N K of K satisfy (6Nt)* = spanc{ey,...,e,}, thus @(¢,t) = {£e; £¢; :
1<i<j<n}pU{te :1<i<n}. Similarly, the maximal torus T N H in H satisfies that
(hNt)* = spanc{e,+2} and (b, t) = {£e, 10}

We pick compatible orders in t*, (N t)* and (h Nt)*, determined by the lexicographic order

with respect to the ordered basis {e1,...,&,42}. Thus
(4.3) (g, t) ={eite;:1<i<j<n+2} DT (h,t) = {ensa},
(4.4) Pt ) ={e;te; 1<i<j<nlU{e:1<j<nl,

P(G) = @137Ze;,  PTHG) = (Y0 A, € P(G): A\ > - >An+1>|xn+2|}

P(K) =&j_Ze;, P (K)={3]_ \ej € P(K): A\ >- > 0},
P(H) = Zensy,  PH(H) = {kenso € P(H) < k> 0,
n+2 n
(4.8) pg = Z(n +2 —i)ey, pe 1= Z(n + 1 — )&, Py 1= 2Enia.

i=1 =1
For A € P™*(G), p € P (K), and ke, 1o € PTT(H), we denote by ,, 0, 7 the corresponding
irreducible representations of G, K and H respectively.

The Weyl group W, consists in elements w = sp, with p a permutation of the n+2 coordinates
and s a multiplication by —1 on a subset of coordinates with even cardinality. We still denote
by s; : t* — t* the reflexion with respect to the axis 7 like in Subsection B.Il Furthermore, we
define p; ; to be the transposition of the coordinates i and j.

We consider the inner product (-,-) on g given by (X,Y) = 1 tr(XY). We extend it to t*. It
turns out that {e1,...,&,12} is an orthonormal basis of t*.

4.2. Main theorem for type D case. The main result in this section is the following.

Theorem 4.1. Letn > 1, G =SO(2n+4), K = SO(2n+ 1), H = SO(3), A = Zn+2)\ . €
PTYH(G), p="0 e € PYH(K). If u simply interlaces X, i.e. \; > p; > Niyq for 1 <i<nmn,
then

An+1 n L(Am—pm)/2]
(4.9) Homg (o, m5) =~ @ Te | ® ® @ TAm—pim —2j
k=|Ant2] m=1 7=0

as H-modules.
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Similarly as in the previous section, we first make the first steps of applying Kostant’s
Branching Formula (2.6]) to (G, K x H). The maximal torus S := TN (K x H) in K x H misses
the (n 4+ 1)-th 2 x 2-block in (41]). Thus, s* = spanc{ey,...,en, enta} and the restriction from
t* to s* denoted by a bar removes the (n + 1)-th coordinate, that is,

n+2

(4.10) > Bici = Y Bigi + Buiocnyo
i=1 i=1
Furthermore, ® (¢ x h,5) = T (¢, tN€) U DT (h,tNh), thus
(4.11) Y={e;te,2:1<i<n}U{e:1<i<n}U{—¢e,12},

each element with multiplicity one. It follows that, for v € s*,

n

(4.12) Ps(v) >0 = wvii=(v)€Z Vi, ; >0 V1<i<n, V2 <> v
i=1

From (2.6]), we obtain that the number of times that o, ® 7, appears in my|x«x is given by

(4.13) dim Homg (0, ® 7, my) = Z sgn(w) Ps(w(A+ pg) — pg — i — kenya).

weWy

The next lemmas indicate the non-zero terms in the above sum. The proof of the first one is
completely analogous to the proof of Lemma 3.2

Lemma 4.2. Assume \,41o > 0. If w € W, satisfies that the w-th term in ([ALI3]) is non-zero,
then w = p or w = Sp11Spa2p, for some permutation p.

Lemma 4.3. Assume \; > p; > Ny for all 1 <i <n. If w € Wy satisfies that the w-th term
in m is non-zero, then w 1s in {1a Sn+1 Sn+2; Pnt+1,n+2; Sntl 5n+2pn+l,n+2}'
Proof. We write w = sp with s =1 or s = 5,115,212 by Lemma By proceeding as in the
proof of Theorem Bl we obtain that w(e;) =¢; forall 1 <i <n—1.

Suposse wW(ep+1) = €p, then 0 < (g, w(A + pg) — pg — pt — kento) = A1 — ftn — 1 < 0
which is a contradiction. Finally, if w(e,42) = €5, then 0 < (g,,, w(A + pg) — pg — 1t — kept2) =
Anto — ln — 2 < 0 which is again a contradiction. Thus, w(e,) = €, and the claim follows. [

We now show that it is sufficient to prove Theorem E.Tlfor A\, > 0. We set = Z?:ll Nigi —
Ant2Enss for any A = Z?:lz \ig; € PTT(G). Note A € PT(G).
Lemma 4.4. For any A € P**(G), p € P™(K), k > 0, we have that m\|xxn ~ 75|k xH-

Proof. We set gy € diag(1,...,1,—1) € O(2n + 4). Although gy is not in G, the map ¢ : x —
Goxgo is an automorphism of G. It turns out that my o ~ 75, 0,0 9|k = 0y, and T, 0 @|g ~ 7.
The assertions then follows. O

We are now in position to prove the main theorem of this section.

Proof of Theorem[{.1. The strategy is the same as in the proof of Theorem 3.1l By Lemma [£.4]
we may assume A, o > 0.
From (4.13) and Lemmas [4.21 and [4.3] we obtain that
(414) dim HOIIIKXH(O'M X Tk 71')\) = ’PE(S\ — U — kf€n+2) + 732(5\ — U — (2)\n+2 + k’)E,H_g)
- 772(5\ — it A1 — Anpa + 1= k)epgn) — 772(5\ — = (Ang1 + A2 + 1+ k)enya).
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Set ¥ = ¥ U{—¢e,12}, where ¥/ = {e;+¢,42 : 1 <i < n}. One has that, see for instance [Kn,
(9.56)], Psu(v) = Pen(v 4+ mensa) + S0 Po(v + r6,40) for all v € s*. Then,

(4.15) 732(5\ e k‘€n+2) — 732(5\ — U + ()‘n-i-l — )\n.:,_g +1— k‘)E,H_g)

A1 HlJ \_)\n An—pn |
=Y Y Y (Pe(i ke -2 - )
71=0 =0 IC[1,n]
— Par (A= f+ gt — Ansa+ 1 — k)epin — 2y — ﬁf))
Angr L] 2ngem)
=Y X e X Y Pt (e~ Rz — 2y )
r=Apt2 Mm=0 mw=0 IC[1,n]
Ant1 )\1 #1J LAn*MnJ
= > Z c Y P (20— A (7= Ay — B)ensa — 29)).
r= )\n+2 Y1= =0 '\/TL_O

The last equality follows by Lemma Similarly, one obtains that

(416) PE(S\ i (2)\n+2 + k)€n+2) - 7)2(5\ — U — ()\n+2 + )\n-‘,-l +1+ k)€n+2)

e e A o )
== 3 Y S PuO— = (0 Auge L B — 29)).
r=An42 71=0 Yn=0

Now, substituting (£15) and (£I0) in (£I4), we get

(4.17)  dim Homp (7, Homg (0, mx)) = dim Homg x g (0, @ 75, 7)

An41 LAliulJ LkniunJ
Z Z Z PE’ )\ o+ (T - )\n+2 - k)5n+2 - 27))
r=Ant2 71=0 Yn=0

—Ps (2(5\ —p—(r+ Ao+ 1+k)epo — 27))) )

Again, the right-hand side of (4.9) is

)\
A1 1~ “IJ LAn Ln |
(418) @ @ @ 7_)\1 —p1— 271 . ® 7-)\7L—M7L_2'Yn ® Ty
r= )\n+2 Y1= =0 'Yn—o

By Theorem 2], 7, appears in the factor 7y, _,, 2y, @ -+ @ Ta, —p—2+,, @ 7, With coefficient
PZ’ (2(5\ — U — 2’7) + 2(T — )\n+2 — k)5n+2) — PE’ (2 (5\ e 2’7) + 2(7’ — )\n+2 + k + 1)5n+2) .

Since Psy () = Psv(Spi200), it follows that the number of times that 74, occurs in (4.18)) coincides
with (4.I7), as asserted. O

4.3. Prescribed highest weight end for type D case. We next show the analogous result
to Theorem for the type D case, which gives an explicit decomposition of the multiplicity
space as an H-module when the ending coefficients of A coincide with a part of the coefficients
of p. This result will be also proved by Tsukamoto’s branching law from G to K x H.
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Theorem 4.5. Let G = SO(2n +4), K = SO(2n + 1), and H = SO(3) for any n > 1. For
=" g € PTH(K) and A = Y052 Nigy € PTH(G) with |Niys| = s for all 1 <i<n—1
and pi, < [Ayal, then

(4.19) Homp (0, m\) = 7|0 @ Ty,

as H-modules, where 7, denotes the irreducible representation of U(3) with highest weight
N = el + Aoeh + | As|eh (see Subsection[2.4).

We note that the condition p,, < |A\,42|is redundant unless n = 1. Furthermore, |\; 3| = A\ix3
for all i <n — 2.

Fix A € PTT(G) with A\, 1o > 0. It will be convenient to set A\, 43 = 1 = 0and pg = p_1 =
A1. We recall from (2.4)), that the character of 7|k« g is given by X5, for any finite dimensional
representation 7 of G. Tsukamoto established in the proof of Theorem 4 in [Ts05] that the
character of the restriction of m) to K x H is given by

n+1

) o . 21;[1 (eli5n+2 _ e_li5n+2)
( '20) Xalgxn = Xmy = 777 lenH) Z Xoy Z (een+2 — e—an+2)n )
I

(625n+1 — e 2
(alv---van+1)

where the first sum is over every u € PT1(K) triply interlacing A, that is, \; > u; > A3 for
all 1 <4 < n, the second sum is over the (n + 1)-tuples (ay, ..., a,11) € Z"** satisfying that
a; > -+ > appr > 0 and max(pg, Aiv1) < a; < min(p;_o, A;) for all 1 < i < n+ 1, and the
parameters lq, ..., [, are given by

(4.21) {li = min(pi-1, a;) — max(p;, ai1) +1 forall 1 <i<n,

lnr1 = min(fig, aneq) + 1/2.

He thus got the next implicit branching law from G' = SO(2n+4) to K x H = SO(2n+1)xSO(3).
Theorem 4.6. [Ts05, Theorem 4] Let A € PYH(G), u € PTH(K), and ke,yy € PTH(H). If
Ni > g > Ny forall1 < i <m—2, \y_1 > fpo1 > |Aage|, and Ay > py, then the number
of times that 0, ® T, occurs in Ty|kxm i giwen by my, where the coefficients m, for p >0 are

defined by
n+1

H (eli6n+2 _ e—l'En+2)
(4.22) Y o= =5 "m, ( (ePrD)onsz _ g=(r+)ensa),
(65n+2 —e En+2

(a1,..,an) p=>0

where the sum at the left is over the (n + 1)-tuples (ay, ..., any1) € Z™ satisfying that a; >
- > apgpr > 0, max(pg, Aip1) < a; < minp_o,A;) for all 1 < i < n, [Ago| < apyr <

min(p,—1, Ant1), and by, ..., L1 are given by [@2I). Otherwise, o, ® 7, does not occur in

Al o -

Proof of Theorem[{.5. From Lemma .4 we assume that A, ;o > 0. We will first show that

(423) HOHIK(O'M,’]T)\) ZHOIIIK(O'(),W)\/) ®Tﬂn

as H-modules, where X' = \je1 4+ Ag2e5 + Aze3. We need to check that the term accompanying
Xop I Xy |gexp COINcides with the term accompanying Xo, in Xr,, gy tiMES X7, -

By assumption, A\;;3 = p; for all 1 <i < n — 1. Then, (£20) yields that the term accompa-
Nying Xo, N Xr,|x,y 15 equal to

A1 A2 e(a1 a2+1)ent1 _ e —(a1—a2+1)ent1

(4.24) Xw D D P — )

a1=MA2 ag=M\3
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On the other hand, also by (#.20), the term accompanying x,, in Xx,, is given by

|5 x B

A1 A2 e(a1 a2+1)ent1 _ e —(a1—a2+1)ent1

(4.25) > P — )

a1=MA2 ag=M\3

which completes the proof of (£23).
The proof follows by applying Knapp’s duality [Kn01] to the right-hand side of ([£23). O

Remark 4.7. Theorem [4.5 and ([B.27), give an explicit expression for the number of times that
0, ® T, occurs in my|gxp for A and g as in Theorem
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