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DERIVED k°-ADIC GEOMETRY AND DERIVED RAYNAUD LOCALIZATION THEOREM

JORGE ANTONIO

ABSTRACT. The goal of the present text is to state and prove a generalization of Raynaud localization theorem in the
setting of derived geometry. More explicitly, we show that the co-category of quasi-paracompact and quasi-separated
derived k-analytic spaces can be realized as a localization of the co-category of admissible derived formal schemes. We
construct a derived rigidification functor generalizing Raynaud’s rigidification functor. In order to construct the latter we
will need to formalize derived formal k°-adic formal geometry via a structured spaces approach. We prove that k°-adic
Postnikov towers of derived k°-adic Deligne-Mumford stacks decompose and we relate these to Postnikov towers of
derived k-analytic spaces. This is possible by a precise comparison between the k°-adic cotangent complex and the
k-analytic cotangent complex.
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1. INTRODUCTION

1.1. Background material. Let £ be a non-archimedean field of rank 1 valuation, k° its ring of integers and let
t € k° be a fixed pseudo-uniformizer of k. Denote fSchy. the category of quasi-paracompact and quasi-separated
admissible k°-adic formal schemes, i.e. formal schemes over Spf k° topologically of finite presentation whose
structure sheaf is (¢)-torsion free. Let Any, denote the category of k-analytic spaces. There exists a rigidification
functor, also referred as Raynaud’s generic fiber functor,

(_)rig: fSChko — Ank,
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given by the formula
X € fSchyo — X'& € Any,.

When X = Spf(A), for some topologically of finite presentation k°-adic algebra A, we have that
Spf(A)8 ~ Sp(A @0 k) € Any,

where the latter denotes the k-affinoid space associated to the k-affinoid algebra A ®j. k. Moreover, every quasi-
paracompact and quasi-separated k-analytic space X admits a formal model over Spf k°. Concretely, there exists
X € fSchyo such that

Xie ~ X
In principle, one is then able to understand the analytic structure on X through the formal model X. Furthermore
one has the following crucial result, proved by Michel Raynaud in the quasi-compact case and by Rachid Lamjoun,
cf. [Lam99, Theorem 3.14], in the quasi-paracompact case:

Theorem 1 (Raynaud/Lamjoun, Theorem 8.4.3 in [Bos05]). The functor (—)rig: fSchyo — Any, is a localization
functor. More precisely, the latter factors through the localization of fSchyo at the class of admissible blow ups,
denoted S. Moreover, the induced functor

fSchye [S ] — AndPees

is an equivalence of categories, where Anj*“® C Any, denotes the full subcategory of quasi-paracompact quasi-

separated k-analytic spaces.

Theorem 1 has many applications in practice. Indeed, such result allows us to extrapolate methods of modern
algebraic geometry into the rigid analytic setting. For instance, Theorem 1 is useful to study flatness and base
change theorems in the setting of rigid k-analytic geometry. Another instance of this principle is the study of
flat descent of coherent sheaves for rigid k-analytic geometry, proved in great generality by Bosch-Gortz [BG98].
Theorem 1 has also found applications to the study of rigid k-analytic moduli spaces, such as Drinfeld’s half upper
plane, the rigidification of moduli of abelian varieties equipped with level structures and more recently the moduli
of p-adic local systems of étale local systems on smooth varieties, LocSys,, ,, (X), see [Ant17].

Raynaud’s localization theorem allows us to bypass the intrinsic analytic difficulties by reducing the questions
at hand to the formal level. Furthermore, techniques coming from algebraic geometry can be used effectively to
study the geometry of formal schemes.

1.2. Mainresults. The main goal of the current text is to prove an analogue of Theorem 1 in the setting of derived
k-analytic geometry.

Derived k-analytic geometry was introduced and studied at lenght by M. Porta and T. Yu Yue in [PY 16a,PY17].
On the other hand, spectral formal algebraic geometry was developped in [Lurl6, §8] by J. Lurie. Unfortunately,
no link between the theory of derived £°-adic schemes and that of derived k-analytic spaces has been established
prior to this text.

In order to state a derived analogue of Theorem 1 one needs a crucial ingredient, namely the existence of a
derived rigidification functor. Inspired by the construction of the derived analytification functor of [PY17, §3],
we will give a construction of the derived rigidification functor, see Corollary 4.1.8. Our construction requires the
development of a structured spaces approach to derived formal k°-adic geometry.

This is achieved in §3: we develop a theory of derived (¢)-adic formal geometry by means of T,q4(k°)-structured
spaces. Here T,q(k°) denotes the k°-adic pregeometry introduced in Definition 3.1.1. More concretely, we will
consider pairs (X, Q) where X is an co-topos and

O: Taa(k®) = X

is a local T,q(k®)-structure, see Definition 2.1.6. We prove that the datum of such an object O is equivalent to the
datum of a sheaf of derived k°-adic algebras, 024, such that 7o (024) is equipped with a natural adic topology. The
latter is further assumed to be compatible with the (¢)-adic topology on k°. This last statement can be interpreted
as a rectification type statement and it is the content of Theorem 3.2.5.

We will then give a definition of derived formal k°-adic Deligne-Mumford stacks over k°, via Toq(k°)-
structured spaces. Moreover, under certain mild finiteness conditions, this notion agrees with the simplicial
analogue of the spectral notion introduced in [Lurl6, §8]. We then proceed to study k°-adic Postnikov tower
decompositions and the k°-adic cotangent complex. To the author’s best knowledge, the study of the k°-adic
cotangent complex and its role in the study of Postnikov towers of k°-adic Deligne-Mumford stacks has never
been addressed before in the literature.



Using the machinery developed in §3, we define a rigidification functor
(=)™ *Top (Taa (k%)) = *Top (Tan(k))
which restricts to a well-defined functor
(—)"&: dfDMyo — dAny,

where dfDMy. denotes the co-category of derived £°-adic Deligne-Mumford stacks and dAny, the co-category
of derived k-anlytic spaces. See Definition 3.2.12 for the definition of the former and Definition 2.2.3 for the
definition of dAny. We prove that the derived rigidification functor (—)'® coincides with the usual rigidification
functor when restricted to the category of ordinary formal schemes, cf. Corollary 4.1.5.

Theorem 1.2.1 (Theorem 4.4.4). Let Z € dAny, be a quasi-paracompact and quasi-separated derived k-analytic
space. There exists Z € dfDM such that one has an equivalence 7'8 ~ 7 in dAng. In other words, Z admits a
formal model Z € AfDMjeo.

Let dfSchyo denote the full subcategory of dfDMy. spanned by those X € dfDMy. such that ty (X) is equiv-
alent to an ordinary admissible quasi-paracompact and quasi-separated formal scheme over £°. We say that a
morphism f: X — Y in dfDMgo is rig-strong if, for each i > 0, the induced map

i ((frig)—loYr;g) ®ﬂ-0((frig)—1oyrig) FQ(OXrig) — T (oxrig) s

is an equivalence in the co-category of the structure sheaf Oxzis-modules, Mod (o, ;) Let dAnP*® C dAny,
denote the full subcategory spanned by those X € dAny, such that its O-th truncation t<o(X) is equivalent to
a quasi-paracompact and quasi-separated ordinary k-analytic space. The following is a direct generalization of
Raynaud’s localization theorem to the derived setting:

Theorem 2 (Theorem 4.4.9). Let S denote the saturated class generated by rig-strong morphisms f: X —'Y
such that to (f) is an admissible blow up, in dfSchy.. Then the rigidification functor

(—)"'8 : dfSchye — dAnPe®,
factors through the localization co-category dfSchye [S™1]. Moreover, the induced functor
dfSchy, [S™!] — dAnPe®,
is an equivalence of co-categories.

Let us briefly sketch the proof of Theorem 4.4.9. In order to prove the statement it suffices to prove that
given X € dAng, as above, the comma category Cx = (dechko) X/ is contractible. We will prove a slightly
stronger result, namely Cx is a filtered co-category. In order to illustrate the main ideas behind the proof it
suffices to explain how to lift a morphism f: X — Y in dAny to a morphism f*: X — Y in dfSchye, such that
(ffyre~f.

Our argument follows by induction on the Postnikov tower of X. Suppose that X ~ t<(X) in the co-category
dAny. Notice that Theorem 1 implies that we can lift t<o(f) to a morphism f": Xo — Yy in the category fSchy..
As X — Y factors through the canonical morphism t<oY — Y in dAny, we conclude by Theorem 1.2.1 together
with Theorem 1 that we can find a formal model for f: X — Y, up to an admissible blow up of the 0-th
truncations.

Let n > 0 be an integer. Assume further that we are giving a morphism

(f;") X = Yy,

in dfSchyo such that
(f;r)rig ~ tgnfi tSnX — tgnY-
Consider the (n 4 1)-th step of the Postnikov tower, namely the pushout diagram

ten X [Masn (03 + 2] —— t<, X

| |

tan X ———————— t<pp1 X,

in the co-category dAny,. In order to proceed, we will need to prove:
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Proposition 1.2.2 (Corollary 4.3.8). Let X € dfSchye and denote X = X6 ¢ dAny. Then the rigidification
functor induces a canonical equivalence

(Lg) "™ ~ 13
in the oo-category Modg .

The induction hypothesis combined with the universal property of the adic and analytic cotangent complexes
and with refined results on the existence of formal models for almost perfect modules on X, proved in both [AP19]
and Appendix A, imply that we can extend the morphism f,F: X,, — Y, to a diagram

(1.2.1) I f e (F) T+ 2]) = t<afF.

The latter is considered as an object in Fun (A%, dechkAo1 ) , where
1 (f)F € Coh™ (Xo)?
denotes a formal model for 7,11 (f). By taking pushouts along A2 we obtain the desired lifting
S Xng1 = Yogr,

of t<pn+1(f)-

The main technical difficulty of the proof comes from the lifting of higher coherences involved in finite dia-
grams of derived k-analytic spaces to higher coherences of diagrams of formal models. This is needed in order to
extend (1.2.1) above in the case of more complex diagrams.

1.3. Notations and conventions. Throughout the text, unless otherwise stated, £ denotes a non-archimedemean
field of rank 1 valuation and k° = {x € k : |z| < 1} its ring of integers. We denote ¢ € k° a pseudo-uniformizer
of k. Given an integer n > 1, we will denote by k. the reduction modulo (¢™) of k°. We denote fSchyo the
(classical) category of formal schemes (topologically) of finite presentation over k°.

Let n > 0 be an integer, we define k° (T4, ..., T,) as the sub-algebra of k°[[T1, ..., T,]] consisting of those
formal power series f = X% IaZ-TIb T, such that the coefficients a; — 0, with I — oo, in k°. Denote by 21}, =
Spf k°(Th, ..., Ty,) the k°-adic affine n-space.

We say that a morphism between two (t)-adic complete k°-algebras A — B is formally étale if, for each
n > 0, its mod " reduction is an étale homomorphism of k°/¢"-algebras.

We shall further denote by B} := Sp(T1, ..., T,) the closed unit disk and A} := (Ag)an the k-analytic affine
n-space.

Let R be a commutative simplicial ring, we denote CAlgy, its co-category of simplicial R-algebras. We will
refer to an object A € CAlgy as a derived R-algebra. Similarly, if R is a discrete ring, we denote GAlgg the
category of discrete [?-algebras.

Given an object B € CAlg, we denote by 7; (B) the i-th homotopy group of the underlying space associated to
B. We will denote Mod g, the derived co-category of R-modules. Throughout the text we will employ homological
convention. Thus given M € Modg we denote by m;(M) := H;(M) its i-th homology group.

We denote by 8§ the co-category of spaces and ®Top the oco-category of co-topoi together with geometric
morphisms between these. In this paper we will extensively use the machinery of structure spaces, developped
in [Lurl 1b]. We will introduce the k°-adic pregeometry T,q(k°), spanned by (topologically) of finite presentation

loc

formally smooth k°-adic spaces. Given an co-topos X we will denote CAlg z(X) := Stry| (g (%), CAlgSH (X) =
Strl}’élc(R)(DC), tCAlg,. (X) = Str?:d(ko)(X) and AnRing(X) = Str?;](k)(DC). We will often denote a general
pregeometry by the letter 7. If R is discrete, we shall also denote by (BAIg?2 (X) the category of discrete R-algebras
on X. Let T be a pregeometry. In this paper, we always work with local structures, thatis O & Strlffr’c(DC).

Throughout the present text we will freely cite [Lur16]. However, we warn the reader that [Lurl6] deals with
spectral algebraic geometry. On the other hand, this paper is devoted to derived geometry and we never make
use of E,-ring spectra. Fortunately, the statements which we will need from [Lur16] hold true in the simplicial
setting. Moreover, the corresponding proofs apply mutadis mutandins in the simplicial setting. It is also possible
to define spectral k°-adic geometrical analogues of the results proved in the current text. However, we do not
explore this direction here.

1.4. Acknowledgments. The author is deeply thankful to Mauro Porta for sharing many ideas, remarks and
advices about the contents of the paper. The author is also thankful to Bertrand Toén and Marco Robalo for
valuable discussions about the contents of the paper.



2. REVIEW ON DERIVED ALGEBRAIC AND ANALYTIC GEOMETRY

2.1. Derived algebraic geometry. In [Lurl1b], J. Lurie introduced the notion of a (spectral) scheme, and more
generally (spectral) Deligne-Mumford stack via a structured spaces approach. We review some of the basic notions
for the reader’s convenience. The reader is referred to [Lurl1b] and [PY 16a] for more details.

Definition 2.1.1. A ringed co-topos is a pair (X, O) where X denotes an oo-topos and O € CAlg(X) is a CAlg-
valued sheaf, on X. We say that a ringed co-topos is a locally ringed oo-topos if for each geometric point

T X 28 xil,
the derived ring 2710, on 8, can be identified with a derived local k-ring.

Remark 2.1.2. Let X a topological space. We form the associated oco-topos X := Shv(X), of S-valued sheaves
on X. To a classical locally ringed pair (X, Q) one (functorially) associates a locally ringed co-topos (X, O).
Indeed, O can be naturally promoted to a local CAlg-valued sheaf on X.

Definition 2.1.3. Let X be co-topos. Given A € CAlg(X), we say that A is almost of finite presentation if mo(A)
is a classical ring object on X, which is further assumed to be of finite presentation. We further require that, for
every i > 0, ;(A) is a coherent module over 7o (A).

We now reformulate the notion of locally ringed co-topos in terms of pregeometries:

Definition 2.1.4. A pregeometry consists of an co-category T equipped with a class of admissible morphisms and
a Grothendieck topology. The latter is generated by admissible morphisms. Moreover we require the following
conditions to hold:

(1) T admits finite products;

(i) Pullbacks along admissible morphisms exist and are again admissible;
(iii) If f and g are morphisms in T such that g and g o f are admissible, then so is f.
(iv) Retracts of admissible morphisms are admissible.

We give a list of well known examples of pregeometries which will be useful later on.

Example 2.1.5. (i) Let Tq4isc(k) denote the pregeometry whose underlying category is the full subcategory
of the category of affine k-schemes spanned by affine spaces {A} },,>¢. The family of admissible mor-
phisms is the family of isomorphisms in Tgisc (k). We further equip it with the discrete Grothendieck
topology.

(ii) Let T4 (k) denote the pregeometry whose underlying category is the full subcategory of the category of
affine schemes spanned by smooth k-schemes. A morphism in T (k) is admissible if and only if it is an
étale morphism of affine schemes. We equip T (k) with the étale topology.

Definition 2.1.6. Let T be a pregeometry and X an oco-topos. A T-local structure on X is a functor between
oo-categories O : T — X satisfying the following conditions:

(i) The functor O preserves finite products in T;
(ii) For a pullback square, in T

U —— X'

I

U— X
such that f is admissible, the square

OU") —— O(X")

is also a pullback square in X.
(iii) Let {fo: Uy — U} denote a T-covering in T, such that the f,’s are admissible. Then the induced map

[Towa) = ow),

is an effective epimorphism in X.



A morphism O — O between T-local structures is said to be local if it is a natural transformation satisfying the
following additional condition: for every admissible morphism U — X in 7, the resulting diagram

o) —— 0'(U)

| |

0(X) — O0(X),
is a pullback square in X. We denote Strl}’c (X) the oo-category of local T-structures on X together with local
morphisms between these.

Construction 2.1.7. (i) In virtue of [Lurllb, Example 3.1.6, Remark 4.1.2], we have an equivalence of
oo-categories

Strie® () =~ Shveag(X),

where the latter denotes the co-category of CAlg-valued sheaves on X. More explicitly, given a ringed
oo-topos (X, Q), we can promote it naturally to a Tg;sc-structured via the construction:

A} € Tgisc — (OX” € Shv (X) ~ DC) )

(ii) Similarly, a T¢(k)-local structure on X corresponds to a CAlg,.-valued sheaf on X whose stalks are
strictly Henselian. We refer the reader to [Lurl6, Lemma 1.4.3.9] for a detailed proof of this result.

Definition 2.1.8. A T-structured co-topos is a pair X := (X, ), where X denotes an co-topos and O is a T-local
structure on X. We denote by ®Top(7) the co-category of T-structured co-topoi, cf. [Lurl1b, Definition 3.1.9].

Definition 2.1.9. A derived Deligne-Mumford stack is a T (k)-structured co-topos (X, O), verifying the following
conditions:

(i) The O-truncation t<o (X, O) := (X, mo(0#)) is equivalent to an (ordinary) Deligne-Mumford stack;
(i) For each i > 0, the higher homotopy sheaf m; (0*#) is a quasi-coherent sheaf on (X, O).

2.2. Derived k-analytic geometry. Let k£ denote a non-archimedean field of non-trivial valuation. Derived k-
analytic geometry, developped in [PY16a], is a vast generalization of the classical theory of rigid analytic geome-
try. In this §, we will review the basic definitions and we refer the reader to [PY 16a,PY17] for a detailed account
of the foundational aspects of the theory.

Definition 2.2.1. Let T,,(k) denote the pregeometry whose underlying category consists of quasi-smooth k-
analytic spaces and whose admissible morphisms correspond to étale maps between them. We equip T, (k) with
the étale topology.

Construction 2.2.2. Let X be an ordinary k-analytic space and denote X the small étale site associated to X.
Let X := Shvg (X )" denote the hypercompletion of the co-topos of étale sheaves on X . We can define a natural
Tan (k)-structure, on X, as follows: given U € Ty, (k), we define the sheaf O(U) € X by the formula

X2V = HOHlAnk (‘/, U) € 8.
As in the algebraic case, we can canonically identify O(A}C) with the usual sheaf of analytic functions on X.

Definition 2.2.3. We say that T,,(k)-structured co-topos (X, Q) is a derived k-analytic space if the following
conditions are satisfied:

(i) X is hypercomplete and there exists an effective epimorphism | [, U; — 1x on X verifying:
(ii) For each i, the pair (X |y, o (02|U;)) is equivalent, in ®Top (Tan(k)), to an ordinary k-analytic space,
via Construction 2.2.2.
(iii) For eachindex i and j > 1, 7;(028|U;) is a coherent sheaf over 7o (0218|U;).

We denote by dAn;, the full subcategory of ®Top(T,,(k)) spanned by derived k-analytic spaces.

Remark 2.2.4. In [PY16a] and [PY17] the authors prove three key statements concerning derived analytic geom-
etry. Namely the unramifiedness of the pregeometry T, (k), cf. [PY16a, Corollary 3.11], a ”gluing along closed
immersions” statement, cf. [PY17, Theorem 6.5], and the existence of an analytic cotangent complex classifying
analytic square-zero extensions, loc. cit. [PY17, Proposition 5.18]. There is also a k-analytic analogue of the
Artin-Lurie representability theorem, cf. [PY 17, Theorem 7.1].
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3. DERIVED k°-ADIC GEOMETRY

In this section we introduce the k°-adic pregeometry, denoted Toq(k°), and study the corresponding theory of
Tad (k°)-structured spaces. Our first goal is to give an alternative description of a T,q(k®)-structured oo-topos
(X, 0). Indeed, we prove that such (X, 0) can be alternatively described as a locally ringed co-topos (X, 022)
whose g (Oalg) is equipped with an adic topology compatible with the (¢)-adic topology. We will prove such
assertion in §3.1, under mild finiteness assumptions on O.

We will also extend the Spf-construction introduced in [Lurl6, §8.2] to the context of T,q(k°)-structured
spaces. We will then proceed to develop a theory of modules in the setting of derived k°-adic geometry, see
§3.3. Part §3.4 is devoted to the study of the k°-adic cotangent complex. We will establish unramifiedness of the
pregeometry T,q(k°) in §3.5. In §3.6, we show that Postnikov towers for T4 (k°)-structured spaces do converge
and they are fully controlled by the adic cotangent complex.

3.1. Derived k°-adic spaces.

Definition 3.1.1. The k°-adic pregeometry, denoted T,q(k°), is the full subcategory of the category of affine
formal k°-adic schemes spanned by those formally smooth formal k°-schemes. We define the class of admissible
morphisms on T,q(k°) as the one generated by étale morphisms. We further equip Toq (k°) with the étale topology.

Notation 3.1.2. Denote by BTop(Taq(k°)) the oo-category of Toq(k°)-structured oo-topoi. Given X € RTop,
we set

fCAlgyo (X) = St oy (X),
the oo-category of local Toq(k°)-structures on X.

We start by showing that ordinary formal k°-adic Deligne-Mumford stacks admit a natural description as
Taa(k°)-structured co-topoi:

Notation 3.1.3. Consider the transformation of pregeometries
()2t Taise(k°) = Taa(k®), (=)7: Talk®) = Taa(k®),

obtained by performing completion along the (¢)-locus. Precomposition along these transformations induce func-
tors

(—): fCAlg;. (X) — CAlg. (X),
(=) fCAlg,. (X) — CAlgh (X),

which we will refer as the underlying algebra functor and the underlying T (k®)-structure functor, respectively.
The functor (—)®'& sends every T,q(k®)-structure, on X, to its underlying algebra object. The latter is obtained
by evaluation on the formal affine line, 2[,160. Furthermore, the above construction induces canonical functors of
oo-categories of structured oo-topoi:

(—)™8: *Top(Taa(k®)) — "Top(Taisc(k°)),
(=)*: "Top(Taa(k®)) — "Top(Ta(k?)),
which are determined by the associations
(X,0) € RTop(Taa(k°)) = (X, 0%8) € BTop(Tuisc (k°))
(X, 0) € RTop(Taa (k) - (X, 0) € Top(Ta(k®)),
respectively.

Definition 3.1.4. Let X be an co-topos. We denote by (CAlgid)?(X) the usual 1-category of discrete k°-adic
algebras on X, i.e. discrete k°-algebras equipped with an adic topology compatible with the (¢)-adic topology.
Morphisms in (GAng‘})@ (X) correspond to continuous ring morphisms for the adic topologies.

Definition 3.1.5. Let X denote an co-topos. We define the co-category of derived k°-adic algebras on X, denoted
CAlg?d(X), via the pullback diagram

CAlgd (X) ——— CAlg;. (X)

| [

(CAIgE)¥(X) —— CAlgy, (X),
7



computed in Cate.

Lemma 3.1.6. Let X € RTop be an oo-topos. The underlying algebra functor
(—)*8: fCAlg;. (X) — CAlgy.(X),
can be upgraded to a well defined functor
(—)2: fCAlg,. (X) — CAlgiI(X).
Proof. We start by explicitly describe (—)? as follows: for each integer n > 1 and for each A € fCAlg,.(X),
consider the canonical morphism
AME 5 A8 @10 k2 € CAlg. (X).
Denote by I, := ker (mo(A™8) — (A& @y k7). The sequence of ideals {I,, },,>1 defines an I-adic structure

on A8, The latter is further compatible with the (#)-adic topology on k°. Moreover, for every morphism f: A —
B in fCAlg;. (X), the underlying algebra morphism

falg_‘Aalgg)galg
* )

is compatible with the constructed adic topologies on both A®& and B?!¢. Indeed, the latter can be checked
directly at the level of 7. In this case, the assertion follows from the fact that the composite

Aalg N 3a1g N 3&1;‘5 o k;’w

induces a unique morphism A& @0 kS — B8 @0 kS, which is a consequence of the universal property of
base change along k° — k2. By the construction of CAlg?d(X), we conclude that the (—)'&: fCAlg;. (X) —
CAlgy. (X) can be upgraded to a well-defined functor

(—)2d: fCAlg,. (X) — CAlgid(X),
as desired. (]
Proposition 3.1.7. Both functors
(=)™&: "Top(Taa(k°)) — Top(Taise (k)
(=)™ BTop(Taa (k) = *Top(Ta(k°)),

admit right adjoints
L: RTop(Taisc(k°)) — BTop(Taa(k°))
L*": ®Top(Ta(k?)) — "Top(Taa (k°))).
Proof. This is an immediate consequence of [Lurl 1b, Theorem 2.1]. O

We now proceed to have a better understanding of the action of L at the level of Tgjs.(k°)-structures:

Construction 3.1.8. Let (X,0) € RTop(Taa(k°)) be a Toq(k°)-structured oo-topos. Consider the comma oco-
category fCAlg;. (X)/¢. The latter is a presentable co-category thanks to [Por15a, Corollary 9.4]. The underlying
algebra functor induces a well defined functor

(—)8: fCAlg,e (X) /0 — CAlgyo (X) /gare.
Thanks to [Por15a, Corollary 9.5] the above functor commutes with limits and sifted colimits. Furthermore the
Adjoint functor theorem implies that

(—)™#: fCAlg. (X) /0 — CAlgye (X) /gaie,
admits a left adjoint which we shall denote by Wy : CAlgyo (X) /gaie — fCAlg;0 (X) /0. If the underlying co-topos
X is clear from the context, we shall denote W+ simply by W.

Construction 3.1.9. Let A € CAlg,. (X) Joas be a Taisc (k°)-structure on X. We define A,, as the pushout of the
diagram

Alu] _wot?,

A
(3.1.1) l J
A w20, A,
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in the co-category CAlg,.. (X) /o We have denoted Alu] the (commutative) derived free algebra on one gener-
ator in degree 0, over A. As W is a left adjoint, we obtain a pushout square

U(A[u]) 225 U(A)

(3.1.2) l l

U(A) =% U(A,),

in the oo-category fCAlg;. (X) ¢, . Every epimorphism is effective in an co-topos. Moreover, W is a left adjoint,
thus it preserves epimorphisms. These facts combined imply that the top horizontal morphism displayed in (3.1.2)
is an effective epimorphism, on X. The transformation of pregeometries Tqisc(k°) — Taa(k°) is unramified. It
thus follows from [Lurl 1a, Proposition 10.3] that we have a pushout diagram

W (A])ME S WA

l l

\I/(A)alg _u0 ., \p(An)alg’

in the co-category CAlg. (X) Jos- Thus, for each integer n > 1, the unit of the adjunction (U, (—)™) induces
morphisms
fan: An — U(A)E,
Since A,, can be realized as pushout of the diagram (3.1.1) and ¥ is a left adjoint we have a natural equivalence
U(A,) ~TA),.
Therefore, we can consider f4 , naturally as a morphism
fan: An — U(A,)YE.
Moreover, the ideals
I, = ker (mo(A) = mo(An)),
are mapped, under f4 5, to the ideals
Jy = ker (m (U(A)M8) — mo (T(A)ZE)) .
Therefore, the universal property of (¢)-completion induces a canonical morphism
far A — U(A)MS,
in the co-category CAlg,.. (X). Moreover, the natural morphism
fa: AY = U(A)ME,
is continuous with respect to the I-adic and J-adic topologies on A and W(A)*#, respectively. For this reason,
we can naturally consider the morphism f4 as a morphism in the co-category CAlg?% (). This latter assertion is
a consequence of Lemma 3.1.6.
Definition 3.1.10. Let (X, 0) € ®Top(T4). Let A € CAlg;.(X),/0, we say that A is strictly Henselian if it
belongs to the essential image of the functor CAlg;h (X) Jo = CAlgyo (X) gaie, given on objects by the formula

A € CAIgR (X) /o > AYE := A o1 € CAlg (X) /gais.
Here ¢: Tqisc(k°) — Ta(k°) denotes the canonical transformation of pregeometries.

We wish to prove that ¥(A)2! identifies with the (t)-completion of A, via the morphism f4, constructed in
Construction 3.1.9. In order to establish this result, we need a few preliminaries:

Lemma 3.1.11. Let (F,G): C — D be an adjunction of presentable co-categories. Suppose further that:
(i) Any epimorphism in C is effective;
(ii) G is conservative, preserves epimorphisms and sifted colimits;
Then epimorphisms in D are also effective. Moreover, if { X} is a family of compact generators for C then the

family {F(X,,)} generates D, under sifted colimits.
9



Proof. Let g: V' — Y be an epimorphism in the co-category D. We wan to show that it is effective, that is the
canonical morphism ¢': Y’ = |C(g)| — Y, where €(g) denotes the geometric realization of the Cech nerve of g,
is an equivalence in D. By assumption, G(g) is an epimorphism. Since G is a right adjoint, we have a canonical
equivalence

G (C(g)) = €(Glg).
As G commutes with sifted colimits, we see that G(Y’) ~ |€(G(g))| ~ G(Y), in D. We thus conclude that

Y’ ~ Y using the conservativity of G. This finishes the proof of the first assertion.
LetY € D. We can find a filtered category [ and a diagram 7": I — € such that

colimT, ~ G(Y) € C.
ael

Consider the composition F'o T': [ — D. For every o € I, we obtain a natural map
va: F(Ty) = F(G(Y)) = Y,

where the latter morphism is induced by the counit of the adjunction (F, G). These maps ¢,, can be arranged into
a cocone from F o T to Y. For each a, we can form the Cech nerve C(pq ). This produces a functor

T:1x A =D,
informally defined by

(o, n) = Clwa)™.
There is a natural cocone from 7" to Y, and we claim that the induced map

colim  T(a,n) =Y
(a,n)€Ix A°P

is an equivalence. We remark that

colim  T(a,n) ~ colim colim T (c, n).
(a,n) €I X A°P neA°P acl

Since G is conservative, it is enough to check that G(1)) is an equivalence. Observe that, since G commutes with
sifted colimits, we have

G (colim colimf(a,n)) ~ colim colim G (T(a, n)) .
nEA°P acl neEA°P acl
Since [ is a filtered category and G is a right adjoint, we obtain:
G <coli?1 é(gpa)”) ~C <coli}n G(F(Ty)) — G(Y)> .
aE ac
The unit of the adjunction (F, G) provide us with maps 7,,: T, = G(F(T,,)) such that the induced composition
colim Ty, — colim G(F(Ty,)) = G(Y)
ael ael
is an equivalence. In particular, the map

colei?l G(F(T,)) = G(Y)
is an effective epimorphism. Thus,
colim  G(T (v, n)) ~ |€(colim G(F(T)) — G(Y)| ~ G(Y).

(a,n)€A°P acl

We deduce then that G(v)) is an equivalence. By conservativity of G we conclude that ¢) was an equivalence to
start with. 0

Remark 3.1.12. Notice that the functor CAlg}h (X) /0 — CAlgyo (X) o introduced in Definition 3.1.10 is fully
faithful. This follows from [Lurl1b, Proposition 4.3.19, Remark 2.5.13] combined with [LurO9b, Proposition
7.2.1.14] and the proof of [Porl5a, Proposition 9.2]. Therefore, we will usually consider GAng}é (X) /o as a full
subcategory of CAlg;.(X) /0.

We can now understand explicitly the composite (—)2!8 o W:
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Proposition 3.1.13. Let (X, 0) € RTop(Taisc(k®)). Suppose that the underlying oo-topos X has enough points.
Let A € CAlgy.(X) o be an almost of finite presentation derived k°-algebra on X, which is further assumed to
be strictly Henselian. Then the canonical map

faz A = W (A,
introduced in Construction 3.1.9, is an equivalence in the co-category @Algzg (X) jw(0)as-
Proof. We wish to show that the natural map

fa: AD — W(A)Me

constructed in Construction 3.1.9, is an equivalence whenever A € CAlg,. (X) Joaie is almost of finite presenta-
tion.

By hypothesis, X has enough geometric points. Thus, in order to show that f4 is an equivalence it suffices to
show that its inverse image under any geometric point

(x4 z,): X =28,

denoted x7! f4, is an equivalence in the oo-category CAlg,.. Set A := x~1A. Thanks to [Por15b, Theorem
1.12], we deduce that Ug(A)212 ~ z=1W(A)22. We are thus reduced to the case where X = 8.

The oo-category (CAlgy. ) /gai is generated under sifted colimits by free objects of the form {k°[T1, . .., T ] tm>1.
Thanks to Lemma 3.1.11 we conclude that (fCAlgy. ) o = (fCAlgy.) ¢ (8) is generated under sifted colimits
by the family {W(k°[T1, ... Tin]) }m. As A € (CAlgyeo) /-1 gums is almost of finite presentation we conclude that
it can be written as a retract of a filtered colimit of a diagram of the form

AQ—)A1—>A2—>...,

where Ay is an ordinary commutative ring of finite presentation over k£° and A; 11 can be obtained from A; as the
following pushout

k°[S7"] —— k°[X]

(3.1.3) l l

Ai E— Ai+1 .

We have denoted £°[S™] the free simplicial k°-algebra generated in degree n by a single generator. Notice that,
since A is almost of finite presentation we can choose the above diagram in such a way that, for i > 0, sufficiently
large, we have surjections mo(A;) — mo(A;+1). As U is a left adjoint it commutes, in particular, with pushout
diagrams. We conclude that the diagram

Y(k[S"]) —— (R°[X])

(3.1.4) l l

U(A;) —— V(Ai41),

is a pushout diagram in the co-category fCAlg;.(X) /9. Moreover, the morphism W(A;) — W(A;;1) is an
epimorphism on 7y. For each n > 0, the morphism £°[S™] — k°[X] is an effective epimorphism. As U is a left
adjoint, the morphism ¥ (k°[S™]) — W(k°[X]) is an epimorphism in the (hypercomplete) co-topos X and thus an
effective epimorphism. Thanks to [PY16a, Proposition 3.14] it follows that the morphism

D[S — W (X))

is an effective epimorphism, as well. Moreover, the transformation of pregeometries 6: T (k°) — Taq(k°) is
unramified, see Proposition 3.5.5. It follows, cf. [Lurl 1a, Propositon 10.3], that the diagram,

(kO[S —— W(he[X])s

(3.1.5) l l

(A8 ——— (A1),

is a pushout square in CAlg,.. By induction we might assume that ¥( A;)*!2 is equivalent to (4;)}.
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The transformation of pregeometries (—)5 : Te(k°) — Taa(k°) is given by (¢)-completion along the (¢)-locus.
Therefore, one has a canonical equivalence

U(k°[X])ME = k°(X),

where the latter denotes the (¢)-completion of the strict Henselianization of £°[X]. We now claim that the natural
map

W(kO[S])M — (k°[S™)M))

is an equivalence: notice that k°[S™] fits into a pushout diagram
ke[Sm—1] —— k°[X]

| l

E°[X] —— k°[S™].
The result then follows by induction on n > 0 and the case n = 0 was already treated. Since
\P(Ai)alg — \IJ(AH_l)alg

is surjective on mo, it follows that o (¥ (A;41)*) is (¢)-complete. For each i > 0 the 7o (¥ (A;11)™)-modules
7 (¥(A;41)?8) are of finite presentation, thus they are (¢)-adic complete o (¥ (A;41)*'#)-modules. It follows
that W(A;; 1) is (t)-complete by [Lur16, Theorem 7.3.4.1].

Let now A;11 — B be a morphism in CAlg,. whose target is strictly Henselian and (¢)-complete. Thanks to
(3.2), such morphism induces morphisms

A; — B, k°[T]— B,
compatible with both k°[S™] — k°[T] and k°[S™] — A, in the co-category CAlg,... By induction, the effect of
(—)2!& o ¥ on
A;,  Kk°[S"] and k°[X]
agrees with the composite of strict henselianization followed by (t)-completion. Since B is both strictly Henselian
and (t)-complete, it follows that the map A; 1 — B induces a well defined morphism from the diagram displayed
in (3.1.5) to B. Tt follows that W(A;,)*# satisfies the universal property of the (¢)-completion of the derived
k°-algebra A; 1. As ¥ (AZ-H)alg is (t)-complete we conclude that the morphism
fA'L+1 : (Ale-l)z/f\ — \I](Ai-l‘l)alg)
where AihF 1 denotes the strict henselianization of A; 1, is necessarily an equivalence. Let now
A = colim A;,
in the co-category CAlg;... Fix i > 0, then
T<i(U(A)™8) = 1< (U (4;)M%),

for j sufficiently large. We conclude then that 7;(¥(A)*8) is (¢)-adic complete for i > 0. [Lurl6, Theorem
7.3.4.1] implies that ¥ (A)2!# is also (¢)-complete. Reasoning as before we conclude that it satisfies the universal
property of (t)-completion of A. It follows that

fa: A} — T(A)e
is an equivalence in the co-category CAlg;., as desired. O

Warning 3.1.14. The functor (—)2!2 o ¥ is not in general equivalent to the (¢)-completion functor (—);*. In
fact, both (—)2! and ¥ commute with filtered colimits, thus so it does (—)*'8 o . This is not the case of the
(t)-completion functor, in general.

We will need also the following ingredient:

Construction 3.1.15. Denote by k. the reduction of k° modulo (¢™). Reduction modulo (¢™) induces a transfor-
mation of pregeometries

Pn: ‘Tad (ko) — ‘Tdisc(k:;)
Spf R — Spec R,,,
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where R, := R ®jo0 k. Given X € RTop, precomposition along p,, induces a functor
Pyt CAlgye (X) — fCAlg. (X),
given on objects by the formula
0 € CAlgy. (X) = p, 'O = 0 0 py, € CAlg,. (X).
Consequently, we have a well defined functor
Pyt "Top(Taise(ksy)) — HTop(Taa(k?)),

given on objects by the formula

(X, 0) € *Top(Taisc (k%)) = (X, 0 0 pp) € "Top(Taa(k®)).
Remark 3.1.16. We have a commutative triangle of transformations of pregeometries

Tdisc(ko (#) ‘Iad(ko)

Pn
—m l

Tdisc(kZ)
For this reason, for every X € RJop, it follows that the composite
(=)™ 0 p ' CAlg (X) — CAlgy. (X),
coincides with the usual forgetful functor CAlg,. (X) — CAlg,.(X) along the map k° — k7. Notice that the
latter functor admits a left adjoint which is given by extension of scalars along k° — k;, i.e. it is given on objects
by the formula
(9 S GAlgko (DC) — o ®k0 k/’% S eAlgko (DC)
Notation 3.1.17. We will denote by (—),,: CAlg,.(X) — CAlg,. (X) the base change functor
0 € CAlgo (X) — Oy == 0 ®po k, € CAlg;. (X).

It follows by [Lurl1b, Theorem 2.1] that p;,! admits a right adjoint L,,: RTop(Taq(k°)) — BTop(Taisc(k2))

which we can explicitly describe:

Proposition 3.1.18. The functor p;,*: R‘.Top(delsc( °)) — RTop(Taa(k°)) admits a right adjoint

*Top(Taa (k%)) = "Top (Taisc (k7))

whose restriction to the full subcategory of BTop(Taa(k°)), spanned by pairs (X, 0) whose underlying oo-topos
X has enough points, is given by the formula

(X,0) € BTop(Taa (k%)) — (X, 0%8) € BTop(Taise(k2)).
Proof. The existence of a left adjoint L,,: ®Top(Taqa(k®)) — BTop(Taisc(kS)) follows directly from [Lurl 1b,
Theorem 2.1]. Let (X, 0) € R‘Iop(delsc(k )) and (Y, O’ ) € RTop(Taa(k°)). Assume that both X, Y € BTop
have enough points. Given any geometric morphism (f~!, f.): X — Y we have a morphism of fiber sequences

of the form
(3.1.6)

Mapf@Algko (X) (fflo/7pnlo) — MapR‘J’op(‘J’ a(k°)) ((x pn )7 (137 O/)) E— MapR‘J’op (:X:7%)

q p

MapCAlgk%(DC) ((fflo/)?llg, O) — Ma’pR‘Top(Tdisc(k%)) ((x7 0)7 (y7 (O/)zlg)) B MapR‘Top (:X:7%)

Moreover, the morphism ¢: Mapse g, . (x) (7o, p,t0) = MapeAlgko () ((f~10")2l8,0) coincides with
the composite

— Ohe — a —1m@a — a
Mapiealg, . (x) (f 10,0, '0) = Map(fAlg Joo ((F71ON)e ptoxls) — Mabealg, , () ((fo)ake,0).

In order to prove the assertion of the proposition it suffices to show that the morphism p displayed in (3.1.6) is

an equivalence of mapping spaces. Thanks to the fact that the horizontal arrow diagrams in (3.1.6) form fiber

sequences we are reduced to prove that ¢ is an equivalence of mapping spaces. As both X and Y have enough
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points we reduce ourselves to prove the statement of the Theorem at the level of stalks. For this reason we can
assume from the start that X = 8§ = Y. Both target and source of ¢ commute with filtered colimits on the first
argument, thus we are reduced, as in the proof of Proposition 3.1.13 to prove that ¢ is an equivalence whenever
f71O" ~ W (k°[T1,...,T,]). We have natural equivalences of mapping spaces

Mapsearg,. (¥(E° [T, Ton)), 051 0) = Mapeasg,, ([T, - Tl (07 0)%)
=~ MapeAlgk% (ko[Tla s Tm]n’ (pglo)alg)
~ Mape g, (KlTh, - T, 0).

The result now follows from the observation that W (k°[T7, ... Tm])zlg ~ ko[T1,...,Ty] in the co-category
CAlg,. , which is a direct consequence Proposition 3.1.13. (I

Corollary 3.1.19. Let X € BTop be an co-topos. The functor L, : RTop(Taq(k°)) — BTop(Taisc(k2)), in-
troduced in Proposition 3.1.18, induces a well defined functor at the level of the corresponding oo-categories of
structures
(=) FeAlgye (X) — CAlgye (),
given on objects by the formula
0 € fCAlg. (X) — 038 € CAlgy. (X).
Moreover; the functor (—)24 is a left adjoint to the forgetful p;;* : CAlgo (X) — fCAlg . (X).

Proof. The existence of (—)24 is guaranteed by Proposition 3.1.18. The fact that (—)2¢ is a left adjoint to
pt: CAlg,. (X) — fCAlg,.(X) follows from the proof of Proposition 3.1.18 together with the fact that both

(—)2d and p;; ! are defined at the level of co-categories of structures on the same underlying co-topos. O

Notation 3.1.20. Consider the forgetful functor *Top(Taisc(k2)) — BTop(Taisc(k°)) given by restriction of
scalars along the morphism k° — k2. We will denote — X gpec ko Spec k9 1+ RTop (Taise (k°)) — BTop (Taise(kS))
its right adjoint.

Corollary 3.1.21. For eachn > 1, the composite Ly, o L: BTop(Taisc(k°)) — BTop(Taisc(kS)) coincides with
the base change functor

— Xspecke Spec kS : BTop(Taise(k°)) — BTop(Taise(k2)),
(X, 0) € BTop (Taise (k%)) = (X, 0) Xspecko Spec kS € BTop(Taisc(k2))

Proof. This is a direct consequence of the definitions together with the commutative triangle displayed in Con-
struction 3.1.15. U

3.2. Comparison with derived formal geometry. Our main goal now is to give comparison statements between
Tad (k°)-structured co-topoi and locally adic ringed co-topoi. The latter corresponding to pairs (X, O) where O is
a GAngE1 -valued sheaf on the co-topos X. This provides an explicit comparison between a simplicial analogue of
Lurie’s original definition of spectral k£°-adic Deligne-Mumford stacks and ours.

Definition 3.2.1. Let X be an oco-topos and A € GAng?.i(DC). We say that A is topologically almost of finite
presentation if A is (t)-complete, the sheaf 7 (A) is topologically of finite presentation and, for each ¢ > 0, the
homotopy sheaf 7; (A) is coherent as a 7o (A)-module. We shall denote by GAngg’taft (X)) 0aa the full subcategory

of CAlg?d(X) Jo=a spanned by topologically almost of finite presentation A € CAlg?d ().

Definition 3.2.2. Let X be an oo-topos and consider the functor (—)24: fCAlg,. (X) — CAlg:d(X) introduced in
Lemma 3.1.6. We say that A € {CAlg,. (X) is topologically almost of finite presentation if the underlying sheaf
of adic algebras A is topologically almost of finite presentation. We denote fGAng‘?ft (X) the oo-category of

topologically almost of finite presentation local T,q (k°)-structures on X.

Construction 3.2.3. Consider the adjunction (¥, (—)*8): CAlg;.(X)/gae — fCAlg;.(X),0, introduced in
Construction 3.1.8. Let '
(—)dse: @Algd (X) — CAlg,. (X)
denote the canonical functor obtained by forgetting the adic structure. Then the pair
(W o (—)¥e, (—)™): CAlgES (X)/gaa — FCAlge (X) 0
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forms an adjunction pair after restriction
(‘I’ad, (_)ad) — (‘I’ ° (_)disc7 (_)ad) . GAlgz(Ol.,taft(x)/oad N fGAng%&(DC)/o
In order to see this consider the unit
id— ()8 ow

of the adjunction in Construction 3.1.8. It follows by the construction of (—)*d: f€Alg,.(X) — CAlgie(X) that
we have an equivalence

(7)a1g ~ (7)disc o (7)ad
in the co-category Fun (f€Alg,. (X) /o, €Algy. (X)/gas ). Therefore, for each A € GAlgzg’taft(DC)/oad the unit
of the adjunction

Adise _y (\I](Adisc))alg
induces a canonically defined, up to a contractible space of choices, morphism
A AD — (U(A)™.

This construction is functorial and it satisfies the universal property of a unit of adjunction. Therefore we obtain
an adjunction (29, (—)24) : CAIgES () jgaa — FCAIGIA™ (X) 0, as desired.
Notation 3.2.4. Let X be an oo-topos. We denote by CAlgis (X)*" := CAlglS (X) x CAlg o (x) CAlgge ().
Theorem 3.2.5. Let X be an co-topos with enough geometric points. Consider the functor

(=)™ fCAlgs (X))o — CAlgES (X) jgaa,
introduced in Lemma 3.1.6. Then the induced restriction functor

(=)™ feAIgi2™(X) j0 — CAIgHS (X)Thaa,

is fully faithful and its essential image agrees with the full subcategory of @Algzg (DC)S/]?%d spanned by those strictly

henselian A € GAng‘o1 (X) Joad topologically almost of finite presentation.

Proof. Consider the adjunction
(w24, (=) : CAlghd ™ (X) jgaa — FEAIZIE™(X) /0,

of Construction 3.2.3. Thanks to Proposition 3.1.13 the composite (—)*? o W24 is an equivalence when restricted

to the subcategory € C GAlgif’ta&(DC) spanned by strictly Henselian objects. Therefore the left adjoint functor

T4 CALG () jgaa — FCAlgL (X) /0
is fully faithfully when restricted to the full subcategory C. [PY16a, Lemma 3.13] implies that the right adjoint

functor (—)?d is conservative, the conclusion now follows. ]

Remark 3.2.6. Theorem 3.2.5 can be interpreted as a rectification statement. Indeed, an element
A € fCAlg;. (X),

is a functor A: Toq(k°) — X satisfying the axioms of the definition of a T,q(k°)-structure on X. Furthermore,
morphisms

A — B,
in f@Alg,. (X) are local morphisms in Fun (T,q(k°), X). On the other hand, the co-category CAlgid (X) admits a
simpler description. Its objects are derived k£°-algebras on X, which admit an adic topology onmy and morphisms
are continuous /ocal adic morphisms of derived k°-algebras on X.

Construction 3.2.7 (The Spf-construction). Let A € GAlgzg be a derived adic k°-algebra. We can associate to
A an object
Spf A == (X4,04) € "Top(Taa(k®)),
as follows: we let
X4 = HShvi,d e RJop,
denote the hypercompletion of the co-topos Shvi,d, introduced in [Lur16, Notation 8.1.1.8]. We then define
(9,4 : ‘Iad(ko) — DCA,
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as the Toq(k°)-structure on X 4 determined by the formula
SpE(R) € Taa(k°) s (B € CAIgY ™ — Mapey g (R, B)) .

Where (iAlg'j‘f’ét denotes the full subcategory of GAlgi‘d spanned by those derived A-algebras B étale over A.
One checks directly that O 4: Toq(k°) — X 4 is indeed a T,q(k°)-structure on X 4. Such association is functorial
inAe GAngE}. We are provided with a well defined functor (up to contractible indeterminacy)

Spt: (eAlgzﬂ)op — RTop (Taa (K°)).
We refer to the latter functor as the Spf-construction functor.
Remark 3.2.8. Given A € CAlg:9, it follows immediately from the definitions that
SpE(A)™ = (Xa, 0%) € “Top(Taisc(k°)),
agrees with the "simplicial version" of the Spf-construction introduced in [Lur16, §8.1.1]

Remark 3.2.9. Let n > 1 and consider the right adjoint functor

Lo "T0p(Taa () = "Top (Taise(2)),

introduced in Notation 3.1.17. Given A € GAngE}, it follows by the description of Proposition 3.1.18 that

Ly, (Spf(A)) >~ (Xa,04,n) ,
where 04, == 0%® @40 kS € CAlg,. (X).

Proposition 3.2.10. The functor Spf: (GAlgzg)Op — BTop(Taa(k®)) is fully faithful. Moreover, its essentially
image agrees with the full subcategory of ®Top(Taa(k®)) spanned by pairs (X, 0) € RTop(Taa(k°)) such that
(X, 0%8) € RTop(Taisc(k®)) is equivalent to an affine formal spectrum as in Construction 3.2.7.

Proof. Let A, B € CAlg?? and consider the corresponding formal spectrums Spf(A) and Spf(B) € RTop(Taq(k°)).
The datum of a morphism of local T,q(k°)-structures f: Spf(A) — Spf(B) is equivalent to the datum of a
geometric morphism of co-topoi (f~1, f.): X4 — Yp together with a local morphism «: f~10p — 04 of
Tad (k°)-structures on X 4. Applying the underlying algebra functor at the level of structures we obtain a mor-
phism
s f_l (OaBd)alg N (Oid)a1g7

in the co-category fCAlg,.(X ). The unit of the adjunction (f~1, f.) produces a well defined morphism of
derived k°-algebras ¢: B — A, up to contractible indeterminacy.

By the construction of the underlying co-topoi of both Spf(A) and Spf(B) together with [Lurl6, Remark
8.1.1.7] it follows that the morphism ¢: B — A is continuous with respect to the adic topologies on both A and
B. We obtain thus a well defined morphism of mapping spaces

[OR MapR%p(gad(ko)) (Spf A, Spf B) — MapeAngg (B7 A) .
Let ¢: B — A be a continuous morphism of derived k°-adic algebras. In order to show that the functor
Spf: (CAlgy)™ — BTop(Taa(k°))

is fully faithful it suffices to show that the fiber Z, := fibs(®P) is contractible for any choice of ¢. To any
continuous adic morphism, we can attach a well defined, up to contractible indeterminacy, morphism on the
corresponding (formal) étale sites. We have thus a canonical morphism at the level of mapping spaces

0: MapeAlgig (B, A) = Maprg,, (Xa,Yp) .

Let (f~1, f+): X4 — Yp be a morphism of co-topoi which is equivalent to 6(¢). The fiber over (f~!, f.) induces
a fiber sequence of mapping spaces:

Mapf@Algko(DC) (fflOB, OA) - MapR‘Top(‘Tad(ko)) (Spf A, Spf B) 2 MapR'J'op (Xa,98) -
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Consider the commutative diagram in the co-category &

Zy — Mapgeag,. (x) (f‘l(DB,OA) — Maprogop (7., (k0)) (SPE(A), Spf(B))

| | l

(3.2.1) {6} W Mapeajgaa (B, A)
{<f717f*)} MapR‘J’op(xA7yB)

Both the upper rectangle and and the bottom right squares are pullback diagrams. It follows that we can identify
Z ¢ with the pullback
Zp ~ Mapiearg, . (x) (f7'0B,04) xw {0}.

Let F': Spf(A) — Spf(B) be a morphism of T,q(k°)-structured co-topoi such that ®(F) ~ ¢. It follows
by [Lurl6, Remark 8.1.1.7] that the induced geometric morphism ( f - f+): Xa — Yp can be identified with the
restriction to closed subtopoi of the geometric morphism of co-topoi X4 — Yp. Thanks to the proof of [Lurl6,
Proposition 1.4.2.4] it follows that the latter is uniquely determined. For this reason, (f~1, f.) is also uniquely
determined by ¢, up to a contractible space of choices. As a consequence we can identify Z, with the fiber
product:

Zy ~ Mapieng, . (x) (f7'0B,04) xw {9}.
We have a sequence of natural equivalences of mapping spaces

Mapseatg,. () (7108, 04) xw {¢} = Mapgeaig,. () (f 7105, limn>1 (040)) xw {0}
= (hmnleapfeAlgko(x) (f7'os, OA,n)) xw {¢}.

We can further identify the last term with
(HnglMapf@A]gko (x) (f_1(937 oA,n)) Xw {¢} =

(hmTlZlMap(?Algk%(DC) (f7'0Bm, OA,n)) xw {¢}.

For each n > 1, denote ¢,, the base change of ¢ to k. Passing to the limit over n > 1 we can further identify the
last term with

(3.2.2)
hmn21 (MapGAlgk%(x) (filOB,na OA,n) KXW, {¢n}) = hmnzl (Ma’pR‘IOp(‘J’disc(k%)) (Ana Bn) KXW, {¢n}) :

Where W, is defined as the fiber product of the corresponding diagram obtained as the reduction modulo ¢™ of
the bottom right square, displayed in (3.2.1). Thanks to the proof of [Lurl6, Corollary 1.2.3.5.] each term in the
limit displayed in (3.2.2) can be identified with

MapGAlgk% (anAn) X(?Algk%(Bn,An) {¢n}

The latter is a contractible space. The result now follows by a simple analysis on the corresponding Milnor exact
fiber sequence. U

Definition 3.2.11. A derived formal Deligne-Mumford stack, over Spf k° is a locally k°-adic ringed oo-topos
(X, 0), where X is assumed to be hypercomplete, O € GAngf(DC) and there exists an effective epimorphism
[1; Ui = 1x,in X, such that, for each index i, (X, , Oy, ) is equivalent to (Spf A;)24, for suitable A; € GAng?.i.

We denote by deMI,;LJ T the full subcategory of the k°-adic ringed oo-topoi spanned by derived formal
Deligne-Mumford stacks.

Definition 3.2.12. A derived k°-adic Deligne-Mumford stack is a pair (X,0) € BTop(T.q(k°)) such that
(X, 024) is equivalent to a derived formal k°-Deligne-Mumford stack. We say that a derived k°-adic Deligne-
Mumford stack (X, O) is ropologically almost of finite presentation if the T,q(k®)-structure

0 € feAlg,. (X),

is topologically almost of finite presentation.



Notation 3.2.13. We denote dfDMyo (resp., dfDMEX®) the full subcategory of RTop(Taq(k°)) spanned by
derived k°-adic Deligne-Mumford stacks (resp., topologically almost of finite presentation k°-adic Deligne-
Mumford stacks).

Definition 3.2.14. We denote by dfSchy. the full subcategory of dfDMy. spanned by those objects X = (X, O)
such that (X, mo(024)) is equivalent to an ordinary formal scheme over k°. We refer to objects in dfSchye as
derived k°-adic formal schemes. We also define the co-category of topologically almost of finite presentation
derived k°-adic schemes as dech?ﬁft = dfDM™ 1 dfSchyeo.

Remark 3.2.15. The functor Spf: CAlg?d — RTop(T,q(k°)), introduced in Construction 3.2.7, factors through
the fully faithful embedding dfSchie < RTop(Taa(k°)).

The following results compares Lurie’s definition of derived k£°-adic Deligne-Mumford stacks and the definition
in terms of T,q(k°)-structured co-topoi:

Corollary 3.2.16. The functor
(—)*: dFDMA" — dfDMA",
given on objects by the association
(X, 0) € dIDM — (X, 029) € dIDME,

is fully faithful and its essential image agrees with the full subcategory spanned by pairs (X, Q) such that O is
topologically almost of finite presentation.

Proof. Let X = (X,0x) and Y = (Y, Ov) be derived k°-adic Deligne-Mumford stacks. For each geometric
morphism of co-topoi f.: X = Y: f~!, we have a commutative diagram of fiber sequences of mapping spaces

Mapf@Algko(i)C)(filoYvoX) — Mapymw,. XY) —— MapR‘J’op(xay)

Jor ! I

MapeAlg;g(X)(f_lo$dao?<d) B MapdeM};g”e (XadaYad) B MapR‘J’op(xag)'

It follows from Theorem 3.2.5 that the left vertical morphism is an equivalence whenever Ox and Oy are topolog-
ically almost of finite presentation T,q(k°)-structures. Fully faithfulness of the restriction of (—)24: dfDMyo —
dfDMFE 1o AFDMET C dfDMye, now follows.

Let now X = (X,0) € deM],;é”ie be such that O is topologically almost of finite presentation. Then, by
Theorem 3.2.5, there exists an essentially unique object O’ € fCAlg,. (X) such that (0")*d ~ O in CAlgid(X).
By definition, (X, 0’) € dfDM and the result follows. O

3.3. Derived co-categories of modules for T,4(%°)-structured spaces. Let C be an co-category which admits
finite limits. The abelianization of €, denoted Ab(C), was defined in [PY 17, Definition 4.2]. On the other hand,
the stabilization of € was introduced in [Lur12b, Definition 1.4.2.8]. We shall denote the latter as Sp(C).

Definition 3.3.1. Let X := (X, 0) € BTop(T.a(k°)). We define the co-category of O-modules on X as
Modg = Sp (Ab (fC€Alg,. (X)/0)) -

Similarly, we define the co-category Mod gais as the co-category of 928-module objects of Shvp (ap) (X), where
D(Ab) denotes the derived stable oo-category of abelian groups.

Remark 3.3.2. Let (X, O) be as above. Both the oo-categories Mod g and Modgais are stable, by construction.

Construction 3.3.3. Given (X,0) € RJop(T.q(k°)) we can also consider the oo-category of modules on its
algebraization (X, 0*'2) defined as Modpaie = Shvp(ap) (X), where D(Ab) = Modz denotes the derived
oo-category of Z-modules. Thanks to [Lurl12b, Theorem 8.3.4.13] one has a natural equivalence

MOdOalg ~ Sp (Ab (GAlgko (:X:)Oalg)) y

in the co-category Catst. As the underlying algebra functor (=)™ : fCAlg,. (X),0 — CAlgye (X) @ is a right
adjoint it induces an exact functor at the level of derived co-categories of modules denoted

g8 Modo — Mod gas.
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Lemma 3.3.4. The left adjoint ¥: CAlgyo (X)) 0ms — fCAlg o (X)y(oaie) induces a well defined functor
24 Modgaie — Mod,
which is a left adjoint to g®.

Proof. Tt suffices to prove that ¥ commutes with finite limits. By Proposition 3.1.13, the composite (—)*& o ¥
agrees with the (t)-completion functor on the full subcategory of almost of finite presentation objects, denoted

CAlg. (X )jg) Consequently, it commutes with small limits on CAlg; . (I)?g’alg. As (—)12 is a conservative right

adjoint, it follows that W itself commutes with finite limits on CAlg. (X)jg)alg. Let now A € CAlgy.(X),0a= be
a general object. We can realize A as a filtered colimit of almost of finite presentation objects in CAlg;.. (X) /gais.

Let {A;}; be a diagram indexed by a finite oo-category I, and for each ¢ € I choose a presentation

A; >~ colim A; p,,
meJ

where A; ,,, is almost of finite presentation and J is a filtered co-category. We have thus a sequence of natural

equivalences in the co-category CAlgy. (X) /a1

U (limA;)8 ~ colim W (limA, ,,, )*'®

m

~ colim lim(A; ,); = lim colim(A; ,,,);

=~ lim colim W (A, ,,)™& =~ limW (A, )™,

and the conclusion now follows as in the preceding case. (]

Proposition 3.3.5. Suppose X has enough points and ¥(O8)31& ~ 08, Then the functor
galg: Mody — Modoalg
is an equivalence of stable co-categories.

Proof. Let f24: Modga: — Modg denote a left adjoint to g%, Thanks to the previous proposition 2 corre-
sponds to the stabilization of functor ¥, introduced in Construction 3.1.8. We want to show that f2 is an inverse
to galg, as functors. The functor galg 1S conservative as (f)alg was already conservative. Therefore, we are re-
duced to show that f¢ is a fully faithfully functor. It suffices to show that the unit 7 of the adjunction (24, g*8)
is an equivalence.

As X has enough geometric points we reduce ourselves to proof the last assertion at the level of stalks. We are
thus reduced to the case X = 8. In this case, the co-category Mod g1 is compactly generated by O*& € Mod gate.
The underlying algebra (—)*& commutes with filtered colimits (even sifted colimits). It follows that g*& also
commutes with filtered colimits. As ¢g*'% is an exact functor between stable co-categories we conclude that it
commutes with all colimits. Therefore, the unit 7 commutes with colimits. We are thus reduced to check that 7 is
an equivalence on the compact generator 98 € Modgais. By our assumption on 02! the result follows thanks
to Proposition 3.1.13. U

Definition 3.3.6. The equivalence of stable co-categories provided in Proposition 3.3.5 allows us to define a
t-structure on the co-category Modg by means of the functor g®'¢: the oo-category Mod a1z admits a natural
t-structure, [Lurl lc, Proposition 1.7]. Therefore, we set F € Modg to be connective if and only if galg (F) €
Modgaig is connective.

Thanks to [Bos05, Corollary 6, page 165], every topologically almost of finite presentation (discrete) k°-algebra
is coherent. Therefore, the following definition is reasonable:

Definition 3.3.7. Let X = (X,0) € BJop(T.a(k°)) be a topologically almost of finite presentation Tyq-
structured oo-topos. We define the co-category of coherent O-modules on X, Coh™ (X), as the full subcategory
Mode spanned by those J such that, for each integer i, the homotopy sheaves ;(F) are coherent 7y (O218)-
modules which vanish for sufficiently small .

19



3.4. k°-adic cotangent complex. In this §, we will introduce the notion of formal cotangent complex, which will
prove to be of fundamental importance for us: we have a projection functor

Q33 Modp — fCAlg;. (X) 0,

which is given by evaluation on the object (S, ) € 8fi™ x Tay,. The functor 229 admits a left adjoint
Yo fCAlg,. (X) /0 — Modo.

‘We refer the reader to [PY17, §5.1] and [Lurl2b, §7.5] for more details about these constructions.

Definition 3.4.1. Let M € Modp, we say that O @ M = Q2 (M) is the trivial adic square-zero extension of O
by the module M.

Definition 3.4.2. Let X = (X,0) € ®Jop(Taq(k°)) and let A € fCAlg;.(X),o be a Taq(k°)-structure on X.
Given M € Modgo, we define the space of A-linear adic derivations of O with values in M as

Der® (0, M) = Maptealg,o (%) 4,0 (0,08 M) €8.
Proposition 3.4.3. The functor
Der®! (9, -) : Mody — 8,
is corepresentable by an object
L&) 4 € Modo,
which we refer to as the adic cotangent complex relative to O — A.

Proof. The proof is a direct consequence of the existence of a left adjoint X35 : fCAlg,. (X),0 — Mode. Set
I[,%d/ 4 =225 (0®a 0O). Forevery M € Modo we have a sequence of natural equivalences of mapping spaces

Der{! (0, M) = Mapgealg, . (x).,,o (0,0 ® M)
~ Mapsealg,. (1) 4,0 (0> 2aa(M))
~ Mapsealg,. (x)o,,0 (O ®a 0,Q5(M))
~ Mapyoq, (X53(0 ®©4 0),0)
= Mapyjoq, (L%d/ﬂa M) -
The proof is now finished. O

Proposition 3.4.4. Let A — B be a morphism in fCAlg;. (X) o, topologically almost of finite presentation. Then

L%d/ 4 IS a compact object in the co-category Mod .

Proof. The proof of [Lurl6, Proposition 4.1.2.1] applies. (I

Construction 3.4.5. Thanks to [PY17, Lemma 5.15] we have a commutative diagram of co-categories

galg
Mody ——2— Modgais

JQ;"S JQO"
(-)™8
feAlgko (x)/o —_— eAlgko (x)/0a1g7
therefore passing to left adjoints we obtain a commutative diagram

Modg «—————— Modgus
fa
(3.4.1) zoﬁ zoﬁ :
fGAlgko (DC)/O <T eAlgko (DC)/O

in the co-category Cato,. The commutativity of (3.4.1) provide us with a natural map

fad (LBalg/Aalg) — LaBd/A

in the co-category Modg.
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Proposition 3.4.6. Let A — B be a morphism in fCAlg.(X),o. Consider the algebraic cotangent complex
Lgas ) qa1s associated to the morphism A?le s B8 Then the natural map introduced in Construction 3.4.5

F (Lpuis o) > L5 4
is an equivalence in the oco-category Mod .

Proof. Let A — B be amorphism in fCAlg,. (X)/o and let Lgais / ga1= € Modgais denote the algebraic cotangent
complex associated to A& — Balg,

The construction of the adic cotangent complex, via the left adjoint 353, commutes with filtered colimits of
local T,q(k°)-structures. Therefore we can suppose from the beginning that A is topologically almost of finite
presentation and (t)-complete. Applying the same reasoning, we might as well assume that B is topologically
almost of finite presentation A-algebra and moreover (¢)-complete. By applying the functor

24 Modgae — Mods,
we obtain the following sequence of natural equivalences of mapping spaces
Mapyiod, (F*(Lpas/gai), M) ~ Mapyiod, u, (Lpate y gais, g8 (M))
(Balg, Rals g galg(M))
aalg//palg (3a1g’ (3 ® M)alg)
~ Mapealg, (x) 4,5 (¥(B%), B @ M)
~ Mapseaig, . (x) ;5 (B: B & M).

~ Mabeaig,o (2) 4uis ) ais

~ Mapeag, . (x)

The latter equivalence follows from the fact that B is assumed to be topologically almost of finite presentation and
(t)-complete combined with Proposition 3.1.13. O

Proposition 3.4.7. Let f: A — Band g: B — € be morphisms in the co-category fCAlg;.. (X) 0. Then one has
a fiber sequence
Ly, @3 € — L&, — Ly,
in Modo.
Proof. This is a direct consequence of [PY17, Proposition 5.10]. O

Proposition 3.4.8. Suppose we are given a pushout diagram

A— B

|

¢c—— D
in the co-category fCAlg,.. (X) o. Then the natural morphism
L%d/ﬂ ®’B D — ]La,bd/e
is an equivalence in the oo-category Mod .

Proof. The assertion is a particular case of [PY 17, Proposition 5.12]. (I

3.5. Unramifiedness of T,4(k°). In this §, we prove that both the k°-adic pregeometry T,q(k°) and the trans-
formation of pregeometries (—);* : Tg(k°) — Taq(k°) are unramified. Unramifiedness of both T,q(k°) and (—);
was used in a crucial way in the proof of Proposition 3.1.13. It will further play an important role when discussing
the derived rigidification functor, in §4.

Definition 3.5.1. Let T be a pregeometry. We say that T is unramified if for every morphism f: X — Y in 7 and
every object Z € T, the diagram

XXxZ — XxYxZ

| l

X — X xY
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induces a pullback diagram

Xxxz — Xxxyxz

| l

Xx — Xx«xy

in BTop. We have denoted X x x 7, Xxxyxz, Xx and Xxxy the underlying co-topoi associated to the absolute
spectrum construction, introduced in [Lurl1b, §2.2].

Remark 3.5.2. Both the pregeometries T (k) and T,,(k) are unramified, see [Lurlla, Proposition 4.1] and
[PY16a, Corollary 3.11], respectively.

Proposition 3.5.3. The pregeometry T,q(k®) is unramified.

Proof. Let Z € T,q(k°) and denote Xz denote the underlying co-topos of the corresponding absolute spectrum
Specqad(k *) (Z). The oo-topos Xz is equivalent to the hypercompletion of the étale oco-topos on the special fiber
of Z. As pullback diagrams are preserved by taking special fibers the result follows by unramifiedness of T¢ (k°),
cf. [Lurl 1a, Proposition 4.1]. O

There is also a notion of relative unramifiedness:

Definition 3.5.4. Let ¢: T — T be a transformation of pregeometries, and let ®: ®Jop(T’) — RTop(7T) the
induced functor given on objects by the formula

(X,0) € RTop(T') = (X, 0 0 ¢) € BTop(7).
We say that the transformation f is unramified if the following conditions are satisfied:

(i) Both T and 77 are unramified;
(i1) For every morphism f: X € Y and every object Z € T, we have a pullback diagram

®(Spec” (X x Z)) —— ®(Spec” (X x Y x Z))

l |

®(Spec” (7)) ——— @(Spec” (X x Y))
in the co-category BTop(T).
Proposition 3.5.5. The transformation of pregeometries (—)7 : Te(k°) — Taa(k®) is unramified.

Proof. 1t suffices to prove condition (ii) in Definition 3.5.4. Proposition 3.2.10 implies that <I)( Specqad(k *) (7))
is an ind-étale spectrum and the latter commutes with finite limits.

3.6. Postnikov towers of £°-adic spaces.

Definition 3.6.1. Let X = (X,0) € "Top(Taa(k°)) and M € (Modo)s, be an O-module concentrated in
homological degrees > 1. A k°-adic square zero extension of X by M consists of a T,q(k°)-adic structured
oo-topos X' = (X, O’) equipped with a morphism f: X — X’ satisfying:

(i) The underlying geometric morphism of f is equivalent to the identity of X;
(i1) There exists a k°-adic derivation

d: LE — M][1] € Modp,
such that we have a pullback diagram in the oo-category fCAlg;. (X) /¢

O — 0

| l+

0 -2, 0@ M[]

where dj denotes the trivial £°-adic derivation.
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Definition 3.6.2. Let T be a pregeometry and let n > —1 be an integer. We say that T is compatible with n-
truncations if for every oo-topos X, every J-structure O: T — X and every admissible morphism U — V' in 7,
the induced square

O(U) — TSnO(U)

| |

O(V) — 7<,0(U)
is a pullback diagram in X.

Remark 3.6.3. The above definition is equivalent to require that given a pair (X, 9) € RTop(T), the truncation
(X, 7<) is again an object of the co-category ®Top (7). In other terms, 7<,,0: T — X is still a T-structure on
X. Here 7<,,: X — X denotes the n-truncation functor on X.

Notation 3.6.4. Let T be a preogeometry compatible with n-truncations. We will denote ®Top (T)<" C RTop(T)
the full subcategory spanned by those pairs (X, O) such that the T-structure O: T — X is n-truncated.

Remark 3.6.5. The inclusion functor RJop (T)=" C RTop(T) admits aright adjoint t<,, : *Top(T) — RTop(T)="
which is given on objects by the formula

(X,0) € RBTop(T) = (X, 7<,0) € BTop(T)=".
Lemma 3.6.6. The pregeometry Taq(k®) is compatible with n-truncations.

Proof. Assume first that the valuation on k is discretely valued. We follow closely [Lurl1b, Proposition 4.3.28].
Reasoning as in the proof of the cited reference or as in the proof of Proposition 3.1.13, it suffices to prove
the following assertion: let U — V be an admissible morphism in T,q(k°) and O € fCAlg;.(8). Then the
commutative square

OU) —— 1<00(U)

(3.6.1) l l

O(U) e TS()(V)

is a pullback square in the co-topos 8. By the definition of T,4(k°), there are (¢)-complete ordinary k°-algebras
A and B such that U = Spf A and V' = Spf B. Moreover, by construction, B is étale over some ring of the
form k°(Ty,...Ty,). [dJT, Tag OARI, Lemma 84.10.3] implies that there exists an étale k°[T4, . .. T),]-algebra
B’ such that B = (B’);". The morphism U — V being admissible in Toq(k°) implies that the induced morphism
B — A is formally étale. [dJT, Tag 0AR1, Lemma 84.10.3] implies that the morphism B — A can be realized as
the (¢)-completion of k°-algebras B’ — A’, where A’ is an étale k°[T7, ..., T,,] itself. Therefore, the morphism
of spaces

oO(U) = 0(V),
can be identified with a morphism
%" (Spec A') — O (Spec B').
The same conclusion holds for the morphism 7<¢(O(U)) — 7<¢(O(V)). Therefore we can identify the diagram
(3.6.1) with the diagram

Osh(Spec A’) —— T<oO%"(Spec A')

l |

01 (Spec B') —— 7<00*"(Spec B')

in the co-category S. The result now follows thanks to [Lurl 1b, Proposition 4.3.28].

Suppose now that k is a rank 1 valuation non-archimedean field. The proof follows along the same lines.
Indeed the main input in the previous argument was [dJ T, Tag 0AR1, Lemma 84.10.3]. The latter result is implied
by [dJ*, Lemma 84.7.4.], which is proved under noetherian assumptions.

We claim that the proof of [dJ*, Tag 0ARI, Lemma 84.7.4] holds over the ring of integers k°, under the
assumption that the morphism we start with is étale. We will employ the same notations as in [dJ*, TAG 0ARI,
Lemma 84.7.4]. In this case, the k°-adic cotangent complex Li‘d/ g vanishes, by (formal) étaleness of B — A.
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Thus one verifies directly that the statement of [dJ*, TAG 0AR1, Lemma 84.4.1.] holds in our setting. We can
thus find C'is a finitely generated k°-algebra together with a surjection

0: CN — A,
such that C'is étale over B. The latter assertion is a consequence of [dJ™, Lemma 84.7.4, (4) (ii)]. For this reason,
the morphism ¢ is necessarily (formally) étale too. Consequently, A is a retract of C”, and thus can be obtained

as the (t)-adic completion of B xca C which is itself a retract of C' over B. This last assertion follows from the
fact that (classical) (¢)-adic completion preserves finite limits of B-algebras. O

Definition 3.6.7. Let X = (X, 0) € BTop(Taa(k°)). We define its n-th truncation as
t<n(X) = (X, 7<,0) € BTop(Taa(k°)).

Proposition 3.6.8. Let X = (X,0) € RTop(Taa(k®)). Then for each integer n > 0, the (n + 1)-th truncation
t<n+1(X) is a square zero extension of t<, (X). In particular, given a derived k°-adic Deligne-Mumford stack, X,
its n-th truncation t<,,(X) is again a derived k°-adic Deligne-Mumford stack.

Proof. We have a canonical morphism t<,(X) < t<,+1(X) induced by the identity functor on the underlying
oo-topos X and the natural map 7<, 110 — 7<,, 0O at the level of structures. Let B := 7<,,410 and A = 7<,,0.
Thanks to [Lurl2b, Corollary 7.4.1.28] we deduce that the underlying algebra morphism

3alg N Aalg

is a square zero extension. Thus we can identify B with the pullback of the diagram

Balg Aalg

(3.6.2) l id

Ants 20 218 @ Ly gare
in the oo-category CAlgy. (X) /7, o. Consider the induced k°-adic derivation
£y L L,
and form the pullback diagram

B — A

(3.6.3) J |

A ALy,
in the oo-category fCAlg; . (X),4. In this way the canonical morphism B’ — A is a k°-adic square zero exten-
sion and there exists a morphism B — B’. As filtered colimits commute with finite limits we reduce ourselves to
the case that O, and therefore both A and B, are topologically almost of finite presentation. Thanks to Proposi-
tion 3.1.13, the functor ¥ applied to the pullback diagram (3.6.2) is the identity. Thus by conservativity of (—)!
it follows that the diagram

U (Be) ————— W(A™ME)

(3.6.4) l ld

\I/(Aalg) L \I/(Aalg (&) Lgalg/ﬂalg)

is a pullback diagram in the co-category fCAlg;.. (X),4. Thanks to Theorem 3.2.5, one concludes that the diagram
(3.6.4) is equivalent to the pullback diagram (3.6.3). Therefore, the canonical map B’ — B is an equivalence in
the oo-category fCAlg;. (X), 0, as desired. O

4. DERIVED RIGIDIFICATION FUNCTOR

4.1. Construction of the rigidification functor. Raynaud’s generic fiber construction [Bos05, §8], induces a
transformation of pregeometries
(=)"8: Tada(k°) = Tan(k).
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Proposition 4.1.1. Precomposition along the transformation of pregeometries (—)"8 : Toq(k°) — Tan(k) induces
a functor
(=)": "Top(Tan(k)) — "Top(Taa(k®)),
which admits a right adjoint denoted
(—)"8: RTop(Taa(k°)) — RTop(Tan(k)).
Proof. Tt is a direct consequence of [Lurl1b, Theorem 2.1]. O

Definition 4.1.2. We refer to the functor introduced in Proposition 4.1.1 as the rigidification functor.

Lemma 4.1.3. For each integer n > 0, we have a commutative diagram

RTop (Tan (K)) ——— BTop(Taa(k®))

| L

_\*t
RTop (Tan (k) <" 15 BeTop (Toq (k°)) <"

of oco-categories.

Proof. Tt follows immediately from the fact that both preogemetries Ty, (k) and Toq(k°) are compatible with n-
truncations, cf. [PY 16a, Theorem 3.23] and Lemma 3.6.6, in the k-analytic and k°-adic settings, respectively. [
Corollary 4.1.4. Let n > —1 be an integer. The diagram

RTop (Taa (°)) 24 BTop (Tun (k)

J/tgn J/tgn

RTop(Taa (k)= L5 BTop(Ton (k)

is commutative.
Proof. 1t follows by taking right adjoints in the diagram displayed in Lemma 4.1.3. ]
These considerations imply the following useful result:

Corollary 4.1.5. Let X = (X, O) be a Toa(k°)-structured space which is equivalent to an ordinary k°-adic formal
scheme topologically of finite presentation. Then X' is equivalent to an ordinary k-analytic space which agrees
with the usual generic fiber of X.

Proof. The question is local on X. We can thus assume that X ~ Spf(A), where A € GAng‘oi is a topologically
of finite presentation ordinary k°-adic algebra. Therefore, choosing generators and relations for A we can find an
(underived) pullback diagram of the form

Spf(A) —— AT

4.1.1) l l ,

Spf (k°) —— AT,

of ordinary k°-adic formal schemes. Let Z denote the (derived) pullback of the diagram (4.1.1), computed in
the oo-category dfSchyo. Its existence is guaranteed by [Lurl6, Proposition 8.1.6.1]. It follows that t<o(Z) ~
Spf(A). Notice that both 2%, A%, and Spf(k°) are objects of the pregeometry Toq(k°). Moreover, (—)"# is
induced by the usual generic fiber functor. Thus it follows that

Spf(k®)™ = Spk, (AL)™ =~ AR, (Are)"® = AL
As (—)"® is a right adjoint, it commutes with pullback diagrams. We thus have a pullback diagram in the oo-
category RTop (Tan(k))

ZvE AT

L

Sp(k) —— A}
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Corollary 4.1.4 implies that t<o (278) ~ t<(Z)". As t<o(Z) =~ Spf(A) we deduce that (Spf(A))"® is
equivalent to the (underived) pullback diagram

Spf(A)rie —— A

|

Sp(k) —— A}

computed in the category of rigid k-analytic spaces. This agrees with the usual rigidification construction applied
to Spf A. O

Lemma 4.1.6. Let f: Z — X be a closed immersion of derived k°-adic Deligne-Mumford stacks topologically
almost of finite presentation. Then f™'8 is a closed immersion in the co-category dAny,.

Proof. Tt suffices to show that the truncation t<q(f™8): t<o(Z"8) — t<o(X*'#) is a closed immersion. The latter
assertion is a consequence of Corollary 4.1.5. O

Proposition 4.1.7. Let X be a topologically almost of finite presentation derived k°-derived Deligne-Mumford
stack. Then X"® is a derived k-analytic space.

Proof. Our proof is inspired by [PY 17, Proposition 3.7]. The question is étale local, by [Lurl1b, Lemma 2.1.3].
We can thus reduce ourselves to the case X = Spf(A), where A € CAlgi is a (t)-complete topologically almost
of finite presentation derived k°-adic algebra. We wish to prove that Spf(A)™8 is a derived k-affinoid space. Let C
denote the full subcategory of dfDMj. spanned by those affine derived k°-adic Deligne-Mumford stacks Spf(A)
such that Spf(A)™# is equivalent to a derived k-affinoid space. We have:

(i) The oo-category C contains the essential image of T,q(k°), cf. [Lurl 1b, Proposition 2.3.18].
(i1) Cis closed under pullbacks along closed immersions. Indeed, let

W——7

(4.1.2) l l

vy L x,
be a pullback diagram in the co-category dfDMy., where X, Y and Z € C. Assume further that f: Y —
X is a closed immersion. By unramifiedness of the pregeometry T,q4(k°), Proposition 3.5.3, the diagram
(4.1.2) is also a pullback diagram in the co-category RTop(Taq(k®)). As (—)'8 is a right adjoint the
diagram

Wrig Zrig

(4.1.3) l l

Yrig Xrig

is a pullback diagram in the co-category RTop (T, (k)). The co-category dAny, is closed under pullbacks
along closed immersions thanks to [PY 16a, Proposition 6.2]. Lemma 4.1.6 then implies that the diagram
(4.1.3) is a pullback square in the co-category dAny. Thus W € C, as desired.

(iii) The oco-category C is closed under finite limits. It suffices to prove that € is closed under finite products
and pullbacks. [PY16a, Lemma 6.4] implies that € is closed under finite products. General pullback
diagrams can be constructed as pullbacks along along closed immersions as in the proof of [PY16a,
Theorem 6.5]. Thanks to Corollary 4.1.5, (—)"® commutes with finite products of ordinary formal
schemes and preserves closed immersions by Lemma 4.1.6, the assertion follows.

(iv) Cis closed under retracts: let X € C and let

Yy Lo x 2y,
be a retract diagram in the oo-category dfDMjo.. Assume further that Y is affine. By assumption,

X ¢ dAny and tSO(Y)rig € dAnyg, see Corollary 4.1.5. It suffices to prove that for each i > 0, the

homotopy sheaf ; (O$g) is a coherent sheaf over 7y (O$g). The former is a retract of 7; (O;(ig) , which

is a coherent sheaf over 7 (Ogg). In this way, it follows that 7; (O$g) is coherent over 7 (Ogg). As

0 (O?g) is a retract of (O;(ig), we deduce that 7; (O?g) is coherent over o (0y#), as desired.
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Suppose now that we are given an affine object X € dfDM2®. Write X ~ Spf (A). We wish to prove that X € C.
Corollary 4.1.5 guarantees that t<g (Xrig) is a k-analytic space. We are thus reduced to show that m((‘)?g) is
a coherent sheaf over g ((.‘);(ig). For every n > 0, the algebra 7<,,(A) is a compact object in the oo-category

(GAngg)Sn, of n-truncated derived adic k°-algebras. We can thus find a finite diagram of free simplicial k°-
algebras
g: I — GAlgko7

such that 7<,, (A) is a retract of 7<,,(B), where

B:= colIim (9); € CAlghd.

We have denoted (g);' the (t)-completion of the diagram g: I — CAlg;.. As the (t)-completion functor com-
mutes with finite colimits it follows that

B~ BtA,
and in particular B is (¢)-complete. As € is closed under finite limits and it contains all objects in the pregeometry
Tada(k°), we conclude that Spf(B) € €. In particular Spf (7<, B) € C. As € is moreover closed under retracts,
it follows that Spf (1<, A) € C as well. It follows, that for each 0 < i < n, 7, (O;ig) is coherent over WO(OQg).
Repeating the argument, for every n > 0, we conclude.

As a consequence of the previous results we obtain the following statement:

Corollary 4.1.8. The rigidification functor (—)"&: RTop(Taq(k°)) — BTop(Tan(k)) restricts to a well defined
functor (—)"&: dech}fft — dAny, which agrees with the classical Raynaud’s rigidification functor. Moreover,
the functor (—)"8: dfSchi®® — dAny, commutes with finite limits.

Proof. The first assertion is an immediate consequence of Proposition 4.1.7. The second claim follows from the
arguments provided in (ii) and (iii) in the proof of Proposition 4.1.7. [l

4.2. Rigidification of structures.

Construction 4.2.1. Let X = (X,0) € BTop(Tan(k)) be a Tan(k)-structured oo-topos. Suppose further that
there exists X = (X,0x) € BJop(Taa(k°)) such that we have an equivalence X*# ~ X in BTop(T,,(k)).
Precomposition along the transformation of pregeometries

(—)"8: Taa(k°) — Tan(k)
induces a functor at the level of co-categories of structures
(—)*: AnRing,(X) /0 — fCAlg;. (X) 0+
given on objects by the formula
A € AnRing;,(X) /0 — AT == Ao (—)"8 € fCAlgy. (X) )0+

The functor of presentable co-categories (—) ™ : AnRing;, (X),o — fCAlgy.(X), o+ preserves limits and filtered
colimits. Thanks to the Adjoint functor theorem it follows that there exists a left adjoint

“4.2.1) (—)"&°: fCAlg;0 (X) 0+ — AnRing,(X) 0.

The counit of the adjunction ((—)*, (—)"8) : R*Jop(Taa(k®)) — RTop(Tan(k)) produces a well defined, up to
contractible indeterminacy, morphism

(4.2.2) f: X1 =(X,07) = (%,0x) =X,

in the oo-category RTop (Taqa(k°)). Let (71, f.): X = X denote the underlying geometric morphism associated
to f. Then f~1: ¥ — X induces a well defined functor

(4.2.3) Fh fCAlg e (X) joy — FCAlgLe (X)) -104-
Moreover, the morphism (4.2.2) induces a morphism at the level of structures

0: f~1Ox — OT.
The latter induces a well defined functor at the level of co-categories of structures

(4.2.4) 0: fCAlg, (X) /410, — FCAlZLe (X) /0,
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which is given on objects by the formula
(A= f710x) € fCAlg;o (X)/p-10y +—+ (A — OT) € fCAlg;o (X) )0+
Therefore the composite (—)"& := (—)'&° o0 § o f~! induces a functor
(—)78: fCAlgy (X) /05 — AnRing(X) o,
which we refer to as the rigidification functor at the level of structures.

Definition 4.2.2. Let X € dAn;, and X € dfDM. We say that X is a formal model for X if X8 ~ X, in dAny,.

Remark 4.2.3. Let X = (X, Ox) be a derived k-analytic space and X = (X, Ox) € dfDM" a formal model
for X. Thanks to Corollary 4.1.5, the geometric morphism of underlying co-topoi f: X — X agrees with the
classical specialization morphism, in the oo-categorical setting.

Notation 4.2.4. We will denote the geometric morphism introduced in Construction 4.2.1 (f =1, f.): X — X by
sp = (sp™',sp,).
Construction 4.2.5. Notations as in Construction 4.2.1. Consider the following square of pregeometries

Tdisc(ko) M ‘Idisc(k)

(4.2.5) (_)?l l(f)an

Tad(ko) W Tan(k)

Notice that (4.2.5) is not commutative. The lower composite sends
Ao € Taise = A}, € Tan(k)
whereas the top composite sends
Ato € Tgise — Bi € Tan(k).
Let A € fCAlg;.(X),04. The counit of the adjunction ((—)T, (—)"'8) induces a natural morphism at the level of
Tad (k°)-structures on X

Oa:sp " A — ATBT = (AT8) T
Applying the underlying algebra functor (—)8: f€Alg;. (X) 0+ — CAlgye (X),/o+.a1x to the morphism 64 we
obtain a morphism

(4.2.6) gfqlgz (spLA)ME 5 Arietals

in the co-category CAlgy.o (X)) o+.a1s. As Arie+.ale jg 5 k-linear object, we obtain by adjunction a morphism
gi{g: (Spfl‘A)alg Rpo k— Arig,+,alg — (‘Arigﬂr)alg7

in the co-category CAlg;, (X) ¢ +.a1c. We can identify A&+218 ~ A(B1). There is a natural inclusion of k-analytic
spaces B} — A]. We obtain thus a canonical morphism

(4.2.7) A(By) — A(A}L),
in the co-category CAlg,, (X) JO(AL): Composing both (4.2.6) with (4.2.7) we obtain a natural morphism
(4.2.8) Oa: (sp ' A)E @po k — ATE(A}),
in the co-category CAlg(X) JO(AL)- We will take as (a probably confusing) convention to denote precomposition
with (—)*" in (4.2.5) by
(—)&: AnRing;(X),0 — CAlg,(X) /ges.

In this case, we might as well write (4.2.8) as

gA: (SpflA)alg Qo L — Arig,alg — (.Arig)alg.

Proposition 4.2.6. Let X = (X,0x) € dAny and X = (X, 0x) € dfDMye be a formal model for X. Then for
every A € fCAlg;. (X) 0, the natural morphism

Oa: (sp ' A)ME @po k — ATEE,

constructed above, is an equivalence in the co-category CAlg,, (X) /gate.
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Proof. Both the underlying co-topoi of X and X have enough points, as these are hypercomplete and 1-localic.
Therefore, thanks to [Por15b, Theorem 1.12], we are reduced to check the statement of the proposition on stalks,
(notice that given a geometric point x,.: § — X the composite sp, o x,: & — X is also a geometric point).

By doing so, we might assume from the start that X = 8§ = X. Both composites (—)*# o (—)'& and
((—)alg o sp’l) ®po k commute with sifted colimits. The proof of Proposition 3.1.13 implies that the co-category
fCAlg;.(8) /0, is generated under sifted colimits by the family {W (k°[T1,...,Tp]) }m, where the T;’s sit in
homological degree 0. It thus suffices to show that

04 (sp_l./‘l)alg Qe k — AT&28
is an equivalence whenever A ~ ¥ (ko Ty,..., Tm]). In this case, we have natural equivalences
(sp~ YW (kO[T ..., T0n]) ™8 @po k ~ k(Th,..., Th).
Since W (k°[T4, ..., T),]) can be identified with (a germ) of A% € RTop(T,a(k°)), it follows that
U (K°[Ty,. .., T]) ™8 ~ K(Ty, ..., T)),
in the co-category CAlg,, (X) /oaz. The result now follows. O
4.3. Rigidification of modules. We start by recalling [PY 17, Definition 4.3]:

Definition 4.3.1. Let X = (X, Ox) € dAny be a derived k-analytic space. The co-category of O x-modules on
X is defined as

Modo = Sp (Ab (AnRing,(X),0)) -

Similarly, the oo-category Mod a1 is defined as the oo-category of O x-module objects in Shvp ap) (X).
X
One has the following result:

Proposition 4.3.2. [PY17, Theorem 4.5] There exists a canonical equivalence of co-categories

Mody, ~ Modoi(lg .

Remark 4.3.3. In particular, the co-category Mod ,, inherits a natural t-structure induced from the t-structure on
Mod ,a1e, where the latter is defined in [Lurlle, Proposition 1.7].
X

Lemma 4.34. Let X = (X,0x) € BTop(Tan(k)) and X = (X,0x) € BTop(Taa(k®)) such that X*& ~ X,
in *Top (Tan(k)). The rigidification functor (—)"': fCAlg;. (X) /0, — AnRing,(X) 0, induces a well defined
functor

(7)rig : MOdoX — MOdoX.
We shall refer it as the rigidification of modules functor.
Proof. 1t suffices to show that the functor (—)"¢: fCAlg.(X)/0, — AnRing;(X),0, commutes with finite

limits. Thanks to Proposition 4.2.6 the composite functor (—)*8 o (—)'® agrees with localization at (¢) and
therefore it commutes with finite limits. As (—)!# is a conservative right adjoint it follows that

(—)rig: fGAlgko(%)/ox — AnRingk(f)C)/oX
commutes with finite limits as well, and the proof is finished. O

By construction, we have a natural projection functor
Qon: Modo, — AnRing,, (X) /0, -

Definition 4.3.5. Let M € Modg,,, we shall denote Ox & M = Q52 (M) and refer to it as the analytic split
square zero extension of Ox by M.

Following the discussion in [PY17, §5.1] prior to [PY17, Definition 5.4] we conclude that the functor Q55
admits a left adjoint 335 : AnRing,, (X),0, — Modoy.

Definition 4.3.6. Suppose we are given A € AnRing,,(X) /¢, and consider the co-category AnRing,, (X)4//0 -
We can consider the analytic A-linear derivations functor Der’y' (Ox, —) : Mode, — 8 given on objects by the
formula
M € Modoy — MapanRing, (x) 4,0 (Ox,0x ® M).
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Thanks to [PY17, Proposition 5.18.] such functor is corepresentable by the analytic cotangent complex relative
to A — Ox, which we denote by L’ JA Explicitly, one has a natural equivalence of mapping spaces

Ma’pMOdOX (L%HX /.A? M) = Der.aAn (OX7 M) °
We can explicitly describe Ly /4 ~ X35 (Ox ®4 Ox) € Modo, .

Lemma 4.3.7. Let X = (X, 0x) € RTop(Tan(k)) and X = (Z,0x) € BTop(Taa(k°)) such that X'& ~ X, in
oo-category RTop(Tan(k)). Then the diagram

Modoy, — 2~ Modo,

o] o]

rig

fCAlg;. (X) /0, it AnRing; (X) /0
is commutative up to coherent homotopy.

Proof. 1t suffices to prove that the corresponding diagram of right adjoints

_\*+
Modo, +— " Modo,

e e

(=)* .
fCAlg. (X) /0, +—— AnRing,(X) 0

is commutative. But this follows by an immediate verification as done in [PY17, Lemma 5.15]. The result
follows. O

Corollary 4.3.8. We have a natural equivalence

ad rig 1 an
(LOX/A) - Lo;ig/ﬂrig

in the oco-category Modg .
Proof. Tt is an immediate consequence of Lemma 4.3.7 above. (I

Definition 4.3.9. Let M € Coh™'(X). We say that M admits a formal model if there exists an Ox-module
M e Coh*(Ox) such that .
M8 ~ M € Modo .

Proposition 4.3.10. Let X = (X,0x) € dfDMye and X = (X, 0x) = X"8, denote its rigidification. Then the
functor (—)"&: Modp, — Modg is t-exact.

Proof. The statement follows readily from Proposition A.1.4 combined with [HPV 16, Corollary 2.9]. O

4.4. Main results. In this §, we state our two main results. The first one concerns the existence of formal models
for quasi-paracompact and quasi-separated derived k-analytic spaces. The second is a direct generalization of
Raynaud’s localization theorem.

Definition 4.4.1. Let A € CAlg}d. We say that A is an derived admissible k°-adic algebra if A is (t)-complete
and topologically almost of finite presentation. We further required that, for every ¢ > 0, the homotopy sheaf
7:(A) is (t)-torsion free. We denote CAlgia™ the full subcategory of CAlg?S spanned by admissible adic derived
k°-algebras.

Definition 4.4.2. Let X € deMfﬁft. We say that X is a derived admissible k°-adic Deligne-Mumford stack (resp.
derived admissible k°-adic scheme) if there exists

JIspt(4i) — X,

such that, for each index i, 4; € CAlg29™. We denote by dfDM?™ (resp., dfSch;e™) the co-category of derived
admissible k°-adic Deligne-Mumford stacks (resp. derived admissible k°-adic schemes).

Definition 4.4.3. Let X = (X,0) be a derived k-analytic space. We say that X is quasi-paracompact and
quasi-separated if the 0-th truncation t<o(X) is equivalent to a quasi-paracompact and quasi-separated ordinary
k-analytic space.
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Thanks to [Bos05, Theorem 3, page 204], it follows that any (ordinary) quasi-paracompact and quasi-separated
k-analytic space, X, admits a classical formal model. We generalize this result to the derived setting:

Theorem 4.4.4. Let X = (X, O) be a quasi-paracompact and quasi-separated derived k-analytic space. Then X
admits a derived formal model X = (X, Ox) € dfSchy..

Proof. Let Xy := t<o(X) denote the O-truncation of X. Thanks to [Bos05, Theorem 3, page 204], it follows
that X admits an admissible formal model Xy € fSchg.. We will construct inductively a sequence of derived
admissible k°-adic schemes

X0*>X1*>X2*>...,
such that we have equivalences

(Xp)"™® = t<n (X)),

for each n > 0.The case n = 0 being already dealt, we proceed with the inductive step. Suppose that X,, =
(%, 0x, ) has already been constructed, for n > 0. As X is a derived k-analytic space, for each n > 0, the
homotopy sheaf 7,(Ox) is a coherent module over mo(OQx ). Thanks to [PY17, Corollary 5.42] there exists an
analytic derivation d: IL{?  — mn41(Ox)[n + 2] together with a pullback diagram

T<nt10x ————— 7<,0x

(4.4.1) l ld

T<nOx —b T<nOx © Tr1(0x)[n + 2],

in the co-category AnRing, (X) Here dy denotes the trivial analytic derivation. Proposition A.2.1 and its

/T<nOx*
proof imply that we can find a formal model for d in the stable co-category Coh™ (X,,), namely

0: L?{i — My41[n + 2],
where M, 11 € Coh™(X,) is a formal model for 7, 41 (O x). We can assume further that M,,,; € Coh™(X,,)?

does not admit non-trivial (t)-torsion. We define O,,4.1 € fCAlg,.(X),0,, asthe pullback of the diagram

On—i—l E— oX7L

(4.4.2) l Ls

Ox,, LN Ox,, & Mpt1[n + 2]

in fCAlgy. (X) 0, - Define X;,41 = (X, On41). By construction, X, 11 is a derived admissible £°-adic Deligne-
Mumford stack. Both X" and t<,1(X) have equivalent underlying co-topoi. Thus, we have a rigidification
functor

(—)": fCAlgy. (X))o, ., — AnRing,(X) 0,

which commutes with finite limits. Thus the diagram (4.4.2) remains a pullback diagram after rigidification. For
this reason, we obtain a canonical morphism

nt1: (Ont1)™® = T<p410x

in the co-category AnRing;, (X) The morphism of T, (k)-structures produces a morphism

/T<n+10x"
Ont1t b<nt1(X) = X0k

We claim that 6,,, 1 is an equivalence in the co-category ®Jop(T,,(k)). Since the underlying co-topoi of both
Xn+1 and of Xg are equivalent, we are reduced to show that a,,+; is an equivalence of structures. Thanks to
Proposition 4.2.6 we have an equivalence

(020)" = (10
By the inductive hypothesis together with the pullback diagrams (4.4.2) it follows that the natural morphism
(5p ' Ong1)™® @po k — (T<n10x)™8,
is an equivalence. By conservativity of (—)2!# it follows that

. (rig
Qpt1: On+1 — T§n+1oX,
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is also an equivalence the co-category AnRing,, (X) We conclude that

/T<n+10x"
9n+1: szlil ~ t§n+1X,
is an equivalence in ®*Top(T,,(k)). Define
X := colim X,,.
n>0

We claim that X is again an admissible derived k°-adic Deligne-Mumford stack: the question being local on X
we reduce ourselves to the case X = Spf A and X,, ~ Spf A,,, for suitable A, A, € GAnggm. By construction,
Tgn_l(An) ~ A, _1, foreach n > 1. We have moreover an identification

X =~ Spf (limy>0A4n) .

As A,, is admissible, for every n > 0, we conclude that lim,,>¢A,, is again admissible. This concludes the proof
that X is a derived admissible £°-adic Deligne-Mumford stack.
It only remains to show that X*& ~ X . We have a sequence of equivalences
tgn(X“g) ~ (tan)rig ~ X;‘g ~ tgn(X),

which is a consequence of convergence for derived k-analytic stacks, cf. [PY17, §7]. Assembling these equiva-
lences together, we produce a map '
[ X" — X,
in the co-category dAny. The underlying morphism of co-topoi is an equivalence, since the underlying oo-topoi
are equivalent in every step of the inductive argument. Furthermore, f induces equivalences, for each i > 0,
m(O;‘g) ~ m(OX),
where Ox = lim,,>¢0Ox,,. By hypercompletion of the co-topos X, it follows that
O;"(ig ~ OX .
This shows that f is an equivalence, and the proof is complete. (I

‘We now deal with our main result. We start with a useful lemma:

Lemma 4.4.5. Let F': C — D be a functor between oco-categories. Suppose that for any D € D the following
assertions are satisfied:
(i) The co-category C/p = C X D p is contractible;
(ii) let G’/D denote the full subcategory of €, spanned by those objects (C,+: F(C) — D) such that 1) is
an equivalence in D. Suppose further that G’/D is non-empty and the inclusion G’/D — €/ p is cofinal.
Then F: C — D induces an equivalence of co-categories C[S™1| — D, where S denotes the class of morphisms
f € €A such that F(f) is an equivalence.

Proof. Let € be an co-category. We have to prove that precomposition along F' induces a fully faithful embedding
of co-categories

F*: Fun (D, &) — Fun (C, &),
whose essential image consists of those functors G: € — € which send morphisms in S to equivalences in D.
Given any functor G: D — €&, the composite G o F': € — € sends each morphism in S to an equivalence &, as F’
does. Both hypothesis (i) and (ii) combined with the colimit formula for left Kan extensions imply that for every

G: C— ¢,
such that every morphism in .S is sent to an equivalence, the left Kan extension
F(G) € Fun(D,¢&),
exists. Furthermore, we have natural equivalences
FoF*~id, and F*oF ~id.
The result now follows from the fact that F} is an inverse to F'*, when restricted to the full subcategory of

Fun (@, €) spanned by those functors sending every morphism in S to equivalences in &. O

Remark 4.4.6. Lemma 4.4.5 implies that the localization functor of classical Raynaud theorem is co-categorical,
i.e. the usual category An;*“® of quasi-paracompact and quasi-separated k-analytic spaces is the co-categorical
localization of fSchy.. This is not a common phenomenon: if € is a 1-category and S a collection of morphisms
in C then the oo-categorical localization €[S~1] is typically a genuine co-category.
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Definition 4.4.7. Let dAn!"“®® C dAny, denote the full subcategory of dAny, spanned by quasi-paracompact and
quasi-separated derived k-analytic spaces X € dAng.

Definition 4.4.8. Let f: X — Y be a morphism between derived k°-adic schemes. We say that f is rig-strong if,
for each ¢ > 0, the induced morphism
i ((frig)—loYr;g) ®ﬂ.-0((frig)—1oyrig) FQ(Oxrig) — T (Oxng) s

is an equivalence in the co-category Mod (o, )-

Theorem 4.4.9 (Derived Raynaud Localization Theorem). Let S denote the saturated class of morphisms in

dfSc me generated by rig-strong morphisms f: X — Y whose t<o(f) is an admissible blow-up of ordinary
k°-adic schemes. Then the rigidification functor

(—)78: dfSchj¢™ — dAn{P®,
induces an equivalence of co-categories
dfSchie™[S™1] =~ dAn{Pee,
Theorem 4.4.9 is an immediate consequence of Lemma 4.4.5 combined with the following Proposition:

Proposition 4.4.10. The rigidification functor (—)"8: dfSchia™ — dAn*“® satisfies the dual assumptions of
the statement in Lemma 4.4.5.

Proof. The verification of the assumptions of Lemma 4.4.5 are made simultaneously: Let X € dAn}*“® and
define

Cx = (dfSchis™) o .
Denote by

po: Cx — dfSchpe,  p1: €x — dAnP®,
the canonical projections functors. We will show that for every finite space K and every functor f: K — Cx,
f can be extended to a (cone) functor f<: K< — Cx in such a way that f<(oc0) is a formal model for X €
dAn{P“¥®. We denote co € K< the cone point. This will imply that Cx is a cofiltered co-category, hence its
homotopy type is weakly contractible. It also follows, that the inclusion of the full subcategory spanned by formal
models, for X, in Cx, is final.

Let us first sketch the rough idea of proof: By induction on the Postnikov tower we are allowed to lift commu-
tative diagrams of derived k-analytic spaces to the formal level. This is done, by reducing questions concerning
liftings of T,q (k°)-structures, to analogue lifting questions at the level of the stable co-categories of coherent mod-
ules. This is achieved using the universal property of the adic cotangent complex. Furthermore, the corresponding
questions for coherent modules can be dealt effectively using the results proved in Appendix A. The main technical
difficulty is to keep track of higher coherences, involved in commutative diagrams of derived k-analytic spaces,
when lifting these to the k°-adic setting.

We will construct a sequence

{(Xn, t<n X = X8) € Co_, xtnen,  with X,, := (X, Ox,,) € dfSchis™,
satisfiying the following conditions:
(i) Foreachn > 0, X,, is n-truncated.
(i) For each n > 0, we have an equivalence
(X)) ~ t<pX.
(iii) For each n > 0, there exists a canonical equivalence
Xn — tSan_H,
in dechZf,lm. This implies, in particular, that the underlying co-topoi X,, € RJop are all equivalent.
(iv) For each n > 0, there is a functor ff S Fun(K <, 6 <n X) whose restriction ( f,f‘)‘ x 1s naturally equiv-
alent to t<y f, in the co-category Fun (K, €;_ x ). Additionally, po (f;;}(00)) ~ X.

Assume that we have constructed such a sequence {(X,,,t<, X — X&) € C; - X Inen satisfying conditions
(i) through (iv). Define X := colim,,>¢ X,, and notice that the morphisms t<, X — Xflig assemble to produce a
morphism

X — X8
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in the co-category dAny. Moreover, by the universal property of filtered colimits, the diagrams f,2 € Fun (K <Gy <n X)
assemble. There exists thus a well defined extension f< € Fun (K9, Cx), of f: K — Cx. As the rigidification
functor is compatible with n-th truncations, it follows that the functor f<, constructed in this way, when evaluated

on oo

pi(f7(00)) € (dAni”*™) o,
agrees with the morphism
X — XU,

This finishes the proof of the claim. For this reason, we are reduced to prove the existence of a sequence
{(Xn, t<n X — X18) € C_, x }nen satisfying conditions (i) through (iv) above.

Step 1. (Case n = 0) Let X := t<oX. By the universal property of n-truncation we can assume, without loss of
generality, that for each vertex « € K, the component (Yo, 1 : Xo — YLE) = f(x) € Cx, is actually discrete.
More concretely, each Y x is equivalent to an ordinary k°-adic formal scheme. In this case, the result is now a
direct consequence of [Bos05, Theorem 3, page 204].

Step 2. (Inductive datum) Assume that, for a givenn > 0, we have constructed a diagram £, € Fun (K <6 “n X)
satisfying conditions (i) through (iv), above. Denote by a, . : X,, = Y, ,, the morphism associated to co — z in
K<, where Yy, o = t<n Yo = (Yn,2, On.e). The functor f; € Fun (K<, €;_, x) corresponds to the datum:
(i) A diagram f,f*: K< — RJop such that f(co) ~ X,. Furthermore, for each + € K, we have a
morphism o, 4 «: Xp = Yp i RTop. We remark that this data is constant for 0 < m < n.
(ii) A diagram fb7!: K9P — fCAlg;. (X,) 0,, such that f<~!(c0) ~ ido, and f<~!(x) corre-
sponds to a (structural) morphism Ay, . : «;, %Oy, , — Ox,, in the co-category fCAlg;. (X,,) /0, -

A similar analysis for the diagram t<,,+1/: K — C;_, , x together with the Postnikov decomposition imply
that we have a functor fnjilz K°P x (A1)2 — fGAlgko(xn)/oxn, such that, for each x € K, the induced
morphism

_ 2
fnil,m : (Al) — feAlgko (xn)/Oxn )

corresponds to a pullback diagram of the form

T<ny1(a; 'Ov,) T<n(a;'0y,)

(4.4.3) l ld

3 .
Ten(az 'Oy,) —= T<n(0; ' Ov,) @ oy ' mn g1 (O, ) [0+ 2]

in fCAlgy. (Xn) /0, - Here dy, .- denotes a suitable k°-adic derivation and d?z,z the trivial adic derivation.

Step 3. (Functoriality of the construction f€Alg,. (X)o,/0) Consider the functor I': f€Alg;. (Xn) 0, — Catoo
given on objects by the formula

((9 — OXn) € fCAlg,. (xn)/oxn — fCAlg;. (xn)o//o € Catoo.

The transition morphisms correspond to (suitable) base change functors. Let D — fCAlgo(X,)/0,, denote
the corresponding coCartesian fibration obtained via the unstraightening construction. Notice that pullback along
O — Ox, induces a functor go: fCAlgL.(Xn)oy, //0x, — fCAlgLe (Xn)o/ 0, Which admits a left adjoint
fo: fCAlg. (Xn)o /0 — fCAlgLe (Xn)oy, //0, - The latter is given by base change along O — Ox,,. There-
fore, applying the unstraightening construction, we obtain a well defined functor

G: fGAlgko (xn)oxn//oxn X fGAlgkO (xn)/Oxn — D,

over fCAlg,. (Xn)/0,, - Moreover, its fiber at (O — Ox,,) € fCAlgy.(Xy)/0,, coincides with the functor go,
introduced above. Thanks to the (dual) discussion proceding [PY16b, Corollary 8.6], it follows that G admits a
left adjoint F': D — fCAlgo (Xn)oy, //0x, X TCAlgL. (X)) 0y, -
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Step 4. (Base change of (4.4.3) along the morphism 7<,, (o 1Oy, ) — Ox,) The zero derivations d?w in (4.4.3)
assemble to give a a well defined functor d): K°® — D. Similarly the d,, , induce a well defined functor
dp: K°P — D. Denote

Ag=Fod), andA:=Fod,: K — f€Alg;.(Xn)oy, //0x, -

Notice that Ag: K°P — fCAlg;. (X))o, //0x, 18 given on objects by the formula

d?l x
z € K — (Oxn — OXn (&) 04;77'”4_1 (OYI)[TL + 2] — OXn> S fGAlgko (xn)oxn//oxn.
Similary the functor A: K°P — fCAlg. (Xn)oy, //0x, Satisfies

dn xT
z € K — (O)(n — 0x,, ® Oé;ﬂn+1 (OYI)[TL + 2] — OXn) € fCAlg,.. (xn)oxn//oxn.

By construction, both functor A and A factor through the full subcategory
FCAIGLE" (Xn)ox,, //0x, C FCAIgke (Xn)oy, //0x,

spanned by those objects Ox, — A — Ox_, which correspond to k°-adic derivations.

Step 5. (Reduction of the above diagrams to diagrams of modules) The universal property of the k°-adic cotangent
complex implies that we have an equivalence of co-categories
(=)%r: FCAIGSS (X oy /j0x, = (Modoxn)%d g
X

n

Therefore, the functors Ag and A correspond, under the equivalence (f)der, to functors

A, Az K% — (Modoy ).
) Oxn,

given on objects by the formulas
ze KP— (d), ,: L, — aimni1(Oy,)[n+2]) € (Modo,, )

ad 9
]Loxn /
and

z € K (dn,xi IL%(:(” — Oé;Trn+1(OYI)[n + 2]) S (MOdoXn)

]La:d )
Oxp /

respectively. Thanks to the proofs of both [PY 17, Lemma 5.35 and Corollary 5.38] the k°-adic cotangent complex

L3 is coherent and connective. Therefore the functors Ag, A: K — (Modo,, ).« factor through the full
n n C)Xn’ /

+
subcategory Coh (Oxn)%dxn/ C (Modoxn)%in/.
Step 6. (Rigidification of the corresponding diagrams of modules) Consider now the composites
AY® = ()80 A, A" :=(-)"80A: K — Coh™(O%%)rm /.
n ng

The same reasoning as above, applied to the rigidification of the diagram t<,1f: K — Ci_,, x, produces
well-defined extensions o B _

Aglg’ Arig. r<op _ COth(o;(lf)IL;figa
of both (—)™8 o Ag and (—)™® o A, respectively. Moreover, these satisfy:

(i) We have equivalences
(AO)‘Kop ~ (—)rig oAg, Ajger (—)rig oA,

in the co-category Fun (K °P, Coh™ (OQg)Laq /)-
n Xn’ 22

(ii) We have further equivalences
—~rig
Ay (00) <d0: L%I:r(ig = g1 (0x) [n + 2]> ,
and
A8 (00) ~ <d: Likie = Tnt1 (Ox)[n+ 2]> ,

Xn

in the co-category Coh™ (t<,, (X))pan

t<n

x/
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Moreover, the derivations d and d considered above are induced by the pullback diagram

T<nt10x ———— 7<,O0x

(4.4.4) J ld :

T<nOx o, T<nOx ® mpy1(0x)[n + 2]

computed in the co-category AnRing; (X) /0 -

Step 7. (Lifting of &)ng and A2 to diagrams in Coh™ (X,,).) Thanks to Proposition A.2.1 and its proof, we can
lift both diagrams Ay® and A™ to (formal model) diagrams A,, A: K°? — Coh™(Ox,, JLag p respectively.
X

‘We have natural equivalences

é0|Kop =~ AO; A‘Kop ~ A.

We further have equivalences
(4.4.5) Ag(o0) ~ (50; Ly — N[n+ 2])
(4.4.6) A() = (5: Ly — Nln + 2]) .
Where N € Coh™(Ox,) denotes a (t)-torsion free formal model of 7,4 1(Ox,, ), concentrated in degree 0. The
choice of such N € Coh™ (Ox,, ) can be realized as follows:

First choose a given formal model N € Coh™(Ox, ) for m,41(Ox). As the rigidification functor (—)" is
compatible with n-truncations, we can replace N with 7<,,(N) and thus suppose that N is truncated to begin

with. We can kill the (¢)-torsion on N by multiplying it by a sufficiently large power of ¢t. More precisely, we
can consider t™N, for m > 0 sufficiently large, such that ¢™ N is (¢)-torsion free. The conclusion is now a

consequence of the fact that the canonical map "N — N induces an equivalence (tmN )rlg ~ Nrig,

Step 8. (Recovering the extension of the original diagram f, 4:1 by means of the right adjoint G above) Notice that
the rigidication of both (4.4.5) and (4.4.6) concides with the derivations dy and d displayed in (4.4.4), respectively.
We can also consider the diagrams A, and A as morphisms Ay — Jp and A — 4, living in the co-category
Fun(KOp, fCAlg;. (Xn)oxn //Ox,, ) Thanks to [Lur09b, Proposition 3.3.3.2] we can lift both diagrams A, and A
to functors

K9P — fCAlgyo (Xn)oy, //0x, X FCAlgLe (Xn) 0y,

whose projection along the first component agrees with A, and A, respectively. Furthermore projection along the
second component agrees with the composition F' o f<"~1. By adjunction, we obtain thus diagrams

Dy, D: K9P — D,

inducing D, D": K<°P x A? — fCAlg;0 (X,,)o,, /- Notice that, evaluation on vertices # € K gives us assign-
ments

x e K
— (Tgn(azloym) M> Tgn(agloym) D Tpt1 (Oym) [n+ 2] — Tgn(azloym)) € fCAlg;. (f)Cn)oXn/
x € K
= (ren(070v,) #5 7<n(0510v,) & Tt (Ov, ) [+ 2] = 7<n(05 10, ) ) € FCALgL. (Xn)o, -
respectively. Moreover, their value at co agrees with
Ox, 2 Ox, & N[n+2] = 0x,, Ox, % Ox, & Njn+2] = Ox,,

respectively.
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Step 9. (Obtaining an extension, fﬂ, of the diagram t<, 11 f) By taking fiber products, along each {z} x A3,

we thus obtain a diagram f;5!, ; : K<°P — fCAlg;. (Xy)o,, - Evaluation on each z € K agrees with

fili1 (@) = T<nia(az Oy, ).

More precisely, we have a canonical equivalence (ff H)‘ri; ~ 7<p+1(f71) in AnRing,, (X) J7<ni10x - Evaluation
at 0o, fl 1(00) > Opy1 € fCAlg,. (X,,) satisfies

On8 = T<ni1(0x).
Let X541 == (X1, Opnt1). We obtain thus a well defined functor

91 K< — dfSchid™,
whose rigidification coincides with

T<nt1f: K — (dAanCqS)

t<np1 X/

Assembling these diagrams together, we obtain a functor fﬂ : K9 — Cx satisfying requirements (i) through

(iv) above. The proof is thus concluded. [l

The proof of Theorem 4.4.4 also implies:

Corollary 4.4.11. Let f: X — Y be a morphism between quasi-paracompact and quasi-separated derived k-
analytic spaces. Then f admits a formal model, i.e. there exists a morphism f: X — Y in deCthm such that
frie ~ f in the co-category dAny,.

adm

Corollary 4.4.12. Let S be the saturated class generated by those morphisms f: A — B in CAlgyo" such that
the induced map

(Spf f)"™®: Spf(B)& — Spf(A)"

is an equivalence in dAfdy. Then the rigidification functor
(—)rie: (GAnggm)Op — dAfdy, factors via a canonical functor

(CAIgE™)*P[S™1] — dAfdy.
Moreover; the latter is an equivalence of co-categories.

Proof. The result is a direct application of the proof of Theorem 4.4.9 when X € dAfdy. O

APPENDIX A. VERDIER QUOTIENTS AND LEMMA ON Coh™

The results in this section where first proved in [AP19]. We present them here, for the sake of completeness.
We also present different proofs of the ones in [AP19].

A.1. Verdier Quotients. Let X be a quasi-compact and quasi-separated scheme and Z denote the formal com-
pletion of X along the (¢)-locus. Consider the rigidification functor

(—)"8: Coh™ (Z) — Coh™ (Z"%).
Notation A.1.1. Let Cat™* denote the co-category of small stable co-categories and exact functors between them.

Proposition A.1.2. [HPV16, Theorem B.2] Let C be a stable co-category and A — C a full stable subcategory.
Then the pushout diagram

o— >

J

B+

. . E
exists in the oco-category Cat .

Definition A.1.3. Let A, C and D as in Proposition A.1.2. We refer to D as the Verdier quotient of C by A.
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Proposition A.1.4. Let X be a quasi-compact quasi-separated derived scheme almost of finite type over k°. We
denote Z its formal (t)-completion. Then there exists a cofiber sequence

(A.1.1) K(Z) = Coh*(Z) — Coh™ (Z"%),

in the co-category Cat®*. Moreover, the functors in (A.1.1) are t-exact. In particular, the rigidification functor
(—)"8: Coh™(Z) — Coh™ (Z"%)

exhibits Coh™ (Z"8) as a (t-exact) Verdier quotient of Coh™ (Z).

Proof. Let X(Z) denote the full subcategory of Coh™ (Z) spanned by (t)-torsion almost perfect modules on Z.
Recall that M € Coh™ (Z) is of t-torsion if 7, (M) is of (¢)-torsion. Consider the (quasi-compact) étale site X¢
of X. We define a functor
Coh ™ (—)/K(—): X — Catl
given on objects by the formula
(U — X) quasi-compact and étale — Coh™ (U}")/K(U}") € Cat®>,

where Ut/\ denotes the formal completion of U along the (¢)-locus. Thanks to [HPV 16, Theorem 7.3] this defines
a unique, up to contractible indeterminacy, Cat=*-valued sheaf for the étale topology.
We will also need the following ingredient: define a functor
Coht

. Ex
rig - Xét — Gatoo ,

given on objects by the formula
(U — X) quasi-compact and étale — Coh™ ((U*)"'8) € Catt>.

We remark that Coh™ : Anj, — CatEx satisfies fpqc descent for k-analytic spaces. Indeed, this follows by the main
theorem in [Con03] combined with the usual reasoning by induction on the Postnikov tower, for almost perfect
modules. Moreover, the formal completion and rigidification functors are morphisms of sites. As a consequence
we conclude that the assignment Qﬁoh;’;g : Xg — CatEX is a sheaf for the étale topology on X.

The universal property of pushout induces a canonical morphism of sheaves ¥: ¢oh™(—)/K(—) — Cohig in
the oo-category Shvg (X, CatEx). We affirm that W is an equivalence in Shv (X, CatE>). By descent, it suffices
to prove the statement on affine objects of X. In such case, the result follows readily from the observation that
for a derived k°-algebra Ay the co-category Coh™ (Ag @y k) € CatEX is obtained from Coh™ (Ay) by "modding
out” the full subcategory spanned by (t)-torsion almost perfect modules. Moreover, thanks to [PY 18, Theorem
3.1] we have a canonical equivalence

Col™ ((Spf Ao)") = Col* ('((Spf 40)™)).

in the co-category CatZ*. Where F((Spf Ao)“g) € CAlg,, denotes the derived global sections of Spf Af)ig. On
the other hand I" ((Spf Ag)"8) ~ A ®jo k and the result follows. O

A.2. Existence of formal models for modules. In this §, we prove some results concerning the existence of
formal models with respect to the functor (—)™&: Coh™(X) — Coh™(X) which prove to be fundamental in the
proof of Theorem 4.4.9.

Proposition A.2.1. Let X € dAny, be a derived k-analytic stack which admits a formal model X € dfSchye.
Let J € Coh+(X ) be concentrated in finitely many cohomological degrees. Then F admits a formal model, i.e.
there exists G € Coh™ (X) such that 3¢ ~ F in Coh™ (X). Moreover, the co-category of formal models of F is a
filtered co-category.

Proof. Let F € Coh™ (X)), be as in the stament of the Proposition A.2.1. Assume moreover that F is connective,
i.e. its non-zero cohomology lives in non-positive degrees. Notice that, by definition of ind-completion, F €
Ind (Coh™ (X)) is a compact object.

Let ®: Ind(Coh™ (X)) — Ind(Coh™ (X)) denote a fully faithful right adjoint to (—)*&. Tt follows from the
construction of Ind-completion that we have a canonical equivalence
(A.2.1) D (F) ~ colim g,

GECOh™ (X) g ()
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in Ind (Coh+ (X )) Notice that, by construction, the limit indexing co-category appearing on the right hand side
of (A.2.1) is filtered. As @ is a fully faithful functor, the counit of the adjunction ((f)rig, CID) is an equivalence.
Our argument now follows by an inductive reasoning using the Postnikov tower as we now detail:

Suppose first that F € Coh™ (X) has cohomology concentrated in degree 0, then it is well known that F admits
aformal model F € Coht” (X), which we can moreover choose to be of no (¢)-torsion. Moreover, we can choose
F in such a way that we have a monomorphism F < 7, in the heart Coh™¥ (X)). We are also allowed to chose
in such a way that its rigidification becomes an equivalence, in the (heart of) Ind (CohJr (X)) We are then dealt
with the base of our inductive reasoning.

Suppose now that J lives in cohomological degrees [0, n]. By the inductive hypothesis 7<,, _1F € Coh™ (X)

admits a formal model T;\:"J" € Coh™(X), which we can assume to live in homological degrees [0, n + 1]. We

can also assume its associated homotopy sheaves are ()-torsion free and we have a map 7<,,_1F — 7<,—1F, in
Ind (CohJr (X)) Moreover, by construction its rigidification becomes an equivalence. We have a fiber sequence

F — ’I'Snflf}~ — T (97) [n—l—l],

in the co-category Coh™ (X). By applying the exact functor ® we obtain a fiber sequence in the co-category
Coh™ (X).

As 7<,1F € Ind (Coh+ (X)) is a compact object, the composite 7<p_1F — 7<p_1F — 7, (F) [n + 1]
factors through G[n + 1], for a certain almost perfect complex § € Coh™ (X)O. Moreover, such G can be chosen
in order to satisfy

Gre ~ 1, (F).
By the base step, we can further assume that it is (¢)-torsion free and admits a monomorphism § — 7, (F), in the
heart of the co-category Ind (Coh™ (X)).
Using the fact that ® is a right adjoint and the the counit is an equivalence, we deduce that the rigidification of
the constructed map 7<,—1F — G[n + 1] is equivalent to 7<,,—1F — 7, (F)[n + 1].

Therefore F := fib (Tgn,lff — Gn+ 1]) , is a formal model for F, which lives in homological degrees [0, n],

of no t-torsion. Moreover, it admits a map F — J, in co-category Ind (CohJr (X)), which become an equivalence
after rigidification. The first part of Proposition A.2.1 now follows.
We are now left to prove that the full subcategory G5, of the co-category Coh™ (X) /> spanned by those objects

(f;" UK Frie fr") such that ¢ is an equivalence, is also filtered.

By construction, the oo-category Coh™ (X) /9 is filtered. In order to prove that Cy is filtered, it suffices to show
that every (G, ¢: §"¢ — F) € Coh™ (X) /5 admits a morphism to an object in Cg.

We first treat the case where § € Coh™(X) lies in the heart so then we can write § ~ colim;c; G; in
Ind (Coth(X))@, where T is filtered. Moreover, we can assume that the §; € Coh™(X)" are (t)-torsion free
and for each ¢ € I they admit monomorphisms §; — F, whose rigidification ng ~ J in Ind (Coth(X))o.
The structural morphism 1/: G''& — F corresponds by adjunction to a morphism § — ®(F) ~ colim;es ®(G;).
By compactness of § € Coh™ (X), it follows that the later factors through one of the §;. To summarize, we
have obtained a morphism § — G; which induces a morphism in Coh™ (X) /5 Whose source corresponds to
(G, ¢: G — F) and the target is an object lying in Cz, as desired.

Suppose now that F € Coh™(X) is connective whose non-zero homology lives in degress [0,n]. Given
(G,¢: G"¢ = F) € Coh™(X),s we know by induction that (§, "¢ = F — 1<, 1F) € Coh™(X)/r_ =
admits a factorization through one object

(Tgnflg'd, Tgnflg"rig — Tgnfli—f) S Coh™ (X)/Tgn—lgj’
as before. We have a commutative diagram

T<nG — T<n-1§ —— m(9)[n + 1]

| | |

F—— m7<n1F —— m(F)n+ 1],
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where the horizontal maps form fiber sequences in the co-category IndCoh™ (X). Moreover, there exists a suffi-
ciently large formal model 3(,, € Coh™ (X)¥ for 7,,(F), which is (¢)-torsion free, together with a monomorphism

Hp — mp(F) in Ind (Coh™ (X)) ° Additionally, both composites

Tgn_lg — Tgn_lg' — Tgn_lg' — Fn(g')[n + 1],
and
T<n—19 = m(9)[n + 1] = mp(F)[n + 1],
factor through J,, [n+1]. Thus we have a commutative diagram of fiber sequences in the co-category Ind (CohJr (X))

T<n§ —— T<n—19 —— m(9)[n + 1]

| | |

—_~—

F o renT —— Haln+ 1]

| | |

F— Tgn_137*> Wn(?)[n—l—l]

which provides a factorization (G, ¢: §"'& — F) — (.;;",w: Fris 3") in the oo-category Coh™ (X),5 where
(5", W FriE 5") € Cy, this concludes the proof. O

Corollary A.2.2. Let X € dAny and f: F — G be a morphism Coh™ (X), where § is of bounded cohomology,
i.e. § € Coh®(X). Suppose we are given a formal model X € dfSchi3™ of X

Then we can find a morphism §: I — G’ in Coh™ (X) such that {'i¢ lies in the same connected component of f
in the mapping space Mapc,y,+(x)(F, 9).

Proof. We will actually prove more: Fix ' € Coh™ (X) a formal model for F, whose existence is guaranteed by
Proposition A.2.1. Then we can find a formal model §’ € Coh™ (X) for G such that the morphism

f:F—=G,

lifts to a morphism,
f: 5 =9,
in the oo-category Coh™ (X). Assume thus F’ € Coh™(X) fixed. Given a generic §’ € Coh™ (X), denote by
Hom (F,5') € QCoh((X)) the Hom-sheaf of (coherent) Ox-modules. Notice that if §' € Coh” (X) then the
Hom-sheaf H{om (37, ') is still an object lying in the co-category Coh™ (X).
By our assumption on G € Coh™ (X'), we can find a cohomogically bounded formal model §’ € Coh" (X) for
G, and thus Hom (F,9') € Coh™ (X). Consider the colimit,

(A.2.2) c??/leirél Hom (F7,9") ~ Hom (F',G (9))

(A.2.3) ~ Hom ((?’)rig , 9) ~ G (Hom (¥, 9)),

where € denotes the co-category of (cohomological bounded) formal models for §. The first equivalence in (A.2.2)
follows from the fact that 7 € Coh™ (X) is a compact object in Ind(Coh™ (X)), thus the Hom-sheaf, with source
F’, commutes with filtered colimits. The second equivalence follows from adjunction. By applying the global
sections functor on both sides of (A.2.2) we obtain an equivalence of spaces (notice that ¢ being a right adjoint
commutes with global sections)

Cg’?/leigl Map (37, 9") =~ Mapcon+(x)(J, 9)-

We conclude thus that there exists ' € € and §: 7 — G’ such that ()™ and f lie in the same connected
component of Mapcy,+(x) (F, 9), as desired. ]

Corollary A.2.3. Let X € dAny and f: F — G be a morphism in Coh™ (X), where G is of bounded homology.
Suppose we are given a formal model X for X together with formal models F', §' € Coh™ (X) for F and G,
respectively. Assume further that §' € Cohb(X). Then given an arbitrary f: F — G in Coh™(X), we can find
f: F — G in Coh™ (X) lifting t™ f : F — G, for sufficiently large n > 0.
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Proof. Consider the sequence of equivalences in (A.2.2). Then by applying the same argument as in the proof of
Proposition A.2.1 we obtain an equivalence,

(Ftom(J",§"))"® = Hom(¥, 9),

in the co-category Coh™ (X). Therefore, by taking global sections we obtain

Mapcoy+ x) (F, §)[E1] = Mapgon+ (x) (5, 9),

where the left hand side term denotes the colimit colimmui by t Mapgen+ (x) (97, §'). Therefore, by multiplying
I € Mapggp+( X)(S" , ) by a sufficiently large power of ¢, say ", then ¢" f lies in a connected component of

Mapcon+(x) (F', §'), as desired. O
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