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Abstract

We prove two new results on the K-polystability of Q-Fano varieties based on purely
algebro-geometric arguments. The first one says that any K-semistable log Fano cone has a
special degeneration to a uniquely determined K-polystable log Fano cone. As a corollary, we
combine it with the differential-geometric results to complete the proof of Donaldson-Sun’s
Conjecture which says that the metric tangent cone of any point appearing on a Gromov-
Hausdorff limit of Kahler-Einstein Fano manifolds depends only on the algebraic structure
of the singularity. The second result says that for any log Fano variety with a torus action,
K-polystability is equivalent to equivariant K-polystability, that is, to check K-polystability,
it is sufficient to check special test configurations which are equivariant under the torus
action.
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1 Introduction

We work over the field C of complex numbers. This paper is a sequel to the works in
[Lil7b, LX20, LX18]. Together with the previous works, we complete the proof of Donaldson-
Sun’s Conjecture [DS17, Conjecture 3.22] (see Theorem 1.1), which says that as an affine
variety, the metric tangent cone C' := C,(My, ds) of any point o on a Gromov-Hausdorff
(GH) limit (Meo, dso) of a sequence of Kéhler-Einstein Fano manifolds only depends on the
algebraic structure of the singularity and is independent of the metric structure. Previously
in [LX18] we proved that the intermediate semistable cone W in Donaldson-Sun’s work (see
[DS17]) only depends on the algebraic structure.

Our strategy is to systematically use minimizers of the normalized volume functional
(defined in [Lil8]) to characterize valuations associated to metric tangent cones. Aiming
at a vast generalization of the original differential geometric approach, we try to algebraize
the construction of [DS17] by giving a completely local definition of a two-step degeneration
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process for an arbitrary klt singularity. This has been done under suitable assumptions about
the minimizer of the normalized volume. In fact, these assumptions yield the first step of
the degeneration and our current note draws a complete picture of the second step in the
degeneration. In particular, with the help of the metric structures, we now have a rather
satisfactory understanding of this process for those singularities appearing on the GH-limit
M. We will give more details in the following discussion.

1.1 Main results

For the first step of the degeneration, in [LX18], we showed that the valuation considered
in [DS17], whose original definition depends on the metric, is a minimizer of the normalized
volume (see 2.3) and such a minimizer is uniquely determined by the underlying algebraic
structure. In fact, we proved in [LX18] that for any klt singularity (X, z), the real valuation
v € Valy , that minimizes the normalized volume functional and satisfies the following two
conditions is unique up to rescaling: (a) v is quasi-monomial; (b) v has a finitely generated
associated graded ring. These two conditions are satisfied by the valuation constructed via
Kéhler-Einstein metric structure in [DS17]. So this result allows us to recover the semistable
cone W, which is defined by the associated graded ring of v, by using the minimizing valuation
and hence verifies the first part of [DS17, Conjecture 3.22]. Note that it was conjectured in
[Li17b] that minimizing valuations always satisfy these two conditions. !

We know that the semistable cone W degenerates to the metric tangent cone C' and is
K-semistable (see [DS17] and [LX18, Theorem 5.5]). In the current paper, we complete the
picture by showing that the metric tangent cone C' is the unique K-polystable degeneration
of W. In particular, this implies that C' depends only on the algebraic structure of W, which
itself only depends on the algebraic structure of 0 € M.

Theorem 1.1 ([DS17, Conjecture 3.22]). The metric tangent cone C' of o € M, on o GH-
limit of Kdhler-Einstein Fano manifolds depends only on the algebraic structure of o € M.

As in [DS17], the assumption on M, can be weakened, e.g. My, is a GH-limit of a se-
quence of projective manifolds X with fixed volumes, bounded Ricci curvature and diameter.
All arguments extend verbatim. One can expect Theorem 1.1 will significantly simplify the
determination of metric tangent cones in examples (see e.g. [HS17]).

Since a Fano cone singularity (C,¢) with a Ricci-flat Kéhler cone metric is aways K-
polystable (see [CS19, Theorem 7.1] and also Corollary A.4), once knowing that W depends
only on the algebraic structure of o € M., Theorem 1.1 is just a consequence of the following
more general result by letting (X, D, &) = (W, 0,&):

Theorem 1.2 (Existence and uniqueness of K-polystable degenerations: log Fano cones).
Given a K-semistable log Fano cone singularity (X, D, &), there always exists a special test
configuration (X, D,&;n) that degenerates (X, D, &y) to a K-polystable log Fano cone singu-
larity (Xo, Do, &o). Furthermore, such (Xo, Do, &) is uniquely determined by (X, D,&y) up
to isomorphism.

If we restrict ourselves to the quasi-regular case of log Fano cones, then we obtain the
following result for log Fano varieties.

Theorem 1.3 (Existence and uniqueness of K-polystable degenerations: log Fano varieties).
Given a K-semistable log Fano variety (S, B), there always exists a special test configuration
(8, B) that degenerates (S, B) to a K-polystable pair (So, By). Furthermore, such log Fano
pair (So, Bo) is uniquely determined by (S, B) up to isomorphism.

We note that for the special case of Q-Gorenstein smoothable Fano varieties, this was
proved in [LWX19, 7.1] based on an analytic results on the existence and uniqueness of
Gromov-Hausdorff limit for a flat family of Fano Kéhler-Einstein manifolds (see also [SSY16]).
We emphasize here that our proof of Theorem 1.2 is new and uses only algebro-geometric
arguments. Moreover, our techniques also give rise to an equivariant criterion for testing
K-polystability.

! After the submission of this paper, the quasi-monomial property has been proved in [Xu20]. More recently,
the uniqueness of minimizers (up to rescaling) is proved in [XZ20] unconditionally.



Theorem 1.4 (T-equivariant K-stability=K-stability). Let (S, B) be a log Fano variety
with an action by a torus group T = (C*). Then (S, B) is K-polystable if and only if it is
T-equivariantly K-polystable, that is for all T-equivariant special test configuration (S, B),
the generalized Futaki invariant Fut(S,B) > 0, and the equality holds only when the test
configuration is a product, i.e. (S,B) = (S, B) x Al.

Note that Theorem 1.4 is proved for smooth Fano manifolds in [DS16] for general reductive
group actions using analytic approach. Our result works for any singular Q-Fano varieties.
This combined the work [IS17] allows one to effectively check the K-stability of Q-Fano
T-varieties of complexity one. 2

We will first deal with the quasi-regular case i.e. Theorem 1.3. The key technical result
in its proof is Theorem 3.2, which says that if (S®), B®)(i = 1,2) are two special test con-
figurations of the log Fano pair (S, B) with central fibres (S{”, BY") and vanishing Futaki
invariants, then there exist special test configurations (8’ B'()) of (S(()Z),B(()z)) such that
(&' (1), B'G)) have isomorphic central fibers. In practice, we will work on the cones: we first
take the cone over (S, B) to get a log Fano cone (X, D), and then take cones over (S, B())
to get test configurations (X', D) of (X, D). Then we just need to find a common degen-
eration of the central fibre of (Xéz), D((f)). To construct such test configurations, we aim at
constructing a (C*)?-equivariant family (X, D) of log Fano cones over C?, such that if taking
the base change over C x {1} (resp {1} x C), we get back the test configuration (X1, D))
(resp. (X, D?)). Then the special fiber (X,D) xc2 {(0,0)} gives a common degeneration
of (X®, D). This family (X,D) is obtained by using a divisor 5,&2) over (X®) DR) to
degenerate (X(Q),D(Q)), where the divisor 5,22) is a birational transform of Ej, x C and FEj
belongs to a sequence of special divisors {Ex} (k > 1) over X. To see 5,22) induces a degen-
eration, one needs to show that there is a birational model y,§2> — (XIEZ),D,(f)) such that

the only exceptional divisor of y,§2> / XéZ) is & for k > 1. This is a subtle property, and we
prove it by combining the tools of Minimal Model Program (MMP) with a careful analysis
of normalized volumes functional (see Section 3.2.1 for a more detailed explanation for this
step).

The following commutative diagram shows some relation between different objects in this
proof. The symbols ‘~~’" means the degeneration under a special test configuration and ‘--+’
means taking a C*-quotient. See (21) for the more detailed diagram.

(2) p(2)

(X2, D) e (X, D) (1)
N s ,5(2) -

(82, BOYEE (s, B)”

—

(X' pr@) (8@ B @) (8W,BM) (x@ D)y
1 1
(S9. BY) (55", B§")
_ 7 (S/(l),B/(l)) ~ -
3 v )
(X4 D) e (x". DY)

To confirm Donaldson-Sun’s Conjecture (see [DS17, Conjecture 3.22]), we then use some
approximation approach to treat the case of a general log Fano cone, i.e. including the irreg-
ular case. However, the common degenerations are a priori only weakly special (Definition
2.16). So we extend [LX14, Theorem 4] to (possibly irregular) log Fano cones, proving that
for K-polystable log Fano cones, weakly special test configurations with vanishing Futaki
invariants must already be special. To apply this to metric tangent cones which are Ricci-
flat Kéhler cones, we use the result of Colins-Székelyhidi [CS19] about the K-polystability
of Ricci-flat Kahler cones. Since we need to allow more general test configurations than just
special test configurations, we provide a proof of this fact (see Remark A.2) in Appendix A
by adapting the argument of Berman in [Berl5] to our setting.

2 After the submission of the paper, the equivalence between equivariant K-stability and K-stability has been
completely solved in [Zhu20].



We now sketch the organization of the paper. More details will be given at the beginning
of each section. In 2.1, we recall basic tools in our arguments including normalized volumes,
normalized multiplies and Kolldr components. In section 2.2, we recall the notions of log Fano
cones, their test configurations and K-stability. We also discuss how to get test configurations
using models over log Fano cones. In the quasi-regular case, we are reduced to the K-stability
of log Fano pairs. In section 3, we prove our main results in the case of log Fano pairs. In
section 3.1, we prove a lemma about special degenerations of K-semistable log Fano pairs
with zero Futaki invariants. In section 3.2, we prove the main technical result (Theorem 3.2)
on common special degenerations of special degenerations with zero Futaki invariants. In
section 3.3, we finish the proof of main results for log Fano pairs. In section 4, we deal with
the general case of log Fano cones. In 4.1, we obtain common weakly special degenerations
for log Fano cones with vanishing generalized Futaki invariants. In 4.2, we show that these
weakly special test configurations are indeed special test configurations. We generalize the
last step of results in [LX20] to the case of log Fano cones. We complete the proof of
Theorem 1.2 and Donaldson-Sun’s conjecuture in section 4.3. In the appendix, we prove
the analytic result that Ricci-flat Kéahler cones are Ding-polystable among Q-Gorenstein test
configurations. This result could substitute results in section 4.2 to complete the proof of
Theorem 1.1.
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Notation and Conventiones: We follow the standard notation in [KM98, Koll3]. In
this paper, a variety is a reduced, separated and finite type scheme over C, that is allowed
to be reducible. We call a pair (S, B) a log Fano variety if (S, B) has klt singularities, and
—(Ks + B) is ample.

2 Preliminaries

2.1 Normalized volumes

In this section, we recall the definition of the normalized volume of valuations centered at a
klt singularity « € (X, D). This is introduced in [Lil8]. For readers’ convenience, we discuss
some basic properties which will be needed later.

Definition 2.1. Let X = Specg(R) be an irreducible affine variety and x € X a closed
point. We denote by Valy , the space of real valuations v : R — Rxo U {+o0} that satisfy
the following conditions: for any f,g € R:
(1) v(fg) = o(f) + v(g); (2) v(f +g) = minfo(F)v(g)}: (3) v(0) = +o0,0(C*) = 0; (4)
o(f) > 0 if f(x) = 0.

For any v € Valx z andm € R, its m-th valuation ideal is defined as a, (v) 1= ap (v, X) =

{f € R; v(f) =m}.

We remark that Valy , is also called the ‘non-archimedean link’ around « € X in some
literatures.

For any m > 0, a,,(v) is a primary ideal associated to the maximal ideal m,. We will
denote its Hilbert-Samuel multiplicity by mult(a,,). If A = v(R) C R>( denotes the valuative
semigroup of v, then {a,,(v); m € A} is a A-graded sequence of ideals. In other words, they
satisfy, for any m,m’ € T, (i) : ap(v) C ap(v) if m’ > m and (i4) : a,(v) - ap(v) C
Amtm’ (V). Note that {a,,(v);m € Z} is also a Z-graded sequence of ideals.



Definition-Proposition 2.2 ([ELS03, LM09]). Let X be an irreducible variety of dimension
n. For any v € Valx ,, the volume of v is the following well-defined quantity:

vol(v) = lim M: lim M

=: 1t(ae). 2
m—+oo m"/n! m—+foo " mult(a,) (2)

Now we assume (X, D) is a log pair such that Kx + D is Q-Cartier. For any divisorial
valuation v = ordg where S is a prime divisor on a normal variety Y with a proper birational
morphism y : Y — X, the log discrepancy of ords is defined as A(x p)(ords) = ords(Ky —
w*(Kx + D)) + 1. By [JM12] and [BFFU15], there is a canonical way to extend the log
discrepancy to become a lower semicontinuous function A(x py: Valy ., — R U {+o0}.

Definition-Proposition 2.3 (see [Li18, Theorem 1.1]). Assume x € (X, D) is a kit singu-

larity. For any v € Valx ., its normalized volume vol(x p ,)(v) is defined as:

— A (v)" -vol(v), i A (v) < 4005
_ (X,D) ) (X,D) ’
VOI(X,D,I)(U) = { +o0, if A(X,D)(U) = +o00. (3)

For simplicity, we will just write \751(1)) if the singularity x € (X, D) is clear. This quantity
is a rescaling invariant: vol(Av) = vol(v) for any A > 0.
The volume of a kit singularity x € (X, D) is defined to be the following positive number

vol(x, X, D) = Ue\ifrilfx vol(x p,z)(v). (4)

It has been shown that there always exists a minimizer v of \7(;1( X,D,z) among all v € Valx
in [Blul8]. The expected properties of the minimizers are formulated in the Stable Degener-
ation Congecture ([Lil8, Conjecture 6.1], [LX18, Conjecture 1.2]). The case of cone singular-
ities over Fano varieties was studied in [Lil7b, LL19]. The general case was systematically
studied in [LX20] under the assumption that the minimizer is a divisorial valuation and in
[LX18] under the assumption that the minimizer is a higher rank quasi-monomial valuation.

We will need a relation between the normalized volume and the normalized multiplicity
of a graded sequence of ideals.

Proposition 2.4 ([Liul8]). If x € (X, D) is an n-dimensional klt singularity, then we have

vol(z, X, D) = i[?f mult(b,) - let” (X, D; b ),

where be Tuns over all graded sequence of primary ideals cosupported at x.

We now state some central results from our previous works and refer to the next section for
the notations of log Fano cones (see Definition 2.12) and their K-stability (see e.g. Definition
2.23).

Theorem 2.5 ([Lil7h, LL19, LX20, LX18]). Let (X, D,&) be a log Fano cone singularity.
Then it is K-semistable if and only if the valuation wte induced by & is a minimizer of

;SI(X,D@) on Valxym.
We will also use the following notion frequently:

Definition 2.6. Let (X,D,z) be a kit singularity. A prime divisor S over (X,D,x) is
called a Kolldr component over (X, D,x), if there exists a projective birational morphism
w:Y — X such that (i) p is an isomorphism over X \ {x} and the exceptional divisor
S = p~1(x) is irreducible and Q-Cartier; (ii) —S is p-ample; (iii) (Y, p; 1D+ S) is plt.

For any Kollar component, we define its different Ag by the following equality:
Ks+ As = (Ky + S+ p,'D)s.

It is easy to see that (S, Ag) is a log Fano pair.
The relevance of Kollar components to the minimization of normalized volume is con-
tained in the following result:



Theorem 2.7 ([LX20, Theorem 1.2, 1.3]). Let (X, D,x) be a kit singularity. Assume that

vo € Valx . is a minimizer of vol(x p ). Then we can find a sequence of Kolldr components
Sk and constants ¢ > 0, such that

¢ -ordg, = vg and \gl(ordsk) — ;(;l(v) as k — +oo.

Moreover, if vg is divisorial, then vg = ¢ -ordg for some ¢ > 0 and a Kolldr component S
satisfying the condition that the log Fano pair (S,Ag) is K-semistable.

In the above theorem, when vy is a divisorial minimizer, then [Blul8] also shows it yields
a Kollar component. In the case of K-semistable log Fano cones, the approximation stated in
the above theorem can be realized concretely by perturbing the Reeb vector field to rational
ones.

2.2 K-stability of log Fano cones

In this section, we recall the definition of a log Fano cone singularity and its K-stability, by
essentially following [CS18, CS19] and [LX18, Section 2.5]. Denote by T a complex torus
which is isomorphic to (C*)".

Test configurations

Definition 2.8. Let X be an n-dimensional reduced affine variety which is not necessarily
irreducible. We say that a T-action on X is good if it is effective and there is a closed T'-fixed
point x € X (called the vertex) that is in the closure of any T-orbit. By a T-singularity in
this paper, we always mean an affine variety X with a good T-action. If D is a T-invariant
R-divisor on X we say that (X, D) is a pair with a good T -action.

Let N = Hom(C*,T') be the co-weight lattice and M = N* the weight lattice. If X =
Spece(R) is a T-variety, then there is a weight space decomposition:

R=@D Ra where I'= {a € M | R # 0} C M. (5)

aecl

The action being good implies Ry = C. We will call any element £ in the Lie algebra
Ngr := N ®@ R a coweight vector (or abbreviated as a vector). We will denote by (£) the
subtorus of T" generated by &, i.e. the subtorus corresponding to the minimal linear Q-linear
subspace V. C N ® Q such that V ® R contains &.

If T' acts on a smooth variety X, then £ will give a vector field on X. For example, if we
consider the multiplication of C* on C, then the coweight vector 1 € Z yields the vector field
tat.

Definition 2.9. The Reeb cone of X with respect to a good T-action is the following set:
Ni :={¢ € Nu | (a,&) >0 for any a € T\{0}}. (6)

Any vector £ € NH‘{ will be called a Reeb vector on the T-variety X .
Definition 2.10. For any & € Nﬂ'{, we define its volume as:

_ Digay<k dime(Ra)
volx (§) := volx , (&) = klglgo & >7€"/7’L'

The limit in the above definition was known to exist by using the multivariable Hilbert
series as in [CS18, Proof of Theorem 4.10] (see also [MSYO08]). If (X,z) is a normal affine
T-variety, then each & € Nﬂg corresponds to a valuation wte € Valx , which is defined as:

Wtf(f)min{<aa§>;f2fa Withfa7£0€Ra}- (7)

Note that in this case volx (§) in Definition 2.10 is just the volume of the valuation wt..
One key property of the volume function is the following.



Lemma 2.11 (see [CS18, MSYO08, LX18]). The function & — volx (&) is smooth and strictly
convexr on N]g.

Proof. The smoothness was proved in [CS18, Theorem 4.10] where volx (£) was interpreted as
the leading coefficient of the expansion of the so-called index character, (which also appeared
in the earlier work of Martelli-Sparks-Yau (see [MSY08, (6.10)]).

The strict convexity of volx , follows from [LX18, Section 3.2]. In fact, if we let Y — X
be the normalization of X, the T-action can be lifted to Y. Denote the preimage of x to be
{y:}:, then we know y; are on pairwise distinct components Y; of Y, and the T-action on
each Y; is good. We claim that the following identity holds true:

volx - (§) = Z voly,y, (§).

Indeed, since £ — volx ,(€) and € — voly,, (§) are continuous, we just need to verify the
identity when ¢ is rational. Any rational £ generates a C*-action and vol(§) reduces to the
degree of an ample orbifold line bundle (see [CS18, Proposition 4.3] and [MSYO08, 5.3]). The
identity follows from the fact that the degree of the orbifold line bundle is the sum of its
degrees on irreducible components.

Thus we may assume X to be normal. Then [L.X18, Proposition 3.10], which generalizes
the convexity result from [MSY08], says that { — volx (§) is a strictly convex function for
e Ng.

O

Definition 2.12 (Log Fano cone singularity). Let (X, D) be an affine pair with a good T
action. Assume (X, D) is normal with kit singularities. Then for any & € Nﬂ‘{, we call
the triple (X, D,€) a log Fano cone structure that is polarized by &. If (€) = C* which is
equivalent to saying that ¢ is a multiple of a vector in Ng , then we call (X, D,€) quasi-
reqular. Otherwise, we call it irreqular.

Definition 2.13 (Quotient in the quasi-regular case). In the quasi-reqular case, we can take
the quotient (S, B) of (X \ {z}, D\ {x}) by the C*-group (§) generated by & in the sense of
a Seifert C*-bundle, and we will denote by (X, D)/(&). More precisely, assume & € N, and
we write

R=P| P R.|:=Pr.

k=0 \ (¢,a)=k/l

Then we take S = Proj(P,_, Ri) By [Kol0j, Section 4], m: X \ {z} — S is a Seifert
C*-bundle, with the quotient X \ {x} — (S, B1) where By is the branch divisor. Write
D = Zi a;D;. Since each D; is C,,-invariant, D; is the pull back of a divisor E; on S
and the multiplicity of D; along ©*(E;) is denoted by m;. Define By = 3, 2= E;. Let
B = By 4 By. Then n*(Ks + B) = (Kx + D)|x\{a} since 7" (Kx + B1) = Kx\{z} (see
[Kol04, Corollary 41]) and 7 (B1) = D|x\{a}-

The quotient (S, B) is a log Fano variety, because we assume that (X, D) is kit at x (see
[Kol04, 42] or [Koll3, Lemma 3.1]).

Definition 2.14 (Test configuration). Let (X, D, &) be a log Fano cone singularity with a
torus group T action (see Definition 2.12). A T-equivariant test configuration (or simply
called a test configuration) of (X, D, &) is a quadruple (X, D,&y;n) with a map w: (X, D) —
C satisfying the following conditions:

(1) X is an affine variety and w: X — C is a flat family. D is a divisor on X with Supp(D)
not containing any component of a fiber of .

(2) n is a holomorphic vector field that generates a C*-action on (X, D) such that w is C*-
equivariant and . = —t0:. As a consequence, there is an isomorphism ¢: (X, D) X¢
C* = (X,D) x C*.

(3) The torus T acts on (X,D) fiberwise and commutes with the C*-action generated by

[Re

1, and coincides with the action on the first factor when restricted to (X, D) x¢ C*
(X,D) x C*.



A test configuration (X,D,&;n) is called a product one if there is a T-equivariant iso-
morphism (X,D) = (X, D) x C and n = ng — td; where ng is a coweight vector of T and t0,
is the canonical lifting of tOy on C through the second projection. In this case, we will denote
(X,D,&;m) by

(X x C,D x C,&;n) =t (Xc, De, &5 n)-

A normal test configuration (X,D,&;n) is called Q-Gorenstein if Kx + D is Q-Cartier.

According to the above definition, a test configuration (X, D, &y;n) of the log Fano cone
(X,D,&) is a T := T x C*-equivariant degeneration of (X, D) where the C*-action is gen-
erated by —n. If it is not a product test configuration, then its central fibre Xy admits an
effective T-action, whose Lie algebra is generated by the Lie algebra of T" and 7.

Moreover if we assume X = Spec(R) and decompse R = @, R, into weight spaces with
respect to the fiberwise T-action, condition (1) in the above definition implies that each
weight piece R, is a flat C[t]-module. As a consequence X and X, have the same weight
cone and Reeb cone with respect to the fiberwise T-action. In particular, & is contained in
the Reeb cone of X under the T-action.

Remark 2.15. Any test configuration can be T x C*-equivariantly embedded into CN x C
(for N > 1) and our definition is the same as the definition given in [CS18, Definition 5.1].
The choice of sign in the identity w.(n) = —t0: in Definition 2.1/ is compatible with our
later arguments and calculations.

Because Ky +7D is Q-Cartier, by the structure theory of T-varieties, there exists a T' x C*-
equivariant nowhere-vanishing section s € |m(Kx +D)| (see [LS13, Proposition 4.4], and also
[MSYO08, 2.7]). For any b € R and £ + b € Ng @ R, define:

1L S
A +bry) 1= — =01
m s
where L¢ipy, is the Lie derivative of s with respect to the vector field associated to & + bn.
Note that this is a linear function.

If (X, D,&;n) is any Q-Gorenstein test configuration of an n-dimensional log Fano cone

(X, D, &), we will denote:
A(&o)n — A(n)éo
Teo(n) = ————— (8)

n

Definition 2.16 (Weakly special and special test configurations). In the notations we used
before, we define a weakly special test configuration (resp. special test configuration) of
(X, D, &) to be a Q-Gorenstein test configuration (X, D,&y;n) with central fiber (Xo, Do)
satisfying that:

(4) (X, D+ Xo) has log canonical singularities (resp. (Xo, Do) has kit singularities).
In this case, we say that (Xg, Do) is a weakly special degeneration (resp. special degeneration)
of (X, D).

Note that by inversion of adjunction, being special implies being weakly special.

For simplicity, we will just say that (X, D) is a Q-Gorenstein (or weakly special, special)
test configuration if &y and 7 are clear. We also say that (X, D, &) degenerates to (Xo, Do, &o)
(or simply to (Xo, Do)).

Test configuration and filtration

In [BHJ17, Section 2.5], a filtration viewpoint for test configurations is developed. Here we
will mainly work with data over the vertex of the cone which brings more flexibility when
applying the minimal model program. In this section, we will discuss these ideas and modify
them to fit into our context.

Lemma 2.17. Given a normal T-equivariant test configuration (X,D,&y;n) of (X, D), we
can find a Z-graded sequence of ideals {as} of R (see (5)) such that

1. ap =R for k <0;
2. ay is a homogeneous ideal for any k € Z: a, = @, ar N Ro for any k € Z;
3. the extended Rees algebra Rees := @), t "ar satisfies Spec(Rees) = X.



Moreover, if 1 is in the Reeb cone of Xy with respect to T =T x C*, then ay, is primary for
k> 0.

Proof. Recall by the definition of the test configuration, X = Spec(R) where R = € R, and
each R, is a flat C[t]-module. For any f € Ox, we could denote by f its pull back from the
first factor of X x C*. Since X x¢ C* = X x C*, we could mimic the construction in [BHJ17,
Section 2.5] by defining a;, = @, {f € Ra [t7*f € Ra}, and then we form the extended Rees
algebra Rees = @), ,, apt™*. We claim Rees is finitely genrated. In fact, by construction,
we have the injective morphism Rees — R. Conversely using the weight decomposition with
respect to the C*-action, any F € R, is of the form >, t7* fi, for some {fx} C Ra. So we
have R = Rees, which in particular implies that Rees is finitely generated.

Since R is a flat C[t]-algebra, that means agp = R which implies that ay = R for k£ < 0.
This is the first property. The second property follows from that the C*-action generated by
n commutes with 7.

Finally, if 7 is in the Reeb cone, then (n,a) > 0 for any a € T'\{0} (see (5)). Thus for
any « # 0 and f € R,, the order of f vanishing along (¢t = 0) is (n, @) > 0, which implies
for any k, f™ € ai for m > 0. (|

Remark 2.18. Since the Reeb cone with respect tol is open, for any given test configuration,
one can always perturb & to be a rational Reeb vector & € Néf. Our choice of the sign for
n with .(n) = —td; means that the weight n on the function t has weight 1. For m > 1
sufficiently divisible, m&\+n is an integral vector in the Reeb cone with respect to T =TxC*.
See e.qg. Example 2.19.

We give a way of obtaining test configurations using models. It generalizes the construc-
tion of special test configurations via Kolldr components as discussed in [LX18, 2.2.1].

Example 2.19. First, we give an example from [LX20, Example 7.1.2] which will illustrate
the construction. We refer to [LX18, 2.2.1] for more general constructions.
Consider the 3-dimensional Agq singularity

X={2+22+22+:{""=0}cC* with d>3.

Set D =10, & = Z?:1(d+ 1)2;0., + 2240., which generates the natural C*-action on X, and
set the vertex to be x = (0,0,0,0). Then (X,&) is a log Fano cone.

Consider the filtered blow p 'Y — X which is given by the strict transform of X under
the weighted blowup of C* with weights (2,2,2,1). The exceptional divisor is given by E =
{22+ 72 +272 =0} C P(2,2,2,1) 2 P(1,1,1,1) = P3. We see that E = P(1,1,2) with
the different Ag = %DOO where Doo = {Zy = 0y N E = P2N E. Note that E is a Kolldr
component.

We can also consider the special test configuration given by

X = {(t; 21, 20, 23, 24); 25 + 25 + 22 + td_3sz+1 =0} CcC*xC,
and n = —t0 + 2 Zle 2i0z, + 2405, generates the C*-action
(7, (t; 21, 29, 23, 24)) = (771, 7221, 7220, T2 23, T24).

Since we assume d > 3, the central fibre Xo = {2} + 25 + 25 = 0} C C* is isomorphic to
(C%/Z3y) x C and admits a (C*)?-action generated by & and 1. Note that n|x, is in the Reeb
cone of Xo with respect to (C*)? and

(B, Ap) = (Xo \ {0})/(C" = (n)).

Moreover in this example the log Fano pair (E,Ag) admits an orbifold Kdhler-Einstein
metric and is hence K-polystable. So by [LX20, LX18, XZ20], ordg is the unique minimizer

of volx z.
Definition 2.20. Let (X,D,&y) be a log Fano cone singularity. Let u: Y — X be a T-
equivariant proper birational morphism from a mormal model Y, which is an isomorphism

outside X \ {x} with a T-equivariant integral Weil divisor E supported on Ex(u) such that
—FE is ample. Denote by R := @t "bi, where by = 1. (Oy (—kE)).



Then (X,D,&;n) is a test configuration associated to the model p:Y — X, where X :=
Spec(R) and D is the cycle (with Q-coefficients) degeneration of D. More precisely, if we
write D =Y a;D;, where D; are prime divisors with the corresponding ideal Ip,, then we can
define D; on X to be the divisor corresponding to the ideal Ip, := @, (br N Ip,)t7" C R,
and let D =Y a;D;.

Conversely, starting with a normal test configuration (X, D, &p;n) and assuming 7 is in
the Reeb cone of X, we take the primary ideals a; as in Lemma 2.17, and then take the
normalized filtered blow up (see [TW89, Chapter 1] for the definition) p: Y — X induced
by ae = {0k }rez with an exceptional divisor E.

Lemma 2.21. The above two constructions give equivalence between normal test configura-
tions (X, D,&;n) with n in the Reeb cone and models pu: Y — X satisfying the conditions
in Definition 2.20. Moreover,

1. (X,D,&;n) is a special test configuration if and only if p:' Y — X yields a Kolldr
component; and

2. (X,D,&o;n) is weakly special if and only if (Y, E + u; D) is log canonical.

Proof. If we start with a normal test configuration (X, D, &y;n), then we get a graded se-
quence of primary ideals {a,} by Lemma 2.17. If we take the filtered blow up of {ae} and
get E as above, then we claim it is normal and the algebra {b; = p.(Oy (—kE))} is the same
as the algebra @,_, a.

In fact, @,_,ar C P,_, bx is a subalgebra, but the latter is integral over the former.
Thus it suffices to verify that the R-algebra @), _, ai is integrally closed. Similar to the proof
of [Laz04, 9.6.6], this follows from the fact that to check whether a function f is contained
in a suffices to only check it at the divisorial valuation along the the special fiber X,y. More
precisely, let the special fiber Xg = > m;F; where E; are the prime divisors, then

a homogeneous element f € the normal closure @ ay
k=0
& f satisfies an equation [ + alfm_l + -+ a,, =0 with a; € a;,

which implies the vanishing order of f along Fj; is at least km; as the element in a; have
vanishing order along F; at least jm; by the definition. Then we conclude f € ay.

If we start with a normal model p: Y — X and E as in Definition 2.20, then &,_, by
is a normal algebra where by = p.(Oy(—kFE)), then we can easily show the Rees alge-
bra @, t=%by, is normal, thus the induced test configuration (X,D,&y;n) is normal. If
we take the filtered blow up then Y = Proj(€,_,bx) as —F is ample, and the divisor
Proj(@,_o bx/bry1) C Y yields E.

To prove the second part of the statement, let v: A<1c C X corresponds to the section
of vertices. Consider the C*-action given by 7 in the data of the test configuration, then
(S = ProjepyRees, B) is the base of the C*-quotient of (X \ v(Ag), D\ v(Ag)) as a Seifert
bundle (see [Kol04]), i.e., we remember the codimension one orbifold structure and put it
into B. Over the special fiber, we have

So = Proj @ ai/ag+1 = Proj @ br/bri1 2 E.
k=0 k=0

If (X,D+ Ap) is log canonical, then Xy is reduced and (Xo, D) is semi-log-canonical.
Thus E = Sy is reduced and (Sp, By := Bls,) is semi-log-canonical. Moreover, if we write
Kgp+ Dg = (Ky + E+ p;D)|g, then Dg is sent to By under the isomorphism between F
and Sp. Thus by inversion of adjunction, (Y, E + u; D) is log canonical.

For the converse, assume (F, Dg) is log canonical, it suffices to show that by /by =
H°(E,Op(—kE)) for any positive integer k, as this implies that (X, Do) is the orbifold
cone over (F, Dg) induced by the ample (Q-Cartier) integral Weil divisor —FE. First, since
the test configuration is Q-Gorenstein, —Kp — Dg ~g AE|g for some A > 0 . Therefore, £
and Ky + E + p;'D are anti-ample over X,

~(k+1)E =Ky + E+p;'D— (k+1)E— (Ky + E+ ;' D),
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we conclude that R, Oy (—(k + 1)E) = 0 by the Kawamata-Viehweg Vanishing Theorem,
then we can apply u, to the following exact sequence

If we specialize the argument to the plt case, we obtain that E is indeed a Kollar component.
O

Generalized Futaki invariants and K-stability

We define the generalized Futaki invariant for Q-Gorenstein test configuration using the
volume function. One can easily show this definition is the same as the one in [CS18].
However, the formula in Definition 2.22 is more convenient to use for the current paper.

Definition 2.22 (Generalized Futaki invariant). For any Q-Gorenstein test configuration
(X,D,&;m) of (X, D, &) with the central fibre denoted by (Xo, Do, &), its generalized Futaki
invariant is defined as

DTgo (77) VOlXO (fo)

VOlXo (50 )

Fut(X, D, §o5m) =

)

where we used Te,(n) in (8) and the directional derivative

d
DT&Q(’?)VOIXO (60) = a volx, (EO + eTﬁo (77))
e=0
Since generalized Futaki invariant defined above only depends on the data on the central fiber,
we will also denote it by Fut(Xo, Do, o3 7).

Next, we will introduce the notions of K-stability. We note that in the definition, we only
look at special test configurations, in the spirit of [Tia97].

Definition 2.23 (K-stability). We say that (X, D, &) is K-semistable, if for any special test
configuration (X, D, &y;n), we have Fut(X, D, &y;n) is nonnegative.

We say that (X, D, &) is K-polystable, if it is K-semistable, and any special test config-
uration (X, D, &;n) with Fut(X, D, &;n) =0 is a product test configuration.

If (X, D, &o;n) is a special test configuration, we know A(&o) = A(x,,p,)(Wte,) > 0. Then
we see the following identity holds:

(9)

d — 1
DTﬁo(W)V()lXo (EO) = de volx, (Wt€0+€77) ' nA(fo)"fl,
e=0

where we use the rescaling invariance of the normalized volume and A(&) = A(o+1t-Te, (1))
for t < 1 (see (8)) As a consequence, we can rewrite the Futaki invariant of a special test
configuration in the following way:

1
nA(&)" 1 - volx, (§o)

This shows that it differs from the one in [LX18, Definition 2.26] by a positive constant. It
also differs from Collins-Székelyhidi’s definition by a constant.

Fut(X, D, &5 ) := Dyvolx, (wie,)

(10)

Remark 2.24. Obviously to define the K-stability notions, we can also consider more general
test configurations than the special ones. In [LX14] we proved that for the K-stability of log
Fano wvarieties, to test on all test configurations is equivalent to only test on special test
configurations.

For log Fano cone singularities, results like [LX14] are not completely known. Neverthe-
less, later in this paper, we have to deal with weakly special test configurations, as they will
naturally appear in our argument. Thus we need to prove a statement (see Proposition /.3)
sitmilar to [LX14, Theorem 4], which says that for log Fano cone singularities, our definition
of K-semistability is also equivalent to test on all weakly special test configurations.

Compared to the other literatures, all test configurations are considered in [CS18], whereas
in [CS19, LX18] K-stability notions are only tested on special test configurations.
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We will need the following simple fact, which follows from the definition of the generalized
Futaki invariant applied to product test configurations:

Lemma 2.25. Assume that the log Fano cone (X, D, &) admits a torus action by T' = (C*)"'
that commutes with (o). Let N’ be the coweight lattice of T'. Then the function

n — Fut(Xc, D¢, &5 1)

is linear with respect to n € Nj.

Log Fano varieties

In the below, we will specialize previous definitions to the case of quasi-regular log Fano
cones, which correspond to Fano projective varieties.

Definition 2.26. Assume (S, B) is a log Fano variety. A test configuration of (S, B, —(Ks+
B)) is a quadruple (S, B, L;n) with a map 7 : (S,B) — C that satisfies the following condi-
tions:

(1) L is a w-ample Q-line bundle and w: S — C is a flat family and Supp(B) does not
contain any component of the fiber. We denote the central fiber by (So, Bo, Lo).

(2) There is a C*-action (with coweight n) on (S,B) such that 7 is C*-equivariant where
C* acts on the base C by multiplication and there is a C*-equivariant isomorphism
o (S8,B,L)xcC* = (S,B,—(Kg+ B)) xC*, where C*-trivially acts on the first factor
of (8, B, —(Ks + B)) x C*.

Most of the time, as in the literature, we omit n in the quadruple and simply denote the test
configuration by (S, B, L).

Such a test configuration is called Q-Gorenstein if S is normal,
Ks + B is Q-Cartier and L ~qg —(Ks + B).

In this case, we usually just write the test configuration as (S,B;n) or simply as (S, B).

A Q-Gorenstein test configuration is called special if (So, Bo) is a log Fano pair with kit
singularities. In this case, we say that (So, By) is a special degeneration of (S, B).

A test configuration (S, B, L;n) is called a product one if there is an isomorphism

(S8,B,L£) = (S,B,—(Kg+ B)) xC such that n = ny + toy

where ng is a coweight vector on some torus group T acting on (S, B) and t0; is the coweight
corresponding to the C* factor. In this case, we will denote (S, B, L;n) simply by (Sc, Bc;n).

For a test configuration of a log Fano variety, by trivially adding a copy over {oo}, we
can take the intersection formula (see [Wanl2, Odal3]) of the generalized Futaki invariant
as the definition. More precisely, for any test configuration of (S,5), we can glue it with
a trivial family of (S, B) x P!\ {0} along (S, B) x C* to get (S, B) over P! and denote by
L~g —(Ks/p + B).

Definition 2.27 (Generalized Futaki invariants). For any Q-Gorenstein test configuration
(S,B,L;n) of (S, B), we define the generalized Futaki invariant

Ln .
Fut(S, B;n) := T (Ks 1B where n = dim S + 1.

By the intersection formula (see [Wanl2, Odal3]), the above definition of the generalized
Futaki invariants coincides with the one in [Don02].

Definition 2.28 (K-stability, see [Tia97, Don02, LX14]). We say that (S, B) is K-semistable,
if the generalized Futaki invariant Fut(S, B;n) is nonnegative for any special test configura-
tions. We say that (S, B) is K-polystable, if it is K-semistable, and any special test configu-
ration (S, B, L;n) with Fut(S, B, L;n) = 0 is a product test configuration.

Remark 2.29. We choose to work specifically on Q-Gorenstein test configurations (S, B, L),
since it fits into our study on log Fano cones. By [LX1}], we know for a log Fano variety,
working on this intermediate generality of test configurations yields the same stability notions
as working either only on special test configurations or on all test configurations.
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Given a Q-Gorenstein test configuration (S, B, £;7), by choosing A such that A\(Ks+B) is
Cartier, we can get a Q-Gorenstein test configuration (X, D, ;1) of (X, D) := C(S, B, —A\(Ks+
B)) by letting (X,D) = C(S,B; —A\L), & = ud, the canonical rescaling vector on X where
u is an affine coordinate on the line bundle AL, and letting n also denote its canonical lifting
from S to X’ that corresponds to the pull back of pluri-log-canonical forms (see [Lil7b, Page
3186-3187].

Lemma 2.30 (see [CS18, Theorem 4] and [Lil7b, Lemma 6.20]). Notations as above. If
(S8, B;1n) is a Q-Gorenstein test configuration, then

Fut(Sa 6777) = Fut(Xa Dvgo; 77)

Proof. With the above choice of &, A(&) = A~!. Since n is the canonical lifting, we have
A(n) = 0 so that Tg,(n) = @7} = %n (see (8)). So we get:

A™! dvolx, (S + tn)
dt

n—1p,mn
! lim —Ym AL
m—+o0o m™/(n —1)! n

DTEU (W)VOIXO (50) =

=0
where wy, is the weight of the (n) action on H%(Sy, —mA(Ks, + Bo)). The second identity
follows from [CS18, Theorem 4] (see also the calculation in [Lil7b, Proof of Lemma 6.20]). For
the last identity, see [BHJ17, Theorem 5.3]. Dividing both sides by volx, (&) = A"~} (—(Ks+
B))"~! we get the identity. O

The above lemma says that the definition 2.27 is compatible with the generalized Futaki
invariants for log Fano cones in Definition 2.22. Thus Definition 2.23 specializes to Definition
2.28. It is well known that if we have a product test configuration induced by a vector
field coming from a C*-action on (.5, B), then the generalized Futaki invariant defined above
becomes the classical Futaki invariant. It also follows from Lemma 2.25 that

Lemma 2.31. Assume a log Fano variety (S, B) admits a torus action by T = (C*)". Let
N be the coweight lattice of T. Then the Futaki invariant n— Fut(S x C, B x C;n) is linear
with respect to n € Ng.

3 Case of log Fano pairs

In this section, we will focus on the stability of log Fano pairs. More concretely we will
construct a common degeneration of two K-semistable degenerations of a log Fano variety,
as well as investigate the equivariant K-stability for a torus action. Even in this case of log
Fano varieties, we find it more flexible to work on the associated log Fano cones in order to
use a combination of techniques from the minimal model program and results on normalized
volumes. The study will be generalized to log Fano cones later. However, we believe that
treating the case of log Fano pairs first will help the reader to more easily get the main idea.

3.1 K-semistable degeneration of K-semistable log Fano pair

We will need the following lemma which allows us to reduce a two-step equivariant degener-
ation to a single equivariant degeneration. The idea of its proof is similar to the one used in
[LX20, Section 6]. In fact, the proof is a mimic of the argument in the classical GIT situation,
but replacing Kempf’s instability theorem [Kem?78, Corollary 4.5] by [LX20, Theorem 1.4].

Lemma 3.1. Let (S,B,n) be a special test configuration of a K-semistable log Fano va-
riety (S, B) with central fiber (So, Bo). Suppose that Fut(S,B) = 0. Then (So, By) is a
K-semistable log Fano variety.

Proof. By [LX20, Theorem E], if a log Fano pair admits a torus action, then to test its
K-semistability it suffices to consider torus equivariant test configurations. Therefore, if
(So, Bo) is not K-semistable, then there is an equivariant special test configuration (S’, B’) :=
(8, B',n’) with respect to the C*-action corresponding to n such that

Fut(S’, B, 1) < 0.

We denote by (S{), B{)) the central fiber of (S’,B’,n’).
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We can assume (S, B) (resp. (§,B')) is C*-equivariantly embedded into PV x C x {0}
(resp. PY x {0} x C). By abuse of notations, we denote n : C* — SL(N + 1) (resp.
7 : C* — SL(N + 1)) to be the 1-parameter subgroup (1-PS) generated by n (resp. 7).
Then 7 commutes with 7/, or equivalently [n,n'] = 0. Let ® = mB for some sufficiently
divisible positive integer m such that © is integral.

Hilb(S,0) € HYP? .= {(Hilb(S), Hilb(0)) € Hilb(PV, P) x Hilb(PY,p) |© c S c PV}
(11)
where P(k) = h°(Os(k)) and p(k) = h%(Og(k)) for k > 1 are the Hilbert polynomials for
(S,0) c PNV x PN, The SL(N + 1)-action on PV induces an action on HY-"?. We then have
the following convergence:

Hilb(So, ©5) = lim (¢) - Hilb(S, ©).

We remark ©¢ := mBy is not necessarily the same as the scheme ©f due to the possible
appearance of embedded points on ©g. However, we have the inclusion of the ideal sheaves
le; C Ie,, with the support of the cokernel being of codimension at least two on Sp. We
can similarly define p’(k) = h°(Oe, (k)) and have the following convergence:

Hilb (S}, ©) = lim (1) - Hilb(Sp, ©9) € HY-"7
—

Hilb(S), ©F) = }in% 7' () - Hilb(S,, ©F) C HY-Pr.
—

Therefore, we have the inclusion of the ideal sheaves Ie; C Ig;, and the codimension of the
support of the cokernel is at least two on Sj).

Our goal now is to construct a new test configuration (S”,B") of (S, B) with a special
fiber (5§, BY) such that Fut(S”,B"”) < 0, contradicting to our assumption that (S, B) is
K-semistable.

Notice that the action of C* x C* = (n) x (') < SL(N + 1)? on HMP? induces a
C* x C*-equivariant map

p: C*'xC* —— HN-Pp

(') —  (n,7)-Hilb(S,0) (12)

which may be regarded as a rational map ¢ : P! x P! --s HV.PP, By extending ¢ to the
closure the its graph:

)
(Pl X IP’I) x HVPP 5 G = graph(¢) —— HN- PP,

we obtain the following diagram

T [ HN’P’p

Cr— = C* xC——P x P - = >

\/

(1) Hilb(5,0)
where f is a (C* x C*)-equivariant blow-up, ¢(0,0) = Hilb(S)), ©¢°) and
T: C* —— C*xC*
t — (tk,t)
is a 1-PS with k> 1 and 7 its lift. Then 7 satisfies
$o7(0) = lim b o7(t) = ¢(0,0) = Hilb(S}), OF).
Let (S”,0") be the flat family obtained by pulling pack the universal family (STilb, BHIP) —
HN-PP via 7, and let B” := L©O". Then (S”,B") is a special test configuration and we have
Fut(S”,B") = Fut(S), Bi;kn+1)
= Fut(S), By; kn) + Fut (S}, By;n')
= Fut(So, Bo; kn) + Fut (S}, By;n')
= k-Fut(S,B) + Fut(S', B')
= 0+ Fut(S',B) <0,
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where we used the linearity of the Futaki invariant (cf. Lemma 2.31) in the second identity.
Hence (S8”,B") is the test configuration we are looking for and our proof is completed. [

3.2 Common degenerations of log Fano pairs

3.2.1 A common degeneration result and outline of proof
The main technical theorem of this section is the following.

Theorem 3.2. Let (S, B) be an (n — 1)-dimensional K-semistable log Fano variety. If there
are special test configurations (SW,BW) (i = 1,2) of (S, B) with central fibers (Sél),Bél))
and (552),362)) such that Fut(SW, BW) = 0, then there are two special test configura-
tions (S’ B'D) of (Séi),B(()i)) with isomorphic central log Fano fibers (Sg, BY) such that
Fut(S'0) 510 = 0

We remark that Theorem 3.2 should be regarded as an analogy of a corresponding state-
ment in classical geometric invariant theory (GIT) (see e.g. [New78, Theorem 3.5]). As an
immediate consequence we have the following:

Corollary 3.3. In the above notion, if we assume further that (Sél),Bél)) 1s K-polystable,

then there is a special test configuration of (S(()Q),B(()2)) with generalized Futaki invariant 0
and central fiber isomorphic to (S’él), Bél)).

To make our proof of Theorem 3.2 in 3.2.2 more accessible, we first give an outline of the
argument. We will use notations introduced in previous sections.

Motivated by the works in [Lil7b, LL19, LX20], we consider the normalized volume
function \7(;1( x,D,z)(+) defined on the valuation space Valx , over the vertex = of the cone
(X, D) = C(S, B; =\(Ks+ B)) for a sufficiently divisible A > 0. Then (S§("), B()) determines
a “ray” of valuations, temporarily denoted by {we}o<e«1, emanating from the canonical
valuation wy = ordg (S also denotes the divisor obtained by blowing up the vertex). Indeed,
by Lemma 3.4 below, when k > 1, wy;, = ay - ordg,, where ar > 0 and Ej is a Kollar
component over (X, D, z) (see Lemma 3.4). Moreover we know that the generalized Futaki
invariant Fut(S @, B(l)) is the derivative of the normalized volume at wg along this ray.

By taking cones similar as before, {(S®,B")};,_; 5 induce special degenerations of
(X, D), which will be denoted by {(X®, D@))},_; 5. Note that Ej x C* determines a diviso-
rial valuation over X x C* and hence over (X2, D(?)). As we mentioned in the introduction,
our main goal is to construct a model y,i” — X®) with a (prime) exceptional divisor 5,22)
given by Ej x C*, such that it satisfies ()}122), 5,&2)) xc C* = (Y, Ei) x C*, where the isomor-
phism is compatible with the equivariant isomorphism of the second special test configuration.
Based on the results from the minimal model program (MMP) (see [BCHM10]), this would
be true if we could find a graded sequence of ideals 2, and a positive real number ¢), such
that the following two conditions are simultaneously satisfied:

(X@ DA L) isklt  and A(Ep x C; X3 D@ L dal,) < 1, (¢8)

where A(Ej x C; X3 D@ + ¢/ 2,) is the log discrepancy of (the birational transform of)
Ej x C with respect to the triple (X®), D2 + ¢, 2,). Note that this way of applying MMP
is also a major ingredient in the study of some related problems in [Blul8, 1.X20, L.X18] .

To construct such a graded sequence 2, of ideals, we look at the graded sequence of
valuation ideals {ae} of ordg, and its equivariant degeneration along the second special test
configuration (X, D)), The resulting graded sequence of ideals over X'(?) will be denoted
by 2,. We claim for k£ > 1, %0, is exactly what we are looking for. Indeed, as we will
show (see Claim 3.6), the assumptions that (S, B) is K-semistable and Fut(S™, BM) = 0
guarantee the existence of ¢}, satisfying the two conditions in (¥¢). This is possible thanks to
the interaction between K-semistability and minimization of normalized volumes/normalized
multiplicities.

Applying the relative Rees algebra construction to 5,&2) - y,f’ /C, and then taking a
quotient by the natural rescaling C*-action, one can obtain a family over C2?, whose restriction
to C x {t} for ¢t # 0 is the same as (S, B1)) and it gives a degeneration of (S, B{")
when restricted to C x {0}. On the other hand, over {0} x C, one get a degeneration of

15



(SSQ),Bé2)). Therefore, we obtain that the two log Fano varieties (Séz),Bél)) (i = 1,2),
which are special fibers of the two special test configurations (S®,B®) (i = 1,2) with
Fut(S®,B") =0 (i = 1,2), indeed admit degenerations with isomorphic special fibers (see
Theorem 3.2).

3.2.2 Proof of Theorem 3.2

As (8, B®) (i = 1,2) are special test configurations, (Sél),Bél)) and (582),362)) are
log Fano varieties. Consider the cone (X, D) = C(S, B; —A(Kg + B)) over S and similarly
x{?, Dy = c(ss, B{Y; “MK 40 +B{"))(i = 1,2) for some sufficiently divisble A. Denote

0

the corresponding degeneration of X to X(()l) over C to be X®, then we get special test
configurations (X, D® &:n) of (X, D, &), where D@ is the cone over B® and & is
from the natural C*-action on the cone.

From [BHJ17, Definition 4.4], we know that the central fiber Sc(,l) of the special degen-
eration S induces a valuation w’ := ¢ - ordp for some divisor F over S. Let ordg denote
the canonical divisorial valuation associated to the exceptional divisor, which is isomorphic
to S, obtained by blowing up the vertex z. Assume p : S — S is a birational morphism such

that the divisor F is on S and (S, F) is log smooth. Let X — X be the resolution given by
the total space of the line bundle of u*(A\(—Kx — B)) over S. Then following [Lil7b, Page
3181-3182], we denote by a; = f/\(A(&B)XC(Sél)) — 1) and let w, be the quasi-monomial
valuation on the model (X, S + F) with weight (1 + ea1, eq) with respect to S and the pull
back F of F by X — S (see [Lil7h, Definition 6.12]). We choose €* such that 1+ ea; > 0
for any € € [0,€*). Then w, is centered at the vertex x of X. By [Lil7b, Proposition 6.16],
we have the identity:

A(Xﬁp)(vk) = k:A(Xﬁp)(wl/k) =k- A(X,D) (ordg) =k - AL (15)

For N> k> 1, let vy = k-wy ;. Then vy = d-ordg, is a multiple of a divisorial valuation
ordg, for some d € Zso. As a valuation, we can describe vy, explicitly as follows (see [Lil7b,
(57)]). For any f € H°(S,—mA(Ks + B)),

ve(f) :k:m—l—ords(()l)(f). (16)
where f is the meromorphic section of m£ — S obtained by pulling back f via the map
(S\SM,mL) = (S x C*,m - piL) 25 (S, mL).

Note that vy, can also be defined as the restriction of wtyg,—, from C(X™M)) to C(X) by using
the C*-equivariant isomorphism X(l)\Xél) =~ X x C* (see [Lil7h, page 3184-3185]).

Lemma 3.4. Notations as above, for k> 1, the divisor Ej corresponding to vy, is a Kollar
component with an associated model Y, — (X, D). Moreover, the special test configuration
(X(l),D(l)) is given by the special test configuration associated to Ej (in the sense of Def-
inition 2.20) up to a base change. In particular (5(1),3(1)) can be recovered by the model
Ek — Yk — (X,D)

Proof. For simplicity, we denote L = —A\(Kg + B). By [BHJ17, Proposition 2.15] (see also
Lemma 2.17), we know that XY is given by

Specc[t] @ @t_Jf]HO(S, mL) =: Specc[t] (R(l))
meN \ jEZ

where 77 H(S,mL) is given by:
FIH(S,mL) = {s € H*(S,mL) |t /s € H*(S,mL)} .
Therefore Xél) is isomorphic to

Spec @<@fﬂ’HO(S,mL)/P“HO(S,mL)) ,

JEN \meN
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and the (C*)%-action on Xél) is induced by the two gradings. B
On the other hand, f € F/H(S,mA(—Ks — B)) if and only if orda(f) > j which by
0
[Lil7b, (57)] is equivalent to

oe(f) = mk+ordsél>(f_) =mk+j .
In other words, the valuation ideal a,(vy) of vy = d - ordg, is determined by:
f e H(S,m\—Ks — B))Nay(vy) if and only if f € FP~"*HO(S, mA(—Ks — B)).
Since vy, € Valy , is C*-invariant, we have the identity:

gr,,R=E @ F " H(S,mL)/Fr =k HO(S, mL).
peEdZ m

Let «f% =& — %77. For an element
fe FIHYS,mL)/FIT H(S,mL),
its weight vector is @ = (m, —j) and <§%,a> =m+ % Thus

Proj(gr R) = Proj(gr,, R)

OTdEk
is the quotient of X((,l) by the C*-action generated by 5% (see Definition 2.13). So we have:
(Ex, By) := ((Xo(l), Dél))\{x(l)})/<£%> (where 2(1) is the vertex and By, includes the orbifold
locus) and Ej, can be extracted over X. Since (Xo(l), Dél)) has klt singularities, (Ej, By) is a
log Fano variety which has klt singularities and hence is a Kollar component over X by the

inversion of adjunction.
To see that last statement, note that we can rewrite RV as:

RY = Bt amrr;(vr) N HO(S,mL),

JEZ meN

- @@t prmka (vp) N HO(S,mL),

pEZ meN

which is isomorphic to the extended Rees algebra of aq(vg):

P Pt Pap(on) NH(S,mL) = @t Pa(vx). (17)

pEZ meN PEZ

Indeed, it is easy to verify that the map ¢t ~PT™k f s ¢=P f for any f € a, N H(S,mL) is an
isomorphism of the two algebras. On the other hand, the extended Rees algebra of ordg, is
given by:

@ufqaq(ordEk) = @ u”day(vy).

qEZL pEdZ

From this we see that X() = X tste C where Y is the test configuration associated to
ordg, in the sense of Definition 2.20. O

In the proof of Lemma 3.4, there is a rank 2 torus (C*)? acting on Xél), such that if we let
&o be the coweight vector (1,0), then Xél)/@o) = Sél), and the action by the coweight (0, 1)
is induced by the action on Sc(,l) from the test configurational S structure. We construct
aray & = & — en, where 7 corresponds the action with coweight (0,1). Then any &, gives
a quasi-monomial valuation wt. on Xél) (see (7)). Moreover, for € € [0,€*), it also induces
a sequence of quasi-monomial valuations w, in X which is contained in Valy , (see [LX18,
Proof of Theorem 3.5]). Our proof in Lemma 3.4 just gives a verification of the divisorial
valuation, which can be easily extended to the general case.
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Furthermore, as proved in [Lil7b, Lemma 6.20] or [LX18, Section 2.4], if we define f(€) :=

;al(we), then it is a smooth convex function on [0, €*) with 0 < €* < 1 such that f(0) = \7(;1(1))
and

d —~ d —~
7o) = Evolx(wﬁ) = Evolxo(wtg)

e=0 e=0

| volx, (6o —en)

e=0
= C-Fut(x™, DY, &;nM),

where the last identity follows from (10) and the constant
C=n-Ax,(wtg,)" " vol(&) > 0.

Lemma 3.5. For k sufficiently large, the model Y, — X extracting E} can be degenerated
along X2 to obtain a model i : y,f’ — X®@ over C with an exceptional divisor &, such that
the following properties hold true:

1. There is the following isomorphism which is equivariant with respect to the C*-action
generated by n? :
VP, D) x¢ C* = (Y, Ey) x C*.

2. (y,§2>,u;12><2> + 5,&2) + (y,§2>)t) is log canonical for any t € C (i.e., in the terminology
of [Koll7, Definition 2.2], (y,gQ),u:lD@) + 5,22)) a locally stable family over AL ).

Proof. For a fixed sufficiently large k, denote by I the m-primary ideal over x € X induced
by Ej which is the push forward of O(—mFE},) for a fixed sufficiently divisible m. Let

cp = ICt(Ik;X,D) =: ICt(Ik)

be its log canonical threshold. Then because Ej is a Kollar component, we have:
1 _r n
f )= vol(ordg, ) = mult(ly) - cf.

Note that because of the rescaling invariance of the normalized multiplicities mult([) -
let™ (Ix ), we can replace Iy by its powers and the normalized multiplicities do not change, so
we do not specifically denote m.

Since f(0) = C - Fut(X™M, DM &5:m) = 0, we have

1 1
—)=f0+0|-]).
() =ro+o(z)
Fix k, for each [ > 1, as in [LX20, Lemma 4.1], we can construct a graded sequence of
ideals A, = {A;} on X?) such that

A @cpy Clt, 71 2 IL[t,t] and 2 ®cpy (Ct]/(t) = in(1}),

where {in(I})} is the graded sequence of ideals consisting of initial ideals of the sequence
{1}}, for the C*-degeneration of X to X(g2). To simplify the notations, we just denote

br,e = {bru} = {in(I})}.

Claim 3.6. For any e > 0, we can find k sufficiently large and § sufficiently small satisfying:
A(Ex; X,D + ¢, I);) < €/2 and ¢}, <lct(by.e; X2, DP) (18)

with ¢j, == cx(1 —9).
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Proof of Claim 3.6. To prove the claim, we first note that, by using A(Ex, X, D+ ¢ Ix) =0
and identity (15):

A(Ey; X, D+ (1 = 6)cpIx) =6 - A(X,D) (BEx)=0k- A(X,D)(OrdS)'

On the other hand, since (XéQ), D(()2)) is K-semistable by Lemma 3.1, we know that f(0) =
vol(x(?), Xé2), Dé2)) (see Theorem 2.5), where 2(?) is the vertex. Therefore,

F0) < let(bge; X2, DY - mult(by.)
< ¢ -mult(ly)

1(3)=10+0(5).

where we have used Proposition 2.4 for the first inequality, and the non-increasing of log
canonical thresholds under specialization as well as mult(by o) = mult(}) for the second
inequality.

We get the inequality:

let(bre; Xo”, DF”) ( £(0) )”"
Ck — \S(1/k) -
Since (1 + O(k—g))% is also of the order (1+ O(7%)), for any fixed €, there exists Ko > 0 such
that for any k > Ky

)

FO) N ¢
(f(l/k:)) 21 4k - Ax p(ordg)’

€

- 2k - A(X,D) (OI‘dS)’
then ¢, = (1 —-9) - ¢ < lct(bk,.;Xém,DéQ)) and
A(Ek,X,D—I—(l—(S)Cka):G/Q. (19)

Now if we choose ¢ to be:

]

We may assume € is less than 1. It follows from Claim 3.6 that
A(B, x C;XD D 4 d ) <e/2 and ¢, <let(Ae; X DA 4+ X, (20)

where we used the inversion of adjunction for the second inequality. We can then apply
[BCHM10, Corollary 1.4.3] to precisely extract an irreducible divisor 522) to obtain a bira-
tional morphism g : y,f’ — X@ whose restriction over X x C* is the divisor Ej, x C* and
—£? is ampl x®

. ple over .

Moreover, as (y,f) D@ (1 6)522) +Y0(2)) is log canonical, by ACC of log canonical
thresholds ([HMX14, Theorem 1.1]), we may choose € to be sufficiently small and independent
of k such that ()},52), u DR 4 5,22) + YO(Q)) is log canonical. O

There is a C* x C* = (&) x (n®)-action on Xéz). Note that [¢9,7®)] = 0. The ideals
{bk.e} is (C*)?-equivariant. In fact, by definition it is clearly equivariant with respect to
(n®). Tt is also equivariant with respect to the first factor because Ej, is (£o)-invariant and
X® is (¢&y)-equivariant.

x® p® y(2) g(?)
x® pOy DT T (X D)=V, B, 21
o o
RN 5@ 5@ e
(S8, B 58, B)

—

(x'® D' (8’ B'?) (8W B (XD DDy E,=Ej, x Al

(Sb, By) <~~~ (55", B{Y)
_ _ 7 (S/(l),B/(l)) ~ -

(x$V, D)<Yy 0 < Ey.

/ s
(XOvDO) (X/(l)’D/u))
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Now we apply the family version of the construction first introduced in [LX20, Section

2.4], to conclude that the model y,?) — X® with relative anti-ample 5,22) over X yields a
degeneration of X(?) which gives a family (¥,D) over C?, whose restriction over (C*)? C C?
is isomorphic to (X, D) x (C*)2. More precisely, if we assume X = Specgyy) (R®) and
define the extended Rees algebra:

R = @ ap(ordg, )s™™ c RP[s, 571, (22)
meZ

where as before a,,(ordg, ) = {f € R®, ordg, (f) > m}. Then X = Specgy, o (R) and D is
the divisor on X induced by D). Using the fact that (y,?), uy D@ 4 5,&2) + (y,?))t) is log
canonical for any ¢ € C (see Lemma 3.5.2), we know that (X, D+ X x 2 ({t} xC)) xc2(Cx{0})
is log canonical (see Lemma 2.21).

Using the basic property of the Rees algebra (see e.g. [LX20, Section 4.1]), we see that
(%,9) x¢2 (Cx {1}) = (¥ D?),
Moreover, we claim that:
(X,D) xc2 ({1} x C) = (¥, D).

This holds true if the morphism a, (ordg, ) = pO(=mé&y) — ap(ordg, ) = (uly, )+O(=mEy)
is surjective which follows from the vanishing R'j1.(—m&y) = 0.

The restrictions of (X,9) over the two axes C x {0} and {0} x C respectively give test
configurations (Xél), Dél)) and (XéQ), D(()Z)) with the same central fiber (X{, D{). We know
these two test configurations are indeed weakly special because (X, + X x¢2 ({0} x C)) X2
(C x {0}).

The (£p)-action on (X, D) extends naturally to (X,D) over C?. Moreover, Kx + D is
Q-Cartier and admits a (C*)2-equivariant nowhere-vanishing section s € |m(Kx +®)|. Then
we can take the quotient of the action (X,D) by the (y)-action to get a pair (G,B). Its
restrictions over the two axes C x {0} and {0} x C respectively give test configurations
(Sél),Bél)) and (552),382)) with the same central fiber (S(, Bj)). Because the generalized
Futaki invariants are defined by the intersection numbers, we know the generalized Futaki
invariant of the test configuration (&, B) x¢2 (Cx {0}) degenerating (Sc(,l), Bél)) to (Sh, B) is
0 since the nearby fibers (&, B) x¢2 (C x {t}) (t # 0) all have generalized Futaki invariants 0,
and the same is true for the test configuration (&, B) x¢2 ({0} x C) degenerating (582), BéQ))
to (54, BY)-

Then the central fiber (S), Bj)) will automatically be a log Fano variety since otherwise
it follows from [LX14, Theorem 7] that we can construct a special test configuration of
(S(()l), Bél)) with a strictly negative Futaki invariant, which contradicts to the K-semistability
of (Sél), Bél)) by Lemma 3.1.

Thus this completes the proof of Theorem 3.2.

3.2.3 Application to torus-equivariant K-polystability

Lemma 3.7. Assume (S,B) is an (n — 1)-dimensional K-semistable log Fano pair. Let
(8, B) be a special test configuration with central fibre (So, Bo) such that Fut(S,B) = 0. If S
admits a torus Ts = (C*)4~L-action, then (S, B) and (So, Bo) admits a common K-semistable
degeneration (S, By) with a Ts x C* = (C*)-action, which extends the Ts-action on (S, B)
as well the C*-action on (So, Bp).

Proof. By Lemma 3.1, we know (Sp, By) is K-semistable. Fix a sufficiently divisible A\. By
Lemma 3.4, for £ > 1, the special degeneration induces a Kollar component Ej over the
cone

Ek — Yk — (X,D) = C(S,B;*/\(KS + B))

The cone (X, D) admits a T' = Tg x C*-action, where the first factor Ts-action is induced from
the Ts-action on (S, B) and the second factor C*-action comes from the natural rescaling on
the cone (X, D).
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Consider the valuation ideal I, = a,,(ordg, ) for m > 1, and its equivariant degeneration
{by.}i of {I} on the fiber of Xca := X x C¢ over 0 € C? with respect the T-action given
by E; That is to say, E; is a T-equivariant ideal on X¢a which is flat over C?, whose
restriction over in 1 = (1,...,1) € (C*)¢ C C?% is I}, and over 0 € C% is by, .

Then as before, we know there is a smooth function f on [0,€*) with 0 < €* < 1 such
that

f (%) = mult(Iy) - let(I)" and f'(0) = 0.

Then by exactly the same argument as in Claim 3.6, we know that for any ¢ > 0, we can
pick k> 1 and ¢}, such that

A(Eg, X, D+ ). Ix) < € and ¢ < let(by e; Xo, Do).

Therefore, we can construct a T-equivariant birational model pg: Vi — Xca which over
1 yields Y, — X, and Ex(ug) = £ is an irreducible divisor which is anti-ample over Xca.
For any point t € C%, we can find the coordinate hyperplanes Hy, ..., Hq passing through ¢.
By inversion of adjunction, (Xca, Dea + Zle H, + ¢, - by;) is log canonical, which implies
that (Mg, &+ puy ' Dea + p* Z';:l H;) is log canonical by ACC of log canonical thresholds (see
[HMX14]) as before. This implies that for any ¢t € C?, any component of the fiber (J); is of
dimension dim(X) by [dFKX17, Proposition 39] as it is contained in p* 2?21 H;. Moreover,
(Vk)+ — X is birational, since if () ): has another component, then it is contained in F and
u 2?21 H;, thus violates [{FKX17, Proposition 39] again.

Denote by a; = pa, Oy, (—i€). For any j € N, we have an exact sequence

0— Oy, (—(i+1)&) = Oy, (—i€) - Q; — 0

for a sheaf @Q; supported on €. Since £ is Q-Cartier, we know @; is Cohen-Macaulay (see
[KM98, Proof of Proposition 5.26]), thus it is flat over C? as it is equi-dimensional. By the
vanishing theorem, we can pushforward the above exact sequence by ug to get

0— i1 — 0 — ,ud*(Qi) — 0.

Since for any t € C*, R/ (uq)t,(Q;): = 0 for any j > 0, by base change theorem (see e.g.
[Har77, Theorem I11.12.11]), this implies

s (Qi) @ k() = pa (Qi @ k(1)) = (pa)e, (—i&) /(1) (— (@ + 1)&)

and we inductively get a; ® k(t) = (1a)t, Oy,), (—i&:) for all i € N. Then we can take the
relative extended klt1, ..., t4)-Rees algebra @, a; - t %, which yields is T-equivariant family
X441 over C¥1. The above discussion says the construction commutes with any base change,
i.e. for a any t € C?, if we consider the base change X411 xcat1 ({t} x C), we get exactly
the degeneration induced by (V) — X. In particular, we can choose (X1, D7) to be the
fiber over 0 € C4*! and (S1, By) is its C*-quotient. And (Sy, By) is K-semistable, since it is
a special degeneration of (S, B) with generalized Futaki invariant 0. O

3.3 Proof of main results for log Fano pairs

Proof of Theorem 1.3. Given a K-semistable log Fano pair (S(®, B()) := (S, B). If it is not
K-polystable, then by [L.X14] we know it has special degenerations to log Fano pairs which
are not isomorphic to (S, B), with generalized Futaki invariant 0. Let (S?, B?) be a log
Fano pair, which among all possible special degenerations of (S, B), admits a faithful torus
action of the maximal dimension. We claim (S?, BP) is K-polystable. If this is not true, by
Lemma 3.7, (SP, BP) has a K-semistable degeneration (S, B()) which admits a faithful
torus action of a larger dimension. However, by the proof of Lemma 3.1, we can indeed
degenerate (S, B) to (S, BM) which is a contradiction.

The uniqueness directly follows from Theorem 3.2, as any test configuration (S,5)
which degenerates (S, B) to a K-polystable log Fano pair (Sp, Byg) automatically satisfies
Fut(S,B) = 0. O

Proof of Theorem 1.4. Tt is known from [LX20] that to check K-semistablity, we only need
to check the T-equivariant special test configurations. Then from K-semistability to K-
polystability, it follows from Lemma 3.7. O
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4 General case of log Fano cones

In Section 4.1, we will generalize the techniques in Section 3 to the case of log Fano cones.
This allows us to get weakly special test configurations with isomorphic central fibres and
generalized Futaki invariants 0, under similar assumption as in Theorem 3.2. In Section 4.2,
we prove that these weakly special test configurations are indeed special. We prove this fact
by generalizing the last step in [LX14] to the setting of log Fano cone singularities, including
the irregular case. We complete the proof of Donaldson-Sun’s conjecture (Theorem 1.1) and
Theorem 1.2 on existence/uniqueness of K-polystable degenerations in Section 4.3.

4.1 Common degenerations of log Fano cones

Fix a K-semistable log Fano cone (X, D, ¢,) with a torus action by T = (C*)". Then wte,
is a minimizer of \751X1D by Theorem 2.5. Assume that (X, DO &:n®) (i = 1,2) are two
special degenerations of (X, D, &) to (Xo(i),Déi),fo), (i = 1,2) respectively. Recall that &
on X is just given by the natural extension of & on X x C*. By assumption n() has an
integral coweight which can be written as the form (-, 1) with respect to the decomposition

of T := T'x C* = (C*)"*. Note that the central fibers (Xéi), D(()i)) (i = 1,2) admit T-actions
generated by T and ().

Theorem 4.1. Let (X, D,&)) be a K-semstable log Fano cone. With the notations in the
above paragraph, assume Fut(X™, DM ¢&1:nM) =0 and Fut(X?,D? &:n?) =0. Then
there are weakly special test configurations (X' DD &5:n/@) of (Xéi),D((f),«fo) (1=1,2)
with isomorphic central fibers such that Fut(X', D'@) &o:n/D) =0 fori=1,2.

We follow a similar strategy as in Section 3.1.

Proof. We first claim that (X((,l), D(()l), &o) is K-semistable. If not, then there is a special test
configuration (XON(I) , Dg(l), €o; 0"V with

Fut(x) M, Dy go;m" M) < 0,

which degenerates (X((,l), D(()l), &o) to (Xg(l), Dg(l) ,€0). Then we claim there is a test configu-
ration (2?0”(1) , @g(l), €03 knW41"MW) for some k > 0 degenerating (X, D, &) to (Xg(l), Dg(l), o)
with the generalized Futaki invariant

];‘ut(‘)g'o”(l)7 ﬁg(l),go; kn(l) + n//(l))
= k. Fut(X(l), DM & 77(1)) + Fut(XOH(l), Dg(l)’ €o: 77//(1))
< 0,

which is contradictory to our assumption (X, D,&y) is K-semistable. Here we used the
linearity of the generalized Futaki invariant from Lemma 2.25 as in the log Fano cone case.
Denote by o : Al — 2?0(1) the section of vertices and similarly o” : A — /'%I(l). To see the
existence of such test a configuration we fix a rational vector &, € Ng , and take the quotient,

we get (S(gl),B((,l)) and (86/(1),86/(1)) which give special test configurations of the log Fano
pairs obtained as the (£))-quotients of (X, D) and (Xél),Dél)). Since [, 7"M] = 0, the
proof of Lemma 3.1 shows that there is a test configuration that degenerates the (£}))-quotient
of (X, D) to that of (X(l)/(l), Dg(l)). Then we can take the cone back to get (?Eé/(l),lsg(l), o).
(Also see [LX18, Section 4.2] for a direct construction.)

Applying the diophantine approximation (cf. [LX18, Lemma 2.7]) of the coordinates of
€0, we can choose a sequence of integral vectors {£; } such that |, —k&o| < A for any constant
A > 0 where k is an infinite sequence of increasing positive integers. Consider the Kollar
component Ej, determined by &, + 71 over z € (X, D) (it is a Kollar component by Lemma
3.4). Let I}, = ap,(ordp, ) for a sufficiently divisible m depending on k. Let ¢ = let(Ix; X, D)
and consider:

f(%) = ;(;l(ordEk) = mult(Iy) - ¢
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Let T = (&,nM) = (C*)™*! be the torus generated by & and 7™M, and N = Hom(C*,T) be
the coweight lattice of T'.
Since (Xél), D((Jl),fo) is K-semistable,

— o~

vol(§) := vol wte)

(x" .o
is a smooth function of £ € Nﬂ‘{ and obtains the minimum at & (see Theorem 2.5). By (10),
this also implies that for any rational vector 1; € Ng,

d VOl(Wt&) +im )

dt , = Fut(X§Y x €, D§Y x C,&;m) =0 (23)
t=

By Taylor’s Remainder Theorem there is a neighborhood U of &, € Ng and a positive
constant C' > 0 (independent of £) such that, for any £ € U, we have the inequality:

vol(£o) < vol(€) < vol(&) + Clé — & 2.

Note that f(3) = xj(;l(%gk + %n(l)) by the rescaling invariance of the normalized volume.
Because %«,Ek + %77(1) — Eo} < C'k~! for €’ > 0 independent of k, there exists Ky > 1 such
that for any k > Ko, f(1) = f(0) + O(3).

Then the same argument as in the case of the log Fano varieties using [BCHM10, Corollary
1.4.3], shows that we can find x(? : y,§2> — X® a morphism over C with a divisor 5,&2) such
that —5,22) is ample over X(? and (J}IEQ), 5,22)) xcC* = (Y, Ex) x C* where the isomorphism is
equivariant with respect to the C*-action generated by n(?). Moreover, fixed any arbitrarily
small €, we can choose k sufficiently large such that the log discrepancy of Ej with respect to
(X, D+ (1—0)ck - Ix) is less than €, and (X((,Q), D(()Z) + (1 —96)c -in(Iy)) is log canonical for a
suitable choice of small § (see (18)). The it follows from the ACC of log canonical thresholds
(see [HMX14]) that (y,§2),5,§2> + (U 1D? + (y,§2>)t) is log canonical for any ¢ € C.

The relative extended Rees algebra gives a family (X,D) over C2, such that over C x
{t} (resp. {t} x C) (t # 0), it gives a family which is isomorphic to (X™,DM)) (resp.
(X D)), The family (X,D) admits a (C*)"+2-action.

By Lemma 2.21, we get weakly special test configurations

(X0, DD g0/ D) of (X, DS &) (i=1.2)

with an isomorphic central fiber (X{), Dj, &o).
We claim that the generalized Futaki invariants Fut(X’() D' &: 1) are 0. Indeed,
by the construction,

(X,9,&;:7Y) = (W, DM g5, M)
Cx{t}

It follows from our assumption that
Fut(X®, DD ;™M) = Fut (XS, DS, €0;nM) = 0.
By the flatness of the weighted piece and (C*)? equivariance, we get for any ¢,
VOIX(gl) (&o +tnV) = volx; (§o + ),

which implies that Fut(X}, Dj, &o;n™M) = 0 (see (23)). Similarly, we have Fut(X}, D}, &o; n?)
0.
(I

By the above result, we obtain two weakly special test configurations (X', D' ¢4 9/(0))
with isomorphic central fibres (Xé(l), D/O(l), &) = (X(/J(Q), D/0(2), &o) and zero generalized Futaki
invariants. In the next subsection, we are going to show that (X’ D' &y: /) are indeed
special test configurations.
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4.2 Vanishing Futaki invariants and special degenerations

We will prove Proposition 4.3, which says to test K-(semi, poly)stability of a log Fano cone,
although in our definition we only require to test on all special degenerations, it is indeed
the same to test on all weakly special test configurations. A tool we will use is to write the
generalized Futaki invariant of a weakly special configuration as the derivative of the leading
coefficient of the index character (see [MSY08, CS18, CS19]).

If there are two T-equivariant weakly special test configurations

(X = Spec(R™), D, &5:m)  of a K-semistable log Fano cone (X, D, &),

with Fut(X® DO &:m) = 0, by Lemma 2.17, we know X is associated to a graded

sequence of ideals asz) which we can assume to be primary (see Remark 2.18) as

Fut(XD, DO, &5;me) +n)
Fut(X®, DY, &;me)) + Fut(X®, DO, &;n)
f— 0,

where Fut(X ), DO &5 &) = 0 follows from the K-semistability of (X, D). Moreover, since
the test configuration is weakly special, by Lemma 2.21 there is indeed a birational mor-
phism pf: Y — X (i = 1,2) with a reduced exceptional divisor E* such that (Y, E* +
(u*)71D) is log canonical and a,(;) = pl(—kE"). Therefore, we can take a normalized graph
pl: Y9 — X of Y1 ——» Y2 over X with p;: Y9 — Y. Then for any pair (a,b) such that
(—ap;(E") — bp3(E?)) is integral, by Definition 2.20, we can consider the test configuration
Vap of (X, D, &) induced by (—ap;(E') — bp3(E?)).

We apply the T-equivariant index character (see [CS18, Section 4] for more details) for
any & € Nﬂ‘{ C Nr = R"*! where Nﬂg is the Reeb cone of the T = T x C*-action and ¢t € C
with the real part R(¢) > 0, and define:

Fla,b;&,t) = Y e @) dim R&"(v), (24)
ae%ﬁ
where R*? is the ring of the special fiber of Vab-
Now if we fix a prime integral vector £ € tﬁg N N such that

(€)-quotient of (X D) = (8O B £@) (; =1,2)

give test configurations of the (£)-quotient (S, B) of (X, D) with polarizations £¢. Then the
quotient of Y, by (€) is given by the normalized graph S, p, of S (1) ——5 8@ with morphisms
@it Sap — S and the polarization is given by a¢iL™M) + besL3).

The following statement essentially follows from [CS18, Theorem 4.10].

Proposition 4.2. For a fized £ € ]\7]{{ the index character F(a,b;&,t) has a meromorphic
extension to C with poles along the imaginary axis. Near t = 0 it has a Laurent series

eTpansion:

Flabrg = WLEE, albhSn =, @)

where ap(a,b; &) is a polynomial of (a,b) whose coefficients depends smoothly on & € Nﬂ{

Proof. Tt follows from [CS18, Proposition 4.3] that when £ is rational, then ag coincides
with the leading term of the total weight on the test configuration S, ; constructed from the
quotient log Fano pair. Since it can be represented by an intersection formula, in particular,
it is a polynomial of a and b by [Wan12, Odal3].

Denote by s = r + 1. By the proof of [CS18, Theorem 4.10], we know

e tEroat L) L[N, (et e
I, (1 — et Fewe))

F(a,b;&,t) =

where € = (&1,...,&) € Ni, (@1, a5) € Z° and wy; (1 < i < s, 1< j < N) are real
numbers. The leading term of the Laurent expansion is the same as the leading term of
HNyp(1,...,1)
Hévzl(]‘ — e_t(flwlj"l‘""'l‘gswsj))
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Since a, b only appear in the part HNg(1,...,1) which does not depend on ¢, and from the
case that ¢ is rational, we know that HN,(1,...,1) is a polynomial of (a,b), which implies
ap is a polynomial of (a,b). O

With all these preparations, we can prove Proposition 4.3 which is a generalization of
[LX14, Theorem 4] from the quasi-regular case to the general case of an arbitrary log Fano
cone singularity. Although we expect the full results of special degeneration in [LX14] can
be extended, here we only need the last step of the argument.

Proposition 4.3. Let (X, D,&;n) be a weakly special test configuration of a log Fano cone
singularity (X, D,&). Then we can find a special test configuration (X', D', &0;n') and a
positive integer m such that

Fut(X', D', i) < m - Fut(X, D, o3 m),
and the strict inequality holds if (X, D,&o;n) is not a special test configuration.

Proof. By Lemma 2.21, the weakly special test configuration is induced by a T-equivariant
morphism p: Y — X, such that the reduced exceptional divisor F is anti-ample over X and
(Y, E+4p; 1 D) is log canonical. Suppose (X, D, &y;7) is not special, then (Y, E+pu; 1 D) is not
plt. Therefore, by [LX20, Proposition 2.10], we can find a T-equivariant Kolldr component S
over x € (X, D) such that its log discrepancy with respect to (Y, E + ;1 D) is 0. Denote by
1Y — X the plt blow extracting precisely S. So by Lemma 2.21 again, it gives a special
test configuration (X’, D', &y;n') and the base change factor m (which we omit from now on)
corresponds to a multiple such that the coefficient of S in the pull back of mFE is integral.

Let Y9 be the normalized graph Y --» Y/ and p: Y9 — Y, p’: Y9 — Y’ the natural
morphisms. Then for any pair of positive integers (a, b), the divisor bp*E + ap™ S are anti-
ample, and therefore induces a test configuration X, ; by Lemma 2.21. We take ag(a, b, &)
as in Proposition 4.2.

Now we claim that

Dr,, (mao(1,0,&) = Fut(X, D, &;n) > Fut(X', D', &0;n') = D1y, (n)a0(0, 1, o).
To see this we write:
p*(Ky + E+p'D) = p™*(Ky + S+ (11,) "' D) + G,

and since the log discrepancy Ay uo ! p(S) = 0, the negativity lemma (see [KM98, Lemma
3.39]) implies that G > 0.

For any irreducible component F; in Supp(G), denote by ¢; its coefficient in G. In par-
ticular, from our assumption that X" is not a special test configuration, for some component
Ey contained in Supp(E), its coefficient ¢ is positive. Let F; be divisor on X, given by the
orbifold cone C(E;, —E|g,).

We take the previous construction for the two test configurations X and X’. By Propo-
sition 4.2, for a fixed &y, if we define

f(t:&0) = D, (myao(1 — ¢, &o),

then the difference of the generalized Futaki invariant is of the form

1
d
Fut(X', D', &;n') — Fut(X, D, &o;n) :/ Ef(t;fo) dt.
0

The integrand is smooth in [0, 1], and the proof of [LX14, Proposition 5] shows that it is
non-positive when &, is rational. Thus it is non-positive. We claim its value at 0 is

d 1

Ef(t;fo) o = *m ; C; ~V01Fi (tho) < 0. (26)

In fact to see (26), when & is rational, we can compute on the quotient log Fano pair, and
this is given in [LX14, Page 217]. Since both sides are smooth functions on &y, we know that
they must be equal to each other. O

An immediate consequence is the following.

Corollary 4.4. For a K-semistable log Fano cone singularity (X, D,§), if it has a weakly
special test configuration (X, D,&y;n) with the generalized Futaki invariant being 0, then it
is a special test configuration, i.e., the central fiber is klt.
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4.3 Completion of the proofs of main theorems for log Fano cones

Proof of Theorem 1.2. The proof follows the same structure as the proof of Theorem 1.3, so
we will only outline the steps.

We first prove the existence of K-polystable degenerations. Let (X7, DP &) be a log Fano
cone which admits a maximal dimensional torus T?P-action among all K-semistable special
degeneration of (X, D, &y). By definition, T? contains T'. If (XP, DP, &) is not K-polystable,
it admits a T-equivariant degeneration to a non-isomorphic log Fano cone (X @, D(l),&))
under a special test configuration with generalized Futaki invariant 0. Similar to the proof of
Lemma 3.7, this indeed implies that there is a TP-equivariant degeneration of (X?, DP &) to
(X D® &) under a special test configuration of generalized Futaki invariant 0. Moreover,
(X@ D® &) admits an action by a torus whose dimension is equal to dim(7®) 4+ 1. By
the proof of Theorem 4.1, (X(Q),D(Q),go) is also a K-semistable special degeneration of
(X, D, &), which is a contradiction.

To see the uniqueness, by Corollary 4.4, we can replace the word “weakly special” by
“special” in the statement of Theorem 4.1. Recall that by definition special degenerations
of K-polystable log Fano cone with zero generalized Futaki invariants must be product. So
the uniqueness of K-polystable degeneration follows. [l

Proof of Theorem 1.1. Tt is shown in [DS17] that there is a special test configuration (W, &o; 1)
of the intermediate cone (W, &) with central fibre (C,&p). Because C' admits a Ricci-flat
Kihler cone metric, we know C' is K-polystable (see [CS19, Theorem 1.1] or Corollary A.4).
In particular, Fut(W,&y;n) = 0. Moreover by [LX18, Theorem 1.4], we know that W is
K-semistable and is uniquely determined by the algebraic germ (Mo, 0).

Assume W specially degenerates to another K-polystable Fano cone C’ by a special test
configuration (W', &;n’) with Fut(W’,&p;n') = 0. Then Theorem 4.1 implies that C' and
C' degenerates to a Fano cone C” by special test configurations with generalized Futaki
invariants 0. This implies C' = C” = C’ by the polystability of C and C’.

(I

A Ding-polystability of Ricci-flat Kahler cones

In the proof of Theorem 1.1 above, we rely on the result proved in [CS19] which says that
that for a Fano cone singularity with a Ricci-flat K&hler cone metric, the generalized Futaki
invariant Fut(X,&;n) > 0 for any non-product special test configuration. However, as
we have seen, in our argument (see e.g. the proof of Theorem 4.1), more general test
configuration will show up. Therefore in this appendix, we want to discuss the proof of a
more general statement, namely for any non-product Q-Gorenstein test configuration, the
corresponding Ding invariant is positive (see Theorem A.3). This can be used to slightly
modify the proof of Theorem 1.1 (see Remark A.5). We point out that our proof of Theorem
A3 follows the general strategy in [Ber15] and is slightly different from [CS19]. For simplicity
of notations, in this appendix we will restrict to the case that the boundary divisor D = ()
which suffices for proving the main application of our results in Theorem 1.1.

Definition A.1 (Ding-stability). We say that (X,&) is Ding-semistable, if for any Q-
Gorenstein test configuration (X, &o;n) of (X, &) with central fibre (Xo, &), its Berman-Ding
invariant, denoted by DN (X, &o;n) is nonnegative, where

DTgo (n) VOIX0 (fo )
vol(&o)

We say that (X, &) is Ding-polystable, if it is Ding-semistable, and any Q-Gorenstein test
configuration (X, &o;n) with DNA(X, €05 n) = 0 is a product test configuration.

DNA(X, &5 m) = +let (X Xp) — 1. (27)

We will show in (44) that the DNA-invariant in (27) is equal to the slope of a Ding-type
functional (see Definition A.9) along a subgeodesic ray associated to the test configuration.
Following the notations of [BHJ17] in the log Fano case, we will use DN* to denote such
slope functional, since it can be viewed as a functional on the space of non-Archimedean
metrics (associated to test configurations).
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Remark A.2. We immediately see that DN(X,&y;n) = Fut(X,&o;n) if and only if the
test configuration is weakly special, and Ding-semistability (resp. Ding-polystability) implies
K-semistability (resp. K-polystability). It has been proved that in the log Fano pair case, they
are equivalent [BHJ17, Fuj19]. Following [Ber15], it will become clear that the notions of
Ding-stability fit better with our calculation.

Theorem A.3. Assume (X,&) admits a Ricci-flat Kdiler cone metric. Then (X,&) is
Ding-polystable among Q-Gorenstein test configurations.

Corollary A.4. Assume (X,&) admits a Ricci-flat Kdhler cone metric. Then (X, &) is
K-polystable among all weakly special test configurations.

Remark A.5. Corollary A.J could yield an alternative argument in one step of the proof of
Theorem 1.1. More precisely, with notations in the proof of Theorem 1.1, let C and C" be
two K-polystable degenerations of W. Then the degenerations of C and C' to C" obtained
via Theorem /4.1 are weakly special with zero Futaki invariant. We can skip Proposition
4.3 but replace [CS19, Theorem 1.1] by the stronger statement Corollary A./J, which directly
implies there is no non-product weakly special test configurations of C' and C" with zero Futaki
invariant. Then we conclude immediately that C = C" = C".

Let (X,&) be a Fano cone singularity with the vertex point o. Recall that this implies
that X is a normal affine variety with at worst klt singularities. Moreover there is a good T’
action where T'2 (C*)" and & € N5 . On X there exists a T-equivariant nowhere-vanishing
holomorphic m-pluricanonical form s € | — mKx|. Such holomorphic form can be solved
uniquely up to a constant as in [MSY08, 2.7]. In the following, we will use the following
volume form on X associated to s:

5 1/m
dVy = <\/1"”‘ s A §> . (28)

Assume that (X, &) is equivariantly embedded into (CV, &) with & = >, aizi% with
a; € Ryg. Fix a reference smooth Kihler cone metric on C whose associated Reeb vec-
tor field 70, — v/—1J(rd,) = 2&. By its rescaling property such a radius function is C°-
comparable to Zfil |zi]?/*. The restriction wy := wen|x is a Kihler cone metric on X.
Moreover 2Im(&y) = J(rd,) is the Reeb vector field of wen and wx. Since T acts on X, T
also acts on the set of functions on X by 7o f(z) = f(r—'2) for any 7 € T and x € X. For
convenience, we denote X° = X \ {0} where o is the vertex of X and define:

Definition A.6. Denote by PSH(X,&y) the set of bounded real functions ¢ on X° that
satisfies:

(1) o1 =1 for any T € (&);

(2) T?p :=r2e% is a proper plurisubharmonic function on X.

We can think of functions in PSH (X, &) as transversal Kéhler potentials as in [DS17].
More precisely, because 0, generates a Ry -action (Ry = {a € R;a > 0}) on X° without fixed
points, if the link of X is defined as Y := {r =1} N X, then Y = X°/R; and X° =Y x R,.
We set:

|1

= 1
X = (878)10gr2:f§Jd10g7’2, (29)

and define:
Definition A.7. Denote by PSH(Y, &) the set of bounded real function ¢ on'Y that satisfies:

(1) ooT =0 for T € exp(R-Im(&)).
(2) ¢ is upper semicontinuous on'Y and (dx + \/—155@)’Y > 0, where the positivity is in
the sense of currents.

Here we identify the function on Y with its pull back to X° =Y x R, via the projection
to the first factor. There is an isomorphism PSH (X, &) = PSH(Y, &) by sending ¢ — ¢y
We will use these two equivalent descriptions in the following discussion.

Definition A.8. We say that T?P = 12e? where ¢ € PSH(X,&) is a radius function of a
Ricci-flat Kdhler cone metric on (X, &) if ¢ is smooth on X8 and there exists a constant
C > 0 such that

(V=100r2)" = C - dVx. (30)
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If we take L,5, on both sides, we get: L,5.dVx = 2ndVx, which is also equivalent to
Leys = mns. If we write

dVyx = 2r*"Ydr AQy, or equivalently Qy := 271172y dVx, (31)
then L5,y = 0. On the other hand, a direct computation shows that:
Eagri = ri(dx +V/—100¢) + dri A (x — %Jdga) , (32)
Then it is easy to verify that the equation (30) is equivalent to:
(dx +V/—=100p)" P A x = % e 0y (33)

The equation (30) is the Euler-Lagrange equation for the following Ding-type functional:
Definition A.9 (see [CS19, LX18]). For any function ¢ € PSH (X, &), define:

D(p) = E(p) —log (/X e‘TidV) =: E(p) + G(p) (34)

where E(p) is defined by its variations:
1
(n — D!(27)"volx (&)

Using the identity (32), one can verify that:

OE(p) - 0p = —

/X(&p)e_Ti (\/—_1657“3)".

(2m)mvol(&o)

As in the standard Kéhler case, a consequence of this description is the following explicit
expression of E(p) (see [DS17]):

SE(p) - bp = — /Y(&a)(dx +V=1009)" " A x. (35)

n—1
1 . .
Elp)=————— / o(dx + V—190¢)" A (dx)" 1P A x. 36
)=~ Gt 2, A+ VTI009) A @0 (36)
In the similar vein, using (31) we have the identity:

G(p) = —log </Y e””Qy) —log(n — 1)L (37)

We will study the asymptotic of E(¢;). In the following we will denote D := {z € Z;|z| < 1},
D* =D\ {0} and S* = {z € D;|z| = 1}. We will always identify the functions on X with
functions on X x D or X x D* by pulling back via the projection to the first factor.

Proposition A.10 (see [LX18, Lemma 5.10]). Let ¢(x,t) = @(z,]t]) : X x D* — R be
a upper semicontinuous function such that i = (-, |t|) € PSH(X,&) for each t € D*.
Assume /—100(r?*e¥) > 0 over X x D* in the sense of currents. Then the following identity
holds:

V=1

o 1
1—F
otot

I - — 3 7,2€<p n+1€77"?0
(PN = e Lo T100%)

1 a \Nn
=TT g YT

In particular, E(p;) is concave in —log |t|?.

Proof. The proof of the first identity is the same as the proof as in [LX18, Lemma 5.10].
The second identity follows from the first one and using the following identity on X x D* to
calculate:

_ ~ 1
\/—186&2/, = rf,(dx +V—=190¢) + dr?p A(x — §Jd<p).
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Now assume that (X, &p;n) is a Q-Gorenstein test configuration of X. Because n com-
mutes with & and generates a C*-action, we can assume that X is embedded into CV x C
and the embedding is equivariant with respect to the T' x C*-action generated by {&o, n}. If
we write n = ). bizia%i with b; € Z and let o(t) : C* — GL(N,C) be the one-parameter
subgroup generated by the vector field 1. Then o (t)(2;) = t*z; and we let

r(t)? := o(t)* (r?) =: r2e?®.
The asymptotic of E(p;) can be easily calculated:
Proposition A.11 (see [LX18, Proposition 5.13]). We have the following identity:

i @) Dyvol(&)
im = .
t—0 —log [¢|? vol(&p)

(38)

Proof. We refer to [LX18] for details. Here we just sketch the key ingredients. Let & =
E+en=>,(a; + ebi)zi% and 7. be a radius function for &. Then we have:

1

vol(ee) = nl(2m)"

/ e (V=100r2)". (39)
Xo

Taking derivative with respect to € in the above volume formula, we can derive:

DnVOI(fo) = m/}(o 967702(\/7_1857"2)”,

where we have denoted 6 := n(logr?). We can then calculate (see [MSY08, Appendix C] or
[LX18, Lemma 5.11]):

# p = ! Le*T(t)Z 10 (t)2)"™
d(—log|t|2)E(%) (n— 1)1 (2)"vol(&) /Xga (vV/=190r(t)?)
1 * —o*r? _x — _TQ n
- (n_l)!(Qﬂ')"VOl(fO)/Xo—(t) (0)e o (\/_1(98 )
1

~ (n—DI2m)mvol(&) /x 0™ (V10017

As explained in [LX18, Proof of Proposition 5.12], the last expression converges as t — 0 to
D,vol(€) fvol(&).
By Proposition A.10 E(@;) is concave in —log|t|?>. So the statement follows from the
above discussion and the following identity for concave functions:
d o E(o)

lim -2 B(@;) = lim ——
150 d(—log [t]?) (#e) tg%—log|t|2

O

We need the following basic result from [DS17] which generalizes Berndtsson’s result to
the Kahler cone setting.

Theorem A.12 ([DS17], see also [BBEGZ19, Berl5]). Let o(z,t) = o(x,[t]) : X xD* - R
be an upper semicontinuous function such that o := p(-,t) € PSH(X,&y) for each t € D*.
Assume /—100(r%e®) > 0 over X x D* in the sense of currents. Then G(yp4) is convex in
—log |[t|*. Moreover, if G(p:) is affine in —log|t|?, then there exists a holomorphic vector
field no on X commuting with & such that ry,, = ofry, where oy = exp(log[t] - no).

Let (X,&;n) be a Q-Gorenstein test configuration of X with the projection map 7 :
X — C. Let X; := m1(t) be the fiber over {t} and o; the vertex point of X;. Denote
X° = X\ {ost € C}. In the following discussion, we denote by R? the function obtained by
restricting r2, considered as a function on CV x C, to X' via a fixed the equivariant embedding
X —+CNxC: R?= 7“2‘2(.

Definition A.13. Denote by PSH(X|}, &) the set of bounded real functions ® on X°|y
that satisfies:
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(1) To®=® for any 7 € T;
(2) R2 := R%% is a proper plurisubharmonic function on X|p.
As before, we can think of functions in PSH (X|p,&p) as transversal Kéhler potentials

on X|p. If we also denote by x the restriction of x = g(é —0)log R? = f%Jd log R? to
Y:={R=1}NX, the we can similarly define PSH (Y, &) as Definition A.7.

Moreover, using the equivariant isomorphism ¢ : X'|p- =2 X x D*, we can associate to any
® € PSH(X|p) plurisubharmonic function ¢ on X x D* and hence a path ¢, € PSH(X, &)
such that R3 = ¢*(r7). As an example, the path asssociated to ® = 0 and is given by ;.

Proposition A.14. Assume ® € PSH(X, &) and let o € PSH(X,&) be the associated
path. Then G(pt) is subharmonic in t and its Lelong number at t = 0 is given by 1 —
1Ct(X,X0).

Proof. Since R2 = (*(r?e?) is plurisubharmonic over X|p« = X x D*. Applying Theorem
A.12, we get G(¢¢) is subharmonic in ¢. To see that it’s subharmonic over D, we just need
to show that G(p;) is uniformly bounded from above. Because ® bounded, we know that

1G(p1) — G(@)| < C.

So we just need to show that G(@;) is uniformly bounded from above.
Because 7 preserves the global section s € [mKx|: £,s = 0. As a consequence, dVx, =

(ﬁm"2s A 5)

1/m
satisfies o} dVx, = dVx, = dVx. So we have:

Xt

G(¢:) = —log (/ emo®r? (O‘*dVXt)) = —log (/ e_TdeX,) .
X Xt

Because L5, dVx, = 2ndVx,, we can write dVx, = 2r°"~1dr A Qy, and calculate:

/ eirdeXt = (TL — 1)'/ Oy
Xt Y:

C. . / e dVy, < Cy / dVx,, (40)
{r<1}nX, {r<1}nX,

(n=1)!
fol e—r2p2n—1gp2"°
Now the upper boundedness of G(¢;) can be seen in two ways. For one way, one can
resolve the singularity of {r < 1} N (X|p) and estimate the integral using the method as in
[Lil7a, Proof of Lemma 3.7] or [BJ17]. The other approximation approach is the following.
Recall that r? is the radius function associated to the vector field & = > aizi%. Now

9 i (k
75, with a;

where C), =

) € Q and az(-k) — a; as
k — 400. Choose a sequence of new radius function r*) = reary such that r(%) is uniformly

CP-comparable to the functions S | |2:|2/(@"). Then there exist Cy, Co > 0 such that, for
any € > 0, we have: C;(r))1=¢ <7 < Co(rtF))1+¢ for k> 1. So we get:

/ AVy, < / dVy, .
{r<1}nX, {we)gcy*e)*l pnx,

is rational, we can taking quotient of X' by the C*-action generated by £) =

we choose a sequence of vector fields &%) = > agk)zi

(k)

7

Because a

ial(.k)azi and reduces to the log Fano case considered in [Berl5] in which case the upper
boundedness of G(@:) was shown.

Finally we need to calculate the Lelong number of G(;) with respect to t. According to

[Ber15], the Lelong number of G(t) is equal to the infimum of ¢ such that

/ e—G—(l—c) 10g\t|2id7_ A dF :/ e—T2—(1—C) 10g|t‘2dVX < +o0.
U

X|p

We have the following identity:

/ 67T27(176)10g|7|2dVX =C, - / efrzf(lfc) log\r\zdvx' (41)
X'm X‘mﬁ{’l“gl}
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Because e} < e < 1 is a bounded function, the right-hand-side of (41) is integrable if
and only if 1 — ¢ < let(X N {r <1}, N {r < 1}). Using the rescaling symmetry as used in
(40), we see that let(X N {r <1}, X N {r <1}) =lct(X, Ap). So we are done.

O

Assume r?e?¥® with pxg € PSH(X,&) is a radius function of a Ricci-flat Kéhler cone
metric on (X, &). Let (X,&;n) be a test configuration of (X, ). We construct a geodesic
ray associated to (X, &p;n) by solving the homogeneous Monge-Ampeére equation:

(V=100(R?e®))"™ =0 on X|p, ®|xx5 = PKE. (42)
Using transversal point of view, this equation is equivalent to the following equation:
(dx +V=100®)" Ax =0o0nYlp, Ply, g5 = pxaly - (43)
By considering the envelope (or its equivalent formulation on X|p)
® :=sup{¥ € PSH(Y|p,%) : ¥ < ¢kely on0(Vp) =Y x S},

then the following result can be proved in exactly the same way as in [Berl5, Proposition
2.7] by using the transversal Kéhler structures of (),&p). Note that this kind of extension
has also been used in [DS17] (see also [CS19, HL18]).

Proposition A.15 (see [Berl5, Proposition 2.7]). @ is locally bounded such that R*e® has
positive curvature current and satisfies (v/—100(R%e®))" ™1 =0 on X|p.

Finally we can give the proof of Theorem A.3.

Proof of Theorem A.3. Let ® be the geodesic ray emanating from ¢kg that is determined by
(X,&0). Let ¢; be the associated path in PSH (X, &). Then because (v/—190(R?e®))" ! =
0, E(p;) is affine in ¢ by Proposition A.10. G(p;) is subharmonic in ¢ by Proposition A.14.
So D(t) := D(yy) is subharmonic over D. Because D(t) depends only ||, D(t) is convex in
—log|t|?>. Because D(p;) > D(pkg) for any t € D, we see that D(t) is a non-decreasing
function in — log |t|2.
By Proposition A.11 and Proposition A.14, we have:
D(t) D,vol(&)

. _ _ _ _ nNA .
i —0 T = vele) (1—1let(X, Xp)) = DNA(X, &o: ). (44)

If DNA(X,&p;m) = 0, then because D(t) is convex and non-decreasing in — log [t|?, we see
that D(t) is affine and hence G(¢) is affine. So by Theorem A.12, there exists holomorphic
vector field ng such that ¢, = (0,)*pkr where o, = exp(log|t|no). The rest of the argument
is the same as [Berl5, Proposition 3.3] as extended to the Ricci-flat cone setting in [CS19].

O
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