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Abstract

By employing CFT techniques, we show how to compute in the context of A-deformations
of current algebras and coset CFTs the exact in the deformation parameters C-function
for a wide class of integrable theories that interpolate between a UV and an IR point.
We explicitly consider RG flows for integrable deformations of left-right asymmetric
current algebras and coset CFTs. In all cases, the derived exact C-functions obey all
the properties asserted by Zamolodchikov’s c-theorem in two-dimensions.
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1 Introduction and conclusions

One of the central objects in two-dimensional field theory, as well as in quantum field
theory in general, is the so-called C-function. This is supposed to be a positive and
monotonically decreasing function as the theory flows from the UV regime to the IR
regime. Another way to state this fact is to say that the flow from the UV to the IR is
irreversible. At the UV and IR fixed points the C-function is identified with the central
charge of the corresponding conformal field theory (CFT). All these properties of the
C-function are encoded in Zamolodchikov’s c-theorem [1]]. The physical content of the
c-theorem is that since the stress-energy tensor couples to all degrees of freedom of a
theory, the C-function is a measure of the effective number of degrees of freedom at a
certain scale. This is in accordance with the intuition that as we lower the energy scale
more and more heavy degrees of freedom decouple from the low-energy dynamics of

the theory leading, thus, to a monotonically decreasing C-function.

To the best of our knowledge, there is no example in which the C-function has
been genuinely computed exactly in the couplings at all points along the RG flow
as the theory interpolates between a UV and an IR fixed point. It is the goal of the
present paper to provide a calculation of the exact C-function with a clean CFT inter-
pretation for a wide class of (integrable) c-models constructed in representing

exact deformations of WZW and gauged WZW CFTs for general groups. These mod-



els generalize the construction of [6] (for the SU(2) group case see also [7]). This will
be possible since the B-functions, as well as the metrics in the space of couplings are
known to all-orders in perturbation theory for the models under consideration. The
latter quantities, all two- and three-point correlation functions involving currents and
affine primary operators, as well as the associated operator anomalous dimensions,
have been computed to all-orders in the deformation parameters A’ in a series of pa-
pers [8H13]. This was achieved by performing low order perturbative calculations in
conjunction with certain non-perturbative symmetries in the space of couplings which
these theories possess

In a generic quantum field theory (QFT) with couplings A’ there exists a function

C of the couplings obeying the following relation

dc , -
. dA! . . . .
Here, ' = ding? and G;j; is the Zamolodchikov metric in the couplings space, of the

operators which drive the deformation. The solution of this equation given the ap-
propriate boundary conditions will specify the C-function of our theory. Usually this
can be done only up to some finite order in perturbation theory. For our models the
p-functions and the metrics G;; have been calculated to all-orders in the perturbative
expansion [14}[18}[19] and [3}/5,18,[11] enabling us to find exact expressions for the C-
functions of the theories under consideration. On general grounds near a fixed point

of the RG flow equations the relation of the B-function and the C-function is given by

B = 21—4Gij8jC 4.+, where: GV = Giyl, (1.2)

suggesting a gradient flow. This is consistent with (L.I) and becomes an equality for
the case of a single coupling. Provided that there is a solution to the system of equa-
tions (L.2) as equalities, then (L)) is certainly solved, leading to a monotonically de-

creasing behaviour from the UV to the IR as required by the c-theorem.

The organization of this work is as follows: In section 2} we will focus on the mod-

els constructed in [3], which can be thought of as the deformation of the sum of two

I The B-function for these models, that come under the name A-deformations, have been computed
exactly in A and at large level(s) by either resumming the perturbation series [14,[18/19] or by the use of
gravitational [16/[17] and [10,11}[3] or field theoretical methods [20,11}12)5/13].



WZW models at different levels kj 5, respectively. The operators driving the models
away from the UV fixed point are current bilinears with one current obeying a current
algebra at level k; while the other obeys a current algebra at level k;. We examine the
RG flows and evaluate the C-function as an exact function of the deformation parame-
ters in the large k; » limit and for the case of isotropic couplings A; » (for simplification
we place from now on down the indices on the A’s). As discussed in detail in [3], as
soon as the perturbation is turned on the model is driven towards another fixed point
in the IR. In the case where both couplings are non-zero the IR CFT involves a coset
CFT. More precisely, the flow is from the UV point where the symmetry of the theory is

X Gry—ky

G
Gy, X G, to the IR fixed point where the symmetry of the theory is le
2

In the case where one of the couplings is zero the IR CFT is given by the sum of two

X sz_kl'

WZW models one at level k; and the other at level k, — k;, namely the flow is from
Gr,

the flow from Gg, X Gy,_¢, to

X Gy, to Gi, X Gi,—i,- In the same section we also calculate the C-function for

Gp, X Gy, — . . .
RS Al BT Gy, —k, which is realised when one of the

couplings, say Ay, is set to Ag = 4/ % In section [3 we consider the flow from the UV

G G Gy, — G . . .
coset theory —2°% to the IR coset theory —2- "=k [5]. Finally, in the appendix [A]
Y G, y Gy Y PP

we calculate the C-function for anisotropic couplings. In this theory, which has not

been shown to be integrable, each of the two coupling matrices is still diagonal but
has different entries in the subgroup H and in the non-symmetric Einstein subspaces.
We refer to this case as the four coupling case. In all the examples considered in the
present work the derived exact C-functions obey all properties asserted by Zamolod-

chikov’s c-theorem in two-dimensions.

2 RG flows from group spaces

In this section, we will calculate the exact C-function for the class of theories con-

structed in [3]]. We consider the following action with two coupling matrices (A12)ap

45 i

S, = Sk, (1) + Sk, (82) + AV asli T8+ (M) asliJE) @)

where the capital indices run over a semi-simple group G. The effective action for
this theory has been constructed in [3]], but its explicit form will not be needed for our

purposes. Moreover, we will focus on the case of isotropic couplings in which the ma-



trices will be (A;)ap = Aidap, so that we have just two parameters. A generalization

to a case with four couplings will be considered in the appendix[Al
The Zamolodchikov metric in the coupling space can be calculated to all-orders in A4 »
and is given in the large k; » limit by [14}/8]

ij dimG

Gij= 577793
2 (1-272)2

(2.2)

where we note that in the large-k expansion, the leading term in the metric presented
above depends only on the Abelian part of the current OPEsfy If we know the B-
function near a CFT fixed point, either at the UV or at the IR, by integrating (L.2) we
may know near the same point the behaviour of the C-function, as well. The integra-
tion constant is fixed by requiring that the C-function at the CFT point coincides with
the central charge of the corresponding CFT. In what follows, the exact expression for

C is found by symmetry arguments in conjunction with the perturbative results.

Before proceeding, it is convenient to define the combinations of the levels ki »

(assuming with no loss of generality that k, > k) given by

Aoz,/i—l@, k= /kiky .
2

The running of the couplings has been computed exactly in the A;’s and to leading
order for k > 1, by CFT and gravitational methods in [19)[10] and [3]], respectively

e M —20)(hi = A
2k (1—A2)2 ’

B (AisAo) = i=1,2, (2.3)

where ¢ is the quadratic Casimir for G in the adjoint representation, see (A.I). This
demonstrates that the flows for A; and A, are decoupled from each other and that
there are two fixed points at the UV and at the IR at A; = 0 and A; = A, respectively.
Near the UV fixed point we obtain perturbatively that

B (Ai; Ag) = —z—i/\?—f— oA, i=12.

The central charge at the UV CFT is given by the sum of the central charges of two

2 The metric takes the form @.2) since the current bilinears ]{‘+ J5 and ]ﬁ JEin @J) do not interact.
Therefore, it is a double copy of the single-coupling case [14,8].



WZW models at levels k5, respectively. Keeping the two leading terms in the 1/k

-expansion we obtain that

2k1dim G = 2k, dim G o dim G — ccdim G

A+AT) - 2.4
2k1 + cg + 2ky + cg 2k (0+ 0 )+ (24)

cuv =

1
Therefore, using also that at leading order near A; = 0, the metric G;; = 5(51-]' dim G,
we have by solving (L.2) that

(org! dim G

C(/\l,/\z,‘ /\0) =2dimG — K

1
<§(A0 + A5 1) +2A5 + 2Ag) +0(AY). (25)

The effective action of the o-model (2.I), was constructed in [3], and in particular the

B-function is explicitly invariant under the symmetr

1
)\i—>x i=1,2, k1—>—k2, kz—)—kl. (26)
1
Note that, under this transformation the expansion parameter k — —k. The two fixed
points of the above symmetry for the parameters A; are at A; = £1. In order to have
well behaved expansions of (2.3) around these fixed points we expand

b;

Ai:ﬂ:l—kl—/,

k— o0, Ay = fixed. (2.7)

Hence, as explained in [8], the C-function to O(1/k) should be of the following form

. o . _ cg dim G f()\l,‘/\o) f(/\z,' )\0)
C(/\l,/\z,)\o) =2dim G 4k <(1 _ /\%)3 + (1 — )\%)3> ’ (28)

with the analytic function f(A; Ag) obeying, thanks to (2.6), the condition f(A;Ag) =
ACF(AT Ay ). Hence, f(A;A) should be a six-degree polynomial in A with coeffi-
cients that will generically depend on Ag. Matching with the perturbative results (2.5)
gives

F(AA0) = (Ao +Ag 1) (1 —3A% —3A% + A%) 873 (2.9)

Note that C(A; 1, A, ;A1) = C(A1, Ag; Ag), implying invariance under (@)H

3 At the level of the effective action of 2., the symmetry (Z.6) is accompanied by an inversion of
the group elements g1, — g, 11, see Eqs.(2.12) & (2.14) in [3]]. This generalizes a similar symmetry found
in for the single A-deformed model [6].

4 A method of deriving what has been called effective central charge is by employing TBA tech-
niques for determining the ground state energy of the system, initially put forward in [2526].



A shortcut

Using (L.1) we obtain that
0,C = 24G,,\p" . (2.10)

This relation is exact in A and should hold for each of the two couplings A >, sepa-

rately. Then, for our case

ccdimG M x%(x — Ag)(x — Agh)
C:CUv—6T/O (1_x2)4 0 _(Al _>A2)
( 2)( 1) (2.11)
B ccdim G 34—)\1 3—/\1 /\0+/\6
BT e r e i G e

where cyy is given by (2.4). After some algebra we obtain indeed (2.8) and (2.9). Note

that the term arising from the integration is not by itself invariant under (2.6).

The equal level case

In the equal level case, i.e. when Ay = 1, the C-function (2.8) becomes (we also take

A=Ay =A)
cedim G 1+ 21 +2A3 + A4
k (IT—A)(1+A)3

This is the C-function corresponding to the simplest A-deformed model of [6]. This

C(A) =2dimG —

(2.12)

becomes strongly coupled at A = +1. As shown in [6] and in [9] what makes sense
near these points are the non-Abelian T-duality and pseudodual model limits (2.7), for

A =1and A = —1, respectively. In these limits C(A) remains indeed finite.

Let us mention that the C-function for this particular case, known also as the non-
Abelian bosonized Thirring model, was implicitly derived in [14,15], albeit not in
the invariant form 2.12). Indeed, the effective potential calculated in [14] satisfies
the same differential equation as the C-function. However, unlike this, the effective

potential is not invariant under the non-perturbative symmetry A — 1/A, k — —k

> For certain integrable deformations of the isotropic principal chiral model [21], the Weyl anomaly
coefficient for o-model in the NS-NS sector [22,23] was worked out [24]. This can be interpreted as a
"generalized central function". However, as stressed in [22}23] it can not be in general identified with
the C-function of Zamolodchikov since its flow is not generically monotonic due to the indefinite metric
in the space of couplings (g,v, Buv, ®). It seems worth pursuing investigations in this direction.
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Expanding (2.8) around the IR fixed point at Ay = A, = Ay we obtain that

ccdimG 1+ A2
ko 2M(1—A3)

C(A1,A2;A0) = 2dim G — + O(A = Ag)>. (2.13)

The leading term should correspond to the large k expansion of the central charge of
the IR CFT which was explicitly identified in [3] to be the coset # X G, —1,

2
Its central charge for k > 1 gives indeed C(Ag, Ag; Ag), i.e. the leading term in (2.13),

as it should be. This consists a non-trivial check of our exact formula 2.8).

2.2 From Gy, x Gy, to G, X G,k

One may consistently set one of the couplings to zero, say A, = 0, as it can be seen
from the expressions of the B-functions of the theory (2.3). Renaming A; to A and
attending this to the general expression of (2.8), (2.9) we obtain that

codim G (Ag + Ag 1) (1 — 3A%) +4A3

A Ag) = 2di - 2.14
C(A; M) dim G % - A2 (2.14)
Expanding around the IR fixed point at A = A( one has that
i 1
C(A;Ag) = 2dim G — cedimG L O(A— Ag)?. (2.15)

2k Ao(1—A3)

The leading term should correspond to the large k expansion of the central charge of
the IR CFT, which consists of a sum of two WZW models at levels k; and k, — kq [3].
For k > 1 we get indeed C(Ag; Ag), i.e. the leading term in (2.15), as it should be. Note
also that (2.14) is not invariant under A — 1/A and k — —k. This is not a surprise in
the sense that at the end point of the flow the central charge cyR is not invariant under

this symmetry.

. Gy X G,y — .. . :
6Tt can be easily seen that the central charge of % X Gg,—k, is invariant under the extension

of the symmetry (2.6) which involves the shifts of levels
ki = —kp—cc, ky— —ki—cqg,

valid beyond the large k limit. The transformation of A is probably not simply an inversion as in (2.6),
but it may involve k-corrections as well.



Gk X Gk _k
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2.3 From Gy, X Gy, to G, ~ Gry—k,

There is another consistent truncation in the coupling space. This is to set one of the

couplings, say A, to Ag and rename A; as A. Plugging these to the general expression
for C(Aq, Ap; Ap) (2.8) we obtain that

codim G 1—3A2 + AJA4(3 — A2) +4A0(1 — AF)A3
2k Ao(1—AF)(1 —A2)° |

C(A Ap) =2dim G — (2.16)
Near the UV fixed point at A = 0 we obtain the leading term in (2.15), as expected
since the IR fixed point of the flow described in the previous section is the UV fixed
point of the present flow. Similarly, near the IR fixed point at A = Ay we retrieve (2.13),

as one should expect. This C-function is invariant under A — 1/A and k — —k.

3 RG flows from coset spaces

In this section, we evaluate the exact C-function for the flow from the coset theory
with symmetry © k2 (UV fixed point) to the coset theory with symmetry M
(IR fixed point) These theories were constructed first time in [4] for G = SZI(Z)
where an explicit action was given. The effective action for this, taken into account all
loop effects in the A;’s integrability properties, as well as the running of the coupling
were subsequently examined for a general group G in [5], where the corresponding

RG flow was also identified.

We start by defining the parameters

ki

, 1=1,2
ki +ko

5; —

and

)\1_1=52—351, )\2_1:51—352, )\;1:(51—52)2:1—45152, /\JI1=1—85152.

Other related works studying aspects of RG flows of coset theories include [27H31].



The one-loop B-function exact in A and to leading order for k >> 1 is given byH

cA (1= A7) (1= AT (1 =AM

= 3.1
* 2(ky + ko) (1 — A];lA)Z G.1)
The central charge at the UV CFT G& Xjkz is easily obtained to be
1752
im G 1+ A§ + A
coy — dim G — CemG 1+ Ag + 49 (3.2)

ko 200(1+A2)

The central charge at the IR CFT sz%kxckl iswhen A = A, < 0 and is given by
2

: cgdim G 1 — A3+ A
= dim G — 33
‘IR = Qi K 212 3:3)

The action of the theory is invariant under the following remarkable symmetry trans-
formation [5]

1-— (51 - Sz)z)t

A — ,
(51 — 52)2 — (1 — 85152))&

ki— —ki, i=1,2 (34)

and the same is true for the B-function. This symmetry has two fixed points for the

parameter A givenby A = 1and A = A;. Near these points the limits
A=1-— %, k — oo,

and

A:/\f_%/ /\0:1_2;1_1(1 k—)OO,

of all quantities should be well defined (as they are for the B-function).
The metric in the space of couplings is given by

85753 dim G
(1=APA—A A2

G\ = (3.5)

It has the correct behaviour being singular at the fixed points of the symmetry trans-

formation and also for k; = ky we get A F=-1 reducing, thus, to the known one,

8 For equal levels kp = ky = k we have that A} = Ay = Ay = —land A3 — co. Then, B = —Z—i)\,
that is the perturbative example is also exact (for k > 1) as found in [16,20] for all symmetric spaces.



2&1_%. Furthermore, the symmetry (3.4) leaves invariant the line el-

ement with metric (3.5). Finally, the overall coefficient is chosen so that the correct

namely Gy, =

central charge in the IR is reproduced. It will be interesting to derive (8.5) along the
lines of [14,8]].
To obtain the exactin A and to O(1/k) one solves (2.10)

ccdimG 1+ A3+ A3

C(A; Ag) = dim G —
(Aido) = dim kK 200(1+A2)

(3.6)

_16cgdim G AGA* 3(1+AJ)? +2(1 + 1045 + A§)A — (5 — 22AF + 5AF)A?

k (1+A2)7 (1-A) 1 —A71A)3

At the IR fixed point situated at A = A, we find (8.3), as it should be. In addition,
C(A; Ag) is invariant under the symmetry (3.4)

A The case of four couplings

Preliminaries

In this appendix, we consider again the class of models presented in [3], but with the
couplings matrices being more general. Namely, let’s consider again the action (2.1)
and split the semi-simple group G into one of its subgroups H and the corresponding
coset space G/ H. In the split index A = (a,«), Latin (Greek) letters denote subgroup

(coset) indices. Then for non-symmetric Einstein-spaces G/ H [32,[33] we have that

facpfecp = ¢c0aB,  facdfoca = CHOw »  faysfpys = cG/HOuB
. (A1)
faysfoys = (cG — CcH)Ou s faycfpye = E(CG —CG/H)0up -

Among the above identities, the non-trivial one that essentially defines a non-symmetric
Einstein space, is the one involving purely Greek indices.

We will work for diagonal deformation matrices (A;) ap = Ay, dqp + A, dup, Where Ap,

and A; denote the subgroup and coset deformation parameters respectively. The p-

? We note that in the equal level case, cf. footnote[8] the C-function drastically simplifies to

3ccdimG 1+ A2

C(A) =dimG — 1o

10



functions for each (A;) 45 are given by

A —Ao)(Ag — At A2 A2
ﬁAH__( H 0)2(kH 0 ) (CH(l—I;%{)z—i_(CG_CH)m) ,

5 _ 1. AZ(A—AO)(A—A51)+CG—CG/H
AT ok \Te/H (1—A2)2 2

A
1221 A)

T ((Agl — ) (AoAn — A%) + (Ag —AH)(AglAH—AZ))> .
These B-functions are invariant under

A=A A= AGY, kg — —koa,
and have as fixed points

(Au,A) = {(0,0), (Ao, Ao), (A0,0)} - (A.2)

In the case at hand, the Zamolodchikov metric in the space of couplings G;; reads

dimG/H
1 Gl.(,l) 0 (i Lan2 0
Gl] 2 < O Gl(Jz)) s Gz] 0 (1d_11'/{g—1)2 , 1 1, 2. (A3)

The C-function

We will compute the general C-function corresponding to the action (2.1). From (1.2)
with the use of (A.3) we end up with 4 differential equations. However, from the form
of the two B-functions we know that the couplings (A1) 45 and (A2) 4 are independent

to each other. Hence, the occurring differential equations are pairwise decoupled.

The general solution of these equations is given by
. 1/« ~
C()\‘ll )\’Hll Az, )LHZ; AO) =2dimG — @ (C(All )\’Hll AO) + C(AZI )\‘HZI AO)) ’ (A4)
where

C(A, Ag; Ao) = cg dimG g1 + cg dimH g + cy dimHgg) ,

=

11



where the functions g;(A, Ap; Ag), i = 1,2,3 are given by

g1 = (Ao +Ag 1) (1 —3A% —3A% 4 A8) + 823,

12A%(1 — A?)

g = 12A%(Ag + Ayt —2A) —
’ (1-A%)

(Ao +Agt—2An),

2(1—A2%)

8= ~2((ha+251) (1431 =8A%) + 5553

(Ao +Ag ) (14422
+ A = 3(1+ A%)2A% + 6A2AY) +4(1 +4A%7 + AMAY — 12424 4(1 4+ A |

In order to find (A.4), we used the consistency relation

2d1mH(cG — CH)
CC/H= G T imG/H

which can be easily proved by appropriately tracing the free indices of the second line
in (A.J). The function (A4) indeed gives the correct UV and IR values for the central
charges 24) and I3). It remains invariant under the symmetry (A; — A; L, Ay, —
Aﬁil, Ao — Ay 1k — —k). The C-function we have derived, satisfies (I.T), has the right
behaviour when A = Ap or A = 0 and monotonically decreases as one transverses
from the UV to the IR.

Other important RG flows

1. If we take Ap = Ay, = 0and Ay = Ay, = A, (A4) takes the form

cedimG (Ag + Ag 1) (1 — 3A2) +4A3

C(A,A,0,0;Ag) = 2dimG — % 1= A2

which is invariant up to a non-vanishing constant under the duality-type sym-
metry and has the correct IR central charge at A = A, corresponding to the flow

from le X sz to le X GkZ_kl'
2. By taking Ay = Ay, = Ag and A = Ay, = A, (A4) reduces to

codimG 1 — 322 4+ 4A5A%(3 — A2) + A (1 — A3)A3

C(A, A, Ag, Ap; Ag) = 2dimG —
( 0-A0; Ao) o 2k Ao(1—AZ)(1—A2)3

. Gk X Gk _k .
1 27"
representing the flow from Gg, x Gg,_, to e X Gy, —k,, with the correct

12



IR central charge at A = Ay.

3. Taking A1 = 0and Ay, = Ag, = A, (A4) reduces to

ccdimG ( " A‘l) egdimH A (4 4+ A (Ao + A5 1) (A2 = 3)
0 .

C(0,A,0,A;Ag) = 2dimG — % p ERBE

4. Finally, considering A1o = 0 = Ay, and Ap, = A, (A4) reduces to

C(0,1,0,A; Ag) = 2dimG —

ccdimG (A A‘l) ~ cydimH A2 (4 + A(Ao + A ) (A* - 3)
2k 0% 2k (1—A2)3 '

It will be very interesting to identify the IR CFTs for the cases 3 and 4 above.
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