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HIGH PSEUDOMOMENTS OF
THE RIEMANN ZETA FUNCTION

OLE FREDRIK BREVIG AND WINSTON HEAP

ABSTRACT. The pseudomoments of the Riemann zeta function, denoted
My (N), are defined as the 2kth integral moments of the Nth partial
sum of {(s) on the critical line. We improve the upper and lower bounds
for the constants in the estimate My (N) =i (log N)k2 as N — oo for
fixed k > 1, thereby determining the two first terms of the asymptotic
expansion. We also investigate uniform ranges of k where this improved
estimate holds and when My (N) may be lower bounded by the 2kth
power of the L* norm of the Nth partial sum of ((s) on the critical
line.

1. INTRODUCTION

Let k be a positive real number, and let ((s) = > o2, n~° denote the
Riemann zeta function. Over the past century, the moments

17 ,
) M) = 1 [ e/ i
0
have received considerable attention. The cases ¥k = 1 and k = 2 were

computed by Hardy and Littlewood [12] and Ingham [13], respectively, who
found that as T — oo,

1
M(T) ~logT  and  My(T) ~ 53 (log T)*.
s
Keating and Snaith [14] conjectured that

@ Jim ST — ak)a(h

for every fixed positive real number k. Here a(k) denotes the Euler product

@ aw=T](1- ﬁ)ki@ aw)= ("5

and g(k) is a specific function arising from random matrix theory.
One motivation for studying the moments () is their connection to large
values of the Riemann zeta function on the critical line. Set

(4) M(T) = s [C(1/2 + it)|.
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The Lindelof hypothesis states that M(T) <. T¢ for every ¢ > 0, and
it follows from the Riemann hypothesis that log M (T) < logT/loglogT.
Clearly, () can be computed as the following limit of the moments

() M(T) = lim [M,(T )R

Farmer, Gonek and Hughes [7] demonstrated that the conjecture (2)) cannot

hold uniformly for & > C+/logT/loglogT for some specific constant C'.
However, by inserting the largest possible k into (B), they conjectured that

M) =exp ( (5 + ol1)) ViogTTog og T ).

This conjecture was also derived by other methods.

In the present paper, we investigate similar problems for pseudomoments
of the Riemann zeta function. The pseudomoments exhibit some of the same
properties as the moments (II), while being comparably tractable in many

cases. For a Dirichlet series f(s) =Y -2, ayn~*, its Nth partial sum is

N
Snf(s) =) ann™".
n=1
The kth pseudomoment of the Riemann zeta function is the limit
1 T
(6) M(N) = lim —/ |SNC(1/2 + it)|?* dt.
T—oo T 0

Expanding the integrand and computing, we get that M;(N) ~ log N. The
study of pseudomoments was initiated by Conrey and Gamburd [6], who
demonstrated that if k is a fixed positive integer, then

Mp(N)
(7) ot W = a(k)y(k).
Here a(k) is the Euler product [B) and ~y(k) is the volume of the convex
polytope

k p
8)  Pu=1 (zij) ERF ¢ my; >0, domip <1, Y <1
=1 j=1

In particular, setting k = 2 in (7)) gives that Ma(N) ~ (log N)*/x2.
Bondarenko, Heap and Seip [4] investigated (@) for continuous k. A special

case of their main result implies that for every fixed real number k£ > 1/2, it
holds that

(9) MG(N) =y, (log N)¥

as N — oo. The situation for 0 < k < 1/2 is less clear, we refer again to [4]
and to the recent work of the second named author [IT].
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The estimates for the implied constant in the upper bound of (d) were
recently substantially improved in [3]. Settingll

(10) Ck) = tim 2WV)

the previously known lower and upper bounds combine to
exp(—(2 + o(1))k* log k) < C(k) < exp(—(1 + o(1))k? log k),

as k — oo. The main goal of the present paper is to sharpen this estimate
and to obtain a uniform range of k where this improved estimate holds.

Theorem 1. Uniformly for 2 < k < cy/loglog N it holds that

Mk(N) 2 2 2
Uniformly for 2 < k < Cylog N/loglog N it holds that
Mi(N) 2 2 2

The upper bound does not hold for k = Cylog N/loglog N.

In Theorem [ and throughout the paper we will let constants such as C
and Cy be sufficiently large or small depending on the context in which they
are used.

Remark. The statements of Theorem [lalso hold for k£ > 1/2+ for any 6 > 0
in view of the results from [4]. However, the main interest of the asymptotic
estimates is large N and large k. We will therefore generally assume that N
and k are large enough for various logarithms to be positive.

Theorem [is in agreement with the asymptotic behaviour of the constants
appearing in the Keating—Snaith conjecture (2. We also note that Harper
[9] has very recently obtained similar results for the analogous moments on
the line ¢ = 0,

1 T

(1) lm /0 ISnCit) 2 d.
It should be made clear that the techniques used in the proof of Theorem [I]
are different from those of [9]. It is in fact easy to check that our proof
does not work for o < 1/2. However, our techniques are quite flexible on
the critical line and it is possible to extend Theorem [ to moments of other
Dirichlet polynomials considered in [4].

The key ingredient in the proof of Theorem [ is Weissler’s inequality for
Dirichlet polynomials (see [2, [19]). This inequality allows us to estimate

1Although we do not know that the limit (I0) exists when k is not an integer (in which
case the existence follows (7)), we will slightly abuse the notation and assume that C(k)
exists. This can be justified by noting that the upper and lower bounds are actually upper
and lower bounds for lim sup and lim inf of the limit (I0]), respectively.
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non-integer pseudomoments through estimates for integer pseudomoments
of homogeneous completely multiplicative twists. We will estimate these
twisted integer moments by the theory for certain multiple Dirichlet series
developed in [1} [6 12] for the lower bound and using Rankin’s trick for the
upper bound.

Indeed, for a non-negative real number o define

o T N P
(12) Mk,g(NFTlL“éoT/O Z_;W dt

where (n) denotes the number of prime factors of n, counting multiplicities.
Then Weissler’s inequality (see Section [)) gives that

(Mg () < Mi(N) < (Mg 5, (V)

where ay, = \/k/[k] and B = \/Ek/|k].
In practice it is often useful to have smoother weights in the Dirichlet
polynomial, especially if one is concerned with uniform asymptotics. We

will therefore consider
2k
f: o) 1 logn
— nl/2+it log N

In Section @ we will use that My, ,(IN) > S, (V) to deduce the desired lower
bound in Theorem [ from the following result.

dt.

T
(13)  Spo(N) = lim = /O

Theorem 2. Fix § > 0. Uniformly for 0 < o < /2 —§ and positive integers
k = o(v/loglog N) we have the asymptotic

Sko(N) = a(k, 0)y(k, 0)(log N)**¢" + & ,(N)
where the error term satisfies
Ero(N) < (log N 12 exp (—k2 0% log k — k20 loglog k + Os(k?)) .

The constants are given by

1 k202 oo dz(p])g%
a@;9)==II<1—‘5> > pi
P J=0
1 b i 1/0? . 1/0?
00 = e f, T (1= T (1327 s
I'(1+ 0?) Pr,o j—1 j=1 ’ j=1 i=1 ’

where Py, , denotes the twisted polytope

k k
_ . k2. 1/0? 1/0°
— . x>0, 1/e" < q, 1/o" <
(14) Py, (zi5) ERY : 2, >0 Zx” <1 Z% <1
i=1 j=1
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Remark. If we do not pursue uniform estimates and seek to investigate
My, o(N) directly, we mention without proof that for a fixed integer £ and

fixed 0 < o < v/2 it is possible to deduce with our techniques that

Mpo(N) Vol (P )
N—oo (log N)kQQQ - a(ka Q)F(l + 92_) .

This is an extension of the main result of [6], which corresponds to the
case ¢ = 1, that might be of independent interest. Comparing the twisted
polytope Py, from ([I4) to the polytope Pj from (§) we note the striking
geometric effect of the parameter ¢ on the faces of the polytope.

From the proof we will see that, in fact, the statement of Theorem
holds uniformly for k? = o(y/log N) (and that this can almost certainly be
improved, as can the factor of 1/{/log N in the error term). However, we
have chosen to state it this way since, as we will see later, the main term is
of size

(log N)¥*¢ exp (—k?0?log k — k?0?log log k + O;(k?))
and so the result would fail to be an asymptotic if £ > C'v/loglog N since the
factor of 1/y/Iog N in the error term would be absorbed into exp(Os(k?)).

Let us next discuss what happens when & — oo and N is fixed. In analogy
with (Bl), we therefore define

M(N) = lim [M(N)]Y/E.

A result regarding norms of Dirichlet polynomials (see [2, Sec. 2.3|), which
is a consequence of their almost periodicity, gives that this limit is equal to

N
(15) M(N) = sup S (1/2 +it)| = ; % ~2VN.

Following [7], we could insert the largest premitted value in the upper bound
of Theorem [Il, namely k = C4 log N/loglog N, to get the upper bound

log N
loglog N

for some positive constant C. However, this is too small compared to the
true limit (I5). This means that the approach to the Lindel6f conjecture

through the Keating—Snaith conjecture discussed in [7] does not carry over
to the pseudomoment setting. We are lead to consider the following.

Problem. Determine the smallest k = k(N) such that [M(N)]Y/?* > /N.

MY < exp ((C (1))

This problem is the final topic of the present paper. By the discussion
above, k = C1log N/loglog N is certainly too small. We will demonstrate
that for a general Dirichlet polynomial f(s) = ZnNzl ann~%, the optimal k
is 7(N). For the partial sums Sy((1/2 + s), we can do much better, but
we have been unable to resolve the problem. Specifically, we will show that

k = NF¢ is sufficient for every € > 0.
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For these arguments, we need to estimate expressions such as

N
Z nl/2=it] > A})
n=1

for large A. Our approach is to use an old insight of H. Bohr to translate
(0 to the polytorus T¢, for d = w(N). Here we will apply a version of
Bernstein’s inequality for trigonometric polynomials in several variables [17],
Khintchine’s inequality [15] and estimates for smooth numbers [§].

T—o00

(16) lim %meas ({t €[0,7] :

Organization. The present paper contains four additional sections. The
next section contains some preliminary estimates needed for the proof of
Theorem [2l This proof can be found in Section[Bl Section[dis devoted to the
proof of Theorem [II Finally, in Section Bl some results on norm comparison
for Dirichlet polynomials are obtained.

2. PRELIMINARY ESTIMATES

Our starting point is to expand the square and integrate in the right hand
side of (I2) to obtain

Qm) ... p2Anar)
/2

(17) Myo(N)= 3 le___n%)

Ng+1°"M2k
n; <N

Consider the associated multiple Dirichlet series

Qn1) ... )n2k)
0 0
(18) Fk,g(§) = Fk,g(sly"' 782k) = Z 1/2+4s1

ny-ngp= 1
Nk+41"N2k
’rLjZl

1/2+s2;
.. n2k

In preparation for the proof of Theorem [2in the next section, we will compile
some preliminary results and estimates for the Dirichlet series Fy, , from (I8]).
Our first lemma relies on a result from [16].

Lemma 3. Fiz § > 0. Uniformly for0 < o< +v2—0 and 0 <o < 1/logk
it holds that

| F o(s)] < exp (—k2g2 (log 20 + log log k2% + 05(1))) ,

if sp =0+ ity for 1 <€ <2k.
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Proof. Since Fy, ,(s) has positive coefficients, the maximum is attained for
ty = 0. Using that oy = o, we find that

Qn1) ... HQnak)
4 4
|[Fr,o(s)] < Z /2t e

ni-np= 1] T Tk
Ng41°N2k
’ijZl
-y dnett a
=11 Z e
n
n=1 p =0 p

We will split the Euler product at k?p?. For the small primes, we first use
that 0 > 0 and estimate roughly to find that

2

— dz(p’) 0¥ — de(P)? ) o\
(X5 )< I (2%5") - I (=)

p]
p<k2g? \J=0 p<k2g?

0 k*o°
< exp | 2kCj Z % :exp<05 <logk‘>>’

p<k2p?

by the prime number theorem. For the large primes, we use di (p?) < dj2(p’)
and the estimate —In(1 — x) < 2 + O(2?), for, say 0 < x < 2/3, to achieve

0o . . 1.2
p+20)j | — p(1+20)

p>k20? \j=0 p>k202

1
=exp (K0 ) 5 +O(1)

p>k2g?

We now put into play the following estimate (see [16, Lem. 3.12|). Uniformly
for ¢ > 0 and y > 2, it holds that

1 1
E m:—log2a—loglogy—’y+0(alogy)+O(0210g2y)+O .
p>yp log y

We apply this estimate with y = k?9? and since o < 1/log k we get that

1
Ko Y iy = k0" (log20 +loglogk*? + O(1)) ,
p>k202

which completes the proof. O
Lemma B will also be used in the proof of the upper bound in Theorem [II

found in Section Bl Let us now factor out zeta functions from Fj , and
estimate the arithmetic factor a(k, o).
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Lemma 4. Let Fy, be as in ([I8) for some 0 < o < /2 and suppose that
Re(s; + sj4k) >0 for 1 <i,j5 < k. Then

k

Fieo(8) = Ap,(s) H C(L+si+ Sj+k)92
ij=1

o™ +tmag

k
1 o
Ak79(§) = H Hl <1 - pl+8i+8j+k> Z ml(%+51)+"'+m2k(%+82k) .
p

mi+--+mr= p
Mp41+-+mog
m;>0

The product is absolutely convergent if Re(s;+sj4x) > —1/2 for1 <i,j <k,
and in particular

k2o? 00 o gy 2j
(19) Aro(0) =TT <1 - %) 3 4o _ ko).

J
=0 P

Fiz 6 > 0. Uniformly for 0 < o < V2 —§ we have that

k2
a(k, 0) = exp <—k292 log(2€7 log ko) + Os < k;))

log
as k — oo.

Proof. The first statement about the factorization into Euler products is
standard and we omit the details of the proof (see e.g. [0, 12]).

For the second statement about the asymptotics of a(k, o), we split the
Euler product (I9) into two parts as in the proof of Lemma Bl We first
consider p < k%p? and apply Mertens’ third theorem to the effect that

1(-3)" - (m) (o)

p<k2g?

k72
= exp <—k:2g2 log (2¢" log(ko)) + O (logkz)) )

For the other factor, we recall from the proof of Lemma [3] that

I (%55 ) =0 (0 (5))

pSkQ 92 7=0
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When p > k?p?, we again use that di(p’) < dj2(p’) to obtain the estimate

NN R
log H <1 p> Z .

J
p>k?o? =0 P
2 2 1 0’
<k Z o“log|1l——] —log(1l——
2 o p p
p>k?o
1
2
<K ) S5 <1
p>k20?
The proof is completed by combining the three estimates. U

Lemma M allows us to extract the behaviour of Fj ,(s) near s = 0 by
estimating the Euler product Ay , and the double product of zeta functions
separately. We begin with the latter, which is straightforward.

Lemma 5. Suppose that Re(s; + sj4r) > 0 for 1 <i,5 <k and set

S = max [sg|.

1<0<2k
If Sk? = o(1) and ¢ > 0, then
b 2 b 1
C(1+s;+s4%)? = (140, (SE —
iJH::l J+ ( e ( )) igl (Si n Sj+k)92

Proof. For each zeta function in the double product we apply the expansion
2 1
CA+9)¢ = 5 (L4 Oy(ls]) -

Since s = s; + 541 < 5, we get that

k k

T ¢ +si+ 5407 = 1+ 0, [

1,j=1 1,7=1

1

(i + 8j4k)%"
and by the assumption Sk? = o(1) we complete the proof. U

The next lemma, is the most technical part in the proof of Theorem 2, and
also the part of the argument which forces the restriction k£ = o(y/loglog N).

Lemma 6. Suppose that Re(s; + s;j45) > 0 for 1 <i,j <k and set

S = max |sg].
1<0<2k

Fiz § > 0. If S < 1/logk and 0 < 9 < /2 — there is a constant X so that

A o(s) = a(k, o) (1 +0 (Se26k2)) :
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Proof. By the chain rule we get that

1
d
Aals) = Auo0) + [ i yfa) do
0 X
(20) w o
= a(k, o) +g§::1/0 Sga—SéA;w(xg) dz,

S0 it remains to show that the partial derivatives satisfy

0
_Ak,g(ﬁ)

< a(k, =5k’
95, < a(k, o)

when S < 1/log k. Note that the factor of 2k obtained when we take absolute
values of the right hand side of (20) can be absorbed into the exponential.
By symmetry, we consider only the case £ = 1. We first note that since
Re(s; + s;j41) > 0, we have that

9 k 1 0? ) k ) _ klog p
8—3110gH<1_W> =9 Zp 1 J+k].0gp+0< pg >

ij=1 =1
and that
gt ma
S 1og Z 1 1
0s1 m1(5+s1)4+mok (5 +s2r)

mi+-Fmp= P
Mp 1+ +maog
m;2>0

k
lo
=—?Y p T logp+ O (ew%> '

j=1
Here we used the same trick used on the small primes in Lemma [B] and that
Re(s; + sj4k) > 0 twice. Specifically, we estimated

Z Qm1+ +moy < k‘2 92 L &
T pml(%+51)+"'+m2k(%+82k) D V2

M1+ +Mag
mj>M

for M = 2 in the numerator and M = 1 in the denominator.
By logarithmic differentiation we therefore obtain

51

0 Csk logp
A gfs) < i of3)] (e +k)§ ot

and it is sufficient to show that |Ay ,(s)| < Ak7Q(Q)ez5k2. We will split the
ratio Ay, ,(s)/Ak o(0) into four parts, which will be estimated separately.
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I. For primes p < 2k? we use Taylor expansions to estimate

k202 k 2

1\ % 1 ¢
(-3 L0 )
k2Q2
_ 2
=exp|e Z ( 1+s +sj+k> + o ( p2

i,7=1

k
C|S5]1 k2 o?
<exp|o® ) ClSllogp ng+0<—§ >
=1 P P
under the assumption that Slogp is bounded. Summing over p < 2k? and
using the prime number theorem yields a total contribution

1 k202 kK 1 02 ,
IL(-2) " L ) 2omio

p<2k? i,j=1

where we used that S < 1/log k.
I1. Since Re(s; + sj4x) > 0 we get that

2

f: R

le-‘r +maog

(21)

2 e
mi+--+mp= pm1(2+81)+ Fma +S2k
Mp1+tmag

m;>0
so the ratio between these two are bounded by 1. We apply this estimate
only for p < 2k2.

III. For primes p > 2k? we consider

k 1 0? oMt mak
(22) H <1 - p1+si+sj+k> Z m1(%+81)+"'+m2k(%+32k) '

ij=1 mi+-+mp= P
M1+ +Mak
m;>0

We will use (21I]) combined with the estimate

k 2
1 4
I I <1 T 1+si+s; >
p 1TS54k

i,j=1

k2?02 0 2 2
<(iv;) <2|(*7)
p I\ J

obtained by the fact that Re(s;+s;4%) > 0. Before we apply these estimates,
we observe that the first order terms in (22]) cancel in a similar way to
what we found in the logarithmic differentiation above. After combining
this observation with the two estimates, we find that the absolute value of
([22) is smaller than

1+Z Z( >‘92j2di(pj2)§1+z;(’€9)2;ﬂ§1+05k;194’
p

= Ji+j2=j p

Iz
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where we use that di(p’) < k7 and that if @ > 1, then

)=

We then get a total contribution which is smaller than

Csk*o* 404 ! -
11 <1+ ) Sew | Gkl > | =exp(0s logk) )"

p>2k2 p>2k?

IV. As the final part in the proof of Lemma [ we find that

k292 oo 2 i 27 k292 92 9
1 d J 1 k
H <1__> E MZH <1__> <1_|__Q>>>1
5 p — p? ) P P
p>2k 7=0 p>2k
Combining estimates I-I'V completes the proof. O

3. PROOF OF THEOREM

Throughout this section, we let £ = log N to simplify various expressions
and computations that will appear. We will also assume that § > 0 is fixed
and that 0 < p < /2 — 4.

To prove Theorem [l we first want to express the smoothed version of
({7 as a 2k fold contour integral of (I8]) by applying Perron’s formula in
each variable ny. The smoothing factor yields additional convergence in the
integrals that allows us to obtain uniform estimates.

To extract the leading term of this integral our plan is to apply, what
is in essence, the saddle point method. This involves identifying the point
where the main contribution of the integral arises from, then truncating the
integrals at a low height around this point and expanding the integrand in
terms of Taylor and Laurent series. After extracting the main term and
the arithmetic factor a(k, o), we re-extend the integrals and apply Perron’s
formula again to compute the geometric factor v(k, o).

To obtain a representation of S ,(/N) as a 2k fold integral, we want to
use the following version of Perron’s formula. For ¢ > 0, it holds that

1 ctioo 5 ds {loga:, 1<z < o0,

23 —
(23) 2 s2 o, 0<z<l.

c—100

Expanding the integral (I3) as in (7)), we find that

Q(nl n?k logné

Sko(N) = < )
Ng+1°N2k
TLJSN

2k

1 /c—l—ioo /c—l—ioo . (S) H Ao ng
= - e k,o\2 9
Qg NPT Joine Jesin ™ 57

100 200 /=1
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where we applied (23]) with z = N/ny for 1 < £ < 2k. We now substitute
sp — s¢/L and find that

1 o+ico o+100 2k dSz
2) S (N) = - Frole/L) 11 €%
(24) ko(N) (2mi)2k /o-—ioo /J—ioo hele/ ) l];Il ) 5t

where 0 = Lc. Our goal is now to choose o > 0 and truncate the integrals
at a suitable height 7. Specifically, we will obtain the following result.

Lemma 7. If k = o(T), then

1 k+iT k+iT 2k dsy Cr (N)
[ — v | | Sg %~ 0
SioIN) = (2mi)%k /k—iT /k—z"T Fhels/£) =1 ’ s o <k2k_1T>

where Cy o(N) = ’€2k2Fk,g (k/L,....k/L)|. If k < Cjlog N/loglog N, then
(25) Ci,o(N) < (log N)kzg2 exp (—k?0* (log k + loglog k + O5(1))) .

Proof. Let us first explain the choice o = k. From Lemma [3 we get that
2k

Fk,g(§/£) H e’

(=1

< exp (2ko — k?0* (log(20/L) + loglog k?0* + O5(1))) ,

provided /L < 1/log k. A calculus argument gives that the optimal value is
20 = ko?, but we will for notational simplicity use ¢ = k. The effect of this
suboptimal choice is absorbed in the Og(1) term. If & < C}log N/loglog N
then o/L < 1/log k, and we obtain (25]).

We now consider the error when truncating (24)) at height ¢, = 7 for each
integral. We take absolute values inside the integrals and extract C ,(IN).
What remains are 225~ combinations of integrals of the following types:

(26) 1 /k‘—i-iT ds - i/k—ﬂooﬁ:i
i 1812 721 Jisieo 1812 2k

1 k+ico 1 /7w C

(&) 2 </k ki T ) [s? ~ 7k < arCtan(T/k)) T

since k = o(T) and
T 1
tanz = — — — + O(z 3
arctan = 5 a:+ (x72)

as © — oo. Since k = o(T), the integrals (27)) are smaller than the integrals
([26). Hence the largest contribution from the error is obtained by choosing
the maximal number of integrals like (26). However, there is always at least
one integral like (27)), so we conclude that the total error is at most

1 g Ck,Q(N)
(2k)2k—1 T k2k—17‘
as desired. O

Ck,g(N) x 221
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We will now investigate the integral
1 k+iT k+iT 2k dsy
(28) Ty o(N,T) = 7/ / Fio(s/L) || €* —,
¢ (2m0)%% Jy it i g 57

appearing in Lemma [f], where the parameter 7 will be chosen later. To
extract the main term from this integral, we will apply Lemma M Lemma
and Lemma [6

Lemma 8. Let I, ,(N,T) be as in [28) and set

1 k+iT k+iT K 1 2k dsy
o - [T [T e
( ) Q( ) (2#2)% ki T k—iT igl (Si + Sj+k)92 g S%
Suppose that k = o(T), and that k*T /L = o(1). Then

k2(Z5+2+0(1))
- k202 Te
Lo o(N,T) = L a(k, 0) <s7k,g(T) +0 (ZW>> :

Proof. With the assumptions on k& and 7 we get from Lemma [ Lemma
and Lemma [0] that in the domain of integration it holds that

k
Fio(s/L) = £ a(k,0) T] ;)92 (1 +0 (%ek2(25+0(1))>> '

ij=1 (Si + Sj-l—k

We complete the proof by noting that
1 /k—l—iT. B /k+iT ﬁ 1 12_k[ es(@ . o2k’ 1
(27”')% ki T ki T it (Si + 3j+k)92 e 8% — (2k)k292 (2]{:)2/&,
where we move the absolute values inside and use (26]). O

We now use Perron’s formula in reverse to extract the geometric factor
from the integral appearing in Lemma [l

Lemma 9. If k = o(T) and Ty o(T) is as in [29), then
1 ek?(2+0(1))
Tk,o(T) = v(k,0) + O T @R

where y(k, 0) is the geometric factor in Theorem [2

Proof. We first re-extend the integrals and estimate as in Lemma [l Since
Re(sg) = k for 1 < ¢ < 2k, we have that

k 2k 2k‘2

1 se e
- < _ -
(si+ 5j1k)" IENE (2k)k*e?

i,j=1 (=1
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We then follow the second part of the proof of Lemma[7]line for line to obtain
the stated error term. What remains is to show that v(k, ¢) = Jj,, where

1 k+i00 k+ioco k 1 2k dS[
I | ==y
¢ (27”)2k k—ioco k—ioo igl (Si + 3j+k)g2 g S%

We begin with the integral representation of the gamma function,
& dx
F(g2) — / e—:cxgz ax
0 x
and substitute = — (s; + sj1)z;; for Re(s; + s;44) > 0 which gives that

1 _ 1 /00 ~(sitsgen)ais 0 da:,]
(3i+3j+k)92 F(Qz) 0 J Tij

For each term of the k? factors in the product over 4, j in (B0), we apply this
identity to the effect that

1 00 00 1 k+ioco k+ioco
Beom i [ W/' .../'
T ) 7” k—ioco k—ioo

k

ds i 02 dr;
Sz 1 Z 15”” 3]+k 1 Zl 15”21 Z 7‘]
X e Jj= (& Zj
zij

where the interchange in order of integration is valid by absolute convergence.
The sp-integrals are now separable and so here we may apply (23] in the form

270 o oo s2 o0, if X > 1,

1 c+iooes(l_X)§:{1—X, if X <1,

with ¢ = k > 0 in each variable to find that
1 k k k 2dx;;
_ 0? QT4
Jk,g—w/ H Z% H = i H%’7
0 Pr =1 — j=1 i=1 ij=1 Y

where Py, is the polytope (§). We then apply the substitution xgj

each variable to find that

_ 1 : 1/0° 1/
A= g, {1 2 (1347 e

ko 4=1 j=1

= Tij in

where Py, , is the twisted polytope ([I4]) and so Ji , = y(k, 0) as desired. O

By combining all the results of this section, we finally obtain a proof of
Theorem
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Final part in the proof of Theorem[2 By Lemmal[7l Lemma [§and Lemma/[d]
we get the desired main term with an error term that satisfies

N k2(25+2+0(1)) k2(2+0(1))
Ck,@( )+£k292 (k‘, )<T6 le ’

Eko(N) < K217 ZW * ?W

so we choose T = V/L, recall (25) and Lemma @ to obtain
Ero(N) < LR/ exp (=k*0*(log k +loglog k + Os(1)))

provided k% = o(v/£). To ensure that this is smaller than the main term, we
require that L£71/2e05(K) 0, which means that k£ = o(y/loglog N). O

4. PROOF oF THEOREM (1]

Let 0 < ¢ < oo and define

r ;
(31) 1= (fim 7 [ i)

for f(s) = Zivzl ann~ 5. The limit exists for any Dirichlet polynomial f and
every 0 < g < oo (see [2]). We also set

(32) [[flloc = sup | f(it)],
teR

and recall that || f|l; = || fllc @ ¢ = co. Note that the pseudomoments we
are interested in (@) can alternatively be expressed as

(33) M(N) = [|Fx 13
for fn(s) = Sn((1/2+ s) and M(N) = ||fn|loo in light of (I5]).

Let ¢ be any non-negative real number, and set

N
= Z 0" ™a,ne,
n=1

The following version of Weissler’s inequality [19] for Dirichlet polynomials
can be extracted from [2], Sec. 3].

Lemma 10 (Weissler’s inequality). Suppose that 0 < q1 < g2 < 0o and let

0<p< \/ql/qg Then

IWofllgz < 1I.fllgx
for every Dirichlet polynomial f(s) = 22;1 apn~>.

Our plan is to use Lemma [I0] to relate My () for non-integers k > 1 to
the twisted moments M ,, (V) and My o, (V).
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4.1. Proof of the upper bound in Theorem [0l We begin with the proof
of the upper bound in Theorem [, which will be deduced from Lemma [3]
Lemma [I0] and Rankin’s trick.

Lemma 11. Fiz 6 > 0 and suppose that 0 < o < /2 —90. Uniformly for
every integer 1 < k < C1log N/loglog N we have that

M o(N
W < exp (—k?*0* (log(k?0) + loglog(ko) + O5(1))) .
Proof. Let
den(n)= Y 1.
ni-nEp=n
n; <N

We rewrite (I7) using di,y and apply Rankin’s trick to the effect that

Nk 19 20(n) o 50n

dy, N(n)Q ko d?(n)o (n) .

Mk,Q(N):Z’TSN2 ZW:NZ F(O’,...,O‘),

n=1 n—1

We then apply Lemma Bl with o = ko?/log N. The requirement o < 1/log k
from Lemma [l is satisfied for & < Cylog N/loglog N. O

Proof of the upper bound in Theorem [l If k > 2 is an integer, we directly
use Lemma [Tl with o = 1. If £ > 2 is not an integer, we first use ([B3)) and
Lemma [0 with ¢1 = 2|k], g2 = 2k and 0 = \/k/| k| (in reverse) to obtain

Mi(N) _ (Myg, ()7 < Mk} o(N) >92

(log N)** — (log N)** (log N)[k]?e®
We then use Lemma [T and that |k]%¢* = k2, to obtain
M (N)

2
W S exp (—k (lOg k + lOg log kf + 06))

uniformly for k] < Cjlog N/loglog N. Since k > 2, we applied Lemma [I0]
with o = \/k/[k] < /3/2 and the requirement 0 < ¢ < /2 — § of Lemma IT]
is satisfied with e.g. 6 = 1/2.
For the second statement, we check that if & = Cylog N/loglog N, then
log Cy — loglog log N
loglog N > )

loglog N — log k — loglogk = —log Cy — log (1 +

The assumption that the upper bound in Theorem [] holds the prescribed
value of k yields that

M (N) < (log N)* exp (—k?log k — k*loglog k + Ck?)
= exp (k:2 (—logCa + C + 0(1)))

which contradicts the trivial bound My (N) >1as N — oo if Cy > . O
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4.2. Proof of the lower bound in Theorem [l For the proof of the lower
bound in Theorem [II, we require the estimate

a(k, 0)y(k, 0) = exp(—k*0*log k — k*¢? loglog k + Os(k?))

where a(k, 0) and vy(k, o) are the constants appearing in Theorem 2l The first
factor is handled by Lemma [ and the second we will deduce below. Once
we know these estimates, we will apply Lemma [I0 after relating My, (V)
to the smoothed moments Sy, ,(N).

A precise asymptotic expansion for the volume of the Birkhoff polytope

k k
2
By = (LZ'Z]) S Rk D T4 >0, E Tij = 1, E Tij = 15,
i=1 j=1

which appear in the formulas for the moments (II)) when k£ > 1 is an integer
(see |10l 12]), can be found in [5]. Extracting the first two terms of this
formula gives

log Vol(By) = —k*logk + k% + O(klogk).

We have been unable to find a similar result for the polytope Py from (8,
however one can extract a similar resultl from the following proof.

Lemma 12. Suppose that 0 > 0 and that k is a positive integer. Then
(14 g?) K2 2K |0 < 5 (k, o) < (N1 + ko?)) .

In particular, if o is bounded and k — oo, we have that

(34) log (v(k, 0)) = —k*¢*log k + O(k?).

Proof. Recall that

1 k k e k
’Y(k,@)=m/7) I1 1—255 H< Z )

ke 4=1 ]:

where Py, , is the twisted polytope (I]Zl) We will find smaller and larger sets
where the integrand can be easily estimated and the volume easily computed.

1
‘Ck’gz{(””“)eRk 0<%_(2k) }

Uk@ = (:Ew) S Rk Z l‘l/g

Clearly Ly, C Pro C Uk, so we obtain the lower and upper bounds for
v(k, o) by integrating over Ly, , and Uy, ,, respectively. Now,

/EH -3 H( Zz >d£2<1—%>2k\fol(£k7g)

k.0 4=1 7=1 j=1

20ne finds that, to leading order, log Vol(Py) = —k? log k + O(k?).
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and clearly Vol(Ly ,) = (2k)~%¢*. Combined, this yields the lower bound
Y(k,0) > T(1+ ) Fa 2Kk,
For the upper bound, we simply use that the integrand is bounded from
above by 1 to obtain
Vol(Uy. ,)
k o) < — 2
v(k, 0) < T+ o2
We then use the well-known formula for the volume of the ¢"-ball in R™,

T+
Tl +n/r)

Vol $€R”:Z|xj|rgl
j=1
with » = 1/0? and n = k which gives a total upper bound of
1
ko) < ———.
v(k, 0) < T+ h)
The upper bound in ([B4) is deduced by
1
(D(1 + ko))"
where we used Stirling’s formula of the form I'(1 + z) > (x/e)*. O

Proof of the lower bound in Theorem [l For k > 2, we set o = \/k/[k] and
combine ([B3) with Lemma [I0] to find that

Mi(N) = (Mpg o(N))% > (Spao( V)

since clearly 1 —logn/log N < 1 when 1 < n < N. From Theorem 2] we
know uniformly for k£ = o(y/loglog N) that

2.2
Sii1.o(N) ~ (log N)IFI"a([k], 0)7([k], 0).
However, by choosing some sufficiently small ¢, we may ensure that absolute
value of the error term in Theorem [2]is smaller than, say, 1/2 times the main
term uniformly for 2 < k < ¢y/loglog N. Using the fact that [k]?o* = k2
and the estimates from Lemma @] and Lemma [I2], we can now complete the

proof by similar computations as in the proof of the upper bound presented
above. O

< exp (—k‘2g2 log k + k?0%(1 — 2log Q)) ,

5. NORM COMPARISONS FOR DIRICHLET POLYNOMIALS

For an integer d > 1, let T¢ denote the polytorus
T ={z=(z1,...,2q) : |zjl =1for 1 < j <d},

and for 0 < ¢ < oo let LI(T9) denote the usual L9 space with respect to the
normalized product Lebesgue arc measure pgq(2z) = pu(z1) X -+ X p(zq). The
main tool of the present section is the Bohr correspondence, which allows
us to compute the limit measure (I6]) and the norms (BI) and (B2) on the
polytorus T¢.
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Let N > 2 be a positive integer and set d = 7(N). Every positive integer
n < N has the unique prime factorization

d
_ R
n= Hpj :
j=1

The Dirichlet polynomial f(s) = Zﬁf:l ap,n~* corresponds to a polynomial
in d variables by replacing each prime number pj_s with an independent

complex variable z;. Specifically, we set

s

N d
F(z) = Zanz(n), where z(n) = H z;j.
n=1

j=1
By Kronecker’s theorem, the flow
(35) Ta(t) = (27", 37", ..., p7")

is dense on T?. This implies that the norm (32) is preserved under the Bohr
correspondence,
[flloo = sup [F(2)] = [ F| zoo (pa)-
z€Td
Using the ergodic theorem for the Kronecker flow (B3l), it is proved in [2]
that the norms (3I]) are also preserved,

Q=

(36) 1 = W liageey = ([ PG dat))

The same ergodic argument also gives that

lim = meas ({t € [0,7] : [£(it)] > A}) = ua ({zeT : 1F() 2 2}).
T—oo T’
A more elementary proof of (36l can be found in [I8] Sec. 3].

We are mainly interested in comparing || fx||2x and || fn]|o for the specific
Dirichlet polynomial fx(s) = Sy((1/2+s). However, we first investigate the
case of a general Dirichlet polynomial f(s) = 27]:7:1 an,n~ 5. We will apply
a version of Bernstein’s inequality for trigonometric polynomials in several
variables (see [I7, Sec. 5.2|).

Lemma 13. Let F(2) be a polynomial of degree k in d variables. Then

F(ei91’ . .,ewd) _ F(eiﬁl,. B ,eiﬂd) < ngFHLw(Td) sup |0] — 19J|,
1<j<d

for every 0 = (01,...,04) and ¥ = (V1,...,94) in (R/[0,2m))%.

Remark. It is not known whether the constant 7/2 in Lemma [[3] can be
replaced with the smaller constant 1, which is the correct statement for
d = 1. If this indeed holds, then 72 in Theorem [I4] can be replaced with 2.
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A straightforward argument (see below) shows that if F' is a polynomial of
degree k in d variables, then ||F'[|Lo(pay > || F|| oo (pe) Whenever ¢ > dlog k.
However, for Dirichlet polynomials we can do better, since the degree of the
variables corresponding to large primes is restricted. We will see later that
the exponent 7(N) in the following result is sharp.

Theorem 14. Let F(z) = Zivzl anz(n). Set d =mn(N) and for0 < X <1
consider the set

X, = {z eTd : |F(2)] > )\||F||Loo(Td)} :
Then
1A\
pa(Xx) = <7> e VN,

Proof. Since T? is compact, there is at least one point

w=(e,... ")
where the supremum is attained, so that ||F'|| o (ray = [F'(w)]. Let
z= (e, .. )

denote an arbitrary point on Te. Define d; = W(\/N) and do = d —d;. It
follows from the triangle inequality and Lemma [I3] that

|F(2) — F(w)| < [F(21,22) — F(wi, 22)| + [F(w1, 22) — F(wy, w2)|
m log N
< §HFHLOO(W) (1

Here we used that if z9 is fixed, then F(-, z3) has degree at most

N

sup |0, — 9|+ sup |0, — ;| |.
082 lgjgdl\a il d1<j§d’] il

max Q(n) < log IV
1<n<N log 2

in z; and conversely if 21 is fixed, then F'(z1,-) has degree 1 in z9. Moreover,
|F(2) = F(w)| = [F(w)| = [F(2)] = [ F|| oo (1) — [F(2)].

so in particular, w € X, whenever

log N
)\Sl—z<og sup ‘9]'—19]"4— sup ’9]—19]’>
di1<j<d

2 10g2 1<j<d;
Hence w € X, also holds whenever
1—A 1—A
sup |0, — | < ————— and sup |0, — ;| < ——.
1<j<d; 95 =0l 7 (log N)/log 2 d1<de| il u
Note that for any ¢ € R/[0,27) we have that

m({e=cet |9—19|§5})=§,
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so we therefore conclude that
d di+d d 7(N)
1 1—A\""% [ log2 \™ 1—A VN
Xy > = > -
wenz (1) (58) 7 (ev) =(57)

where we in the final inequality used that dy = 7(v/N). O
Setting A = 1/2 in Theorem [I4] we find that

L

2k
1 1/2k
1| 2 () = (/ \F(Z)\zkdud(2)> > [\ Pl oo oy (a(X1y2))
1/2

In particular, if k& > 7(NN) then ||F'[| 2k (pay > (47r2e)_1||F||Loo(Td). By the
Bohr correspondence, we have hence proved the following result. We will
also present a different proof below, which was shown to us by K. Seip.

Corollary 15. If f(s) = Zivzl apn~% and k> N/log N, then

1 lloe < 11.f[I2-
Proof. Let W(x,y) denote the number of integers less than = whose prime
factors are all less than y. The estimate

log =

(37) U(z,logz) < eclogfgogz,
can be found in [8] pp. 270-271|. Now take k to be an integer of size N/log N
and consider the function f*, where f(s) = Zﬁf:l ann~%. This function is a

Dirichlet polynomial with at most W(N kN ) nonzero terms, so the Cauchy—
Schwarz inequality gives that

_N_ _N_
1115 = 1/ ¥ o0 < A/ RNE, N) | fE[l2 << eTou | £l = 76 || £]]5,
by ([B7) and hence ||f|loc < || f||2x whenever k> N/log N ~ w(N). O

To see that £k = N/log N cannot generally be improved in Corollary
(and hence in Theorem [I4]), we will use Khintchine’s inequality (see [15]).

Lemma 16. If2 < ¢ < 0o and d = w(N), then

S| <0 (14D (Y P

p<N La(Td) p<N

N

In particular, we choose a, =1 for p < N, so that F(z) = EPSN z(p) and
[ Fl| oo (pay = m(N). By Lemma [I6 with ¢ = 2k we get that

1| 2t pay < T(L+ k)2 /m(N) < v/km(N),

since T'(1 4+ k) < k*. This shows that for general Dirichlet polynomials, the
exponent k = N/log N in Corollary [I5] cannot be improved.

We will finally demonstrate that this can be substantially improved for
the specific Dirichlet polynomial F(z) = Zivzl z(n)/y/n. First, we recall the
following well-known result.
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Lemma 17. Let F(z) = ZnNzl anz(n), set d =m(N) and for y > 2 define
S(N,y)={n <N :pln = p<y}
If Fy(2) = > pes(n,y) anz(n) then ||Fyll pacprwy < [[F || pa(ray for 1 < g < oo.

Proof. It suffices to note that the map F' — F}, is defined by averaging out the
variables corresponding to primes p > y over the corresponding polytorus,

Fy(21) :/ F(21, 22) dir(ny—r(y) (22)
Tr(N)—=(y)
and then use Holder’s inequality in the inner integral. U
Theorem 18. Set Fx(z) = SN, 2(n)/y/n and fix e > 0. If ¢ > N, then
Proof. We first note that

z(n)
Frny(z) = —=
e neg\ﬂy) vn

is a polynomial in m(y) variables of degree at most log N/log2. Using
Lemma [I7 and then Lemma [I3] as before, we may therefore conclude that

1
1PNl pagreevy = 1FNgll agreiny > IFNgllommgy = D NG
neES(N,y)

provided ¢ > m(y)log (log N/log 2). Choosing y = N¢ and using Abel sum-
mation and a standard estimate on smooth numbers (see e.g. [8 Sec. 1]),

we get
1
neS(N,N¥¢) "
Here C. = 29(1/¢) and p denotes Dickman’s function. Hence we require that
q > m(N¢)loglog N, so certainly ¢ > N°¢ is acceptable. O
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