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SOLUTIONS OF GROSS-PITAEVSKII EQUATION WITH
PERIODIC POTENTIAL IN DIMENSION TWO.

YULIA KARPESHINA, SEONGUK KIM, ROMAN SHTERENBERG

ABSTRACT. Quasi-periodic solutions of a nonlinear polyharmonic equation for the
case 40 > n+ 1 in R", n > 1, are studied. This includes Gross-Pitaevskii equation
in dimension two (I = 1,n = 2). It is proven that there is an extensive "non-
resonant” set G C R" suchﬂ that for every k € G there is a solution asymptotically
i(k,&

close to a plane wave Ae ’ as |I;| — 00, given A is sufficiently small.

1. INTRODUCTION

Let us consider a nonlinear polyharmonic equation with a periodic potential V (Z)
and quasi-periodic boundary condition:

(=A) u(@) + V(B)u(@) + ofu(@)|*u(@) = \u(D), T € [0,2n]", (1)
u(wlj...j27-(-’...7xn):e2Wit5u(xl7...7 0 7...71'”)’
s—th s—th
0 _ 2mits _0
8_xsu($17...’27r’...’xn)_e7rl 8_xsu($1’...’ 0 7“'73311)7
s—th s—th

921  omit, 921
am2l71u(‘rl7'” ) 2m s " T 7xn)—e7msax2l—lu(x17”' ) 0 ) " T 7'7:71)7
S g S WV
s—th s—th
s=1,---.,n.

where [ is an integer, 41 > n+ 1, = (t1,--- ,t,) € K = |
and V(Z) is a trigonometric polynomial and fQ V(Z)dz =
elementary cell of period 2w. More precisely,

V@) = Y v, (3)

Q#07IQISRO

, 1], o is a real number

0
0, @ = [0,27]™ being the

vg being Fourier coefficients.

When [ = 1, n = 1,2, 3, equation (I]) is a famous Gross-Pitaevskii equation for
Bose-Einstein condensate, see e.g. [5]. In physics papers, e.g. [3], [4], [6], [7], a big
variety of numerical computations for Gross-Pitaevskii equation is made. However,
they are restricted to the one dimensional case and there is a lack of theoretical
considerations even for the case n = 1. In this paper we study the case 4/ > n + 1
which includes | = 1,n = 2.
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The goal of this paper is to construct asymptotic formulas for u(¥) as A — oo.
We show that there is an extensive "non-resonant” set G C R" such that for every
k € G there is a quasi-periodic solution of () close to a plane wave AetFT) with
A = Ak, A) close to |k|? + o] A|? as |k| — oo (Theorem BIT)). We assume A € C and
|A] is sufficiently small:

lo||A? < XY, v <20 —n. (4)

Note that « is any negative number for the Gross-Pitaevskii equation [ = 1,n = 2.
The quasi-momentum # in ({)) is defined by the formula: k = £+ 27j, j € Z™.
We show that the non-resonant set G has an asymptotically full measure in R"™:

: |g n BR|n _
A B, 5)
where Bp is a ball of radius R in R™ and | - |,, is Lebesgue measure in R™.

Moreover, we investigate a set D(A, A) of vectors ke g, corresponding to a fixed
sufficiently large A and a fixed A. The set D(\, A), defined as a level (isoenergetic)

set for A(k, A),

D(/\,A):{EGQ:A(E,A):A}, (6)
is proven to be a slightly distorted n-dimensional sphere with a finite number of holes
(Theorem B.I3]). For any sufficiently large A, it can be described by the formula:

DN A) = {k: k =2\ A, D)7, 7eB\}, (7)

where B(\) is a subset of the unit sphere S,,_1. The set B(\) can be interpreted as
a set of possible directions of propagation for almost plane waves. Set B(\) has an
asymptotically full measure on S,,_1 as A — oc:

BO)| =rso0 w1 +0 (A7), 6> 0, ®)

here || is the standard surface measure on S;,_1, w,—1 = |Sp—1|- The value (), A, D)
in (@) is the “radius” of D(A\, A) in a direction 7. The function »#(\, A,7) — (A —
o|A[?)/2 describes the deviation of D(\, A) from the perfect sphere (circle) of the
radius (A — o|A|?)Y/? in R™. It is proven that the deviation is asymptotically small:

2\ A D) =rs00 (A= alAP) P O (X)), m >0, 9)

To prove the results above, we consider the term V + o|u|? in equation () as a
periodic potential and formally change the nonlinear equation to a linear equation
with an unknown potential V (Z) + o|u(Z)|?:

(—A) (@) + (V() + o|u(@)?)u(@) = Mu().

Further, we use known results for linear polyharmonic equations with periodic po-
tentials. To start with, we consider a linear operator in L?(Q) described by the
formula:

H(t) = (-A) +V, (10)
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and quasi-periodic boundary condition (). The free operator Hy(t), corresponding
to V' =0, has eigenfunctions given by:

(&) = e POD  5d) =T+ 21, j T, TEK, (11)
and the corresponding eigenvalues p?l(f) = \]T](f)]zl Perturbation theory for a linear

operator H (f) with a periodic potential V' is developed in [I]. It is shown that at high
energies, there is an extensive set of generalized eigenfunctions being close to plane
waves. Below (See Theorem [2.2]), we describe this result in details. Now, we define a
map M : L>(Q) — L>*(Q) by the formula:

MW (Z) = V(Z) + o|ug (£)]*. (12)
Here, W is a shift of W by a constant such that fQ W (Z)dz = 0,

W(@) = () — (271)” /Q W (#)d7, (13)

and uy, is an eigenfunction of the linear operator (—=A)! + W with the boundary
condition (). Next, we consider a sequence {W,,}>°_:
Wo=V +0lA? MW, = W1 (14)

Note that the sequence is well-defined by induction, since for each m = 1,2,3,...
and t in a non-resonant set G described in Section 2, there is an eigenfunction u,, (%)
corresponding to the potential W,,:

Hm(aum - )\mumy
H,, (Dt = (—A)lum + Wi tim,
A, U being defined by formal series of the form @2)-(25), B3] with W,, instead of
V. Those series are proven to be convergent, thus justifying our construction. Next,

we prove that the sequence {W;,}>°_ is a Cauchy sequence of periodic functions in
@ with respect to a norm

Wil =" lwgl, (15)
qGZ"

wy being Fourier coefficients of W. This implies that
W, — W with respect to the norm || - ||, W is a periodic function.
Further, we show that
U — Uy, in L(Q), Am — Ay in R,

where uy,, Ajj, correspond to the potential W (via @2)-@5), B3) with W instead
of V). It follows from (I2)) and (I4]) that MW = W and, hence, u := uy, solves the
nonlinear equation ([Il) with quasi-periodic boundary condition ().

Note, that the results of the paper can be easily generalized for the case of a
sufficiently smooth potential V' (z). Generalization for the case | = 1,n = 3 (Gross-
Pitaevskii equation in dimension three) is also possible. However, it requires more
subtle considerations than here and will be done in a forthcoming paper.
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The paper is organized as follows. In Section 2, we introduce results for the linear
operator (—A)!+V which include the perturbation formulas for an eigenvalue and its
spectral projection. In Section 3, we prove existence of solutions of the equation ()
with boundary condition () and investigate their properties. Isoenergetic surfaces
are also introduced and described there.

2. LINEAR OPERATOR

Let us consider an operator
H=(-A)+V, (16)

in L?(R"), 41 > n + 1 and n > 2 where [ is an integer and V(&) is defined by (B).
Since V (Z) is periodic with an elementary cell @, the spectral study of ([IG) can be
reduced to that of a family of Bloch operators H(f) in L*(Q), t € K (see formula
(I0) and quasi-periodic conditions (2I)).

The free operator Ho(ﬂ, corresponding to V' = 0, has eigenfunctions given by
() and the corresponding eigenvalue is p?l(f) = [p;(£)|*!. Next, we describe an
isoenergetic surface of Hy(f) in K. To start with, we consider the sphere S(k) of
radius k centered at the origin in R™. For each j € Z" such that j + K N S(k) # 0,
K :=10,1]", we translate the corresponding piece of S(k) into K, thus obtaining the
sphere of radius k “packed” into K. We denote it by Sy(k). Namely,

So(k) = {t € K : thereis a j € Z" such that p?l(t_) = /<;2l}.

Obviously, operator Hy(#) has an eigenvalue equal to k% if and only if £ € Sy(k). For
this reason, So(k) is called an isoenergetic surface of Hy(tf). When  is a point of
self-intersection of Sy(k), there exists ¢ # j such that

vy (1) = p}' (D). (17)

In other words, there is a non-simple eigenvalue of Hy(f). We remove from the
set So(k) the (k~"+17%)-neighborhoods of all self-intersections (7). We call the
remaining set a non-resonant set and denote is by xo(k, §), The removed neighborhood
of self-intersections is relatively small and, therefore, xo(k,d) has asymptotically full
measure with respect to So(k):

‘Xo(kv 5)’ —46/8
PR 14+ 0>k,
S0 (k)]
here and below | - | is Lebesgue measure of a surface in R™. It can be easily shown
that for any t € xo(k,d), there is a unique j € Z" such that p?l(f) = k% and
min | (F) — p3'(B)] > ¥ °. (18)

This means that the distance from p?l(f) to the nearest eigenvalue pgl(f), qF7jis
greater than k2~"9_ If 21 > n, then this distance is large and standard perturbation
series can be constructed for p?l(f), t € xo(k,0). However, the denseness of the
eigenvalues increases infinitely when & — oo and 2l < n. Hence, eigenvalues of the
free operator Ho(f) strongly interact with each other when 2/ < n, the case 2l = n
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being intermediate. Nevertheless, the perturbation series for eigenvalues and their
spectral projections were constructed in [I] for 4/ > n + 1 when ¢ belongs to a non-
resonant set xi.

Lemma 2.1. For any 0 < f < 1,0 < 2§ < (n—1)(1 — 8) and sufficiently large
k > ko(B,9), there is a non-resonant set x1(k,3,9) such that for any t € x1(k, 3, 9)
there is a unique j € Z": p?l(t_) = k% and if t is in the (k~"1729)-neighborhood of
x1(k, B,8) in K, then for 2 € Co = {z € C: |z — k¥| = k*="=9} we have

min |p?! (£) — z‘ > f2-n=o (19)
1€Z™
200(p;" (£) — 2||p7L o (1) — 2| > k2, i € 2", |q| < kP, ¢ #0, (20)
here and below:
2yg=4l—-n—-1—-p5(n—1)—26 > 0. (21)

The non-resonant set x1(k,3,0) has an asymptotically full measure on So(k):
s(Solk) \ xa (k. 8,))
s<So(l<:))

Theorem 2.2. Under the conditions of Lemma [21], there exists a single eigenvalue
of the operator H(t) in the interval e(k, ) = (K% — k2770 k2 4 E2="=9) It is given
by the series:

= O(k™%%).

NOESAGEDBACAOE (22)
r=2

converging absolutely, where the index j is uniquely determined from the relation
pgl(f} € e(k,d) and

(=" ]é 1T
r(k,t) = — T Hy(t) — V) dz. 2
) = T (D) — =)'V e (23)
The spectral projection, corresponding to )\(f) s given by the series:
E(t)=E;j+ > Gu(k,t), (24)
r=1

which converges in the trace class S1 uniformly, where

-1 r+1 -
Gl ) = S (0@} — 27 V) (110 - 2) (25)
2mi Co
Moreover, for coefficients g,(k,t), G.(k,t), the following estimates hold:
o (k, )| < RHT 0K, (26)
|G (k,E)||ls, < Ok™72", & = cRE max |vy,|. (27)

mezZm
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Remark 2.3. We use the following norm ||T|; of an operator T in l2(Z?):
Il = max 3 [Tyl
P

It can be easily seen from construction in [I] that estimates (7)) hold with respect to
this norm too.

Let us introduce the notations:

olm!

T =
(m) oty oty ..oty

(28)

| m |=my 4+ mg+ ... + my, m! =mylmal..m,!,
0<|m|< oo, T(0)f = f.
The following theorem and corollary are proven in [IJ.

Theorem 2.4. Under the conditions of Theorem 2.2, the series (22), (24)) can be
differentiated with respect to t any number of times, and they retain their asymptotic
character. Coefficients gr(k‘,ﬂ and Gr(k‘,ﬂ satisfy the following estimates in the
(E~"F1=29) _neighborhood in C™ of the nonsingular set x1(k, 3,6):

| T(m)g,(k, 1) |< mk2—"=0 (pk=72)r flml(n=1420) (29)
|7 (m) G, (k, 1)1 < m!(0k™72)" klmI(n=1+20), (30)

Corollary 2.5. There are the estimates for the perturbed eigenvalue and its spectral
projection:

| T(m)(A(E) — ;' (1)) | < emlgtr=tH20lmp2imn=0=202, (31)
IT(m)(E(E) — Bj)ll1 < emtk"=H20ml =z, (32)

Corollary 2.6. There is a one-dimensional space of Bloch eigenfunctions ug corre-
sponding to the projection E(t) given by 24). They are given by the formula:

(&) = AE@ O = 4 3™ B(f) ¢! P D) (33)
mezZ"
— Ae7'<ﬁj(ijvf> 1 + #edﬁfxa)vi} + . , j7 q c Zn, A - (C
2

Let x1(k,3,0) C S(k) be the image of x1(k, 3,9) C Sy(k) on the sphere S(k):

xi(k, B,8) = {pj(t) € S(k) : T'€ x1(k,B,0)}. (34)

Note that x1(k, 3, 9) is well-defined, since x1(k, 3, 0) does not contain self intersections
of So(k). Let B(A\) C Sp—1 be the set of directions corresponding to the nonsingular

set )21(]@575):
B\) = {7 € Sp_1: kit € xa(k,B,0)}, k¥ =\ (35)
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The set B(\) can be interpreted as a set of possible directions of propagation for
almost plane waves ([B3]). We define the non-resonance set G C R™ as the union of all

x1(k, B,9):
6= U ks (36)

k>ko(B,0)
Further we denote vectors of G by k. Formulas B3), Ba) yield:
G={k=ki:7eBE"), k>k(Bd)} (37)
Since any vector k can be written as k = pj(t) in a unique way, formula (B8] yields:
G = {p;(t): t€xi(k,B,0), where k =p;(t), k> ko(5.,9)}. (38)

Let A(k) be defined by (23), where k = (1)
Next, we describe isoenergetic surfaces for the operator (I@l). The set D(A), defined

—

as a level (isoenergetic) set for \(k),
D(\) = {EEQ:A(E) :)\}. (39)

Lemma 2.7. For any sufficiently large N\, X > ko(B,6)%, and for every v € B()\),
there is a unique 3 = »(\, V) in the interval

I = [k’ . k—n+1—267 k+ k—n+1—26]’ k’2l — /\’
such that
A(ael) = A (40)
Furthermore, | — k| < ck®n=07202=2+1 — cf=n 4y =41 —2 — B(n — 1) — 6 > 0.
The Lemma easily follows from (B1) for |m| = 1.

Lemma 2.8. (1) For any sufficiently large X, X\ > ko(83,6)%, the set D()\), de-
fined by [B9) is a distorted sphere with holes; it is described by the formula:

D) = {k : k = 2(\, )7, 7 € B(\)}, (41)
where x(\, V) =k + h(\, V) and h(\, V) obeys the inequalities:
\h| < ck™,  |Vph| < ck™nHn=1420 — op=272+9, (42)

(2) The measure of B(A\) C S,—_1 satisfies the estimate (8)).
(3) The surface D(X) has the measure that is asymptotically close to that of the
whole sphere of the radius k in the sense that

D) = wa k" N1+ O(TY), A=k (43)

The proof is based on Implicit Function Theorem.
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3. PROOF OF THE MAIN RESULT

First, we prove that {W,,}>°_, in ([I4]) is a Cauchy sequence with respect to the
norm defined by ([[H]). Further we need the following obvious properties of norm |- ||.:

£l =1l IR < Sl WS < MF s NFglls < NfMellglle- (44)

where R(f) and &(f) are real and imaginary part for f, respectively.
We define the value k1 = k1 (||V||«, 0, 8) as

B(IV]1.6, 8) = max { (161V[[.)"2, ko(8,6) }, (45)
~v2 > 0 being defined by (2I) and ky(53,0) being as in Corollary 211
Lemma 3.1. The following inequalities hold for any m = 1,2,...:
Wi = Vil < 8lol[ APV [k, (46)
Wi = Win—1ll« < 4o || APV ]|k (jo ]| APET)™ (47)

1B (D) = Em-1 (D)1 <8Jol| APV || k=072 ([o||APE )™, (48)

where y9 = 21l —n — 258, § > 0, and |o||A]> < k7%, k being sufficiently large k >
kr([[V ][+, 6, B).

Corollary 3.2. There is a periodic function W such that W, converges to W with
respect to the norm || - ||.:

W — Wl < 8lal| APV ||k ™72 (lo]|[APET)™. (49)
Proof of Lemma 3.1. Let us consider the function (33]) written in the form
up(F) = tho (£)e! P D7), (50)
where
=A Z (B)j+a.5¢ 703, (51)
qezn

is called the periodic part of ug.
First, we prove [@T) for m = 1. It follows from (I2)), (I4) and (44]) that

W1 = Wal|, =lol|[luol* = [P, = lol||lvol* — [AP]],
<lo[[lwrol* — [A]* + 2iS(Axo) |, = lo][[ (o — A) (w0 + A)],

<lol[|vo — All,[[do + 4], (52)
Let us consider
By(2) = (Ho(f) — )72V (Ho(f) — )2 (53)
Then it follows from Lemma [2.] that:
max | (Ho(?) - 2) 71| < k724050, (54)
z€Cl 1

max || Bo(z)[[1 < [[V[|+k772, (55)
z€Cy
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~v2 being defined by (2I). By (23) and (B3,
(_1)r+1

Gy (k,1) = 2mi

It is easy to see that
G (R, D)l < [VIEET="

Next, by (1), @3) and 21),

o = Al <|AB@ - 4| +141 Y [E@jta4]
qezm\{0}

<IAIY G (kD)1 < [VILART2(1+ o(1)).

r=1

It follows:
[%oll = llvollx < |A] + O(|AIE™?).

Using (52), (58) and ([B3), we get

Wy = Woll« < 4lo|| APV [k2.
Since |[Wi — Vs = |[W1 — Wolls < ||[W1 — Wol|+, we have:

W1 = V|l < o[ AP V]]k 2.
Now, we use mathematical induction to show simultaneously,

[Wor = V[« < 8o | APV ||k 72,

Wi = W]l < 4lol|AP [V | k™72 (||| APE=)™

Suppose that for all 1 < s <m — 1,
W = VI < 8lo]|AP|[V ][k,

IWs = Wil < AloJAP| V&2 (ol APET)

Let, by analogy with (33]),
U@ = A Y BB el O,

mezmn

where E (1) is the spectral projection (24 with the potential W,. Obviously,

ug () = %(ﬂg)ei<ﬁj(1‘7)7f>7
where the function,
¢s(f) =A Z Es(fjj—l-q,jei(ﬁq(a)’@y
qeEZL™
is the periodic part of us. Clearly,
sl < TN Es @)1

Let . )
By (2) = (Ho(l) — =)~ W, (Ho(8) — 2) 2.

ji‘ (Ho(t) — Z)_%BO(Z)T(Ho(f) — Z)_%dz.

(58)

(59)

(68)

(69)
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Using (63)), (B3) and ([I9]), we easily obtain:
I1Bs(2)ll < 8lal| APV k =207 4 VL k772 < 2| V]Wk T2, z € Co, (70)
for any 1 < s <m — 1. It is easy to see now that
1Gsr (kB < (4IVIIET2)", 1<s<m—1, (71)
here G ,(k, ) is given by 2H) with W instead of V. Tt follows:

||ES(£)||1 <1+ Z ||Gsm(k,£>||1

r=1
<14+8V|k™7? <2, 1<s<m-—1. (72)
Next, we note that

max || By, _1(2) = Bj,_a(2)[11

zeCy
<max | Buu-1(2) = Buu-2(2) 1 (1Buua (Dl + [ Bu-a(2) )"
-~ ~ r—1
<KWy = W (VR (73)

Hence,
~ ~ r—1
|G, (s B) = G (s D)y < K= Wy = W (4 V]BT2) L (74)
Estimate (4] yields:

||Em—1(£> - Em—2(£>||1 < Z ||Gm—1,r(k’£> - Gm—2,r(k’£>||1

r=1
<2k =) |\ Wo = Wo—a s (75)
Next, considering as in (52]), we obtain:
HWm - I/Vm—luﬂ< < |0'|H7[)m—1 - ¢m—2H*HT/_)m—1 + QZm—2H*7 (76)

and, hence, by (67,
IWo = Wonalle < o[ AP Emn—1(E) = Em—a2 (@)1 (1Em-1®)1 + [|Em—2(@)[l) - (77)
Using (72) and ([73]), we obtain
(Wi = Wona ||« <8lo || APk "W,y = Wi .. (78)

Considering |[Wp—1 — Win—2ls < [[Wim-1 — Win_2||+ and using @) for s = m — 1,
we arrive at the estimate:

Wi = W1 [l <8Jol|APE~="=4]a ]| ARV [k~ (|o||APE0)™" 2 (79)
<o ||AP[[V |2 (o] A2E0) ™,
when k > k1(||V||«, 9, 8). Further, (79) and (60) enable the estimate
[Won = V[ <IWi = Wt [la 4 [[Wine1 = Winalls + -+ + [[W1 = V.
<8ol| APV k72,
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which completes the proof of ([46]) and ([@7). Using ([75l), we obtain ({48]). [ ]
Lemma 3.3. Suppose t belongs to the (k_"+1_25)—neighborhood i K of the non-
resonant set x1(k,,0). Then for every sufficiently large k > ki(||V]+,0,8) and
every A € C: |o||A]? < k079, the sequence Ep,(t) converges with respect to || - |[1 to
a one-dimensional spectral projection Ey;(t) of Ho(t) + W :

1Em () = Eg B)ll1 < 8[|VILAT2(lof|APET0)™ L, (80)

The projection Ey, () is given by the series @4), 25) with W instead of V. The
series converges with respect to || - |1 :

G (k, Dl < VL&) (81)

Proof. Let B(z) be given by @) with W instead of W,. Obviously, B(z) is the limit
of By(z) in || - ||;-norm. The estimate (Z0) yields:

I1B(2)lr <2||[VI[«k77, z € Co. (82)

It follows that the perturbation series for the resolvent of Hy(t) + W converges with
respect to || - |1 norm on Cjy. Integrating the series of z we obtain that E(t) admits

the expansion ([24)), [25) and (&) holds. Obviously, G, corresponding to W is the
limit of Gy, in || - |1 norm. Summing the estimates (73], we obtain (80)).

Definition 3.4. Let u(Z) be defined as in Corollary 8] for the potential W (). Let
(&) be the periodic part of u(Z).

The next lemma follows from the estimate (80).

Lemma 3.5. Suppose t belongs to the (k_"+1_25)—neighborhood in K of the non-
resonant set x1(k,3,0). Then for every sufficiently large k > ki(||V]«,0,8) and
every A € C : |o||A]> < K079, the sequence V), (Z) converges to the function (i)
with respect to || - ||«:

[ — [l < 8JA[V k72 (|o||APET0)™ . (83)
Corollary 3.6. The sequence u,, converges to u in L*>(Q).

Corollary 3.7.
MW =W.

Proof of Corollary[3.7 Considering as in (76]), we obtain:

It immediately follows from Lemma B3] that MW,, — MW with respect to || - ||«.
Now, by ([[d) and ([B4]), we have MW = W. [ ]

(84)

%)

Let A (), i (t) be the eigenvalues ([22)) corresponding to W,,, and W, respectively.
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Lemma 3.8. Under conditions of Lemma[33 the sequence A () converges to )\W(f}
being given by 22) and

g0 (k)] < TR0 (4 VA7) (85)
where g, is given by @3) with W instead of V.

Proof. By perturbation theory, Ay, (t) is the limit of A,,(f) as m — oo. Let us show
that the series (22) converges. Let us consider two projections Ey = Ej, By = I — Ej,
here E; is the spectral projection of Hy, see (25]). Note that

7{ (ErB(2)Ey) " dz=0, r=1,2,..,
Co
since the integrand is holomorphic inside Cy. Hence,

jé B(z)'dz = jé (B(2)" — (E1B(2)E1)" )dz =
Ch Ch

Z 7{ E; B(2)E;, B(2)....E; B(2)E;, ., dz.
Co

01yeenyipr4+1=0,1,35:95=0

Obviously, Ej B(2);,B(z)....E;, B(z)E;, ., is in the trace class S if at least one
index ig, 1 < s < r+ 1 is zero, since Fy € S7. Notice that for the adjoint operator
B* we have B*(z) = B(z). It follows:

w7/2 2 _
| Eiy B(2)Eiy B(2).... B, B(2) Ei,.., s, < |BI” < |B2IBIY? < (2IVIIlb2)"
Now, we easily obtain (8]). [ ]
Considering as in the proof of Theorem [2.4] one can prove an analogous theorem:

Theorem 3.9. Under the conditions of Lemma the series (23), (Z4) for the
potential W can be differentiated with respect to t any number of times, and they retain
their asymptotic character. Coefficients gT(k,f) and Gr(k‘,f} satisfy the following
estimates in the (k=" T1729)-neighborhood in C" of the nonsingular set x1(k, 3,6):

| T(m) gy (k, T) |< mIk? =70 (4| V|| )" =120, (86)
T ()G (R, B[ < (2| V|| 2) R 1200, (87)

Corollary 3.10. There are the estimates for the perturbed eigenvalue and its spectral
projection:

| 70m) (A (B) = 3 ()| < CV [yt 200l =d=20e, (88)
1T (m) (B (F) = E5) 1 < C(I[V || )mikn 20l (89)
In particular,
A @) = 28] < V|02, (90)
| By () = Ejlls < CUVILET™, (91)

VA () — 2155 BP0 < VR, (92
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We have the following main result for the nonlinear polyharmonic equation with
quasi-periodic condition.

Theorem 3.11. Suppose t belongs to the (k=120 _neighborhood in K of the non-
resonant set x1(k,3,96), k > kl(HV||*,5 B) and A € C: |o||A]? < k=%, Then, there
is a function u(Z), depending on t as a parameter, and a real value t_) satisfying
the equation

(—A)'u(Z) + V(Z)u(@) + olu(@)*u(F) = M), 7€ Q, (93)

and the quasi-periodic boundary condition (2). The following formulas hold:
u(@) =A PO (1 4 (7)), (94)
AT =p2 (D) + o|A2 + O ((k2l‘”‘5 + ayAF) k—%) , (95)

where u(Z) is periodic and
la|[« < k772, 42 >0 is defined by ([21)). (96)

Proof. Let us consider the function u given by Definition B.4] and the value /\W(f).
They solve the equation

(—A)u(@) + W () W Dul@), Feo, (97)
and u satisfies the quasi-boundary condition (IZI) By Corollary B.7l we have
W (&) = MW (%) = V(Z) + o|u(Z)|?.
Hence,

W (%) =W (&) — ﬁ /Q W(Z)dE = V(Z) + o|u(@)|* = ol|ull72(q)-

Substituting the last expression into (@7]), we obtain that u(f) satisfies ([O3) with
2
AE) = Ay () + ollullZzg) = A (D) + 1A D | (Bii) 5 |” = M) + ol AP (Byg.) ;-

qeZ™
(98)
Note that (G1);; = 0 and, therefore, (EW)jj = 1+ O(k=®2). Further, by the

definition of u(¥), we have

wW(@) = AP (D7) Z ( Ew)q+jj€i<pq(0)’f>- (99)

qez” 7
Using formulas (Of]) and ([@9) and estimates ([@0) and (@II), we obtain (94]) and (@6l),
respectively. [ |

Lemma 3.12. For any sufficiently large \, every A € C : |o||A]? < k070, X\ = k2
and for every U € B(\), there is a unique » = »x(\, A, V) in the interval
I = [k . k—n+1—25 k + k—n+1+25]
such that
Ao, A) = \. (100)
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Furthermore,
‘%()\,A, ﬁ) N /;3‘ < C(HVH*) (k2l—n—6 + ’O’HAP) k—2l-i—1—2’\/27 ]; = ()\ _ O”A‘2)1/2l_
(101)

Proof. Taking into account (B3] and using formulas (88]), ([02]) and Implicit Function
Theorem, we prove the lemma. The proof is completely analogous to that for a linear
case. |

Theorem 3.13. (1) For any sufficiently large X\ and every A € C : |o||A]? <
k09 the set D(\, A), defined by (@) is a distorted sphere with holes; it can
be described by the formula

DN A) = {k: k= 3x(\A D)7, 7e BN}, (102)
where (X, A, 7) =k + h(\, A, 7) and h(\, A, ) obeys the inequalities
(B < CAUIVIL) (K770 4 || A2) k7251722 < C(VIL)E™,  (108)
with yy =4 —2—B(n—1) —0 >0,
Voh| < CIVIL)E 120 = (||| k2. (104)
(2) The measure of B(\) C Sp—1 satisfies the estimate
L(B) = wp1(1+ O(k™?)). (105)

(3) The surface D(A, A) has the measure that is asymptotically close to that of
the whole sphere of the radius k in the sense that

DN A)| = wa k" H 1+ O(KT)). (106)
A—00
Proof. The proof is based on Implicit Function Theorem. It is completely analogous
to Lemma 2.11 in [I]. [ ]
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