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Abstract

Three-dimensional Chern-Simons vector models display an approximate higher spin
symmetry in the large N limit. Their single-trace operators consist of a tower of
weakly broken currents, as well as a scalar σ of approximate twist 1 or 2. We study
the consequences of crossing symmetry for the four-point correlator of σ in a 1/N
expansion, using analytic bootstrap techniques. To order 1/N we show that crossing
symmetry fixes the contribution from the tower of currents, providing an alternative
derivation of well-known results by Maldacena and Zhiboedov. When σ has twist 1 its
OPE receives a contribution from the exchange of σ itself with an arbitrary coefficient,
due to the existence of a marginal sextic coupling. We develop the machinery to
determine the corrections to the OPE data of double-trace operators due to this, and
to similar exchanges. This in turns allows us to fix completely the correlator up to
three known truncated solutions to crossing. We then proceed to study the problem
to order 1/N2. We find that crossing implies the appearance of odd-twist double-
trace operators, and calculate their OPE coefficients in a large spin expansion. Also,
surprisingly, crossing at order 1/N2, implies non-trivial O(1/N) anomalous dimensions
for even-twist double-trace operators, even though such contributions do not appear in
the four-point function at order 1/N (in the case where there is no scalar exchange).
We argue that this phenomenon arises due to operator mixing. Finally, we analyse the
bosonic vector model with a sextic coupling without gauge interactions, and determine
the order 1/N2 corrections to the dimensions of twist-2 double-trace operators.

http://arxiv.org/abs/1805.04377v2


1 Introduction and summary

In the last few years, since the pioneering work of [1], great progress has been made in
studying conformal field theories in d > 2 dimensions using the conformal bootstrap [2–4],
both numerically and analytically. Analytic methods are most powerful when applied to
conformal field theories in specific limits, parametrised by a small parameter. Two limits
that have been studied are the large N limit and weak coupling limits. The large N limit
maps to a perturbative expansion of a holographically dual bulk description, while weak
coupling limits correspond to the ordinary perturbative expansion in field theory, in which it
has approximate higher-spin symmetry with an infinite tower of almost-conserved currents.

In d = 3 Chern-Simons-matter theories in the ’t Hooft limit (and only in these theories)
both expansions coexist – these theories have a large N expansion but also an approximate
higher-spin symmetry in the large N limit, even when they are not weakly coupled [5,6]. It is
the aim of this paper to develop an analytic bootstrap approach to analyse these theories. At
leading order in the 1/N expansion, many computations in these theories can be performed
(for any value of the couplings), following [6], by quantum field theory methods. As we
will see below, bootstrap methods can alternatively be used to determine the simplest four-
point functions to this order, up to a finite, small, number of parameters (this was also
shown in [7]). At the next order in 1/N very little is known from the field theory side,
but we will show that bootstrap methods do enable some computations to be performed.
In generic Chern-Simons-matter theories we will see that their power is limited because of
operator mixings, but in the specific case of φ6 theories with no Chern-Simons coupling,
more information can be obtained. The methods that we develop should be useful also for
various other theories.

Three dimensional QFTs with enhanced higher-spin symmetry in the large N limit were
classified in [8]. They are:1

• Scalar: A theory of N complex scalar fields φi (i = 1, · · · , N) with a U(N) global
symmetry and an interaction

Lint. = − λ6
6N2

(|~φ|2)3 , (1)

at the tri-critical fixed point where the mass and the (|~φ|2)2 coupling are tuned to zero;

• CS-Scalar: The U(N)k Chern-Simons (CS) theory coupled to a single complex scalar
field in the fundamental representation, with an ’t Hooft coupling λ ≡ N/k, with a λ6
coupling as in (1), and at a similar tri-critical fixed point;

• CS-Fermion: The U(N)k Chern-Simons theory coupled to a single Dirac fermion in
the fundamental representation, with an ’t Hooft coupling λ ≡ N/k, at the fixed point
where the fermion mass is tuned to zero.

1In the language of [8] we are looking here only at theories which have a single conserved energy-momentum
tensor in the large N limit, which corresponds to having a single flavor; the generalization to more than one
matter field is interesting but is beyond the scope of this paper.
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The first theory, when restricted to the singlet sector of U(N), may be viewed as a special
case of the second one, with λ = 0; note that for λ > 0 there is nothing special about λ6 = 0,
since λ6 is generated at order 1/N in any case. All of these theories have also versions with
real scalar fields or fermions and SO(N) instead of U(N); there are also versions where
SU(N) instead of U(N) is gauged, whose correlation functions are the same to the order in
1/N that we work in.

The first two theories are conformal at leading order in the large N expansion, but have
a beta function for λ6 at order 1/N , and we expect them to be conformal only for specific
values of this coupling (for large enough values of N there is at least one zero of the beta
function for any λ [9]).

The CS-Scalar theory is believed to be the same (at least for large enough values of N)
as CS coupled to critical fermions, and the CS-Fermion theory the same as CS coupled to
critical scalars [6, 10, 11], so there is no need to discuss the latter two theories separately.

In all these theories there is a tower of single-trace operators Js, with s = 1, 2, · · · , of
twist ∆−s = 1+O(1/N), which become conserved currents in the large N limit. In the first
two theories there is a scalar J0 of twist 1+O(1/N), and in the third theory a scalar σ (which
we will also denote by J0) of twist 2 + O(1/N). The single-trace operators are bilinears in
the scalars/fermions with some insertions of (covariant) derivatives acting on them; in the

first two theories we have schematically Js = ~φ†Dµ1 · · ·Dµs

~φ. The other operators with finite
dimensions in the large N limit are multi-trace operators, which at infinite N are products
of the single-trace operators. Double-trace operators of spin s will be denoted by [Js1Js2 ]n,s.
The operators [J0J0]n,s are uniquely labeled by their twist 2 + 2n and their spin s.

Our strategy will be to consider the simplest 4-point correlator of the theory

〈J0(x1)J0(x2)J0(x3)J0(x4)〉 , (2)

and to analyse the constraints of crossing symmetry in a large N expansion. For simplicity
we will normalize the single-trace operators so that their two-point functions are of order
one at large N . The general form of the J0 × J0 OPE in a large N expansion was discussed
in [12]. Schematically we can write

J0 × J0 = 1 + [J0J0]n,s +
1√
N
Js +O(

1

N
) . (3)

At O(1) the contribution to the four-point function arises only from the disconnected dia-
grams (products of two-point functions). Expanding this in conformal blocks, the identity
operator contributes in one of the diagrams, and otherwise only the [J0J0]n,s operators con-

tribute to the OPE, with known OPE coefficients squared a
(0)
n,s. At order 1/N there are

contributions from single-trace intermediate states Js, depending on their OPE coefficients
squared a

st,(0)
s which are known for any λ and λ6 [8, 10, 13], and also from the same double-

trace intermediate states, proportional either to their anomalous dimensions at order 1/N ,

γ
(1)
n,s, or to the order 1/N correction to their OPE coefficients squared, a

(1)
n,s.

At order 1/N it is not known how to directly compute the four-point function of the CS
theories by field theory methods, though it is known in some specific kinematic regimes [7,14,
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15]. However, one can determine the correlation function almost uniquely just from bootstrap
considerations. In general large N theories, at this order the double-trace contributions are
determined by the single-trace contributions, up to homogeneous solutions to the bootstrap
equation, see [12,16]; moreover, in largeN theories, only homogeneous solutions which vanish
for s > 2 are allowed [17–19], leaving 3 possible solutions. As we will see, the contributions

a
st,(0)
s from single-trace operators can actually be fixed just by using crossing symmetry, at

least for s ≥ 2, providing an alternative derivation of this known result [8]. In the CS-Fermion
theory the single-trace 〈J0J0Js〉 three-point functions for any λ are proportional to those of
the λ = 0 theory, with the proportionality constant independent of s. Thus, the four-point
function is also proportional to that of the free theory, up to the truncated solutions which
may be shown to vanish by an explicit computation [7]. In the CS-Scalar theory the same is
true for a specific value of λ6 (depending on λ), so for that value the four-point function is
again proportional to that of the free theory, up to truncated solutions which may be shown
to vanish [15]. The contributions at this order from the λ6 coupling are easy to compute,
since this coupling only changes the coefficient of the J0 term in the single-trace sector of
the OPE by a constant times λ6. The full crossing-symmetric contribution to the four-point
function due to λ6 is then given by φ3-type exchange Witten diagrams in AdS4, which can
be explicitly written in terms of D-functions.

In this paper we discuss what can be said about the four-point function and the related
CFT data at order 1/N2, using the conformal bootstrap. More precisely, we will use the
analytic approach of [16], initiated in [20,21] in the non-perturbative regime, and in [22] for
theories with weakly broken higher-spin symmetry. This approach has already been applied
to large N theories, see [23–25], but the presence of an infinite tower of new intermediate
operators to order 1/N and the fact that we are in d = 3 make the analysis quite different
from previous cases, and we develop new analytic bootstrap methods that are required for
this. From the point of view of a dual bulk theory, 1/N2 corresponds to one-loop order; these
theories were conjectured in [6,26–29] to be holographically dual to Vasiliev-type higher spin
gravity theories on AdS4 [30], so our results constrain one-loop computations in these theories
(about which nothing is presently known).

1.1 Summary of results

In theories with only one single-trace operator, once the theory is known at order 1/N , one
can also compute the correlation functions at order 1/N2, up to the same freedom in adding

truncated solutions, see [23]; the main input that is needed for this is the value of (γ
(1)
n,s)2.

In the dual bulk theory, this is essentially the statement that once a tree-level field theory
is given, the one-loop amplitudes are determined, up to possible extra local interactions
arising at one-loop order. However, in our case the situation is more complicated because of
operator mixings. Generic four-point functions 〈Js1Js2Js3Js4〉 are non-zero at order 1/N , and
this leads to a mixing of the double-trace operators at this order. The actual eigenvectors
of the anomalous dimension matrix are linear combinations Σi of the [JsJs′] operators, with

coefficients that are generally of order 1, and thus the anomalous dimension γ
(1)
n,s mentioned

above (that appears in the four-point function at order 1/N) is actually a linear combination
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of the anomalous dimensions of all the Σi operators that contain [J0J0]n,s (we will call this

the “average value of γ
(1)
n,s”). But if this is all we know then we cannot compute the same

linear combination of the anomalous dimensions squared, needed to go to the next order; and
in order to determine the mixing we need to know all 〈Js1Js2Js3Js4〉 correlation functions up
to order 1/N , and not just that of J0. Unfortunately almost nothing is known about these
general correlation functions, whose bootstrap analysis involves spinning conformal blocks.2

In the bulk language, we need to know all the tree-level vertices that can appear in the one-
loop diagrams in order to compute a correlation function at one-loop order, and not just a
specific one. Note that in the Scalar theory there is no such mixing for the [J0J0]n,s operators
for large λ6, since the other four-point functions involving two J0 operators have a different
dependence on λ6, so this issue does not arise at order λ26 (but only at lower orders).

Because of this issue, we will be able to make less progress in understanding the 1/N2

corrections than in theories with no mixing, but we will still be able to make quantitative
claims about averages. At this order, it is still true that only single-trace and double-trace
operators appear in the OPE, but in general all double-trace operators will appear (and
not just the ones that have an overlap with [J0J0]). There are various contributions to the
conformal block expansion of 〈J0J0J0J0〉 at this order:

• There are contributions proportional to the order 1/N single-trace anomalous dimen-

sions γ
st,(1)
s , and to the order 1/N corrections to their OPE coefficients squared a

st,(1)
s .

The anomalous dimensions at order 1/N for s > 0 were computed in [32] for any λ, and
they are independent of λ6 (in particular they vanish in the Scalar theory). However,

γ
st,(1)
0 is not known (except at λ = 0 where it vanishes for any λ6). In the CS-Fermion

theory its value is not relevant for the intermediate operators at this order, since a
st,(0)
0

vanishes, but this is not true in the CS-Scalar theory. In both theories, γ
st,(1)
0 appears

in the four-point function through the dimension of the external operators, leading to
a contribution proportional to γ

st,(1)
0 times the four-point function at order 1/N . In the

Scalar theory we will argue that the a
st,(1)
s with s > 0 all vanish, using the fact that in

this theory the Js are the only odd-twist operators that appear up to order 1/N2 (at

higher orders, triple-trace operators also appear). In the other theories the a
st,(1)
s are

not known.

• There are contributions involving the double-trace operators that overlap (at leading

order) with [J0J0]. As for γ
(1)
n,s and a

(1)
n,s, the four-point function at this order involves

averages over these operators with appropriate weights; the computation at order 1/N2

involves the averages of (γ
(1)
n,s)2, a

(1)
n,sγ

(1)
n,s, a

(2)
n,s and γ

(2)
n,s. In the Scalar theory where there

is no mixing at order λ26 we can compute the γ
(2)
n,s at leading order (for large λ6) using

the methods of [16,17], since in this theory the known (γ
(1)
n,s)2’s are the only sources of

double discontinuities. We perform this computation for the leading twist operators

2A very similar mixing problems arises in N = 4 SYM to order 1/N4, but in that case the mixing can be
solved by resorting only to additional scalar correlators, see [25, 31].
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and obtain (for large λ6)

γ0,s = −4a0
N

1

2s+ 1
− 2a20
N2

πΓ
(

s+1
2

)2

(2s+ 1)Γ
(

s+2
2

)2 +O(
λ36
N2

,
1

N3
) , Scalar theory (4)

where a0 = λ6(λ6−256)
212

+ O(1/N). In the other theories it is not clear how to compute

the γ
(2)
n,s without resolving the mixing. Note that even though in some of the other

theories the averages (γ
(1)
n,s) vanish, the average of their squares, which is related by

crossing to the γ
st,(1)
s ’s, cannot vanish, showing that mixing must occur; we will be able

to obtain some constraints on these averages-of-squares.

• Finally, at this order we start getting a contribution also from double-trace operators
which have no overlap with [J0J0]; since these operators only start contributing at this
order, their anomalous dimensions do not show up, but only their OPE coefficients
squared a

(0)
other (which are of order 1/N2). Naively all double-trace operators in these

theories, except for [J0Js] in the CS-Fermion theory, have even twist. However, using
an ǫ-symbol, one can construct double-trace operators of odd twist from other products
of various single-trace operators. All of these first appear in the J0 four-point function
at this order, but they do not appear in the Scalar theory where parity does not allow
it. In the CS-Fermion theory we will be able to obtain some information about the
average a

(0)
other’s of the odd-twist operators, since they are related by crossing to specific

combinations of the known γ
st,(1)
s ’s.

1.2 Future directions

In this paper we make some progress on computing the four-point functions of CS-matter
theories at order 1/N2 and their various components. It would be nice to make further
progress on this. In particular, computing additional four-point functions beyond those of
the scalar J0, and including their information, should determine the mixings between the
various double-trace operators, and enable much more precise results to be obtained. It
would be nice to understand what can be said about higher orders in the 1/N expansion,
and about non-perturbative corrections to this expansion (say of order e−N ), which should
also be consistent with crossing.

Just from our procedure we cannot see the beta function of λ6 in the Scalar and CS-Scalar
theories; for values of λ6 for which the beta function at order 1/N is non-zero, the three-point
function 〈J0J0J0〉 will acquire a logarithmic scale-dependence which will affect the four-point
function at order 1/N2, but in the large N bootstrap approach this three-point function is
an input to the computation that is not constrained by itself. Our results assume that there
are no such logarithms, so they are valid at values of λ6 for which the beta function vanishes.
A finite N bootstrap computation should be able to compute the 3-point function (and thus
the allowed values of λ6).

For the Scalar theory the fundamental field φi is also part of the spectrum. It would be
interesting to study analytically the system of mixed correlators involving J0 and φi, and to
use it to obtain further information.

5



It would be interesting to study various generalizations of our analysis, to theories with
supersymmetry (in particular N = 1 or N = 2 supersymmetry), general theories with more
fields (e.g. both scalars and fermions), theories with product gauge groups, etc.

2 Analytic bootstrap for CS-matter theories

2.1 General strategy

Our strategy will be to consider the four-point correlator of the simplest scalar operator of the
CS-matter theories under consideration, which we will denote here as J0. The dimension of
this operator in the theories of interest to us is either ∆0 = 1+O(1/N) or ∆0 = 2+O(1/N),
depending on the model under consideration, but in many places we will keep it as an
arbitrary parameter in our equations. Conformal invariance implies the structure

〈J0(x1)J0(x2)J0(x3)J0(x4)〉 =
G(u, v)
x2∆0
12 x2∆0

34

, (5)

where we have introduced conformal cross-ratios u =
x2
12x

2
34

x2
13x

2
24
, v =

x2
14x

2
23

x2
13x

2
24
. An important

property, to be used heavily in the present work, is that the correlator satisfies crossing
symmetry

v∆0G(u, v) = u∆0G(v, u). (6)

Furthermore, it also admits a decomposition in conformal blocks

G(u, v) =
∑

τ,s

aτ,sfτ,s(u, v) , (7)

where fτ,s(u, v) are three-dimensional conformal blocks, related to the contribution in an OPE
expansion of intermediate states with spin s and twist τ = ∆− s. We find it convenient to
use conventions in which

fτ,s(u, v) = r τ

2
+sr τ

2
f̃τ,s(u, v), rh =

Γ(h)2

Γ(2h)
, (8)

and f̃τ,s(u, v) has the usual normalisation, namely f̃τ,s(u, v) → uτ/2 for small u and v → 1.
Although the conformal blocks in three dimensions are not known in a closed form, they can
be written as infinite sums of SL(2, R) conformal blocks. This, together with their known
properties, will be enough for our purposes.

We will consider these correlators in a large N expansion. To leading order the result
reduces to that of generalized free fields

G(0)(u, v) = 1 +
(u

v

)∆0

+ u∆0 , (9)

in which the intermediate operators are the identity operator and double-trace operators of
spin s and twist 2∆0 + 2n (denoted as [J0J0]n,s). We will study 1/N corrections to this:

G(u, v) = 1 +
(u

v

)∆0

+ u∆0 +
1

N
G(1)(u, v) +

1

N2
G(2)(u, v) + · · · . (10)
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These corrections may arise from two sources. First, the twist and OPE coefficients of
double-trace operators get corrected

τn,s = 2∆0 + 2n +
1

N
γ(1)n,s + · · · , (11)

an,s = a(0)n,s +
1

N
a(1)n,s + · · · . (12)

In addition, we will have new intermediate operators entering at order 1/N . We will use
symmetries to constrain both types of contributions.

From [16, 17] it follows that the full CFT data can be reconstructed from the double-
discontinuities, or enhanced singularities, of the correlator, up to a finite ambiguity which is
easily characterised. We will use this fact together with crossing symmetry to constrain the
spectrum of anomalous dimensions and OPE coefficients of these theories.

There are two equivalent methods to reconstruct the CFT data from the enhanced sin-
gularities as v → 0. The first is large spin perturbation theory (LSPT) [16]. The idea
is to consider specific sums (denoted as twist conformal blocks (TCBs)) with prescribed
enhanced-singularities. These sums are given by

H(m)
τ (u, v) ≡

∑

s=0,2,···

fτ,s(u, v)

J2m
, (13)

where the conformal spin is defined as J2 = 1
4
(2s + τ − 2)(2s + τ). In appendix A it

is shown how to compute the enhanced-singular part of H
(m)
τ (u, v) as a series expansion

around small u, v and for all τ and m. Given these functions, we can always express a given
enhanced-singularity as linear combinations of H

(m)
τ (u, v) and their ∂τ derivatives. This

allows the reconstruction of the CFT data as an expansion in inverse powers of the spin,
to all orders. By enhanced-singularity we mean a behaviour that becomes singular after
applying the Casimir operator a finite number of times; this includes terms like 1/v, log2 v
and v1/2. Equivalently, one can use the inversion formula in [17], which gives the CFT data
in terms of the double-discontinuity of the correlator. This can be seen as repackaging the
whole series above, in terms of integrals involving hypergeometric functions. Note that the
concepts of enhanced singularity and double-discontinuity are equivalent.

We will focus on two distinct types of problems. In one problem, crossing symmetry
maps an enhanced-singularity in both channels, for small u, v, to a contribution of the same
type. In the second kind of problems, given a specific enhanced-singularity in one channel,
we need to recover the CFT data corresponding to it. Let us start with a problem of the
first type.

2.2 OPE coefficients of single-trace operators

As a simple application of LSPT, let us consider the following problem. To leading order
in 1/N the intermediate operators of the correlator (5) are double-trace operators of even
twist. To order 1/N single-trace operators Js also arise with a specific OPE coefficient. We

7



would like to fix this OPE coefficient from crossing symmetry. In our derivation it will be
important that no other operators of odd-twist appear at this order. The currents Js appear
at order 1/N with their classical twist, so that their contribution to the correlator is given
by3

G(1)(u, v)
∣

∣

st
=

∑

s=2,4,···
ast,(0)s fτ=1,s(u, v) . (14)

Next, we assume that the OPE coefficients squared a
st,(0)
s admit an expansion

ast,(0)s =
1

N

∑

m

αm

J2m
. (15)

The contribution from single-trace operators can then be written as a linear combination of
the twist conformal blocks introduced above, with τ = 1:

G(1)(u, v)
∣

∣

st
=
∑

m

αmH
(m)
1 (u, v) . (16)

Now comes an important point: the twist of the conserved currents is one. Furthermore,
the structure of H

(m)
1 (u, v) is such that, for integer m, it has enhanced singularities that

are given by an expansion around small u, v involving half-integer powers of u and v.4 If
no other operators of odd twist appear to this order, and for integer classical ∆0, then this
contribution should be crossing-symmetric by itself, since crossing does not mix terms with
half-integer powers of both u and v with terms involving integer powers. More precisely,

v∆0 G(1)(u, v)
∣

∣

st,enh−sing
= u∆0 G(1)(v, u)

∣

∣

st,enh−sing
, (17)

where at leading order ∆0 takes its classical value, which is always integer for the theories
under consideration. The small u, v behaviour of the TCB

H
(m)
1 (u, v) ∼ u1/2vm−1/2 (18)

implies that the sum over m must run over m = −∆0 + 1,−∆0 + 2, · · · . We then propose

G(1)(u, v)
∣

∣

st
= κH

(−∆0+1)
1 (u, v) +

∑

m=1

αmH
(−∆0+1+m)
1 (u, v) . (19)

Quite remarkably, it is possible to satisfy crossing symmetry, as a series expansion in small
u, v, for a specific choice of the appropriate coefficients αm. For instance, to leading order
we find

ast,(0)s =
κ

N
J2∆0−2(1− 1

12
(∆0 − 1)

(

4∆2
0 − 14∆0 + 9

) 1

J2
+ · · · ) . (20)

3We will discuss separately the contribution from the spin-0 single-trace operator, which may also have
twist one.

4Recall that enhanced singularities can come from negative powers of v, non-integer positive powers, or
terms of the form logn(v) with n ≥ 2. A more detailed analysis below shows that actually m in (15) has to
be integer for integer ∆0.
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For any positive integer ∆0 the series (15) truncates, and our result for the OPE coefficients
is a polynomial in J2. For general ∆0 the series can be resummed into

ast,(0)s =
1

N
κ
sΓ (s+∆0 − 1)

Γ (s−∆0 + 2)
. (21)

Note that the overall constant κ can be fixed by the known OPE coefficient for the single-
trace operator of spin two, which corresponds to the stress tensor. In our derivation we have
assumed that odd powers of 1/J are not present in the large J expansion of a

st,(0)
s . This is

actually a consequence of crossing symmetry and the structure of enhanced singularities. An
odd power of 1/J would generate an enhanced singularity proportional to log2 v, but under
crossing this maps to a piece proportional to log2 u, which cannot be matched with anything
at this order in 1/N (recall that when we expand in the anomalous dimension as in (11), the
terms of n’th order in the anomalous dimension come with logn(u), and start appearing at
order N−n).

Two important comments regarding (21) are in order. First, this result has been obtained
as a resummation around large spin. In principle, it can receive corrections for finite spin.
We will return to this momentarily. Second, note that, in the same spirit as in [8,33], we have
proven that symmetries are enough to fix 〈J0J0Js〉, but using only mildly the approximate
higher-spin symmetry. However, our analysis does not fix ∆0; it is valid for all values of the
dimension of some single-trace scalar operator. We know independently that approximate
higher-spin symmetry can only arise for ∆0 = 1 +O(1/N) or ∆0 = 2 +O(1/N) [8, 33].

Having computed the CFT data as above, one can compute the full contribution from
single-trace operators, not only its enhanced-singular part. For the two cases of interest we
find

G(1)(u, v)
∣

∣

st
= κ

π2

4

(√
u+

√

u

v

)

, ∆0 = 1 + · · · , (22)

G(1)(u, v)
∣

∣

st
= κ

π2

16

(

u3/2
(

− 1

v3/2
− 1

)

+
√
u

(

1

v3/2
+ v − 1√

v
− 1

))

, ∆0 = 2 + · · · ,

where κ is not fixed by crossing alone, but can be fixed from the known contribution of
the stress-energy tensor to the OPE.5 Note that through crossing the single-trace operators
in the dual channel will contribute to corrections to the OPE coefficients of double-trace
operators. These corrections can be computed as above, allowing for a full reconstruction
of the four-point correlator, modulo truncated solutions. Furthermore, note that there is no
contribution proportional to log u in (22), so that ‘on average’ double-trace operators do not
acquire an anomalous dimension. This conclusion is only true if (21) is extended properly

to spin zero. For ∆0 = 2 we find that the OPE coefficient a
st,(0)
0 = 0, while for ∆0 = 1 this

requires a
st,(0)
0 = κ/2N (which is half of the analytically continued value from (21)). In the

next example we will consider a situation in which the OPE coefficient for the intermediate
operator J0 differs from the one implied by (22), so that double-trace operators do acquire
an anomalous dimension to order 1/N and (22) is modified. As a final comment, note that

5In particular, κ/N = 16
π2cT

, where cT = Ñ = 2N sin(πλ)
πλ

in both theories.
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our procedure not only allows us to reconstruct the entire correlator, but also gives more
directly the CFT data for intermediate operators.

2.3 Spectrum of double-trace operators to order 1/N

As already mentioned, as we take into account 1/N corrections, the twist and OPE coeffi-
cients of double-trace operators acquire corrections:

τn,s = 2∆0 + 2n +
1

N
γ(1)n,s + · · · , (23)

an,s = a(0)n,s +
1

N
a(1)n,s + · · · . (24)

In what follows we will compute the CFT-data at order 1/N , to all orders in inverse powers of
the spin, from the enhanced-singularities, or double discontinuities, of the correlator. In order
to see how this works let us consider the conformal block decomposition of the double-trace
operators [J0J0]n,s contributing to the correlator

G(u, v) =
∑

n,s

a(0)n,sfτ (0)n ,s
(u, v) +

1

N

(

a(1)n,sfτ (0)n ,s
(u, v) + a(0)n,sγ

(1)
n,s∂τfτ (0)n ,s

(u, v)
)

+ · · · , (25)

where τ
(0)
n = 2∆0 + 2n. We will now assume that the CFT data can be expanded in inverse

powers of J2. This implies that (25) can be rewritten as

G(u, v) =
∑

m,n

(

u(0)m,n + u(1)m,n∂τ +
1

2
u(2)m,n∂

2
τ + · · ·

)

H
(m)

τ
(0)
n

(u, v) , (26)

where u
(p)
m,n are the coefficients in the large J expansions of a function

U
(p)

n,h̄
=
∑

m

u
(p)
m,n

J2m
, (27)

with h̄ = s + τ/2 (or J2 = h̄(h̄ − 1)). The CFT-data can then be written in terms of the

functions U
(p)

n,h̄
as

an,s = U
(0)

n,h̄
+

1

2
∂h̄U

(1)

n,h̄
+ · · · , an,sγn,s = U

(1)

n,h̄
+

1

2
∂h̄U

(2)

n,h̄
+ · · · , (28)

or more generally

an,s(γn,s)
p = U

(p)

n,h̄
+

1

2
∂h̄U

(p+1)

n,h̄
+

1

8
∂2h̄U

(p+2)

n,h̄
+ · · · , (29)

where γn,s = γ
(1)
n,s/N + γ

(2)
n,s/N2 + · · · . In a 1/N expansion, U

(p)

n,h̄
∼ N−p. We now show how

to reconstruct the functions U
(p)

n,h̄
from the double discontinuities (or enhanced singularities)

of the correlator.
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Let us start by analysing the problem at leading order in 1/N . The enhanced-singularity
arises from the identity operator in the dual channel. The equation (26) we need to solve is

∑

m,n

u(0)m,nH
(m)

τ
(0)
n

(u, v) =
u∆0

v∆0
, (30)

where on both sides of the equation only the enhanced singularities are kept. Having com-
puted the functions H

(m)

τ
(0)
n

(u, v) we can fix the coefficients u
(0)
m,n by expanding both sides for

small u, v and matching enhanced singularities. For instance, for n = 0 we obtain

U
(0)

0,h̄
=

4∆0(2h̄− 1)Γ
(

∆0 +
1
2

)

Γ(h̄+∆0 − 1)√
πΓ(∆0)3Γ(h̄−∆0 + 1)

. (31)

As already mentioned, the CFT data can be equivalently given by an inversion formula
[17]. This inversion formula is more simply written in terms of cross-ratios z, z̄ such that
zz̄ = u, (1 − z)(1 − z̄) = v, and in appendix B we describe how to use it in a perturbative
setting. For the case of the leading twist double-trace operator this is given by

U
(0)

0,h̄
=
rh̄
r τ

2

2h̄− 1

π2

∫ 1

0

dz̄

z̄2
kh̄(z̄) dDisc

[

(

z̄

1− z̄

)∆0
]

, (32)

where kh̄(z̄) = z̄h̄ 2F1(h̄, h̄, 2h̄; z̄), and the double discontinuity is given by

dDisc

[

(

z̄

1− z̄

)∆0
]

=

(

z̄

1− z̄

)∆0

2 sin2(π∆0) . (33)

Using the integral representation of the hypergeometric function and performing the inte-
grals, we obtain U

(0)

0,h̄
, which exactly agrees with what we have obtained before. For later

convenience, we quote the result for ∆0 = 1,

U
(0)

0,h̄
= 2(2h̄− 1) . (34)

This gives a
(0)
0,s = 2(2s+ 1). However, note that in general ∆0 receives corrections in powers

of 1/N (independently of the corrections γn,s to the double-trace anomalous dimensions).

2.3.1 Scalar exchange

As we have seen in section 2.2, an infinite exchange of single-trace operators with specific
OPE coefficients does not generate an (average) anomalous dimension for the double-trace
operators. Let us now consider how this is modified when we change the OPE coefficient of
the scalar single-trace operator J0. Crossing symmetry (6) implies the following structure of
enhanced singularities up to order 1/N ,

G(u, v) = u∆0

v∆0
+

1

N
a0

(u

v

)∆0

f∆0,0(v, u) + · · · (35)
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(other channels do not have enhanced singularities at this order). Note that each term
in (35) itself will contain a non trivial N−dependence, through the 1/N expansion of ∆0

and of a0 (which is related to 〈J0J0J0〉2), but it is convenient to split the N dependence in
this way. The first term (from the identity operator) was taken into account in the previous
section. The conformal block for a scalar operator (of any dimension) in a general space-time
dimension was given in [34], and in our conventions is equal to

f∆,0(u, v) = r2∆
2
u∆/2

∑

m,n=0

(∆/2)2m(∆/2)
2
m+n

m!n!(∆ + 1− d/2)m(∆)2m+1
um(1− v)n . (36)

As above in (30),(31), we can compute the contribution from the J0 operator in the dual

channel to the functions U
(0)

0,h̄
and U

(1)

0,h̄
. This computation is hard for general ∆0 but can

be done for every integer ∆0. We will report here the results for the relevant cases of
∆0 = 1 +O(1/N) and ∆0 = 2 +O(1/N).

CS-scalar theory

For ∆0 = 1 +O(1/N) we obtain from (35) and (36)

G(u, v)|enh−sing =
u∆0

v∆0
− 1

N
a0π

(

log u− 4 log 2− log(1− v)
√

v(1− v)
u+ · · ·

)

+ · · · , (37)

where in the second term we have assumed ∆0 = 1, since the OPE coefficient is already of
order 1/N . Terms with higher powers of u in the parentheses are not shown, as they are very
cumbersome. The explicit value of a0 in terms of λ and λ6 can be extracted from 〈J0J0J0〉,
which was calculated in [10]. In our conventions it is given by

a0
N

=
8

Ñπ2

(

(1 + λ̃2 + a3)
2

(1 + λ̃2)3
− 1

)

, a3 ≡
1

4
λ̃2(1 + λ̃2)

(

3− λ6
8π2λ2

)

, (38)

where Ñ ≡ 2N sin(πλ)
πλ

and λ̃ ≡ tan(πλ
2
).6

Surprisingly, the anomalous dimension as well as the correction to the OPE coefficients
vanish for all double-trace operators with n > 0. The corrections for the leading twist double-
trace operators can again be computed in two equivalent ways: expanding the CFT data in
powers of 1/J and using large spin perturbation theory to fix it order by order, or with the
help of the inversion formula. In appendix B we describe the precise inversion integrals to be
computed in general. For the present case, the hardest element of the computation involves
the integral

rh̄(2h̄− 1)

π2

∫ 1

0

dz̄

z̄2
kh̄(z̄) dDisc

[
√
z̄ log z̄√
1− z̄

]

=
8
(

1
2h̄−1

− ψ(0)(h̄) + ψ(0)
(

h̄− 1
2

)

)

π
, (39)

6The full contribution to the four-point function due to J0 exchange is afull0 = ast0 + a0, where ast0 = κ/2
is given by half the naive value in (21), and a0 in (38). The ast0 piece combines with contributions of the
other single-trace currents to reproduce the part of the four-point function proportional to the one of the
free theory.
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which can be explicitly confirmed by expanding
√
z̄ log z̄√
1−z̄

in powers of ζ = 1−z̄
z̄
. Each power of

ζ can be integrated by using the integral representation of the hypergeometric function, and
the resulting sum can be seen to have the same large h̄ expansion as the right-hand side.
Alternatively, one can also compute both sides to a high numerical precision, for finite values
of h̄.

With this result at hand, we can compute the relevant CFT data. For U
(0)

0,h̄
at order 1/N ,

the contribution due to exchange of J0 is found to be

U
(0)

0,h̄
=

8a0
N

(

1

2h̄− 1
−Ψ(h̄)− 1

)

, (40)

where we have introduced

Ψ(h̄) = ψ(0)(h̄)− ψ(0)

(

h̄− 1

2

)

− log(4) . (41)

The function Ψ(h̄) will also appear in the next section.7 For U
(1)

0,h̄
at order 1/N we obtain

U
(1)

0,h̄
= −8a0

N
. (42)

At order 1/N we also find U
(0)

n,h̄
= U

(1)

n,h̄
= 0 for n > 0. As above, this implies that only the

leading twist (n = 0) double-trace operators acquire anomalous dimensions and corrections

to their OPE coefficients due to the exchange. Moreover, because we found that U
(1)

0,h̄
is

independent of h̄ at order 1/N , the corrections to the OPE coefficients at this order are fully

captured by U
(0)

0,h̄
:

a
(1)
0,s = U

(0)

0,h̄=s+1
=

8a0
N

(

1

2s+ 1
+ ψ(0)

(

s+
1

2

)

− ψ(0)(s+ 1) + log(4)− 1

)

, (43)

where we have used that h̄ = s+ 1 at leading order in 1/N .

From the expression for U
(1)

0,h̄
to order 1/N and from U

(0)

0,h̄
to leading order, we can compute

the anomalous dimensions for double-trace operators to leading order due to the exchange.
We obtain

γ
(1)
0,s = − 4a0

2s + 1
. (44)

The result (44) already appears in [35] (with a0 in (38) evaluated at a3 = 0), though here

we saw that in addition γ
(1)
n>0,s = 0. Alternatively, the same result for γ

(1)
0,s can be obtained

by decomposing in conformal blocks the four-point function given explicitly in terms of D̄-
functions in [7]. Moreover, from that decomposition it is also possible to verify that γ

(1)
n>0,s

vanishes.

7We emphasize that U
(0)

0,h̄
also receives other 1/N corrections due to the (unknown) anomalous dimension

(∆0 − 1) of J0 (see, e.g., (31)). The above computations only capture the contributions to anomalous
dimensions and OPE coefficients that are proportional to a0, which arise due to the exchange of J0 in the
OPE.
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General case

Exactly the same steps can be repeated for other cases of integer ∆0. In this case U
(0)

n,h̄
and

U
(1)

n,h̄
do receive contributions also for n > 0. We quote the results for ∆0 = 2, n = 0 and to

leading order in 1/N :

U
(0)

0,h̄
= −20a0

N
(2h̄− 1) , (45)

U
(1)

0,h̄
= −24a0

N
(2h̄− 1) . (46)

From the result (31) for U
(0)

n,h̄
to zeroth order we can then compute the anomalous dimension

due to the exchange of J0. We obtain

γ
(1)
0,s = − 2a0

h̄(h̄+ 1)
= − 2a0

(s + 1)(s+ 2)
. (47)

As for the contributions due to single-trace operators, it is again possible to resum the
CFT-data in order to reconstruct the whole correlator. In addition one will always have the
freedom to add solutions consistent with crossing which do not produce enhanced singularities
in either channel. These correspond to solutions where only operators up to a finite spin
L receive corrections, and can be easily constructed following the algorithm in [12]. From
the point of view of crossing symmetry there is no clear way to constraint L. On the other
hand, consistency with the Regge limit forbids all solutions with L > 2, see [17] and a related
discussion in [7].

3 Constraints on the spectrum to order 1/N2

In this section we work out the consequences of crossing symmetry for the spectrum of
double-trace operators to order 1/N2. The standard lore is that the CFT data for single-
trace operators should fix completely the form of the correlator (up to low-spin truncated
solutions). However, this CFT data may need to include information from more general
single-trace correlators. In this section we will study the constraints that come just from
the specific correlator 〈J0J0J0J0〉. We will start by drawing general conclusions for the CS-
matter theories. Later we will focus on the scalar case, with λ = 0, for which we can obtain
sharper results.

3.1 CS-matter theories

Let us start by considering the case in which the CS coupling constant λ is different from
zero. In this case single-trace operators acquire an anomalous dimension of order 1/N . This
has been computed in [32]. For even spin s the result at order 1/N takes the form

γst,(1)s = α(λ)αs + β(λ)βs , (48)
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with

α(λ) =
πλ

4
tan

(

πλ

2

)

, β(λ) =
πλ

8
sin(πλ) , (49)

and

αs =
16(s− 2)

3π2(2s− 1)
, (50)

βs =
2

π2

s
∑

n=1

1

n− 1
2

+

(

2

3π2

) −38s4 + 24s3 + 34s2 − 24s− 32

(s2 − 1) (4s2 − 1)
. (51)

The result is the same for both Chern-Simons-matter theories. In addition, the OPE coeffi-
cients of single-trace operators are also expected to acquire corrections. In the present paper
we will not attempt to rederive the above results. Rather, we will limit ourselves to studying
their consequences for the spectrum and OPE coefficients of higher twist operators. The
anomalous dimension (48) admits a large J expansion, with even and odd powers of 1/J and
also a logarithmic term at leading order:

γst,(1)s =
β(λ)

π2
log J2 + ρ+ 4

β(λ)− α(λ)

π2

1

J
+ · · · , (52)

where ρ is some calculable constant and J2 = s2 − 1/4. A similar behaviour is true for

a
st,(0)
s γ

st,(1)
s . We assume that the correction a

st,(1)
s to the OPE coefficients admits a similar

expansion. Hence, it follows from the conformal partial wave decomposition, that the con-
tribution to order 1/N2 arising from the single-trace operators can be written in terms of
twist conformal blocks. For the CS-Scalar theory (52) gives

G(2)(u, v)
∣

∣

st
=
β(λ)

π2
κ∂τH

(0,log J2)
1 (u, v) + κρ∂τH

(0)
1 (u, v) + 4κ

β(λ)− α(λ)

π2
∂τH

(1/2)
1 (u, v) + · · · ,(53)

together with terms without the τ -derivative, arising from corrections to the OPE coeffi-

cients. We have introduced H
(0,log J2)
1 (u, v) = − ∂mH

(m)
1 (u, v)

∣

∣

∣

m=0
, which accounts for the

logarithmic terms. We are working here in a normalisation in which the contribution from
single-trace operators to leading order is

G(u, v)st = κ
π2

4

√

u

v
+ · · · , (54)

as in section 2.2. From the specific form (48) if follows that the large J expansion of γs
contains only even powers of 1/J at leading order in λ, while for generic λ, and starting at
order λ4, the expansion contains also odd powers. The consequences of both terms in the
crossing equations are quite distinct and can be analysed separately.

Even powers of 1/J produce enhanced singularities of the form

H
(m)
1 (u, v) ∼ un1+1/2vn2+1/2 (55)

for integers m,n1, n2. For integer classical ∆0, these enhanced singularities can only map to
themselves under crossing symmetry. Furthermore, the double-trace operators of approxi-
mate even twist cannot generate them. This implies the appearance of new operators with
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odd twist τ = 3, 5, · · · at order 1/N2. These new operators appear with their classical
twist, and crossing symmetry gives an infinite number of constraints on the OPE coefficients
with which they appear. More precisely, the OPE coefficients contain a logarithmic piece
in a large J expansion, which is completely fixed by crossing symmetry. Exactly the same
analysis and conclusions hold for the CS-Fermion theory. Actually, the logarithmic part of
the OPE coefficient for odd-twists operators admits universal expressions. For instance, for
τ = 3, 5 we obtain at order 1/N2

aτ=3
s = ast,(0)s

κ

π2

(

32α(λ) + 34β(λ) +
β(λ)

2J2

)

log J2 + · · · , (56)

aτ=5
s = ast,(0)s

κ(2∆0 − 1)2

9π2

(

256α(λ) + 2336β(λ)− 64(α(λ) + β(λ))

2J2

)

log J2 + · · · ,(57)

where a
st,(0)
s are the OPE coefficients for the single-trace operators at order 1/N , and ∆0 the

classical dimension of J0. These expressions are valid for both the CS-Scalar and CS-Fermion
theories, and for all values of λ. Note that they should be interpreted in an average sense,
since the double-trace operators with twist three and higher can be degenerate. Similar
results are obtained for operators of other odd twists. Furthermore, crossing symmetry also
constrains the corrections to the OPE coefficients of the single-trace operators with τ = 1,
and fixes the logarithmic part, as before. The expression is somewhat complicated, but it
depends on γ

(1)
s=0, α(λ) and β(λ). Let us mention that in the limit in which the anomalous

dimension disappears, crossing symmetry is consistent with the fact that the corrections to
the single-trace OPE coefficients also vanish.

Let us analyse now the presence of odd powers of 1/J . Those first arise at order λ4

in a perturbative expansion. This has important consequences. The enhanced singularity
from single-trace operators, due to odd powers of 1/J in their anomalous dimension, will

be proportional to ∂τH
(m=1/2)
τ=1 (u, v), ∂τH

(m=3/2)
τ=1 (u, v), etc. For half-integer m, H

(m)
τ (u, v)

contains terms proportional to log2 v. Hence, via crossing symmetry, the presence of odd
powers of 1/J in the anomalous dimensions of single-trace operators (and in particular the
presence of 1/J) implies the following terms in the correlator to order 1/N2:

G(2)(u, v) ∼ log2(u)un
log v

v1/2
. (58)

This contribution can only arise from the square of the anomalous dimensions of double-trace
operators with even twist. Also, note that the v dependence implies an enhanced singularity
as v → 0, which can only arise if double-trace operators with arbitrarily large spin acquire an
anomalous dimension. This may seem puzzling in situations where double-trace operators
do not acquire an anomalous dimension to order 1/N (the CS-Fermion theory, and the CS-
Scalar theory for a specific value of λ6). The resolution to this puzzle is that double-trace
operators are generally degenerate, and there is necessarily more than one species for given
quantum numbers. In average, the anomalous dimensions of all operators with the same
spin and classical twist may cancel out to leading order (since they don’t need to have the
same sign), but at the next order, the average of their squares will not vanish. Note that
this effect starts at order λ4, consistent with an anomalous dimension of order λ2.
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3.2 Scalar φ6 theory

Let us now focus on the model (1) with λ = 0 and λ6 6= 0. For λ6 = 0 the correlation
function is that of the free scalar theory, in which G(2)(u, v) and all higher orders vanish,
but this is no longer true for finite λ6. In this theory, because of parity, we do not expect
new operators of odd twist to appear at order 1/N2, which vastly simplifies the problem.
Let us start by discussing the single-trace operators. For λ = 0 the single-trace operators
do not acquire an anomalous dimension to order 1/N . In addition, as discussed in section
2.2, crossing symmetry is consistent with the fact that their OPE coefficients do not get
corrected to order 1/N . More precisely, assume that the corrections to the OPE coefficients
admit an expansion in powers of 1/J (with possible logarithmic terms). The even powers are
fully constrained by crossing symmetry, and in the absence of anomalous dimensions they
can only be proportional to the leading order answer, which we already computed. Note
that such a contribution, even if present, would not produce an anomalous dimension for
double-trace operators, since it is there already in the free theory. Odd powers of 1/J are
less constrained by crossing symmetry, as their contribution maps to double-trace operators.
As we will see below, the leading 1/J power is again forbidden. It is then reasonable to
assume (although we are not proving it) that indeed the correction to the single-trace OPE
coefficients vanishes. Note that this is far from obvious from the field theory point of view.
Note furthermore that we can interpret our result for 〈J0J0Js〉 as a consequence of the higher
spin symmetry. If the tower of conserved currents breaks at order 1/N2 rather than order
1/N , which is the case for λ = 0 where the non-conservation of the currents is proportional
to a triple-trace operator, then we expect the corrections to the OPE coefficients to be of
the same order, with respect to the leading result.

Let us assume that this is the case and compute the double-discontinuity of the correlator
to order 1/N2. As computed in the previous section for the case ∆0 = 1 + · · · , and in the
absence of truncated solutions, the anomalous dimension is non-vanishing only for the leading
twist double-trace operators, of approximate twist two. The double discontinuity would then
arise, via crossing, from the coefficient of log2 u in the 4-point function, which is

G(2)(u, v)
∣

∣

log2 u
=
∑

s

a
(0)
0,s

(γ
(1)
0,s )

2

8
fτ=2,s(u, v) . (59)

For each value of the spin one should sum here over all the degenerate operators with approx-
imate twist two. In order to compute the sum above, one would thus need to solve a compli-
cated mixing problem, which requires the knowledge of general correlators 〈Js1Js2Js3Js4〉 to
order 1/N . However, for large λ6 we are able to argue (see appendix C) that in the present
case, with λ = 0, the operators [J0J0]n,s that acquire an anomalous dimension are non-
degenerate (at leading order in 1/λ6), and hence the square of their anomalous dimension
appearing in (59) can be easily computed from (44) at this order, and is simply

(γ
(1)
0,s )

2 = 16
a20

(2s+ 1)2
+O(λ36) . (60)

This still leads to a very complicated sum in (59), but in appendix D we show how to
deal with it. We will be interested in computing the terms of the sum that, after crossing
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symmetry, contribute to the anomalous dimension of the leading twist double-trace operators.
In particular we are interested in the small v limit of the above sum. It is convenient to
express the result in terms of the cross-ratios z, z̄. In the limit of interest we find:

G(2)(z, z̄)
∣

∣

log2 z
= h0(z) log

2(1− z̄) + h1(z) log(1− z̄) + · · · . (61)

The expression for h0(z) and h1(z) will suffice to compute the anomalous dimension of the
leading twist double-trace operators for large λ6 to order 1/N

2; in all the equations below the
prefactor a20 is correct at leading order for large λ6 (order λ46) but not at lower orders where
mixing affects the result. By using the strategy outlined in appendix D we can compute
h0(z), h1(z) as a series expansion in powers of z, to any desired order. With enough effort
we can actually resum the series and obtain

h0(z) = 4a20
zK(z)

8π
√
1− z

, (62)

h1(z) = 4a20

z

(

−4K
(

1
2
−

√
1−z
2

)2

+ πK(1− z)−K(z)
(

log
(

1−z
z

)

+ log(128)
)

)

8π
√
1− z

,

where K is the complete elliptic integral of the first kind. As explained in the previous
section, we can now compute the contribution of the resulting double-discontinuity, after
crossing, to the functions U

(2)

0,h̄
and U

(1)

0,h̄
. Let us start with U

(2)

0,h̄
. Following the formulae given

in appendix B we see that the relevant inversion integral is

rh̄(2h̄− 1)

π2

∫ 1

0

dz̄

z̄2
kh̄(z̄)

√
z̄K(1− z̄) =

2

π

1

2h̄− 1
(63)

(the simplest way to check this integral is as an expansion around large h̄, to any desired
order). This leads to

U
(2)

0,h̄
=

1

N2

32a20
2h̄− 1

, (64)

which exactly reproduces the precise value of a
(0)
0,s(γ

(1)
0,s )

2! The inversion integrals relevant to

the computation of U
(1)

0,h̄
are much harder, but they can be evaluated with some effort. We

obtain

r
h̄
(2h̄−1)

π2

∫ 1

0
dz̄
z̄2
kh̄(z̄)

√
z̄K2

(

1
2
−

√
z̄
2

)

=
Γ2( h̄

2 )
4Γ2( h̄

2
+ 1

2)
, (65)

r
h̄
(2h̄−1)

π2

∫ 1

0
dz̄
z̄2
kh̄(z̄)

√
z̄
(

πK(z̄) +K(1− z̄)
(

log
(

1−z̄
z̄

)

− 12 log 2
))

= 8(2h̄−1)Ψ(h̄)−1

π(2h̄−1)2
, (66)

where Ψ(h̄) was defined in (41). Again, these integrals can be checked in a large J2 = h̄(h̄−1)
expansion to any desired order, and also numerically with high precision. With these results
at hand we can readily compute the contribution at order 1/N2 to U

(1)

0,h̄
. We obtain

U
(1)

0,h̄
=

4a20
N2






8
(2h̄− 1)Ψ(h̄) + (2h̄− 2)

(2h̄− 1)2
−
πΓ
(

h̄
2

)2

Γ
(

h̄+1
2

)2






. (67)
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We are now ready to assemble all the results to obtain the anomalous dimensions of the
double-trace operators, of twist 2, to order 1/N2. The full result to this order (and at large
λ6) reads

γ
(2)
0,s = −4a0

N

1

2h̄− 1
+

2a20
N2







8

(2h̄− 1)3
−

πΓ
(

h̄
2

)2

(2h̄− 1)Γ
(

h̄+1
2

)2






+ · · · . (68)

This result looks even nicer simply in terms of the spin s. Recalling h̄ = s+1− 2a0
N

1
2s+1

+ · · ·
we obtain

γ0,s = −4a0
N

1

2s+ 1
− 2a20
N2

πΓ
(

s+1
2

)2

(2s+ 1)Γ
(

s+2
2

)2 + · · · , (69)

where for the Scalar theory a0 =
λ6(λ6−256)

212
+O(1/N).
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A Twist conformal blocks

In this appendix we consider the sums over conformal blocks

Hτ (u, v) ≡
∑

s=0,2,···
fτ,s(u, v) . (70)

We find it convenient to use conventions in which

fτ,s(u, v) = r τ

2
+sr τ

2
f̃τ,s(u, v), rh =

Γ(h)2

Γ(2h)
, (71)

19



where f̃τ,s(u, v) has the usual normalisation, namely f̃τ,s(u, v) → uτ/2 as u → 0 and v → 1.
We also consider their generalisations

H(m)
τ (u, v) ≡

∑

s=0,2,···

fτ,s(u, v)

J2m
, (72)

where the conformal spin is defined as J2 = (s + τ/2)(s + τ/2 − 1). In this appendix we
will only focus in their enhanced-singular part, which has a double-discontinuity, and all
equalities are to be understood up to regular terms (i.e. terms which do not lead to a
double-discontinuity). These sums satisfy several properties which we now list, and which
allow the computation of their enhanced-singular part. Let us start with Hτ (u, v). Its small
u behaviour can be computed from the explicit form of collinear-conformal blocks, which are
independent of the number of dimensions. We obtain

Hτ (u, v) = u
τ

2
πΓ
(

τ
2

)2
(1− v)

1
2
− τ

2

4
√
vΓ(τ)

+ · · · . (73)

Note that this enhanced-singular contribution admits an expansion in half-integer powers of
v. This is true for higher powers of u as well. Hence, Hτ (u, v) admits an expansion of the
form

Hτ (u, v) = u
τ

2
πΓ
(

τ
2

)2
(1− v)

1
2
− τ

2

4
√
vΓ(τ)

(

1 +

∞
∑

p=1,q=0

ap,qu
pvq

)

. (74)

Second, the function Hτ (u, v) is the eigenfunction of a quartic operator constructed in [16]:

HτHτ (u, v) = λτHτ (u, v), (75)

where
Hτ = D4 −D2

2 + (d2 − d(2τ + 3) + τ 2 + 2τ + 2)D2 . (76)

Here D4,D2 are standard quartic and quadratic Casimirs, see for instance [36], and are given
(in the variables z,z̄ defined by u = zz̄, v = (1− z)(1− z̄)) by

D2 = D + D̄ + (d− 2)
zz̄

z − z̄
((1− z)∂ − (1− z̄)∂̄) , (77)

D4 =

(

zz̄

z − z̄

)d−2

(D − D̄)

(

zz̄

z − z̄

)2−d

(D − D̄) , (78)

with D = (1− z)z2∂2 − z2∂, and ∂ = ∂/∂z. The eigenvalue is

λτ =
1

4
τ(τ + 2− 2d)(τ − d)(τ + 2− d) . (79)

Plugging (74) into (75) we can solve for the coefficients ap,q to any desired order. Let us now

turn to the functions H
(m)
τ (u, v). For m = 0 they reduce to Hτ (u, v). Furthermore, they are

related by the recurrence relation

CτH(m+1)
τ (u, v) = H(m)

τ (u, v) , (80)
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where the Casimir operator Cτ is given by

Cτ = D2 +
1

4
τ(2d− τ − 2) . (81)

The form of Hτ (u, v) suggests the following expansion

H(m)
τ (u, v) =

vm− 1
2Γ
(

1
2
−m

)2
Γ
(

τ
2

)2
uτ/2(1− v)

1
2
− τ

2

4Γ(τ)

∑

p,q=0

a(m)
p,q u

pvq . (82)

Plugging this expansion into the recursion relation (80) and using the m = 0 case as an

initial condition, one can recursively find all coefficients a
(m)
p,q . Note that this expression is

analytic in m and valid for general τ .

B Inversion formula

In this appendix we review the basics of the inversion formula derived in [17], and its reduction
to the case of leading twist operators in a perturbative expansion. It is convenient to work
in terms of cross-ratios (z, z̄) such that u = zz̄ and v = (1− z)(1 − z̄). We start by writing
down the inversion formula for the case of identical operators:

c(s,∆) =
2h̄− 1

π2

rh̄
rh

∫ 1

0

dz

z2
dz̄

z̄2

∣

∣

∣

∣

z − z̄

zz̄

∣

∣

∣

∣

d−2

f−2+2d+s−∆,1−d+∆(z, z̄) dDisc [G(z, z̄)] , (83)

where in this appendix fτ,s(z, z̄) are the usual conformal blocks with the standard normali-
sation, and we have introduced variables h = ∆−s

2
, h̄ = ∆+s

2
. The idea is that the function

c(s,∆) has poles in the ∆−plane, located at the spectrum of the intermediate operators,
and the residue at these poles corresponds to the corresponding OPE coefficient squared

c(s,∆) ∼ a∆∗

∆−∆∗ . (84)

We will be interested in using the inversion formula for the case of leading twist double-
trace operators. In a perturbative setting they have twist 2∆0 + γs. Their contribution can
be singled out by considering the small z limit in the integrand above. In this limit the
conformal block reduces to its collinear part

f−2+2d+s−∆,1−d+∆(z, z̄) = z
−2+2d+s−∆

2 k s+∆
2
(z̄) + · · · , (85)

and the correlator has an expansion of the form

G(z, z̄) = z∆0
(

h0(z̄) + log(z)h1(z̄) + log2(z)h2(z̄) + · · ·
)

. (86)
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Plugging these two expansions into the inversion formula and performing the integrals over
z we obtain

c(s,∆) = − 1

h−∆0

2h̄− 1

π2

rh̄
rh

∫ 1

0

dz̄

z̄2
kh̄(z̄) dDisc [h0(z̄)]

− 1

(h−∆0)2
2h̄− 1

π2

rh̄
rh

∫ 1

0

dz̄

z̄2
kh̄(z̄) dDisc [h1(z̄)] (87)

− 2

(h−∆0)3
2h̄− 1

π2

rh̄
rh

∫ 1

0

dz̄

z̄2
kh̄(z̄) dDisc [h2(z̄)] + · · · .

The appearance of higher order poles in a perturbative setting exactly agrees with our ex-
pectations. Indeed

c(s,∆) ∼ as
∆− (2∆0 + s+ γs)

=
as

∆− (2∆0 + s)
+

asγs
(∆− (2∆0 + s))2

+ · · · . (88)

Since the integrand over z̄ in the inversion formula depends on (∆, s) only through h̄, it is
convenient to expand c(s,∆) around its poles keeping h̄ fixed. More precisely, expanding
c(s,∆) around the pole at h for fixed h̄, we obtain

c(s,∆) = −
U

(0)

0,h̄

h−∆0
−

U
(1)

0,h̄

2(h−∆0)2
−

U
(2)

0,h̄

4(h−∆0)3
+ · · · . (89)

Comparing this expansion to (87) we obtain integral expressions for U
(0)

0,h̄
, U

(1)

0,h̄
, · · · in terms

of the double-discontinuities of the correlator.

C No mixing in φ6 theory at large λ6

In this appendix we discuss the mixing of double-trace operators in the φ6 theory at large
N . At leading order in 1/N the four-point correlator 〈J0J0J0J0〉 is simply that of generalized
free fields. Then, at order 1/N , we have the exchange of J0, which (as discussed in the main
text) produces an anomalous dimension for the double-trace operators of twist 2 (only!),
proportional to

γ
(1)
0,s ∼ 1

2s+ 1
. (90)

In general this is an average anomalous dimension over all operators that mix with [J0J0]0,s,
and we would like to understand which operators contribute.

The double-trace operators of twist two take the general form

[Js1Js2]ℓ ∼ Js1∂
ℓJs2 , (91)

where the derivatives act in both directions (so as to produce a primary operator), and no
indices are contracted (because we are looking at twist two operators, of spin s1 + s2 + ℓ).
For an even spin s, the operators we consider are

[J0J0]s, [J0J2]s−2, · · · , [J0Js]0, · · · (92)
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where the dots at the end denote operators of the form [Js1Js2 ]ℓ with both s1, s2 > 0. In
the large N limit these operators are orthogonal to each other, since the currents themselves
are. We further assume a normalization where they are orthonormal. The eigenfunctions of
the scaling operator are linear combinations of those operators, with anomalous dimension
γi and of the general form

Σi = ai1[J0J0]s + ai2[J0J2]s−2 + · · · , (93)

with 〈ΣiΣj〉 = δij . The coefficients aij are the elements of an orthogonal matrix O, with
OOT = 1, and they generically start at order one in the large N limit.

Next, we consider four-point functions of the form 〈Js1Js2Js3Js4〉, at order 1/N (which is
the leading connected contribution). By looking at the OPE channel where Js1 approaches
Js2, and looking at the logarithmic term in the contribution of operators of twist 2 and spin
s, we can read off the following combination of anomalous dimensions :

∑

i

〈Js1Js2Σi〉〈ΣiJs3Js4〉γi. (94)

In the large N limit the OPE coefficient 〈Js1Js2[Js5Js6]ℓ〉 involves only contractions of Js1
with Js5 and Js2 with Js6 (or the other way around). But this is proportional to δs1,s5δs2,s6
(since the derivative ∂ℓ consists in having a descendant of these currents). So the coefficients
of γi in (94) are products of the corresponding elements of aij .

Now we can use some specific results about the correlation functions in the φ6 theory.
At order 1/N the four-point function 〈J0J0J0J0〉 is the free theory result plus contributions
of order λ6 and of order λ26; more precisely the correction just comes from the J0 exchange
diagram, so it is proportional to 〈J0J0J0〉2 − 〈J0J0J0〉2free = (a + bλ6)

2 − a2 = 2abλ6 + b2λ26
for some constants a and b. On the other hand, the four-point functions 〈J0J0Js1Js2〉 (with
s1, s2 = 0, · · · ,∞ not both vanishing) are equal at this order to the free theory result plus
a contribution of order λ6, and all other four-point functions have no corrections. So if we
look at the contributions proportional to λ26 we have

∑

i ai1ai1γi non-zero, and all the other
∑

i aikaijγi vanish, or in other words OTΓO has only its (11) element non-vanishing, where
the matrix Γ is the (diagonal) matrix of anomalous dimensions in the Σi basis. So this means
that in our original basis, at this order, [J0J0]s is an eigenvector of the anomalous dimension
matrix with an eigenvalue proportional to λ26, and all other eigenvalues vanish at this order
in λ6. In particular there is no mixing of this operator with any others at this order, so
in the four-point correlator 〈J0J0J0J0〉 only a single eigenstate (with twist two and spin s)
propagates, and its anomalous dimension at order λ26 is exactly what we read off from this
correlation function at order 1/N .

We can also apply a similar logic to contributions of order λ6 (which don’t come from
〈J0J0J0〉2). However, now the [J0Js1 ]s−s1 (s1 = 0, 2, · · · , s) operators can mix with each other
and get anomalous dimensions at this order (though other operators still cannot mix with
them); such a mixing is exhibited in the explicit results for the 4-point functions 〈J0J0J0Js〉
in [37]. So there is generally still some non-zero mixing that we cannot resolve without
additional information. Thus, we can obtain in this theory exact results about the anomalous
dimension matrix at order λ26, but to go to order λ6 requires additional correlation functions.
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D Double discontinuity sums

In the body of the paper we are led to consider the sum (59) of 3d conformal blocks

S(u, v) =
∞
∑

s=0

a
(0)
0,s(γ

(1)
0,s )

2fτ=2,s(u, v). (95)

This is a generic problem that arises when computing the double-discontinuity due to a tower
of operators in the dual channel. In any number of dimensions, and d = 3 in particular,
conformal blocks admit a decomposition in terms of SL(2, R) conformal blocks,

fτ,s(z, z̄) =

∞
∑

n=0

zτ/2+n
n
∑

m=−n

c(n)m kτ/2+m+s(z̄), (96)

where in the usual normalisations c
(0)
0 = 1 and the rest of the coefficients can be found by

solving the Casimir equation order by order in z. At each order in z the generic sums we are
interested in take the form

S(z̄) =
∑

s=0,2,···
R(s)rτ/2+srτ/2kτ/2+n+s(z̄) (97)

for some integer n, where R(s) is some rational function of s. Similar sums were considered
in [38], but the sums we are interested in do not fall into that category. For the present paper,
we are interested in particular in τ = 2, but the technique we will apply will be useful in
more generality. We will rely on the fact that SL(2, R) conformal blocks are eigenfunctions
of the following Casimir operator:

D̄kβ(z̄) = β(β − 1)kβ(z̄), D̄ = z̄2∂z̄(1− z̄)∂z̄. (98)

Let us assume that we know how to compute the sum

h(z̄) ≡
∑

s=0,2,···
R(s)(4J2 + 1− 4k2)rτ/2+srτ/2kτ/2+n+s(z̄), (99)

where J2 = (τ/2 + n + s)(τ/2 + n + s − 1) and k is some constant. We then obtain the
following differential equation for S(z̄),

(4D̄ + 1− 4k2)S(z̄) = h(z̄). (100)

This equation can be solved by standard Green’s function techniques. The homogeneous
equation admits two linearly independent solutions

ψ0(z̄) ≡ z̄
1
2
(2k+1)

2F1

(

k +
1

2
, k +

1

2
; 2k + 1; z̄

)

, ψ1(z̄) ≡ z̄
1
2
−k

2F1

(

1

2
− k,

1

2
− k; 1; 1− z̄

)

.

(101)
The solution to (100) is then given by

S(z̄) =

√
π4−k−1Γ

(

k + 1
2

)

Γ(k + 1)

∫ z̄

0

dζ

ζ2
(ψ0(z̄)ψ1(ζ)− ψ0(ζ)ψ1(z̄))h(ζ), (102)
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where the constant of integration has been chosen to get the correct behaviour around z̄ = 0,
and for the applications of this paper h(ζ) is such that the above integral is convergent. In
general this is just a formal solution, as sometimes the resulting integrals are very hard to
perform.

Nevertheless, let us apply this idea to the specific sum (59) we need to compute, to
leading order in z, which takes the form

Ŝ(z̄) =
∑

s=0,2,···

r1+sr1
2s+ 1

ks+1(z̄). (103)

Instead, we consider the alternative sum

∑

s=0,2,···
r1+sr1(2s+ 1)ks+1(z̄) =

z̄(2− z̄)

4(1− z̄)
, (104)

as can be shown by using the integral representation for the hypergeometric function, sum-
ming over s, and then integrating. Our discussion above (for k = 0) implies that we can
write down the result for the sum Ŝ(z̄) as follows:

Ŝ(z̄) =

√
z̄

π

∫ z̄

0

dζ

ζ3/2
(K(z̄)K(1− ζ)−K(ζ)K(1− z̄))

ζ(2− ζ)

2(1− ζ)
, (105)

where K(z̄) is the complete elliptic integral of the first kind. It seems that we have not
gained much: we could have used a standard integral representation for the hypergeometric
function in (102), and, after summing over the spin, we would have obtained another integral
representation for Ŝ(z̄). The point is that the current representation (105) makes it much
easier to study Ŝ(z̄) around z̄ = 1. In order to do so, we start with the integrals

∫ z̄

0

dζ

ζ1/2
K(1− ζ)

(2− ζ)

2(1− ζ)
= −1

4
π log(1− z̄) +

1

4
π(π + 4 log 2)− 7π

16
(1− z̄) + · · · (106)

∫ z̄

0

dζ

ζ1/2
K(ζ)

(2− ζ)

2(1− ζ)
=

1

8
log(1− z̄)(log(1− z̄)− 8 log 2) + 2C +

π2

24
+ 2 log2 2 + · · ·

where C is the Catalan constant. This result can be obtained by studying the integrand
around s = 1, up to a constant term that can be fixed by evaluating the integrals at z̄ = 1,
after subtracting the divergent contribution. Having these results, we can now write down

Ŝ(z̄) =
1

16
log2(1− z̄)− 1

8
(π + 4 log 2) log(1− z̄)− C − π2

48
+ log2 2 +

1

2
π log 2 + · · · .(107)

Now we would like to discuss a simpler, although less rigorous, way to obtain these results.
Let us consider Ŝ(z̄) again, and assume we can expand each conformal block around z̄ = 1,
before performing the sum. Keeping only the first order we obtain

Ŝ(z̄) =
∑

s=0,2,···

(

−2H(s)

2s + 1
− log(1− z̄)

2s+ 1

)

, (108)
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where H(s) is the harmonic number. The sums over s are now divergent. This is a mani-
festation of the fact that Ŝ(z̄) should have an enhanced singularity, and it is not correct to
expand around z̄ = 1 before doing the sum. Nevertheless, let us regularise the above sums
by adding a factor e−sǫ. Performing the sums and expanding around ǫ = 0 we obtain

∑

s=0,2,···

e−sǫ

2s+ 1
=

1

8
(−2 log ǫ+ π + 4 log 2) + · · · , (109)

∑

s=0,2,···

H(s)

2s+ 1
e−sǫ =

log2 ǫ

8
+
C

2
+
π2

24
− 1

2
log2 2− 1

4
π log 2 + · · · . (110)

We see that the enhanced singularity as v → 0 arises as a divergence as ǫ→ 0. Furthermore,
we expect ǫ and v to be related as follows. The factor e−sǫ damps the sum for spins of order
sǫ ∼ 1. From the analysis of [39], it follows that the spin should be related to the cross ratio
as s ∼ 1/

√
v. This implies ǫ ∼

√
1− z̄. The overall coefficient, as well as higher order terms,

do not follow easily from the analysis of [39]. The precise relation appears to be

log ǫ =
1

2
log(1− z̄) + i

π

2
+ · · · . (111)

With this, the regularised sum exactly agrees with the correct result! This method allows the
corresponding sums to be evaluated to any desired order in z. It can be checked numerically,
with a very high precision, that the correct result (107) is reproduced.
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