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ON THE ¢-DERIVATIVE AND ¢-SERIES EXPANSIONS

ZHI-GUO LIU

ABSTRACT. Using a general g-series expansion, we derive some nontriv-
ial g-formulas involving many infinite products. A multitude of Hecke—
type series identities are derived. Some general formulas for sums of
any number of squares are given. A new representation for the gener-
ating function for sums of three triangular numbers is derived, which is
slightly different from that of Andrews, also implies the famous result
of Gauss where every integer is the sum of three triangular numbers.

1. INTRODUCTION

Throughout the paper, we use the standard ¢-notations. For 0 < ¢ < 1,
we define the g-shifted factorials as

n—1 o0
(@qo=1 (g =[]0 -0ad"), (65000 =[]~ ad");
k=0 k=0

and for convenience, we also adopt the following compact notation for the
multiple g-shifted factorial:

(ala A2, ...y Am; Q)n = (‘11; Q)n(a2§ Q)n-'-(am§ Q)na

where n is an integer or oo.
The basic hypergeometric series ,¢; is defined as

1,02, ...y Ay 2 (a1,a9, ..y Gr; Q) ( " n(n—l)/2>1+s_r .
r¥s 14,2 ) = —1 P
¢ <b17b27...,b5 1 > Z(q,bl,bg,...,bs;q)n (=1)"

For any function f(x), the g-derivative of f(x) with respect to z, is defined

Dyl f(a)) = LB = 1@2),

x

and we further define D) {f} = f, and forn > 1, D! {f} = Dy .{D}'{f}}.

Using some basic properties of the g-derivative, we [6] prove the following
g-expansion formula.

n=0

Date: May 15, 2018.
The author was supported in part by the National Science Foundation of China.
2010 Mathematics Subject Classifications : 05A30, 33D15, 11E25.
Keywords: ¢-Series; g-derivative; Hecke-type series; sums of squares.
1


http://arxiv.org/abs/1805.04618v1

2 ZHI-GUO LIU

Theorem 1.1. (Liu) If f(x) is an analytic function near x = 0, then, we
have

o — ad®)(aa/a: nam
flay = 3 Um0 QUG DT 1 4 () 02y, 03],

= (¢, a5 @)n
Using Theorem [[T], we [9] established the following theorem.

Theorem 1.2. (Liu) If f(z) is an analytic function near x = 0, then, under
suitable convergence conditions, we have

(g, aab/q; q)oo
(aa, ab; q)oo flaa)

flaghth).

3 Z (1 — aq®)(a, q/a;q)n(a/q)" Z": (" g™ q)rd"

(1 = a)(q, aa;q)n — (g, abq)k

Several interesting applications of this formula are discussed in [9].
particular, this formula leads to a new proof of the orthogonality relation
for the Askey-Wilson polynomials.

In this paper we continue to discuss the applications of Theorems
Many nontrivial g-formulae are derived. In particular, we prove the following
remarkable ¢-formula involving many infinite products.

Theorem 1.3. If max{|aal,|abl,|abi],|aact /q|,- - |abnl, |aacy /q|} < 1,
and m,l are two nonnegative integers, then, we have the q-formula

(a/q) 1 (agq, cab/q; q) H (aabj/q, aci; @)oo

(aa, ab; q) oo (aacj/q, abj; @)oo
— (1 —ag®)(a q/a; Qnla/q)" ¢ " aqt acy, 00, 4
Z : m+2¢m+1 34,4 .
— 1 — a)(q7 aa; Q)n ab,aby, -, aby,

Proof. 1t is easily seen that the following function is analytic near x = 0:

(bjxz/q;q)
H (0j7/q;q)0

C]x/q 7)o

Thus, we can replace f(x) by thls function in Theorem By a direct
computation, we immediately find that

f(aa) _ (aa)l H (aabj/Q;Q)oo7

e (aquk;Q)oo
f(aqk—i-l) — (aqk—i-l)l AV H9)00
i

Substituting these two equations into Theorem [[.2] and simplifying, we com-
plete the proof of Theorem [I.31 ]

When [ = 0, the above theorem reduces to the following ¢-identity.
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Theorem 1.4. If max{|aal,|abl,|abi],|aact/q|,- - |abnl, |aacy /q|} < 1,
then, we have
(g, ab/q; q) ﬁ (aabj/q, aci; )

(aa, ab; @)oo e (aacj/q, abj; q)oo
_ o (- ad®)(a,q/a3q)n(a/q)" ¢ gt a0, Al
_Z - m+2¢m+1 4,4 ) -

~  (-a)qaaqn ab, aby, -, abp

When a = 0, Theorem [[.4] immediately becomes the following interesting
formula.

Theorem 1.5. Ifmax{]ab[, laby|, -« - |aby|} < 1, then, we have

(aq; q (acjsq
(ab; @)oo H abj,
1 - Oéq asq )n( 1)nqn(n_1)/2 q_na aqn7 QcCy, - ,0Cy
= Z mt2Pm i1 14,4 ) -
1—a)(q,q) ab,aby, -+, aby,

Settingb=0; =---=b, =0and ¢ =cy = -+ = ¢, = 0, respectively,
in Theorem [L5] we obtain the following two theorems

Theorem 1.6. We have the g-summation formula

m 00 — 2n o _1\nn(n—1)/2
(aq;q)mH(acj;q)w:Z(l ¢*") (@ @)n(-1)"q
j=1

vt (1 —a)(ga)n
q " aq™ acy, -, ac
><m+2¢m+1< ’ 06”_’ O’ m;q7Q>-

Theorem 1.7. If max{|abl|, |abi],- - |aby|} < 1, then, we have

(@4 ¢)oo _ f: (1 - ag®™)(a5 q)n (1) g "1/
(ab; @)oo [T521 (003 O)os 2= (1= a)(g; 9)n

q_n7aqn70707' o 70.
X m+2¢m+1 34,4 | -
ab,aby, -+, aby,
Many applications of Theorems [[4] [0 [L6 [[7] are discussed in this
paper. For example, we prove the following rather striking identities:

s N\ > "G,
( E (-1)"¢" ) =142 E (=)™ mt2bmt1 < o 0’ ;q,q> ,
n=1 ’

e —q,0,---

a 1 > _ g™ gt 0,---,0
=) (=1)"q""V2 o, < ’ "iaq),
1_[1(1_(]]) nzz:(]( ) 2 i q,49, - ,q

o0

]:
> : —n_gntl oo
H(l _ q])m-i-l — Z(_l)nqn(n_l)/2m+2¢m+1 (q »q y 4, . 7q’q,q> )

= ~ 0,0, ,
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( Z qn2> <Z qn(n—i-l ) Z Z n—i—] 1+q2n+1)q2n +n— 2]

n=—00 n=0j=—n

It is obvious that the first identity of the above gives a new method to
compute the number of representations of a positive integer as sums of any
number of squares.

Let p(n) denote the number of ways in which n can be written as a sum
of positive integers. Then it is well-known that

S )

=1

Thus the case m = 1 of the second identity of the above gives a new
identity involving the partition:

> 0 q" qn—l—l 0
> p(n)g" = (=1)"q"" D 250, ( BT ¢ q> :
n=0 n=0 ’
We also prove the following identity, which is similar to Andrews’ identity
[1, Eq. (1.5)] for sums of three triangular numbers, which also implies Gauss’
famous result that every mteger is the sum of three triangular numbers:

(o.0] n
S 2 Z 3 <1 L i Zzz;> 22
j=0 n=0j=—n
Taking m = 1,by = ¢,c; = be/q in Theorem [[4] and using the g-Pfaff-
Saalschiitz summation formula in the resulting equation, we can obtain the
following theorem. It should be pointed out that there is a misprint in [9]
Theorem 1.3].

Theorem 1.8. (Rogers’ g¢5 summation) For |aabe/q?| < 1, we have

s (a,q\/a,—Qﬁ,q/a,q/b,q/c aab6> (g, aab/q, aac/q, abe/q; q) oo
6¥P5 5 -

Va, —/a, aa, ab, ac i q? (aa, ab, ac, aabe/q?; q) o

The paper is organized as follows. Some limiting cases of Watson’s ¢-
analog of Whipple’s theorem are discussed in Section 2. Some applications
of Theorems [[.4], 5], 6] .7 are discussed in Section 3.

Section 4 is devoted to Hecke-type identities. For example, we prove the
following theorem.

Theorem 1.9. For |ab| < 1, we have the g-formula

(q,ab;¢)oo Z (q/a, q/b q)n(—ab)"

(qa, qb; 9) )

_ Z Z (1- q2"“)(<1/@ q/b; @)n(ab)"q"

(qa, gb; q)n

n=0j=—n
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When a = 1 and b = 0, Theorem [[.9immediately reduces to the following
well-known identity due to Andrews, Dyson and Hickerson [2].
Proposition 1.10. (Andrews Dyson and Hickerson ) We have
gt/ 1) 241y (3n2+n)/2—j2
Z SIS — " g -
—% q n=0j=—n

Setting (a,b) = (¢"/2, —¢'/?),(0,0) and (—1,0), respectively, in Theorem
L9 we are led to the following proposition.

Proposition 1.11. We have the Hecke—type series identities

o (669" _ (6:6°)x [yt g
PR ZZ

= (*:¢°)n e
o0 2

(=Dngm ™ 2n+1 j 2n24n—j2
SR - LS S i,
n=0 ’ n n= Oj——n
f: (—1)nqn(n+1)/ _ —q5q oo Z Z 2n+1) (3n2+n)/2—j2'
o (@ Dn (@) 2= =

In Section 5, we prove the following theorem by using the Sears 4¢3 trans-
formation.

Theorem 1.12. For |aab/q| < 1, we have the g-formula

(ag, aab/q; ¢)oo s q/a,q/b,8  aab
(OéCL Oébq) 3¥2 Cd 34, q

_ Z (1 — ag®™)(a,q/a,q/b,qa/c; q)n(aabe)"q
1 - Oé) (Q7 aa, Oéb, & Q)n

"aqt,d/B qB
><3¢2< d. go/c 7q,?>.

n . n2—2n

By letting a = b = d = 0 and ¢ = —q and replacing 5 by —¢f, we get the
following formula due to Andrews (see, for example, [3] Theorem 1]).

Proposition 1.13. (Andrews) We have the g-identity

¢ qﬁ q na
>
1 &1 ad®) (@ P)a(—a) ¢ aq"
 (9259)e Z;] 01— )P 201 ( s ,q,q6> :

2. SOME LIMITING CASES OF WATSON’S ¢-ANALOG OF WHIPPLE’S
THEOREM

Watson’s g-analog of Whipple’s theorem (see, for example, [0, Eq. (2.5.1)]
and [6, Theorem 5]) can be stated in the following theorem.
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Theorem 2.1. (Watson) If n is a nonnegative integer, then, we have

(g, aab/q; q)n s q ", q/a,q/b,acd/q
(aa, ab; q)y ac,ad, 2 /aabg™ T

— g7 (q_"aq\/& —qv/a,a,q/a,q/b,q/c,q/d M)

q
Va, —/a,aa, ab, ac,ad, aqg?tt 7T g2

In this section we discuss some limiting cases of Watson’s g-analog of
Whipple’s theorem, which will be used in this paper.

Proposition 2.2. For any nonnegative integer n, we have

¢ " ag"™ acd/q
3¢2< / 14,4

ac, ad

_ (o)t (6 Dn (_1)j(1 —ag”)(a,q/c,q/d; q); (ﬁ)jq—jwﬂ)/;

(90 q)n <= (1 —a)(g,ac,adq);  \ ¢

Proof. Taking q/a = aq™*! in Theorem Bl and simplifying, we find that

(aq,¢*/bs@)n (b\" (4" aq"™ q/bacd/q
@1) (q,0b;9)n  \q 193 ac,ad,q? /b 144
_ Zn: (1 — ag¥)(a,q/b.q/c,q/d;q); (abed)’

(1 - OZ)((], Oéb, ac, Oéd, q)J q2 ‘

J=0

Letting b — oo in the above equation and simplifying, we complete the proof
of Proposition Il

Letting d — oo in Proposition 2.2] we obtain the following proposition.

Proposition 2.3. For any nonnegative integer n, we have

qg ", aq
201 ( '

n+1

ac ) )

(g0 q)n
“~(1—aq¥)(a,q/c;q); ; i _i2_s
X da g7 77,
2) (1- a)(g, aci0); !

Jj=
Setting b = 0 in ([Z1]), we are led to the following proposition.

Proposition 2.4. For any nonnegative integer n, we have
1 n(Q%Q)n n(n+1)/2 q_”,aq”“,acd/q'
(_ ) 7q 3¢2 349, 1
(¢ On ac, ad
n

S el (—1 Oiq:'))((qafc/ (; 3/ ;i);;z)j T2 (acd)

Jj=0

Putting d = 0 in Proposition 2.4l we obtain the following proposition.
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Proposition 2.5. For any nonnegative integer n, we have
. -n n+1
(—DnL(%7 Q)nqn("+1)/22¢1 <q g, 1)
(4 O)n ac
25 c).
(1 —aq ])(Oé, Q/C, q)] qu—j (OéC)j ]
(1 —a)(g, ac;q);

n

o

j:
Letting d — oo in Proposition 2.4] we obtain the following Proposition.

Proposition 2.6. For any nonnegative integer n, we have

n+1

0 QD0 ANYe! c
(1) E—?—gl—q (D)2, (T g 8
(@ O)n ac q

~ (1—ag®)(a,q/cq); <E>j.

(1—a)(g,ac5q);  \q

j=0
3. APPLICATIONS OF THEOREMS [ 4] [IL5], 6, 7

To discuss the applications of Theorems [[4] 5 [0, 7] we first in-
troduce some notations. Ramanujan’s theta functions ¢(q) and ¢(q) are
defined as follows

pl@)= > ¢ and ¢(g) =) "2
n=0

n=—oo

The Gauss identities for ¢(q) and 1(q) (see, for example, [8, p. 347]) are
given by

sy o =] (15%) me v =] (1=55).

n=1 n=1 -4

If m > 1is an integer, we use r,,(n) to denote the number of representations
of n as a sum of m squares and we also let ¢,,(n) denote the number of
representations of n as a sum of m triangular numbers. It is easily seen
that ¢™(q) is the generating function of r,,(n) and 1" (q) is the generating
function of t,,(n). As a result, to obtain expressions for r,,(n) and t,,(n), it
suffices to obtain expressions for ¢™(q) and ¥ (q). Some important progress
in the study of sums of squares have been made recently (see, for example,
M), [7, [10] and [I1]). In this section, we shall use Theorems [[4] [[5] [L6]
[L7 to derive some unusual formulas involving ¢™(gq) and 9™ (q). For any
integer r, some general formulas for (¢;q)., are also given.

We also need the finite theta functions S, (q) and 7,,(q) which are defined

as follows

(32 Sul@)= Y (-1)/¢77" and Tn(q):zn:q—j(j-i-l)/?_
7=0

j=—n

Putting « = ¢ and ¢y = ¢g = - -+ = ¢;, = 1 in Theorem [[.G], we obtain the
following proposition.



8 ZHI-GUO LIU

Proposition 3.1. If m is a nonnegative integer, then, we have
0 o —n ,ntl

- q »q 4, 54
TI-0)" = S 20 ot (T ).
j=1 n=0 I

Letting & — 1 and ¢; = ¢ = -+ - = ¢, = ¢ in Theorem [[LG], we obtain the
following proposition.

Proposition 3.2. If m is a nonnegative integer, then, we have

1— m+1 -1 1 n(n—l)/2 q—n’qn’ q, " ,q
H( q +Z +q m+2¢m+1 0.0.--- .0 34,4 | -
] 1 ) ) )

Putting « = gand b =by = by = --- = b, = 1 in Theorem [[.7, we obtain

the following proposition.

Proposition 3.3. If m is a nonnegative integer, then, we have

0 n+1
H => (=1)"(A=¢") " b <q 0 ’O;q,q> :
j=1 1_q] n—0 q,49, - ,q

Letting « — 1 and b = by = by = --- = by, = ¢ in Theorem [T, we obtain
the following proposition.

Proposition 3.4. If m is a nonnegative integer, then, we have

= 1 > q",q"0,---,0
=N (=)Ao < o ;q,q> :
]];Il(l_q])m nZ:%( ) ( ) e q,49, " ,q

Ifweputa=1a=0,c1=co=--=c¢cp=qandb=by =by=--- =
by = —q in Theorem [[L4] we are led to the following identity:

(3.3) ﬁ <1 - Z:)mH

n=1
- " g, g
=14 ()" +¢")g" "V abmia (_q o _’q,q,q>
n:]. b ) )

Using the ¢-Chu-Vandermonde summation (see, for example, [5, Eq. (1.5.3)]),
we easily deduce that

g, q" (_ql—n; q)nqn2 2qn(n+1)/2
34 ¢ ( 14, q) = = -
(34) 2 (=4 @n 1+qn

Taking m = 0 in (B3] and then using the above in the resulting equation,
we arrive at the first Gauss identity in (BI]). Using this identity, we can
rewrite ([3.3) in the following Proposition.
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Proposition 3.5. If m is a nonnegative integer, then, we have the identity

0o m+1
(3 )

n=—o00
_n n )
_ 1+Z 1_|_q ) n(n_l)/2m+2¢m+l <(] yq 54, ’q,q q)
—-q,—q, - ,—(q
Ifweseta=1l,a=b=0b01=--=b,=—qandcy=co=-=¢, =¢q

in Theorem [[4] and using the first Gauss identity in ([B.II), we obtain the
following proposition.

Proposition 3.6. If m is a nonnegative integer, then, we have the identity

0o 2m+2 0o o oon
2 q 4,4, 5,4
(3 o) a3t (T ),
n=1

n=—0oo (J7 q7 9

Letting m = 0 in the above proposition and then using (3.4]), we obtain
the well-known identity (see, for example, [5, Eq. (8. 11. 3)])

o ) nn+1)/
(3.5) < > (—1)"q") —1+4Z T

n=—oo

Using the g-Pfaff-Saalschiitz summation formula (see, for example, [5l Eq.
(1.7.2)], [@]), we have

¢ "q"q (—Li)ng" 4q"
3.6 302 < ;q,q> = = :
36 —q,—q (697 (1+4¢)?
Setting m = 1 in Proposition and then using (B3.0]), we obtain the well-
known identity (see, for example, [5, Eq. (8. 11. 6)])

(3.7) < > (—1)”(]"2) = 1+8Z 1+q )

n=—oo

)

Remark 3.7. For m > 2, there are no known summation formulas for
the series ;,+2¢0,+1 in Proposition B.6] so we can’t simplify the formula in
Proposition at present. Finding the summation formulas for these series
are highly desirable.

Choosinga=1l,a=b=—q,by =by=---=b,, =0and c; =cy =--- =
¢m = q in Theorem [[4] we obtain the following proposition.

Proposition 3.8. If m is a nonnegative integer, then, we have the identity

( i (_1)nqn2>m+2 ) o0 <14__Zz>m+2

n=-—00
_ E n q—n’qn’q"“ 4 .
=1+2 (_1) m+2¢m+1< —q,O,"',O 34,9 ) -
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This proposition includes Andrews’ identity for sums of three squares [,
Eq. (5.16)] (see also [0, Eq. (7.7)]) as a special cases.
Proposition 3.9. (Andrews) There holds the identity

( > (—1)”q”2> —1+4Z 1+nq Zl_q > (1

n=-—00 n=1 l7]<n

Proof. Taking m = 1 in proposition 3.8, we immediately conclude that

o 3 o0
n n? o _1\n 7q 4
(3.8) (Z (~1)" ) =123 3<z>2< o ,q,q)

If we set a =1 and ¢ = —1 in [9] Lemma 4.1], we easily deduce that
¢ q"q 2 (G0 x~ (=19);4/"

3.9 ¢ ( ;q,q> =q" E :

S e = (@9);

Using [0l Eq. (6.1)], we easily find that the inner summation of the right-
hand side of the above equation equals

(~L@)ng" " = (<139);¢/0 "
(CLigag™ 7 | 5~ (CLiaie T

(¢ On = (@)
—1- n(l-n) —q: . -2
O ity S

lil<n

Substituting the above equation into (8.9]) and simplifying , we find that

a".q"q
3.10 g
(3.10) 3¢2< 40 qq)
_ 2q" n 11_(] n—]
_1+qn+( Z

lil<n
Combining ([B.8) and (3I0) we complete the proof of the proposition. [
Replacing g by ¢? in Theorem [[L4] and then setting a = 1,a = 0,b = by =

by = =by =q, ¢4 =Cy = - = ¢y = ¢° in the resulting equation, we
find the following identity.

0o 1— qgn m—+1
H <1 _ q2n—1>

n=1
x —2n 2n 2 2
2_ q q 5497, ,q
=14 (-D)"1+¢"")g" "mi2dmi1 < T ;qz,qz> :
n—1 q,49, - ,4

Setting m = 0 in the above equation and then using the ¢-Chu-Vandermonde
summation, we find the second Gauss identity in (B.I). Combining the above
equation and the second Gauss identity in (B), we obtain the following
proposition.
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Proposition 3.10. There holds the identity

0o m+1
<Z qn(n+1)/2>

q—2n q2n q2___ q2 5 o
—1+Z "(14¢*")g" "m+2¢m+1< PO ;q,q>-

Proposition 3.11. If m is a nonnegative integer, then, we have the formula

0o m—+2
<Z qn(n+1)/2>

1+q2"+1) PR,
Z m+2¢m+1 3 4,4 .
n—0 q 707 e 70

Proof. Letting by = by = -+ =by, =0and ¢; = ¢c3 =+ = ¢, = ¢/ in
Theorem [[L4, we deduce that

(v, 2ab/q; )0 (45 05
(aa ab; q)o(a; Q)m

(1 — ag®) (e, q/a; @)nla/q)™ " aq",q,,q
_Z m+2¢m+1 4,4 ) -
qaaa q) Oéb, 07 70

Replacing ¢ by ¢ in the above equation, setting a = b = ¢,a = ¢? in the
resulting equation, using the second Gauss identity in (B.l), we complete
the proof of Proposition B.111 O

Setting m = 0 in Proposition B.IT]and then using the ¢g-Chu-Vandermonde
summation, we find that

0o 2 0o 2
n(n (_1)n(1 + q2n+1)qn +n
n=0

n=0

Taking m = 1 in Proposition BI1] and then using [9, Lemma 4.1], we can
find Andrews’ identity for sums of three triangular numbers [I Eq. (5.17)],
[6, Theorem 8]:

oo 2n 2 (i
1 + q2n+1)q2n +2n—j(j+1)/2
n(n+1)/
(3.12) <Z q ) Z Z 1 — g2ntl .

n=0 5=0

We end this section by proving the following theorem using Theorems [1.4]
and the Sears 4¢3 transformation.
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Theorem 3.12. If max{|aal,|abl,|aac/q|} < 1, then, we have

(qa, ac, aab/q; q) o
(ava, ab, aac/q; q) oo

_ f: (1 — ag®™) (e, q/a, q/b; @) (—aab)" g =3/ o (704",
= (1 = a)(q, aa, ab; q)n T e T

Proof. We start with the case m = 1 of Theorems [[L4] which states
(ag, aab/q, aabi /q, ac1; q)s
(aa, ab, aacy /q, ab1; Q) oo

B YL o COY VL I (q aq", act ,q> |

(1 - a)(Qaaa; Q)n ab, Oébl ’

(3.13)

n=0

The Sears 4¢3 transformation (see, for example, [5l p. 71]) can be restated
as follows

s q‘",aq”,ﬂ,’y‘qq
e C,d,qaﬂ’}//Cd7 ’

_ (qafe,cd/Bria)n <@>" p <q_”,aq”,d/5,d/w,q q>
(¢, qoBy; q)n I\ dyde/By,qafe TV

d
Setting v = 0 in the above equation, we immediately deduce that
" aq" B
(3.14) 302 < g O q>

(—e)rgnn=1)/2 (gov/c; @)n b (q‘",aq”,d/ﬁ. @>‘
(& @)n T

d,qa/c c

Applying this transformation formula to the 3¢9 series on the right-hand
side of ([BI3]), we conclude that

(g, aab/q, aaby [q, act; q)oo
(aa, Oéb, aacy /q7 Oébl; Q)oo

_ i (1 — ag®™) (v, q/a,4/b; @)n(—aab)"g" "=/ 5 q_",ozq",bl/cl'q e
n=0 (1 —OZ)((], aa, Oéb, Q)n K Oébl,Q/b p '

Putting b; = 0 in the above equation and then replacing c¢; by ¢, we complete
the proof of Theorem B.12 ]

Remark 3.13. By taking ¢; = ¢/a,by = 0 in (3I3) and then using [9,
Lemma 4.1], we can obtain the following identity of Andrews [I, Theorem 5]
(see also [9, Theorem 1.4]).
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Theorem 3.14. For max{|al|, |aa|, |ab|} < 1, we have

(¢, aq,0ab/q; q) o
(aa ab, a; q) oo
(1= ag®™)(a, ¢/a;q)n(0a)"q™ " <~ (ab/g; q) 0 g1~
o Z 1 — a)(aa, ab; q), ;) (q:9); '

When b = ¢, Theorem [3.12] reduces to the well-known identity

(¢, a5 q)n (aa; q)oo

i (1 — ag®)(a, q/a; @)n(aa)"q" "D (a;q)o0
n=0
Using Theorem B.12] we can prove the following proposition.

Proposition 3.15. For |a| < 1, we have

(Q; Q) Z Z n-‘,—] q2n+1)qn2—j2 (Q/a; Q)nan ]

(a; Q) (@;@)n11

n=0j=—n

Proof. Setting a = ¢,¢ =1 and b = —1 in Theorem B.12, we deduce that

(938D _ N~ _ 2011y (@/a:@)na”q"" V2 <Q‘", gt >
= 1— 1 q, — .
(@5 )3 (=¢ Do ,;)( ) (@5 @Inta W\ T

Setting a = 1,¢ = —¢ in Proposition and simplifying, we have
n
7q )
201 < BT —q> (=) 2N (1) g
j=—n

Combining the above two equations, we finish the proof of Proposition [3.15
O

Putting a = 0 in Proposition B.I5] we obtain the Andrews identity [I, Eq.
(5.15)], [6, Eq. (7.8)]

(3.15) (4:0)2(4:0%)o0 = Z Z — g2ty gBn /22

n=0j=—n

Putting a = —¢*/? in Proposition BI5land then replacing g by ¢2, we deduce
that

(Q§ Q)oo(q2§q2)oo :¢ Z Z 2n+1)q2n2+n—2j2'

(=4 Qoo(—04*) 0

n=0j=—n

Replacing ¢ by —¢q in the above equation, we are led to the following beautiful
identity:

(316) Z Z n—l—] 1+q2n+1)q2n +n— 2]

n=0j=—n

Using Theorem [B.12] we can also prove the following proposition.
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Proposition 3.16. For |a| < 1, we have

(q27q2) (a% 2n+1\ 2n24+n—252— (q /CL q )na
s = 1 X (g (L

n=0j=—n

Proof. If we replace ¢ by ¢* and then setting o = ¢>,b = ¢,¢ = 1, then
Theorem [3.12] becomes

(q2'q2)2 (aqaq2) o e ont1 (q2/a;q2)n(_a)nqn2 q—2n’q2n+2. )
(a;6%)2(¢:4%) o _nzz:o(lJrq ) (@ ¢®)nre 201 ( ‘ i q ,q>.

Replacing g by ¢? in Proposition 23 and then setting o = 1, ¢ = ¢, we obtain
—2n 2n+2 n
q q _0s2_
201 < ’q 1q% q) = (1)) N g
j=—n

Combining the above two equations, we complete the proof of Proposi-

tion [3.16 O

Setting a = ¢ in Proposition B0, we immediately conclude that
3

> " 14 ¢*nt+1 0249242
(317) | DUt = yi(g) ZZ( el i

j=0 n=0j=—n

This identity is similar to Andrews’ identity for sums of three triangular
numbers in ([3I2]), which also implies Gauss’s famous result that every in-
teger is the sum of three triangular numbers.

Setting a = —¢ in Proposition [3.16] and then replacing ¢ by —q, we deduce
that

(3.18) Z Z G Hn=2j
n=0j=—n

Putting @ = 0 in Proposition B.16] we obtain the following identity, which
is similar to the identity in [6l Eq. (7.17)]:

(3‘19) Z Z 1 _|_q2n+l)q3n +2n—252 —]

n=0j=—n

4. HECKE-TYPE SERIES IDENTITIES

We [9] have proved the following general g-transformation formula [9]
Theorem 1.6] using Theorem
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Theorem 4.1. If {A,} is a complex sequence, then, under suitable conver-
gence conditions, we have

ooty ) °°ZA (4/a:0)u(00)"

o (1—-ag? )(Oé,q/a,q/b;q)n(—atﬂ)/q)”Q”(”‘1)/2 — (7", aq"; )k (q* /)"
- Z (1 —a)(q,aa,ab; q), — (a/b; @)k A

Remark 4.2. The condition “independent of a” in [9, Theorem 1.6] is not
necessary.

n=0

The main result of this section is the following theorem, which can be
derived from Theorem ET] by choosing

4, = Wby i (bz/g)*
(q,¢,d, h; @)

Theorem 4.3. For |aabz/q| < 1, we have the q-transformation formula

(ag, 2ab/q; ¢)s p q/a,q/b,B,y  oabz
(aa ab; @)oo P c,d,h ' q

_Z (1= ag*) (@ 9/a,4/b O (—aab/g)"q"" D7 | (¢ 0q" By
(1 —a)(q, aa,ab;q), 473 c,d,h B '

Now we will begin to derive Hecke-type series identities using Theorem
4.5

4.1. The proof of Theorem Setting a = ¢,c = —¢,z =—-1,d=h =
B =~ =0 in Theorem €3] we deduce that

,ab; ¢) o a,q/b;
(g,ab;q Z/Q({J(é))()

(qa, qb; ¢)oo
_ i (1= ¢ (a/a,a/bi@)u(ab)"q"" D2 <q‘",qn+1 » _q>
= (qa,qb; q)n -q 7

By setting @ = 1 and ¢ = —¢ in Proposition 23] we can easily find that

;q,—q> = (~1)"g" D2 N (—1)ig

j=—n

-n . n+l

(4.1) 201 <q 4

Combining the above two equations, we finish the proof of Theorem

4.2. Settingd =h=v=0,8 = q and z = 1, replacing ¢ by ¢c in Theorem
[43] and then using [0l Lemma 4.1] we can prove the following g-formula [9]
Theorem 1.9], which has many applications to Hecke-type series identities
(see [9] for the details).
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Theorem 4.4. For |aab/q| < 1, we have the q-identity

(qa, aab/q; ) oo Z (q/a,q/b;q)n(cab/q)"

(cva, ab; q) o (cq; q)n
Z (L ) sg/ 0/ ) (—0%abg /2 < (e 90
(1 — a)(ge, aa, ab; q)y, (4;9);

=0

4.3. In this subsection, we will prove the following theorem using Theo-
rem

Theorem 4.5. For |ab/q| < 1, we have the g-transformation formula

(2, ab; ¢%)oo i (¢*/a,¢*/b; ¢*)n(ab/q)"

(%a,¢%b;¢*)oc 2= (43 0)2n

33 (1 - girygiates L0 /5 ab)

(¢®a, ¢b;¢%)n

n=0j=—n

Proof. Replacing ¢ by ¢? in Theorem and then settingd=h ==+ =

0,a= q2,c =gqgand z = q_l, we obtain

(2 abiqV)o <q2/a’q2/b. 2 a_b>
(q2a 4% 4%) oo g g

g +2) (¢%/a, ¢ /b; ¢*)n(—ab)"q" 1) g P

— Z (@20, ¢25; @) 201 ‘ 4,4 ) -

Replacing g by ¢? in Proposition 23] and then setting a = 1 and ¢ = ¢, we
obtain

g, R 252
) — —
201 < P ,q> = (~1)"g" Y Y g

j=—n

Combining the above two equations, we complete the proof of Theorem [£.5]

O

Setting (a,b) = (0,0), (1,0), (¢, —¢q) in Theorem [ respectively, we obtain
the following three Hecke-type series identities.

o 2n24n
(4‘2) Z Z Z 4n+2 4n2—2j2+2n—j7
n=0 ((L Q) 2n n=0j=—n
> ( 2_ 5.2 :
(4‘3) Z Z Z 4n+2)q3n —2j —I—n—]’
n=0 n=0j=—n
(4.4) i (q2;q4')"(_Q)n q q 00 Z Z Jrg2nH2n=27 =,
= (69 ==

The identity in ([@.2)) is equivalent to the identity in [12, Corollary 5.4].
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4.4. In this subsection, we will set up the following transformation formula.

Theorem 4.6. For |ab| < 1, we have the q-transformation formula

(4, ab; ¢*) oo i (¢°/a.4* /b, 4:¢*)n(ab)"
(¢*a, ¢*b; q2)oon —  (@%¢)n(=¢ D2n

_ Z Z 4n+2)q2n —j2 (q /CL q2/b q; 9 ) (ab)n

(¢2a; ¢%b; ¢2)y,

n=0j=—n
Proof. It is easily seen that using Proposition 2.2l one can prove that
—2n  2n+2
q 4 4 2
(4.5) 3¢2 ( e ;qz,qz> = (=1)"¢" " Su(q),

which can be also found in [3, p. 30, Eq. (6.15)]. Replacing ¢ by ¢*
Theorem and then putting o = ¢>,8 =q,c = —¢,d = —¢>, vy =h =0
and z = 1, we deduce that

(4%, ab; ¢*) oo i (¢®/a,q*/b,q;¢*)n(ab)"
(%0, ¢°b;¢*)oc = (0% ¢*)n(—G@)2n
2_ _
f: £742) (¢*/a,q*/b, ¢;¢*)n(—ab)"q" "3¢2 <q n gnt2, 2 2 q2>
(q2a; ¢?b; ¢%)n, —q,—¢> 777 )

Substituting () into the right-hand side of the above equation, we com-
plete the proof of Theorem ]

Setting @ = b = 0 in Theorem 4.6 we obtain the following identity of
Andrews [3, Eq.(1.16)]

Proposition 4.7. (Andrews) We have the Hecke-type series identity
2n2+42n

[ee]
(4:4*)nq i) 4207
)q n n—yj .
;::0 (@ (@D Z Z

n=0j=—n

Putting a = 1 and b = 0 in Theorem [4.6] we obtain the identity

(46) i( 1) (q’ = Z Z J+n q4n+2)q3n2+n—j2.

n=0 ( 8 q n=0j=—n

Taking a = b = ¢ in Theorem and simplifying, we find that

2\3 ,2n

N ; 1+ ot n+n—j
(47) Z( 2.((]2(] )_q o 2 Z Z q2n+1q2 24 J

—0 q-54q )n( an)2TL oon —0j=—n
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4.5.  The following g-formula is established in this subsection by using The-
orem

Theorem 4.8. If T,, is defined as in (3.2) and |ab/q| < 1, then, we have

(¢,ab/q; q) o Z 2(q/a,q/b; q)n(ab/q)"

(a,0:q)os 4= (45 @)2n

=1+ Z l+q Q/a (g;/l; qq))n( 2l ¢" (g Tolq) = T (9)-

Proof. Setting 8 = —q,z = 1,h = ~,¢ = ¢*/%,d = —¢'/? and letting o — 1
in Theorem [4.3] we find that

(¢, ab/q; @)oo f: (—4:9)%(q/a, q/b;q)n(ab/q)"

(a.b:q)0 = (¢ @)2n
— - Q/CL q/b q) ( ab)n n(n—3)/2 7q 7_q'
- zz: 1 +4q (CL, b7 q)n q ¢2 1/2 _q1/2 34,4 | -

1

Letting o — ¢~ and ¢ = ¢*/2,d = —¢*/? in Proposition 22 and simplifying,

we can obtain
’q » 4 n, n(n— n
32 < 12 _g/27 % q> = (=1)"q"" V2 (" T, (q) — Tnei(q))

which can also be found in [3, Eq. (5.3)]. Combining the above two equa-
tions, we complete the proof of Theorem L]

Setting a = b = 0 in Theorem [£8 and simplifying , we obtain the following
identity of Andrews [3, Eq. (1.11)]:

o0 n

o0 2
7" (—=q;q)% gOH6)g2n —j(j+1)/2
s 2 (4:9)2 Z 2 a7V
n=0 ’ n

Setting b = 0, multiplying both sides by 1 — a and letting a = 1, we arrive
at

[e's) n(_q; q)nqn(n—l)/2
4.9 -1
(4.9) HZ:O( ) (4:6%)n
Z q6n+2)q(3n2—")/2—]'(]'4‘1)/2'

Using the same argument as that we used in the proof of Theorem .8 we
can prove the following identity by using [3, Eq.(5.3)].
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Theorem 4.9. If |ab/q| < 1 and T), is defined as in (3.2), then, we have

(¢,ab/q; @)oo Z (q/a,q/b;q)n(ab/q)"

(a,0;9)00 = (¢ ¢*)n
=1 D0 ) R S T @)~ T )
n=1 VT

Setting a = b = 0, we are led to the Andrews identity [3| Eq. (1.10)]

oo n2

q 6n 6y 2n24n—7j(i+1)/2
(4.10) Z eran ZZ +6420%+ i(+1)/2.
n=0 ’

nO]O

Taking a = 1 and b = 0 in Theorem 9] we can obtain the identity

> n(,. n(n—1)/2 o
(i) Y (=1)™(g; @)ng" "1/ _ZZ [ gon2)BnP=m)2=G+1)/2.

= (4:%)n ==

4.6. In this subsection, we will prove the following g-formula.

Theorem 4.10. For |ab/q| < 1, we have

(q,ab;q)oo Z (q/a,q/b;q)n(ab/q)"

(94, 4b; ¢)oo (4> ¢*)n
_ 21 (q/a,q/b;q)n(ab/q)"
nZ:O J_Z_:n 7 (qa, qb; q)n '

Proof. Settingc=d=8=~v=0and a = ¢,c = —q,z = ¢ },h = —¢ in
Theorem [£.3] we find that

(q,ab; q)oo Z (q/a,q/b;q)n(ab/q)"

(q“ 4b; 9)oc (% ¢*)n
(qa, qb; @)n —q P

Taklng a =1 and ¢ = —¢q in Proposition and simplifying, we find that

q_”jqn'i'l 1)/2 n . .92
201 < T 1> G I WIS Vi
j=—n

Combining the above two equations, we complete the proof of the theorem.

O

Setting (a,b) = (0,0),(1,0) and (—1,0), respectively, in Theorem [ZT10],
we obtain
[e'e] 2

(4.12) Z( 2?"2 Z Z _ P

=0 q,q) n=0j=—n
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(4.13) i )" = Z Z 1)+ ( q2n+1)qj2+n(n—l)/2’

n=0 n=0j=—n

n(n—1)/2

(4.14) Yy e

= (q; Dn
oo Z Z 2n+1)qj2+n(n—1)/2.
n=0j=—n

5. THE SEARS 4¢3 TRANSFORMATION AND HECKE-TYPE SERIES
IDENTITIES

In this section we will prove Theorem [[L12] using Theorem and the
Sears 4¢3 transformation.

Proof. Setting v = h and z = 1 in Theorem 3] we conclude that

(aa, ab; ¢) s

c,d q

(aq, aab/q; Q)oo3¢2 <Q/G,Q/b,5;q’ oz_ab>

o _ 2n . n n(n—1)/2 -n n
:Z(l ag™)(@, q/a,q/b; @)n(—aab/q)"q o (q ;g ,B;(Lq)'

(1 —a)(q,aa,ab; q), c,d

Applying ([B.I4) to the right-hand side of the above equation, we complete
the proof of Theorem O
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