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ON THE DECOMPOSABILITY OF MOD 2
COHOMOLOGICAL INVARIANTS OF WEYL GROUPS

CHRISTIAN HIRSCH

ABSTRACT. We compute the invariants of Weyl groups in mod 2 Milnor
K-theory and more general cycle modules, which are annihilated by
2. Over a base field of characteristic coprime to the group order, the
invariants decompose as direct sums of the coefficient module. All
basis elements are induced either by Stiefel-Whitney classes or specific
invariants in the Witt ring. The proof is based on Serre’s splitting
principle that guarantees detection of invariants on elementary abelian
2-subgroups generated by reflections.

1. INTRODUCTION

Let G be a smooth affine algebraic group over a field kg of characteristic
not 2. Motivated from the concept of characteristic classes in topology,
the idea behind cohomological invariants as presented by J.-P. Serre in
[4] is to provide tools for detecting that two torsors are not isomorphic.
Loosely speaking, such an invariant assigns a value in an abelian group to
an algebraic object, such as a quadratic form or an étale algebra.

The formal definition of a cohomological invariant is due to J.-P. Serre
and appears in his lectures [4], where also a brief account of the history
of the subject is given. First, we identify the pointed set of isomorphism
classes of G-torsors over a field k£ with the first non-abelian Galois cohomol-
ogy H'(k,G). Further, let M be a functor from the category Fy, of finitely
generated field extensions of kg, to abelian groups. Then, a cohomological
imwariant of G with values in the coefficient space M is a natural transfor-
mation from H'(—,G) to M(—) considered as functors on Fy,. Interesting
examples of the functor M include Witt groups or Milnor K-theory mod-
ulo 2, which is the same as Galois cohomology with Z/2-coefficients by
Voevodsky’s proof of the Milnor conjecture.
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In general, the cohomological invariants of a given algebraic group with
values in some functor M are hard to compute and there are only a few
explicit computations carried out yet. One exception are the cohomological
invariants of the orthogonal group over a field of characteristic not 2 with
values in Milnor K-theory modulo 2. These invariants are generated by
Stiefel-Whitney classes

wj : Hl(_aOn) — KlM(_)/Q

introduced by Delzant [2]. Now, every finite group G embeds in a symmetric
group S, for an appropriate n, and this group in turn embeds in O,,. Pulling
back the Stiefel-Whitney classes along such homomorphisms G — S,, — O,
is a rich source of cohomological invariants of finite groups considered as
group scheme of finite type over a base field k.

In this work, we show that most cohomological invariants of a Weyl group
G over a field kg of characteristic coprime to |G| arise in this way if the
coefficient space is a cycle module M, in the sense of Rost [12], which is
annihilated by 2. More precisely, there exists a finite family of invariants
{a;}icr with values in KM /2, such that every invariant a over kg with values
in M, decomposes uniquely as

a = g a;ms,

el

for some constant invariants m; € M, (ko). In characteristic 0, any Weyl
group is a product of the irreducible ones mentioned above. Hence, invoking
a product formula of J.-P. Serre yields the decomposition for cohomological
invariants.

The proof of this result is constructive, in the sense that we give precise
formulas for the generators {a;};c;. For most Weyl groups the invariants
are induced by Stiefel-Whitney classes coming from embeddings of the Weyl
group into certain orthogonal groups. Note that these embeddings make use
of the fact that such a Weyl group can be realized as orthogonal reflection
group over every field of characteristic not 2. However, if the Weyl group
has factors of type Doy, E7 or Eg, then besides Stiefel-Whitney classes also
specific Witt-type invariants appear, which induce invariants in mod 2 Mil-
nor K-theory via the Milnor isomorphism. All basis elements are invariants
derived from either the Stiefel-Whitney or the Witt-ring invariants.

Crucial for the derivation is Serre’s splitting principle for Weyl groups:
if two invariants coincide on the elementary abelian 2-subgroups generated
by reflections, then these are the same. This allows the following proof
strategy. Since Stiefel-Whitney classes and Witt invariants provide us with
a family of invariants, we only have to show that a given invariant coincides
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on the elementary abelian subgroups with a combination from this list. The
invariants are then computed case by case for the various types.

J.-P. Serre has recently computed with a different method the invariants
of Weyl groups with values in Galois cohomology, see his 2018 Oberwolfach
talk [14]. In an e-mail exchange on an earlier version of the present paper,
J.-P. Serre explains how to remove many of the restrictions on the charac-
teristic of kg. An excerpt of his letter is reproduced in Section @ J. Ducoat
provided a proof of Serre’s splitting principle and attempted to compute
the invariants for groups of type B,, and D,, [3]. However, many proofs are
incomplete as they are “left to the reader” or “similar to previous ones”.
Moreover, Theorem 5 on page 4 about the invariants of W (D,,) is not cor-
rect as stated, because an invariant in degree n/2 is missing. Therefore, we
provide detailed computations also for the types B, and D,,.

The content of this article is as follows. In Section B we state the
main result and fix notations and conventions. Next, Section [3 contains
preliminary results. The proof of the main result occupies the rest of the
paper. It also includes an appendix, elucidating how to use a GAP-program
to determine the invariants for F7; and Eg.
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Part I: Results and methods.

2. MAIN THEOREM AND PROOF STRATEGY

2.1. Cycle modules. We consider in this work invariants with values in
a cycle module M, in the sense of Rost, which is annihilated by 2. Recall
that a cycle module over a field kg is a covariant functor

k — M.(k) == €D M (k)
ne”

on the category Fj, with values in graded Milnor K-theory modules. For
a field extension ¢ : k C L, the image of z € M, (k) in M, (L) is denoted by
t«(2). By definition, cycle modules have further structure and we refer the
reader to [12] for details.

The main example of a cycle module is Milnor K-theory:

Fr, — Z-graded rings
ko KY(k) = @p0Ky (K).-

For ay,...,a, € kX, we denote pure symbols in KM (k) by {a1,...,a,}. The
graded abelian group M, (k) has the structure of a graded KM(k)-module
for every field k € Fj,. Hence, if M, is annihilated by 2, it becomes a
KM(k)/2-module. For ease of notation, we set kM (k) :== KM(k)/2 and de-
note the image of a symbol {ay,...,a,} € KM(k) in kM(k) by {a1,...,a,}.
We say that M, has a ky -structure if M, is annihilated by 2.

From now on cycle module means cycle module with kM-structure.

2.2. Invariants with values in cycle modules. Let G and M, be a
linear algebraic group and a cycle module over kg, respectively. Recall
from Section [l that a cohomological invariant of G with values in M, is a
natural transformation from H!(—,G) to M,(—). We denote the set of
all invariants of degree n of G with values in M, by Inv"(G, M,), and set

Inv(G, M,) := Invg, (G, M,) := EB Inv (G, M,).
nez

For k € Fy,, any invariant a € Invg, (G, M,) restricts to a natural trans-
formation of functors H'( —,G) — M,(—) on the full sub-category Fj of
Fio- We denote this restricted invariant by resy i, (a) or by the same sym-
bol a if the meaning is clear from the context. A particular example of
invariants are the constant invariants, which are in one-to-one correspon-
dence with elements of M, (kg): The constant invariant ¢ € M, (ko) maps
every * € H'(k,G) onto the image of ¢ in M. (k) for all k € Fy,. The
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set Inv(G, M,) is a kM (kg)-module, so that if a : H'(—,G) = kM(—) is a
Milnor K-theory invariant of degree m and x € M, (kop), then
a-x: H (E,G) = Mpyin(k), T — ap(T)xy

is an invariant with values in M, of degree m +n. We now define precisely
what it means that an invariant can be represented uniquely as a sum of
basis elements.

Definition 2.1. Let M, be a cycle module over the field kg, and G a linear
algebraic group over k.
(i) A subgroup S C Invy (G, M,) is a free Mi(ko)-module with basis
a® € Invi (G, kM), i e I, if

@M*,di(ko) — S, {mi}ig — Za(l) - my;
el i<r
is an isomorphism of abelian groups.
(i) Inv(G,M,) is completely decomposable with a finite basis a; €
InVZé(G, kM) if Invi(G,M,) is a free M,(k)-module with the cor-
responding basis resy, /i, (a;) € Invzi(G,k',:/'), iel, forall ke F,.

After these preparations, we now state the main result.

Theorem 2.2. Let G be an irreducible Weyl group. Let kg be a field
of characteristic coprime to |G| and M, a cycle module over ko. Then,
Inv, (G, M) is completely decomposable.

The proof of Theorem is constructive and we describe the generators
explicitly. These depend on the type of the Weyl group and will be given
in the course of the computation later on. Now, we explain the strategy
starting with a reminder on Weyl groups.

Let E be a finite-dimensional real vector space with scalar product (—, —)
and orthogonal group O(E). Then, s, : E — E,

2(v,w) y
(v, v)
defines the reflection at a vector v € E with (v,v) # 0.

Now, the Weyl group W (X) associated with a crystallographic root sys-
tem ¥ C E is the subgroup of O(E) generated by all reflections s, at the
roots « € 3. By definition of a root system, the scalars 2(«, 3)/(«, «) are

integers for all a, 8 € ¥ and the reflections act on the root system. The
Weyl group is irreducible if the corresponding root system is irreducible.

The irreducible root systems are classified by types A, By, Cyn, Dy, Eg, E7,
FEs, Fy,Go. Let ¥ be such an irreducible root system. Then, there exists
an Euclidean space E = R"™ for an appropriate n, such that (i) ¥ C V :=
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P Z[1/2]e;, where ey, ..., e, is the standard basis of R™, and (ii) W (X)
<n

maps V into itself. This can be deduced using the realizations of these root
systems in Bourbaki [I, PLATES I-VIII]. If now ko is a field of character-
istic not 2 then W(X) acts via scalar extension on Vi, := ko ®z(1/9) V' and
can so be realized as orthogonal reflection group over kg considering Vj, has
regular bilinear space with the scalar product induced by the restriction of
the standard scalar product of E = R"” to V.

The strategy of proof for an irreducible Weyl group G, is as follows.
We leverage different embeddings of the Weyl group G into an orthogo-
nal group O, over the field ky. Now, the invariants of O, with values
in kM are generated by the Stiefel-Whitney classes, see []. Considering
embeddings W — O,, gives rise to a family of invariants in Inv(G,ky)
by composing the Stiefel-Whitney classes with the natural transformation
HY(—, W) = H'(—,0,). As we shall see in Sections [ ~ B these already
generate Inv(G, M,) except if G is of type Ds,, E7, or Eg. The 'missing’
invariants have their source in certain Witt invariants.

Having a family of invariants with values in k™ at our disposal, we de-
duce Theorem for an irreducible Weyl group G by showing that this
set of invariants contains a basis of Inv(G, M,) in the sense of Definition
2.1 The main tool is the following adaptation of Serre’s splitting principle,
which is proven in [6, Corollary 4.10]. Loosely speaking, if kg is a field
of characteristic coprime to |G|, then Inv(G, M,) is detected by the maxi-
mal elementary abelian 2-subgroups of G generated by reflections. We let
Q(G) denote the set of conjugacy classes of maximal elementary 2-abelian
subgroups of G, which are generated by reflections.

Note that the proof of Theorem 2.2l for Weyl groups of type G5 in Section

[B3lis purely group theoretic, in the sense that it uses only its semi-direct
decomposition and not the geometry of the corresponding root system.

Proposition 2.3 (Serre’s splitting principle). Let M, be a cycle module
over kg and G be a Weyl group. Let kg be a field of characteristic coprime
to |G|. Then, the canonical map

(resg)[P] : Inv(G, M) — H Inv(P, M,)Ne(P)
[Ple(@)
is injective, where Ng(P) is the normalizer of the mazimal elementary 2-

abelian subgroup P of G, which is generated by reflections.

We point out that the assumption that order of the irreducible Weyl group
G and the characteristic of kg are coprime seems to be not necessary, see
Section @l This assumption comes from the article [6], where the splitting
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principle is proven for more general orthogonal reflection groups. This
would also remove that assumption from Theorem

Remark 2.4. For groups of type A,, D,, Fg, E7, or Eg, any two roots
are conjugate [8, Rem. 4, Sect. 2.9]. Hence, an induction argument shows
that for these types, there is up to conjugacy only one maximal abelian
2-subgroup P generated by reflections. In particular, by Proposition 23],
the restriction map resg is injective for simply-laced groups.

The computation of the invariants of an arbitrary Weyl group follows
from Theorem by a product formula of Serre. To state the product
formula precisely, we first introduce the notion of a product of invariants.
Identifying H!(k,G' x G) with H(k,G') x H'(k,G), for invariants a €
Invi, (G, kM) and b € Invy, (G, M.), we define the product ab through

(ab)p : HY(k,G x G') — M, (k)
(T, T,) —> ak(T)bk(T')

Proposition 2.5 (Product formula). Let M, be a cycle module and G,G’
algebraic groups over ko. If Invy (G, My) is completely decomposable with
finite basis {a;}icr, then the map

B Invi (G, M,) — Invi(G x G, M,)
i€l
{bi}ier — Z resy /i, (i)bs
el
s an somorphism for all k € Fy,. In particular, if the invariants of both
G and G' are completely decomposable, then so is Invy (G x G', M,).

Proof. We follow the outline given in [4, Part I, Exercise 16.5]. Replacing
a; by resy i, (a;) we can assume k = k.

To show surjectivity, let a € Invy, (G x G', M,). Then, for every k € Fy,
and T’ € H'(k,G’) we define an invariant @ € Inv} (G, M,) by mapping
T € HY(¢,G) to a(T) = ao(T x T}), where, T} denotes the image of T"
in H'(¢,G") under the base change map. Since Inv(G, M,) is completely
decomposable, @ can be uniquely expressed as ) _; resy, /p, (a;)b; (T ") for suit-
able b;(T") € M.(k). It remains to prove that b; € Inv(G’, M,) for all
t. To achieve this goal, let ¢+ : k C k; be a field extension in Fj, and
T' € H'(k,G"). Then,

(D resi i (@)(TB(T)) = D resy, iy (ai) (Thy i (T,).

el el
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Since a;’s are invariants

Z reSk, /ko (az)b*(b@(T/)) = Z reSk, /ko (az)bl(T,gl)
iel i€l
As the a;’s are a basis we get b;(T}, ) = t«(bi(T")), as asserted.
To show injectivity, we assume Y a;b; = 0 and claim that b; = 0 for all
el
i € I. Fix a field k and 7" € H'(k,G"). Then Y a;b;(T") € Invi(G, M,)
el
is the constant zero invariant. Since the a;’s are a basis, we get b;(T") = 0
for all ¢ € I. Since k and T were arbitrary, this implies that the b;’s are
constant zero. O

Since every Weyl group is a product of irreducible ones, we get the fol-
lowing corollary.

Corollary 2.6. Let ko be a field of characteristic coprime to |G| and M,
a cycle module over ko. Then, Invy (G, M) is completely decomposable for
all Weyl groups G.

3. PREPARATIONS FOR THE PROOF

In this section, we establish several key lemmas on cycle modules. We
also discuss auxiliary results used in the type-by-type proof of Theorem
for irreducible Weyl groups.

3.1. Cycle complex computations. We start with a computation of cy-
cle module cohomology which seems to be well known, but for which we
have not found an appropriate reference. To this end, we recall first the
cycle complex associated with a cycle module M, over ky. We refer the
reader to Rost [12] for further details.

Let X be a scheme essentially of finite type over ky. That is, X is of
finite type over kg or the localization of such a kg-scheme. Then, the cycle
complex is given by

b Mn(ko(x))ig‘—% &b Mn,l(ko(x))di% P M. a(ko(z)) = -,

zeX(0) zeX @) zeX(2)

where X() C X denotes the set of points of codimension p > 0 in X and
ko(z) is the residue field of € X. In general, the differentials dl)’(m are
sums of composition of second residue maps and transfer maps. If X is an
integral scheme with function field ko(X) and regular in codimension 1, then
the components of dg(,n are the second residue maps Oy : M, (ko(X)) —



MOD TWO INVARIANTS OF WEYL GROUPS 9

M,,—1(ko(z)). In particular, the cohomology group in dimension 0, also
called unramified cohomology of X with values in M,,, equals

My une(X) := Ker <Mn(/<:0(X)) Beex, D Mo (kole )
zeX )

In case X = Spec(R), we use affine notations and write M,, ynr(R) instead
of M, unr(X).

Lemma 3.1. Let M, be a cycle module over kg and R a reqular and integral
ko-algebra with fraction field K, which is essentially of finite type. Let
ai,...,a; € R be such that a; —aj € R* for all i # j. Then,

Mn,unr(R[T] H(T*ai)) = Mn,unr(R) @ @{T - ai} : Mn—l,unr(R)a
il i<l

where we consider {T — a;} as an element of KM(K(T)) and My, 1 une(R)
as a subset of M, _1(K(T)).

Proof. Setting f(T) := [[(T — a;), we consider the following short exact
i<

sequence of cycle complexes, where for a cohomological complex P* we

denote by P*[1] the shifted complex with P’ in degree i + 1:

C*(R[T/R[T] - f(T), My 1)[1] =—— C*(R[T], My,) —> C*(R[T y(1), M)

Using homotopy invariance, the associated long exact cohomology sequence
starts with

0 — Mpunr(R) = My une(R[T] £(1)) = Mp—1,une(R[T]/R[T] - f(T)).

We claim that the map on the right-hand side of this exact sequence is a
split surjection. Indeed, by the Chinese remainder theorem,

RIT\/RIT)- (1) ~ [[ RIT)/RIT]- (T —a) ~ [[ R.

i<l 1<
so that M, 1 un(R[T]/R[T] - f(T)) ~ My_1.un(R)®!. Disentangling the

definitions of the appearing maps shows that

Mnfl,unr(R)@l — Mn,unr(R[T]f(T)), (331, cee ,xl) — Z{T - ai}xi

i<
defines the asserted splitting. O

By induction and homotopy invariance, Lemma [B1] implies the well-
known computation of the unramified cohomology of a Laurent ring.
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Corollary 3.2. Let M, be a cycle module over ky. Then,
Mpune(ko[T5, . T~ @ (T, T} - Moy (ko).

r<l
1<i1 << <

3.2. Invariants of (Z/2)". Corollary implies that the invariants of
(Z/2)™ with values in a cycle module are completely decomposable. This
is shown for invariants of (Z/2)" with values in kM in Serre’s lectures [4
Part I, Sect. 16]. Writing (o) € H'(k,Z/2) for the class of o € kX, every
index set 1 <41 < --- <4 < n gives rise to an invariant

Tiy,r + H (K, (Z/2)") = H' (k,Z/2)" — 1" (k)
[(a1), ..., (an)] = {ouy, ... 06}
We show that they form a basis of Inv((Z/2)"™, M,) for every cycle module
M, with kM-structure.

Let k € Fiy, a € Invi((Z/2)", M,) and write K := k(t1,...,t,) for
the rational function field in n variables over the field k. Then, T :
E(Vti,...,V/tn) 2 k(ti,...,t,) is a versal (Z/2)"-torsor, so that by [4]
Part I, Thm. 11.1] or [6l Thm. 3.5],

ag(T) € M*,um(k[tf, L E).
By Corollary B.2] there exist unique m;, . ;, € M, (k) with

aK(T) = Z {tin--- 7til}mi1,...,il-

I<n
1<ip << <n

b:= § Ligyeyig My iy -

I<n
1<ii<--<yy<n

Then, the invariant

agrees with a on the versal torsor T'. Hence, the detection principle in the
form of [4, Part I, 12.2] or [6, Thm. 3.7] implies that a = b, as asserted.

3.3. Invariants of Weyl groups of type G3. Assume here that the base
field is of characteristic not 2 or 3.

The group W(G2) is a semi-direct product of a normal subgroup L of
order 3 and a subgroup P ~ (Z/2)? generated by the reflections at two
orthogonal roots, see [I, Chap. VI, §4, No 13]. Since there is up to conjugacy
only one such P, Proposition [Z.3] shows that the restriction map resﬁf(GQ)
is injective. Since the projection W (Gs) ~ P x L — P induces a splitting,
we deduce that res{fV(G2) is in fact an isomorphism.

In view of the results for other Weyl groups it is worthwhile to note that a
basis for the invariants can also be expressed in terms of the Stiefel-Whitney
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invariants to be introduced in Section below. As in Section [B.1] below,
we see that the restriction of the Stiefel-Whitney classes in degrees 1 and
2 to P correspond to the invariants x1 + x2 and 2. Finally, considering
the morphism W(G2) — O; = {£1} sending one of the two classes of
reflections to —1 and the other to 1 yields the invariant z; (or x3).

3.4. Torsor computations. Henceforth, we switch freely between the in-
terpretation of H!(k,O,) via cocycles on the one hand and via quadratic
forms on the other hand. For this purpose, we recall how to view H!(k,O,,)
in terms of non-abelian Galois cohomology [13]. Let ¢ € ZY(T,0,,) be a
cocycle. That is, ¢ is a continuous map from the absolute Galois group I'
of a separable closure ks/k to O,(ks) and satisfies the cocycle condition
Cor = Co - 0(cr). To construct a quadratic form ¢, over k, we first define

an action x of I on k7 via 0 xv = ¢;(0(v)). Then, we let vy,...,v, € k7
denote a k basis of the vector space
V9Y¥={vek': oxv=vforallocel} (3.1)

Now, we let g. be the quadratic form whose associated bilinear form b, is
determined by bq, (e;,€5) = (v, v;), where (-,-) denotes the standard scalar
product in k7. In other words, q. is the restriction to VT of the quadratic
form associated with the standard scalar product (-,-). We will come back
frequently to the following three pivotal examples, where V = k2.

Example 3.3. Consider the group homomorphism (Z/2)? — Oa,

(01 (0 -1
€1 1 0) 1 0/

Let (o, B) € (k* /k*?)2 be a (Z/2)-torsor over k. Then, v; = (va, —y/a) ',
vy = (v/B,v/B) " defines a basis of V*I' and the induced bilinear form is the
diagonal form g, 5) = (2c, 263).

Example 3.4. Consider the group homomorphism Z/2 — Os,
. 0 1
€1 1 0/

Let o € k¥ /k*? be a Z/2-torsor. Applying the above example with 3 = 1,
we see that the induced bilinear form is the diagonal form g,y = (2a, 2).

Example 3.5. Consider the group homomorphism (Z/2)? — Oa,

(01 L (01
1 1 0) 1 0)
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Let (o, 8) € (k*/k*%)? be a (Z/2)%torsor over k. Then, v; = (1,1)7,
vy = (vVapB, —v/aB) T defines a basis of V*I'. The induced bilinear form is
the diagonal form g, ) = (2,2a3).

3.5. An embedding of Sy» into Osn. Next, we describe a specific em-
bedding (Z/2)" — Osn on the torsor level. For any | < 2" — 1 let
b(l) C [0,n — 1] be the position of the bits in the binary representation.
That is, I = ), eb(l 2 Furthermore, let fg be the flipping the bits at all
positions in S C [0 n — 1]. In other words, fs: [0,2" — 1] — [0,2" — 1],

fs(1) = b1 (b(DAS),

where RAS = (R\S)U(S\ R) is the symmetric difference. In this notation,
the group homomorphism ¢ : (Z/2)" — Son C Ogn

¢<;968> = fs

induces a map ¢, : H'(k,(Z/2)") — H'(k,Oqn), which we now describe
explicitly.

Lemma 3.6. Let eq,..., 6, 1 € kX/k*2. Then,
Beleor- - ren1) = (2) @ ((—eo)) & {(—e1)) @ -+ & ((—en_1)).

Since any two simply transitive actions on [0,2" — 1] are conjugate in Son,
Lemma is more useful than it may seem at first.

Proof. Consider a cocycle representation ¢ € Z(T',(Z/2)") of the torsor
(€0y---r€n_1) € (KX/k*%)™. That is, the ith component of ¢, equals 1 if
and only if 0(\/5) = —,/€;. To determine the quadratic form defined by
the induced cocycle o — ¢(c,), we assert that a basis of the k-vector space

VA from (3] is given by {vo,...,van_1}, where v, has components
(op)e = ()"0 ] /&
1€b(p)
First, v, € V*!', since writing ¢, = Y, €; for some S = S(o) C [0,n — 1]
shows that
U((_l)w(mmb(m I1 \/6—> — PO TT /e = (0p) g0

icb(p) icb(p)
Moreover, to prove the linear independence of the {v,},, we note that

b(vp,vp) = Z (vp)u(vp)y =27 H €.

uL2"—1 1€b(p



MOD TWO INVARIANTS OF WEYL GROUPS 13

Hence, it suffices to show that b(vp,v,) = 0, if p # ¢. By assumption, there
is at least one i € b(p)Ab(g), so that pairing any L C [0,n — 1]\ {i¢} with
L U {i} shows that

bopvg) = [[ v [[ va- > (-1)l@nti+@nt

1€b(p) 1€b(q) LC[0,n—1]

H NGE Z \b )NL|+(b(q )ﬂL|+( )|b(P)mL‘+|b(Q)mL‘+1)’

i€b(p) LC[0,n— 1]\{1}
Jj€eb(q)

vanishes as claimed. O

3.6. Stiefel-Whitney Invariants. The total Stiefel- Whitney class is de-
fined by

w, : H'(k,0y,) — KM (k)
(a1,...,0m) — H(1 + {as ),

where (aq,...,q,) is the class in H'(k,O,) of the diagonal form. They
generate the invariants of the orthogonal group O, with values in k,':/l as
Serre shows in [4, Part I, Sect. 17].

Theorem 3.7. Let ky be a field of characteristic not 2. Then, the Stiefel-
Whitney invariants form a basis in the sense of Definition[21] of Inv(O,,, kﬂ")
forallm > 1.

y [4, Rem. 17.4] the product of Stiefel-Whitney classes is given by

—L(b(r S
wyws = {—1}7 COMED o mnns)) (3.2)
where b(+) denote the binary representation of Section

Example 3.8. Later, we will meet some examples where it is easier to
do the computations with a slight variant of the Stiefel-Whitney classes.
Therefore, we introduce modified Stiefel-Whitney classes wg € Inv?(O,,, kM):
For even n, we put wy(q) := wq((2) ® q) for all d < n and for odd n, we
set inductively wy = 1 and wg11(q) = wgy1((2) ® q) — {2}wa(q). Then, we
obtain for even rank(q) that

wa((2) © q) = wa(q) = wa((1) + (2) @ q).

Alternatively, one could also give a more direct definition of modified Stiefel-
Whitney classes not depending on the parity of ¢ by setting wy(q) as wq(q)
if d is odd and as wg(q) + {2}wg—1(q) if d is even.

Finally, we recall another kind of invariants.
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Example 3.9 (Witt-ring invariants). The image of an n-dimensional qua-
dratic form in the Witt ring G yields an invariant Inv*(O,,, W). Since the
definition of invariants only makes use of the functor property, this concept
makes sense, even though G is not a cycle module. Albeit of limited use
in the setting of quadratic forms, the aforementioned invariant becomes a
refreshing source of invariants for groups G embedding into O,. Indeed,
for Weyl groups G of type Ds,, E7, Eg, we construct embeddings such that
the restrictions become invariants with values in a suitable power of the
fundamental ideal I C W. Since the Milnor morphism

1|1\/|i|: krl\z/l — In/InJrl
{aa}-H{am} = ((n)) @ - @ ((om))

with ((a)) := (1, —a) induces an isomorphism between mod 2 Milnor K-
theory and the graded Witt ring [I1, Theorem 4.1], we obtain elements in
Inv* (G, kM).

3.7. A technical lemma. The following technical lemma simplifies the
computations of invariants.

Lemma 3.10. Let R be a commutative ring, I a finite index set, M an
R-module and G a finite group acting on I. The operation of G on I
induces an operation of G on the R-module N := @®;c;M by permutation
of coordinates. Let I = Iy U Io - -- U Iy be its orbit decomposition. Then,
NC = @,c.N;, where for i <k,

N; ::{ZLj(m): meM}%M.

Jjel;
Here, 1j : M — N denotes the inclusion along the jth coordinate.

Proof. Since (3_;,; N;j) N N; = {0} and &;<xN; C N€ hold for every i, it
remains to show that the N; generate N&. To prove this, note that any
x € N can be written uniquely as x = ), ;t;(m;) for certain m; € M.
We prove by induction on the number of non-zero m; that any z € N lies
in the module generated by the N;. We may suppose I = [1;|I]], m; # 0
and denote by I the orbit containing 1. Now, comparing the g(1)th entry
of z and of g.z yields that my) = my for every g € G. In particular, we
can split of a sum > ., t;(m;) = > ey ¢j(m1) € Ny from x. Applying
induction to z — 3/ ¢;(m1) concludes the proof. O

In particular, Lemma [B.10] yields the following orbit decomposition.

Corollary 3.11. Let R, be a commutative, graded ring, I', ..., I" be finite
index sets, M, be a graded R.-module and G a finite group acting on each
of the I'. The operation of G on the I induces an operation of G on the
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graded R.-module Ny := ®y<, ©pe My_q,, where the dy are certain non-
negative integers. Let It = If U If - If;z be the orbit decomposition.
Then, NG =~ Dr<r Dicny Neji, where for £ < r, 1 < ny, we put

(Neido i= { 30 1im) = m € Me_g, } = M.y,
jeIf

Part II: Computation of the invariants of irreducible Weyl
groups
Throughout this part ky denotes a field of characteristic not 2. When we
compute the invariants of an irreducible Weyl group W = W (%), where ¥
is an irreducible root system we assume also that the characteristic of kg
and the order of G are coprime.

We use in the following the description of irreducible root systems given
in Bourbaki [I, PLATES I-VIII] for irreducible root systems of type #
G2 (recall that for Weyl groups of type G2 we have already computed
the invariants in Section B3]). We have ¥ C @ e;Z[1/2] € R” for an

<n
appropriate n. Taking the tensor product ko®z; /2] we get an embedding
of ¥ into k{, such that all & € ¥ are anisotropic for the standard scalar
product of k{f. Hence the associated reflections generate a finite subgroup
of Oy (ko) which is isomorphic to G. In the following we will identify G
with this subgroup of O, (ko).

We provide a family of elements {z;}ic; C Inv(G, kM), forming a basis
of Inv(G, M,) for all cycle modules over ky. For this we have to show that

given k € Fy, and an invariant a € Invy (G, M,), then there exist unique
¢i € M, (k) such that

a= Z resy /o (i) ci-

iel
To verify this claim, we may assume k = kg and let ey, ..., e, denote the
standard basis elements of the ko-vector space k(.
If ai,...,a, € X are pairwise orthogonal, then P(ay,...,a,) denotes the
elementary 2-abelian subgroup generated by the corresponding reflections
Says---s8a,. For 1 < i) <--- <1 < n, we write Tag, .o, for the invariant

ZB'L’I

HY (= (Z/2) - 50, X -+ X (2/2) - 50,) = H' (=, (Z/2)") =5 K"(-),
see Corollary for the definition of the invariant x;,, ;.

4. WEYL GROUPS OF TYPE A,

The invariants of Weyl groups of type A, with values in kM are induced
by the Stiefel-Whitney classes {w;};, see [4, Part I, Sect. 25]. The proof
carries over essentially verbatim to invariants with values in cycle modules
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M, with ky—structure using the splitting principle in the form of Propo-
sition 23] and the computation of Inv((Z/2)", M,) in Corollary The
result is as follows. Here, we identify H'(k,S,) with the set of isomor-
phism classes of étale algebras of dimension n over k, and denote for such
an algebra E by gg its trace form.

Proposition 4.1. Let n > 1. Then, Inv(S,, M,) is completely decompos-
able with basis {E +— wi(qE)}i<|n/2) -

5. WEYL GROUPS OF TYPE B, /C,.

First, we note that the Weyl group W(C,,) is isomorphic to the Weyl
group W (B,,). Hence, determining the invariants for W (B,,) will also yield
the determinants for W (C,,).

5.1. Invariants of Bj. First, we consider W (Bs), which is isomorphic to
the dihedral group of order 8. In particular, G := W(B3) = (o,7) C Sy
admits the permutation representation defined by

(12 3 4 (1 2 3 4
9=\2 3 4 1) T=\3 41 2/

Considering G as orthogonal reflection group over kg yields an embedding
¢ : G C O of algebraic groups over kg given by

. (0 —1> N (0 1)
1 0)° 1 0/°
Now, ¢ determines an action of G on ko[X,Y ] given by °X =Y, 7Y = - X
X =Y,7Y = X. In particular, k[X,Y]¢ = ko[X? + Y2, X?Y?|
kolA, B], where A := X2 + Y2 B := 4X?Y? Fix the notation E :=
ko(X,Y), K := ko(X? + Y2, X2Y?). Now, the group G acts freely on the
open subscheme

U:=DXY(X-Y)X+Y)) =DX*Y*(X*-Y?)?) C A%

12

where for a polynomial f, we denote by D(f) C A? the open subset given

by f # 0.
By [4, Part I, Thm. 12.3] or [6, Thm. 3.7], the evaluation at the versal

torsor Spec(E) — Spec(K) yields an injection Inv(G, M) = M, ynr(U/G).
To check that this map is also surjective, we first compute M, 40 (U/G).
An explicit computation yields

U/G = Spec(ko[X,Y, X 2Y2(X? - Y?)7%|9)
= Spec(ko[ X2 + Y2, X2Y2 X2V 2 (X? - Y?)7?))
= Spec(ko[A4,B,B~', (B — A*)7Y)),
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To compute M, 4o (U/G), note that V := D(A) C U/G is isomorphic to
the spectrum of

ko[A,B,B~', A" (B—A*)" 2 k[A, B, (B) L AL (B - 1),
where the isomorphism is induced by mapping B’ to B/A2. Now, by ap-
plying Lemma [B1] twice and homotopy invariance,

M*,unr(v) = M*(kO) @ {B/A2 - 1}M*71(k0) S {A}M*fl(kO)@
@ {B}M.—1(ko) © {AH{B/A® — 1} M, s (ko)
® {AHB}M,—2 (ko).

M, une(U/G) can be computed as the kernel of the boundary 0 = O(A) :

M.(V) — M,_1(G,,). Thus, for every t € M, (ko),

a(t) =
O({B/A* —1}t) = ({B AQ}t) = {B}o(t) =
d({B}t) = {B}o(t) =
a({A}t) =1,
O{AHB/A® —1}t) = 0({AHB — A%}t) = {B}o({A}t) = {B}t.
d({AHB}t) = {B}o({A}t) = {B}t.

Writing M, short for M, (ko), we conclude that M, ,n(U/G) is given by
M, ®{B - A’} M,_, ® {BYM,_, ® {A}{B(B — A>)} M, _,
~M,®{B—-AYYM,_ | ® {B}M,_, @ {A}{B — A’} M, _,.

It remains to construct invariants mapping to the three non-constant basis
elements of M, ynr(U/G). Pulling back wi,we € Inv(Og,k,':/l) along the
embedding ¢ gives invariants in Inv(G,ky) that — by abuse of notation —
we again denote by wi,ws. We first compute the value wy(E/K) of wy
at the versal torsor E//K constructed above. To do this, we note that the
determinant of ¢(c?7) is —1, while the determinant of ¢(c?) is 1. Now,
XY (X? —Y?) € E maps to its negative by each reflection and is fixed by
all the o, Thus, wy(E/K) = {X?Y?(X? - Y?)2} = {B(A% - B)}.

Another invariant comes from the embedding G C S;. We may de-
fine vy := resgl({uvl). Again, we compute v1(E/K). We note that w; €
Inv!(Sy, kM) may be computed as follows. Start with an arbitrary z €
H'(k,Sy); then wy(x) = sgn,(z) € H'(k,Z/2) = k*/k*? = KM(k). The
kernel of sgn consists exactly of the elements {id, 7,02, 0?7} with 0,7 as
above. Since XY is fixed by this kernel and is mapped to its negative
by o, the value of vy at the versal torsor is {X?Y?} = {B}. Conse-
quently, it remains to find an invariant mapping to the basis {A}{B? — A}
of My unr(U/G).
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Finally, we compute the value of wy € Inv?(G, kM) at E/K. First con-
sider the elementary abelian 2-subgroup generated by reflections P :=
(r,7'), where 7/ = o%7. Thus,

o= (1 o) o= (2 ).

Recalling that the action of G on E is defined via ¢, we now consider
the versal P-torsor E/EY = ko(X,Y)/ko(X%2 + Y2 XY). Then, 7 € P =
Gal(E/ET) acts via 7(X) = Y, 7(Y) = X and 7/ via 7(X) = =Y, 7(Y) =
—X. Thus, this (Z/2)?-torsor over E¥ is equivalently described by the pair
(X = Y)2,(X +Y)?) € (EF)</(EF)*%)2. We conclude that the value of
res;, wy at this P-torsor is {(X —Y)2}H{(X +Y)?} € KM(ET).

By the computations above, the value of res§ (ws) at E/K is of the form
a1+ {B — A%}as + {A}az + {B}HB(B — A%)}ay € KY(K)

for some a1 € kY (kg), ao, a3 € kM (kg), oy € k) (ko). Now, consider the
diagram

HY(K,G) —=kY(K)

resf(P (E)l/ l

HY(EP,G) =~ kM(EP)
indIGgT

H'(E?, P).
The square commutes by the definition of invariants. Denote by E €
HY(K,G) the G-torsor E/K and by F € H'(E? | P) the P-torsor E/ET.
Interpreting the torsors as cocycles yields

ind%(F) = res? (E) € HY(E?,G).
Observing that XY is a square in E this means
{(X =Y)H(X +Y)?*} = a1 + {B — A%}z + {A}H{A® — B}ay.

Applying the identity {S}{3'} = {8+ }{—B6'} to the left-hand side gives
{2A}{B — A2}, so that we may choose a; = 0, ay = {2} and oy = 1. We
conclude that the injection Inv(G, M) — M, ynr(U/G) is surjective. This
finishes the computation of Inv(G, M, ) and we obtain the following.

Proposition 5.1. The invariants Inv(W (B2), M) are completely decom-
posable with basis consisting of the invariants {1, vy, wy,ws}.

We conclude this section with a corollary of the proof.
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Corollary 5.2. Let P, = P(ey,e2) and Po = P(e; — eg,e1 + e2). Then,
rest}(B )(vl) = T{e;) T Tley)s
resﬁ}(BQ)(wl) = T{e;} T Tfes)
res{/)[}(BQ)(wﬁ = Tley,en}s
and
resl? . (v1) =0,

W(B2)
res%(Bg)(wl) = x{61*62} + x{61+62}7
resﬁg(32)(w2) = T{e1+ea,e1—e2} + {2} ’ (x{61*62} + x{el+€2})‘

5.2. Invariants of B,. After dealing with the case n = 2, we now compute
the invariants of Weyl groups of type B, for general n. The root system
B, is the disjoint union A; LI Ay C R™, where A; = {#e; : 1 < i <
n} are the short roots and Ay = {+e; +e; : 1 < i < j < n} are the
long roots. This root system induces an orthogonal reflection group over
any ko satisfying the above requirements. Furthermore, W(B,) = S, x
(Z/2)" as abstract groups. Put m := [n/2] and for i < m define a; :=
eg9i_1 — eo; and b; := eq;_1 + eg;. For each L < m the elements of X, :=
{a1,b1,...,a5,br,€2041,€2042,- .., €n} are mutually orthogonal. Defining
Pr, == P(X1,), we prove by induction on m that Q(G) = {[F], ..., [Pn]}-

The claim is clear for n = 2. In the general case, let P be any maximal
elementary abelian 2-subgroup generated by reflections. First assume that
P contains a short root, say e,. Now, observe that (en>L NB, = B,_1
and use induction. If P contains a long root, we may assume this root to
be a;. Then, (a1)t N B, = {£b;} U B,,_5, where we consider B,_s to be
embedded in R™ using the last n — 2 coordinates. In particular, we may
again use the induction hypothesis.

To determine Inv(B,, M,), we introduce additional pieces of notation.
We denote Pp-torsors over a field k by (a1, 51,-.., a5, B0, €241 ---,€n) €
(k> /E*2)*. From the (Z/2)"-section, we know that Inv(Pr, M,) is com-
pletely decomposable with basis {x;} IC[1:n]- Since this parameterization is
inconvenient in the present setting, we change the index set by putting

AY = {(A,B,C,E) C [1;L]® x 2L + 1;n] : A, B, C pw. disjoint,
|A| + |B| +2|C| + |E| = d}.
We reindex the basis of Inv(Py,, M) by defining for every (A, B,C, E) € A4:
xﬁ,B,C,E : Hl(k%PL) — k}'t"(k)

(@1, 81,y ar, By earss - en) = [ [{aa} [T{8} [T {ack {8 [T {ee}-

a€A beB ceC eeE
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In the same spirit, we also write
P(A,B,C,E) := P({ap}pea U {bgtqen U{ar,br}rec U{es}ser).
For d < m, we now construct the specific W (B,,)-invariant
ug = p*(wg) € v (W (B,), M,),

where wy € Inv?(S,, kM) denotes the dth modified Stiefel-Whitney class
and p: W(B,) =S, x (Z/2)" — S, is the canonical projection. Then, the
map W(B,,) = S, sends both s,,, sp, to (2¢ — 1,2¢) and s, to the neutral
element. Let k € Fy, and (a1, f1,...,aL0, 0L, €20+1,- - -, €n) be a Pp-torsor
over k. Using ExampleB.5land {2}{2} = 0, gives that the value of the total
modified Stiefel-Whitney class at this torsor is [[,.; (1 + {a;8;}). Hence,

P, L
resyt .y (ua) = > oo (5.1)
(A,B,@,2)eAd
Next, we construct an invariant vz such that
P, L
resyt ) (va) = > whac (5.2)
(2,2,C,E)eNd

To that end, we note that W (B,,) embeds into Sa, via o [[;c; se, = - (0 +
n) [Lic;(4,i 4+ n), where I C [1;n], 0 € S, and 0 +n € S, is given by

k if k< n,
k— )
n+o(k—n) if k>n.

We define the modified Stiefel-Whitney invariants wy € Inv?(S,, kM) as
before and put v} := resgiB”)(@) € Invy(W(B,,), kM) for d < n. Then, we

define vg recursively, by setting vg := 0 and then
Vg 1= v& + Z Ud—kVk -
k<d—1

To show that the so-defined invariant satisfies (5.2]), we first note that
already when restricting v/, to Pr, we obtain an agreement with the right-
hand side of (5.3]) up to mixed lower-order expressions.

Lemma 5.3.

P L d—k L
fevaL(Bn>(Uff): Z T3,0,0E T Z{—l} Z YA,B,C.E

(2,2,C,E)eAd k<d-1 (A,B,C,E)eAk
(5.3)

Proof. Observe that the map W (B,) — S, sends se, — (i,7 +n) and
Say > (20— 1,20)(2i — 1+ 1,2 +n), sp, > (26 — 1,2 +n)(20,2 — 1 +n)
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Hence, by Lemma 3.6 the composition P, — W (B,,) — Sa, — O2, maps
a Pp-torsor to the quadratic form
<<_a1’ _/81>> DD <<_aLa _BL>> D <25 262L+1’ v ’25 26n>

We claim that the total modified Stiefel-Whitney class evaluated at this
quadratic form equals

[[a+{-1{ai} +{B) +{ait{m)) [ A+ {ad). (5.4)
i<L 2L4+1<i<n
To see this, we compute it suffices to check that w((2) ® ((a,))) = 1+
{=1H{—-1} + {a}{B}. To see this, we compute
w((2) @ ((—a, =f))) = (1 + {2H (1 + {2a}) (1 + {26} (1 + {25} + {-a})
= (L4 {a} + {2Ha})(A + {a} + {26}{-a})
=1+ {aH{a} + {2H{a} +{28}{-a}
=1+ {-1Ha} +{-1{B8} +{a}{B}.

Thus, translating (5.4]) into the new notation, we obtain that

Py, Ny L d—k L
resypn () = Y, tBecet Y -1 Y akpop O
(2,2,C,E)end k<d—1 (A,B,C,E)eAk

In light of Lemma 53] to establish (5.2), it remains to understand the
product structure between uy_j and vg. To that end, we restrict the prod-
ucts to Pr,.

Lemma 5.4. We have

L L _ L
E TAB,o,.o § Lo .o,C.E = § TA,B,C.E

(A,B,2,2)eAd (2,9,C,E)eA] (A,B,C,E)eAdt]
2|CI+|El=f

: : L L _ ANC|+|BNC| ,.L
Proof. First, since 23 p 5 575 5 0.p = {—1}‘ I+ ‘xA,C7B,C7C,Ea

L L
§ LA B,oo E Lo o,C.E

(A,B,2,2)eAd (9,9,C,E)eA]

- Z Z {—1}%%70,370,0,19

k>0 (A,B,2,2)eAd
(2,9,C,E)eA]
|ANC|+|BNC|=k

= Z T4 pop+ Z Z {(-1Y2% cp con

(A,B,C,E)eNIH! k>l (A,B,2,2)eA]
2|CI+|E|=f (2,9,C,E)eA]
|ANC|+|BNC|=k
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To show that the second sum vanishes, fix k¥ > 1 and (A", B',C,FE) €
ACLHf -+, Then, define

S:={(A,B): (A,B,2,9) €A} and A~ C = A" and B - C = B’}
={(AuUU,BUV): U,V CCand UNV =@ and |U| + |V| = k}.

Using this description, we conclude |S| = 2¥ ( |g| ) Since k > 1, this is
even and we obtain the desired vanishing of the second sum. O

In the rest of this section, we show that Inv(W(B,,), M,) is completely

decomposable and that the products {ug—,v fmax(0,2d—n)<r<a yield a basis.
d<n

Before determining the structure of Inv(W (B,,), M.), it is helpful to know
something about the image of the restriction maps Inv(W(B,,), M,) —
Inv(Pr, M,). Let d,k,¢,L be non-negative integers, L < m. Then, the
invariant

d
PL oy = Z vh por
(A7B,C,E)EAdL
|Cl=k,|E|=¢
is non-trivial if and only if there exists (A4, B,C, E) € A¢ with |C| = k and
|E| = ¢.

Lemma 5.5. The image of the restriction map Inv(W (By,), M) — Inv(Pr, M,)
is contained in the free submodule with basis

{¢6Ll,k,ei 2k+0<d<n,2(d—k—0)<2L<n—1{(}.

Proof. Let us first show that ¢6Ll7u #0iff 2k +¢ < d < n and 2(d —
k—/¢) < 2L < n—{. First, the conditions 2k + ¢ < d and 2L +/¢ < n
are necessary. Furthermore, from the pairwise disjointness of A, B,C', we
conclude |A| + |B| + |C| < L. This is equivalent to d — (2k + ¢) + k < L.
Thus, d — k — ¢ < L is also necessary. To check sufficiency, suppose, we are
given L, k, ¢, d satisfying the restrictions. Then, ([1;d — ¢ — 2k|, &, [d — ¢ —
2k + 1;d — € — k],[2L + 1;2L + £]) € A%. Thus, ¢¢ , , # 0. Next, we check
that the image of the restriction map is indeed contained in the submodule
generated by the ¢C£7k7£M*(k0).

Observe that all of the following elements normalize Py:
{852i—1_€2j—1352i_52j }i,j<L7 {sei_ej }i7j22L+1 and {8621'}Z<L'
Let Ni, C Nyy( Bn)(PL) be the subgroup generated by these elements. We

claim that Ny permutes the mﬁBCE' ApDlyIng Sey; 1 —ey;_ Sepi—ey; fOT
1,7 < L to a Pr-torsor

(alaﬁlr .. 704L75L762L+17 cee 7671)
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interchanges «; <+ a; and 3; «+ ;. Thus, xﬁ,B,C,E maps to xfl’,B',C',E
where A’/B’/C" is obtained from A/B/C by applying the transposition
(1,7) to the respective sets. Similarly, we see that swapping the ith and
the jth coordinate for 7,7 > 2L + 1 maps xﬁ,B,C,E to xtiC’E, where F’ is
obtained from E by applying to it the transposition (i, ). Finally, changing
the (2¢)th sign maps xiB’C’E to xﬁngC,E where A’ = (A—{i})U(BN{i})
and B’ = (B —{i}) U(AN{i}). That is, if i € A we remove it from A and
put it into B and vice versa.

Iteratively applying these operations to an arbitrary (Ao, By, Co, Fo) €
A¢ shows that its orbit under Ny, equals {(A,B,C,E) € A : |C| =
|Col, |E| = |Eo|}. Now, the lemma follows from Corollary B.11] O

By Proposition 23] the injection Inv(W(B,,), My) — [ <, Inv(Pr, M)
has its image inside [[;,, Inv(Pr, M,)Nt and Lemma gives a good
description of this object. However, this map is not surjective. One reason
is the following: If an element (z1,)r, of the right hand side comes from a
W (By,)-invariant, then certainly the restrictions of zz and zy/ to Py, N Py
must coincide. To address this, we prove the following refined lemma.

Lemma 5.6. The image of Inv(W(By,), M) — [[1<,, Inv(Pr, M) lies in
the subgroup generated by {s- M,_ 4 (ko) : s € S}, where

S = {( Z qﬁcLl’k,z)L : max(0,2d —n) <r <d< n} - H Inv(Pp,kM).

2k+0=r L<m

Proof. Let z € Inv(W(B,),M,) be a homogeneous invariant and z =
(zr)r € [Ip<pm Inv(Pr, M) be the image of Z under the restriction maps.
By Lemmam z = (Zd,k,[ ¢C£7k,sz,d,k75)L for some Mrdke € M*,d(ko),
where the sums are over all those d, k, ¢ such that ¢6Ll7 ko 7 0.

First goal, we show that my, g is independent of L in the sense that
ML.dke = ML ke if (de pe 70 and ¢C£, we 7 0. We then denote by mgy ¢
the common value. Observe that (Ag, By, Co, Eo) € A4, N AdL, where

Hence, since z comes from an invariant of W(B,,),

P(Ao,B0,Co,Ep) _ .P(A0,Bo,Co,Ep)
resp, (z1) = resp (z/).

Comparing coefficients of 4, B,.c,, F,-components on both sides yields that
ML dke = ML d ke

Now, let us have a look at the second obstruction. We want to prove
Make = Map e, if 2k + € = 2k" + ¢ and if there exist L,L’ such that
¢dL’,k’7£’ # 0 and ¢C£7k,€ # 0. It suffices to prove this in the case k' — k = 1.
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Since there exist L, L’ satisfying gde, K0 gde w7 0, we can choose some L
d d
such that ¢7 1 1y, @7 ks #0.

Let y be the restriction of z to P([l;d — ¢ — 2k], @, [L — k+ 1; L], [2L +
3;2L + ¢]) x W(Ba), where Bj is embedded via the (2L + 1)th and the
(2L + 2)th coordinates. By Proposition 2.5]

L
Y= Z LTA,z,C,EYACE
AC[1;d—0—2K]
CC[L—k+1;L]
EC[2L+3;2L+/4]

for uniquely determined y4.cp € Inv*~AI=2CI=IEIW(B,), M,). Further-
more, by the results of Section [B.1],

0 la 1b 2
YACE = mfcx,)c,E + wlmﬁx,c),E + Ulm&x,g,E + w2m§4,)C,E

for uniquely determined

0 1 1b
m(A,)aE € M,_ja—2/c|-|£|(ko), mfaxflc)*,Eam(A,(an € M,_a1-21c|-|E|-1(k0)

and
2
m(A,)QE € M**\A|f2|C\7|E|72(/€0).

Restricting y further to P([1;d — ¢ — 2k|, &, [L — k + 1; L], [2L + 1;2L + ¢))
and considering the T(1,q_ox—¢],o,(L—k+1;1),[2041;2L4¢-component, Corollary
yields that
m =m?
d.k,t ([1;d—¢—2k],[L—k+1;L],[2L+3;2L+¢])*
On the other hand, restricting y to P([l;d — ¢ — 2k],@,[L — k + 1;L +
1], [2L + 3;2L + {]) and considering the @[1.q ok —¢,2,[L—k+1;L+1],[2L+3;2L+4]"
component, we obtain from Corollary that
O €)
dk’ L ([1;d—€—2k],[L—k~+1;L],[2L+3;2L+4))"

This proves the lemma. O
From Lemmal5.4] we deduce the following decomposition of Inv(W (By,), M.).

Corollary 5.7. The group Inv(W (B,,), M) is completely decomposable
with basis

{ud,rvr : max(0,2d —n) <r <d< n}
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6. WEYL GROUPS OF TYPE Fj.

The root system Fj is the disjoint union A; U Ay U Az € R* with short
routes Ay := {+e; £ e] 1 <1< j <4} and long roots

AQ = {j:ei . \ Z 4} Ag = {1/2(i€1 + €2 + €3 + 64)}.
Moreover, Q(W (F. )) = {[Po], [P1], [P]}, where
PO = P(€1,€2,€3,€4), Pl = P(alab1,63,64)a P2 = P((Zl,bl,QQ,bQ)

Indeed, the set of long roots of Fj is the root system D,, which up to
conjugacy has a unique maximal set of pairwise orthogonal vectors, namely
ai,b1,a9,bs. On the other hand, if we have a maximal set of pairwise
orthogonal roots containing a short root, say e, then <e4>l NFy = Bs. We
have determined before that up to conjugacy Bs contains two maximal sets
of pairwise orthogonal roots; namely {e1, ez, es} and {a1, b1, es}.

Furthermore, the inclusion Py C W(By) C W(Fy) shows that the re-
striction map

Inv(W (Fy), M) — Inv(W(By), M)
is injective. Recall that Inv(W (By), M,) is a free M, (kop)-module with the
basis

{1, u1, v1, u2, v1u1, v2, vVou1, V3, V4 }.

Before constructing speciﬁc invariants, we first point to another restric-
tion in degree 2. Since resW(F )( 1) = resﬁﬁ(ﬂ)(vg) = 0, the image of the

restriction res is contained in the free submodule S C Inv*(Pg,M )

W(F)
with basis {1, yl,yg,yQ,yg,y4} where y; = resﬁ,(B )( 1), Y2 = resW(B )( 2),
yh = resW(B )(7)2) Y3 = resW(B )(vgul) and y4 = resW(B )(v4)

Now, let a € Inv(P,, M,) be any invariant which is induced by an in-

variant from Inv(W (Fy), M,). Then, we can find unique my € M,_4(ko),
ma, mby € M,_o(ko) such that

CL:Z( Z $A,B,C)md+( Z wA,B,@)m2+< Z wrarac)mz

giél (A,B,C)eAd (A,B,2)eA? (9,2,C)eA2
2

Now, $1/9(c; 4e3+esteq) lies in the normalizer of P, as it leaves a1, ag fixed
and swaps by with —by. Since a comes from Inv(W (Fy), M,), the action of
51/2(e1+eatesteq) l€AVES a invariant. Hence,

a= Z ( Z xA,B,C)md + (T{ar,a0} T o100} T Tlas,ba} T Tlan,bo}) M2
4t (4.B.0)en

+ (@ fay b} + x{a%bl})mé'

Comparing coefficients yields mg = m.
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Thus, the image of the restriction Inv(W (Fy), M) — Inv(P,, M,) is con-
tained in the free submodule with basis {1, y1,y2 + v5,y3,y4}. Therefore,
the image of the restriction Inv(W (Fy), M) — Inv(W (By), M,) is contained
in the free M, (ko)-module with basis {1, u1,v1,us + vo,v1u1, vou1, V3, V4 }.

Now, we need to construct Fy-invariants which restrict to these elements.
First observe that Dy C Fy and that W(F}y) stabilizes D4y. Thus, any
g € W(F}) maps the simple system S = {e; — ez,e9 — €3,€3 — €4,€3 + €4}
to another simple system S’ C Dy. Since all simple systems are conjugate
there exists a unique h € W (D) mapping S’ to S. This procedure induces
a permutation of the 3 outer vertices {e; —eq, e3—ey, e3+e4} of the Coxeter
graph, thereby giving rise to a group homomorphism v : W(Fy) — Ss.

Then, we define vy := ¢*(wy), where w; € Inv(S3,kM) is the first mod-
ified Stiefel-Whitney class. To determine the restriction of vy to Pr, note
that the map W (Fy) — Ss sends W (Dy) to the identity and s., to the
transposition (2,3). Since s., = gise,g; |, where g; € W(Dy) denotes the
element switching the 4th and the ith coordinate (i < 3), we conclude that
all se, are sent to (2,3). Thus, the value of res%(F4)(vl) at the Pp-torsor
(ala B, oL, Br, €041, - - - a€4) is Zi>2L+1{€i}'

The embedding W (Fy) C Oy4 as orthogonal reflection group yields in-
variants resg(ﬂ)(wd) e Invd(W (Fy), kM), where wq € Inv?(Oy4,kM) is the
dth unmodified Stiefel-Whitney class. Again, if 2 is not a square in kg,
then these invariants do not have a nice form, when restricted to the Py,.
Therefore, we change them a little and define invariants wg. The image
of a Pp-torsor (a1,...,ar,B1,.--, B0, €041, --,€1) in H(k,O4) under the
map P, C W(Fy) C O4 may be computed by using Example B3] and is
given by (21,201, ...,2a5,20L, €21+1, - - -, €4). We would like to have

Pr, —~\ __ L
syl (@a) = D Tipow
(A,B,C,E)eAd

Since the restriction of wy to Py, is already given by Z(A B.C,E)eAL zh o C.E>
we put wp := wi. Now, for d = 2,

Pr, _ L L
res (wz) = Z TABCET E {2}24 B o os
(A,B,C,E)eA2 (A,B,@,2)eAL

so that ws := we — {2} (w1 — v1) has the desired property. The restriction
of ws to Py, is

resgi (w3) = Z xﬁ,B,C,E + Z {Q}xﬁ,B,@,Ea

(A,B,C,E)eAd (A,B,2,E)EA?
|El=1
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so that we set w3 := wg — {2} (w1 — v1)vy. Finally, the restriction of wy to
PL is

P, L L
resg (wy) = Z TABCET Z 12}r4 poE
(A,B,C,E)eA? (A,B,C,E)eA}
2\C|+| E|=2
so that we set wy := wy — {2}wy(wy — v1). Furthermore, define uy :=

wp — V1 € Invl(W(F4),ki/|).
Now, we restrict the so-constructed invariants to W (B4). We claim that
(a) uy, vy € Invi(W(Fy), kM) restrict to uy, vy € Inv (W (By), kM);
(b) ujvy, (wy — ugvy) € Invz(W(F4),ky) restrict to ujvi,ug + vo €
Inv2(W (By),kM); and
(¢) uiwy, (W3 — urws) € Inv (W (Fy), kM) restrict to ujvg,vs.

Finally, @y € Inv}(W (Fy), kM) restricts to vy € Inv* (W (By),kM). To
prove these claims, we only need to consider the restrictions to Inv(Py, ky),
where the identities are clear by construction. Thus, Inv(W (Fy), M,) is a
free M, (ko)-module with basis

{15 1/1-};’ U1, @, l/ﬁvla @, U/]\2v1, U/]\4}
The construction of the wy also yields the following result.
Proposition 6.1. Inv(W (Fy), M,) is completely decomposable with basis

{1, wy,v1, w2, v1wy, w3, V1w, Wy }.

Remark 6.2. Alternatively, to the approach above, one could also rely
on transfer-restriction arguments to characterize the invariants of W (By),
which extend to W (Fj) as those whose restriction to W (Dy) is fixed under
the action of W (Fy)/W (Dy).

7. WEYL GROUPS OF TYPE D,,.
The root system D,,, n > 2 consists of the elements
D, ={xe;£e;j: 1 <i<j<n}

Let m = [n/2], a; := ey—1 — e and b; := eg;—1 + €. By Remark
2.4] this root system defines an orthogonal reflection group over kg with
|QW(D,,))| = 1. More precisely, P := P(ay,b1,...,am,by) is a maximal
elementary abelian 2-group generated by reflections. Furthermore, W (D,,)
is a subgroup of S,, X (Z/2)" = W(B,,) in the precise sense that

W(Dp) = {o -] se; € Sn = (Z/2)" : |I| even}.
el
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Remark 7.1. We note that for odd n the invariants of W (D,,) can be de-
duced from those of W (B,,), since W(B,,) = {£1} x W(D,,). For instance,
since W(D3) = W (As3), this gives the invariants for W (Bs).

Similarly to the B,-section, we define
A= {(A,B,C) C[1,m]>: A, B,C are pw. disjoint, |A|+ |B|+2|C| = d}
and 24 5.0 : H'(k, P) — k¥'(k)/2

xA,B,C(ah Bla sy Oy, ﬂm) = H{aa} : H{/Bb} : H{ac}{/@c}
acA beB ceC

As in the B,,-section, we now construct specific invariants. First, for d < m
the group homomorphism p : W(D,,) C W(B,) — S,, induces the invariant
Ug 1= p*(fu/};l) - |nvd(W(Dn),k2/l) with res{,)V(Bn)(ud) = Z(A,B,Q)GAUZ xA7B7®-

Furthermore, from Section Bl we have an embedding W (D,,) C W(B,,) C
Soy,. Starting with a W (D, )-torsor x € H(k, W (D,,)), we may consider its
image ¢, € H'(k, O,) induced by the map W (D,,) — Sa, — Oa,. Observe
that W(D,,) — Sa, sends
Sa, > (20— 1,20)(26 — 1+ n,2i +n), sy, — (20 — 1,2 +n)(2i,2i — 1+ n).

Thus, starting with a P-torsor (a1, (1, ..., Qm, Bm), we may apply Lemma
to see that under the composition P — W(D,,) — Sa, — Oa, this
torsor maps to

(o1, =f1)) @ - & ((—am, —fm)) (&(1,1)),
where the expression in parentheses appears only for odd n. We would like
to have an element v € Inv(W (D,,),kM) such that resﬁ,(Dn)(v) is given by
H(k, P) — kM(k)
(a1, By am, Bm) = (L +{aa H{Br}) -+ (L 4+ {amHBm})-

To achieve this goal, we proceed recursively as in Section Bl First, we
compute the value of the total Stiefel-Whitney class w € Inv(O4,k2/|) at a
2-fold Pfister form:

w(((=a, =) = 1 +{a)A +{BH(1 + {a} +{5})
=1+ {-1Ha} + {-1H{B} +{a}{B}.

Hence, setting v’ := resgg(nD")(w), we obtain as in Lemma [5.3] that

P L d—k
reSW(Dn)(Ufi) = Z Ty oot Z {-1} Z TA,B,C-
(2,2,C)eAd k<d—1 (A,B,C)eAk
Hence, proceeding recursively by setting vy := 0 and then

/
Vg = Vg + E Ud—kVE
k<d—1
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yields the desired invariant. Moreover, res{,DV(Dn)(vd) = Z(@,@,C)@Ad ZTz,2,0
and, by Lemma [£.4]

resﬁ,(Dn)(ud)resﬁ/(Dn)(ve) = Z TAB,C- (7.1)
(A,B,C)eAdte
2|C|=e

Now, suppose that n = 2m is even. In this case, we need to construct one
further invariant. Since W(D,,) = S,, x (Z/2)"~!, we have an embedding
S, € W(D,,) such that |W(D,)/S,| = 2"~!. More precisely, |W(D,,)/S|
consists of the cosets ¢;.5,, where g; := Hie] se; and where I C [1;n] has
even cardinality. The left action of W (D,,) on these cosets induces a map
W(Dy) — Sgn-1 — Ogn-1. Thus, any k € Fy, and y € H'(k,W(D,,))
induce a quadratic form ¢, € H 1(k,Ogn-1) and thereby an invariant w €
Inv(W(D,,), W). In fact, we claim that w € Inv(W(D,,),I™), where I(k) C
W (k) is the fundamental ideal.

To prove this, we start by showing that res{,DV(Dn)(w) € Inv(P, I™). Tt is
convenient to understand the map W (D,,) — Sy.-1 on the subgroup P.
Lemma 7.2. Let L = {{2i —1,2i} : i <m} and define f: 21" — oL

fI)={{2i —1,2i} : either 20 —1 €I or 2i € I, but not both}.
Then,

(1) The action of P on W(D,,)/S, has the 2™' orbits O7 := {g1 S, |
f)y=7%}, J €L, |J| even.

(2) Let Oy be an arbitrary orbit from (1). Put Ay := {i < m :
{20 —1,2i} € J} and By := {i < m: {20 —1,2i} &€ J}. Then,
P({ai}ieB, U {bj}jca,) acts trivially on Oy and the action of
Py :=P({ai}ica, U{bj}jeB,) on OF is simply transitive.

Proof. (1) Let I C [1;n]. If {2i — 1,2i} & f(I), then sq,9r = grSa, and
Sb,91 = 9IA{2i—1,2i}Sa;>, Where A is the symmetric difference. On the other
hand, if {27 —1,2i} € f(I), then s4,91 = gra(2i—1,2i}5a; and Sp,91 = G184,

(2) By the proof of part (1), P({a;}icp, U {bj};jca,) acts trivially on
Og. Since |P({a;}ica, U{bj}jen,)| = 2™ = |O7|, assertion (2) follows
after verifying that P({a;}ica, U{bj}jeB,) acts freely on O7. So suppose,
IClsn], M C A7 and N C By issuch that f(I) = J and g := [[;cps Sa; *
H]EN sp; fixes grS,. The proof of part (1) gives that ggrS, = g Sh,
where I" = IA(Ujeprun{2i — 1,2i}). Observing that I’ = I if and only if
M = N = @ concludes the proof. O

Using Lemma [.2, we conclude the following. Consider an arbitrary
y = (a1,...,Qm,B1,...,Bm) € HY(k,P) and let q, € H'(k,Ogn-1) be
the quadratic form induced by the composition P — W(D,) — Sgn-1 —
Ogn-1. The decomposition of the action of P into orbits Os induces a
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decomposition of ¢, as q, = ©7qy. More precisely, the action of P on Oy
induces a map P — Sam and ¢ is defined to be the image of y € H'(k, P)
under the composition P — Som — Ogom. By Lemma [7.2] this composition
factors through the projection P — P7. Now, by Lemma B.6] its remark
and Lemma [.2]

7= (2™ © @) (—a)) @ Q) (=5))- (7.2)

€A jEBs

Thus, the image of ¢, = ®7q7 in W (k) lies in I (k), so that res{,DV(Dn)(w) €
Inv(P,I™).

Now, we pass from P to W(D,). First, w induces an invariant @w €
InvO (W (D,,), I*/I**1) through the projection W — (I*/I**1)y = W/I.
Since the image of resﬁ,( D) (w) lies in I"™ C I, we conclude that resﬁ/( D) (W) =
0. As P is up to conjugation the only maximal elementary abelian 2-
subgroup of W (D,,) generated by reflections, Corollary 2.3 gives that w =
0 € IVO(W(D,,), I*/I*1), ie., w € Inv(W(D,),I). Tterating this proce-
dure m times shows that w € Inv(W(D,,), I"™).

By Example3.9] there exists an invariant e,, : I"™ (k) — kY (k) satisfying
em({{a1)) @ -+ @ ({am))) = [[{as}- (7.3)
i<m
Then,

en(y) = en((2™) @w(y) +{-1} 3 ua 1w
k<d-1

defines an element of Inv™ (W (D,,), kM) and, in the vein of Lemma [5.3] we
now determine its restriction to P.

Lemma 7.3.

restypy(em) = D> TaBe (7.4)
(A,B,@)eA™
|A| even

Proof. First, by identity ([I]), it suffices to show that the restriction of the
invariant e/ (y) := e, ((2™) @ w(y)) to P is given by

Y waps+{-1} D TAB,C- (7.5)
(A,B,@)eA™ (A,B,C)eA} |
|A| even
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Then, by identities (C.2) and (73], evaluating resﬁ/( Dn)(e;n) at the torsor
(a1,...,Qm, P1,.-.,Bm) € H' (k, P) gives that

Yo IMtead [T=s3=> > (-0 "VITT{e}] [ {81}

,B,o m e Jje B,o)eA™ S Jje
(A JEA A B (A, eA™ UCA U \4
|A| even \A| even VCB
—|U|-|V

= Now{-1" VI T T e} TT {85
UVC[1,m] i€U jev
Uunv=g

where

Nyy ={AC[l,m]: ADU,ANV = @&, |A]| even}|.

To conclude the proof, we distinguish on the value of |U| + |V/|. First, the
contributions coming from |U| + |V| = m give precisely the leading-order
expression in (). Next, suppose that |U|+|V| = m—k with k > 1. Then,
Nyy = 2k=1 50 that the corresponding contribution vanishes mod 2 if and
only if £ > 1. Now, we conclude the proof by noting that the contributions
for k = 1 yield precisely the summation expression in (Z.5]). O

Now, we derive a central set of constraints for the image of the restriction
map Inv(W(D,,), M,) — Inv(P, M,). For d < n and i < [d/2] put

¢l = Y wapceinv(PK)
(A,B,C)eA?
|C|=i

and 1 = Y (4 B,2) TABo-

|A| even
Lemma 7.4. The image of the restriction map Inv(W (D,,), M) — Inv(P, M,)
is contained in the free M, (ky)-module with basis

S ={¢¢: d<n, max(0,d —m) <i < [d/2]} UR,
where R =@, if n is odd and R = {11}, if n is even.

Proof. Arguing as in the B,,-section shows that all elements of S are non-
zero. Furthermore, both Se,, | —ey; 1 Seg;—eo; and Sey;_; Se,p;_, normalize P.
Let us denote by N1, Ny C N(P) the subgroups generated by the first,
respectively second kind of elements and let us denote by N the subgroup
generated by N; and Ns. At the torsor level, conjugation by the first
kind of elements swaps o; <+ a;j and f; <+ B;. Thus for (4, B,C) € A9,
the invariant x4 pc maps to xa p ¢/, where A" = (i,5)A, B' = (i,j)B
and C’ = (i,7)C. On the other hand, conjugation by the second kind of
elements swaps «; <+ f; and «; <+ B;. Thus, it maps x4 pc to T4 p .,
where A" = (A — {i,j}) U(BN{i,j}) and B’ = (B —{i,5}) U(AN{i,j}).
That is, if i € A, we remove it from A and put it into B and vice versa;
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then we do the same for j. Thus, N acts on Inv(P, ky) by permuting the
x4,B,c and hence we can apply Corollary B.111

In the next step, we determine the orbit of x4, g, c, under N for an arbi-
trary (Ag, By, Co) € A%. First, suppose that n is odd or that Cy # & or that
(n = 2m is even and d < m). Then, we claim that the orbit of =4, B,.c,
under Ny is given by {zapc, : (4,B,Cy) € A AUB = Ay U By}
It suffices to show that for any a € Ag, there exists an element of Ny
mapping a,,By,Co 10 LAy {a},BoU{a},Co- As soon as this is proven, one
observes that the symmetric statement with b € By also holds; iterating
these operations, we indeed get the claimed orbit. For n odd, se,, ;Se,
maps TAy,By,Co 10 TAg—{a},Boufa},Co- I Co # @ choose ¢ € Cp; then
Senq_1Sese_1 MAPS TA) By,Co YO Tag—{a},Boufa},Co- Finally, if n = 2m is
even and d < m, then there exists i € [1;m] such that i ¢ Ay U By U Cjy
and the element s.,, S, , does the trick. Thus, the orbit of x4, B, c,
under Ny equals {z4 B¢, : (4,B,Cy) € A, AUB = Ay U By}. Sim-
ilarly, for any (A, B1,Cq) € A? the orbit of ZA;.B,,c; under N equals
{zapc : (A B,C) € A%, |A| = |A1|, |B| = |B1l, |C| = |C4]}. Com-
bining these results, the orbit of x4, B, c, under N is given by {x4 p ¢ :
(A,B,C) € Ad7 ‘C’ = ’COI}

Finally, let Cy = &, n = 2m be even and d = m. Then, the orbit
of z4,.By,z under Ny equals {xapgs : (A, B,@) € A AUB = Ay U
By, |B| — | Bo| is even}. Using that for any (Ay, By, C1) € A% the orbit of
T A, B0, under Ny is given by {zapc: (A, B,C) € A4, |A| = |4y, |B| =
|B1], |C| = |Ci|}, we see that the orbit of x4, B,z under N is {za p g :
(A,B,2) € A, |B| — |By| is even}.

Hence, applying Corollary B.I1] concludes the proof. O

In particular, as Lemma [5.4] gives that resﬁ,( Dn)(ud_%v%) = ¢¢ and as
res{fV( Dn)(em) = 1)1 and , we obtain the following result.

Corollary 7.5. Inv(W(D,,), M.,) is completely decomposable with basis
{ug—oiva; : d < nymax(0,d —m) <i<[d/2]} UR,
where R =& for odd n and R = {e;,} for even n.

Remark 7.6. A relation between W (B,,) and W (D,,) explains why in Corol-
lary [Z.5] we only see vg with even d. Indeed, the kernel of the determinant
of the 2n-dimensional representation of W(B,) contains W (D,,). Since
for odd d, all the W(B,,)-invariants vg are divisible by v; and since v; is
vanishing, we deduce that they all reduce to 0 on W(D,,).
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8. WEYL GROUPS OF TYPE Fjg, F7, AND Ey.

8.1. Type Eg. Up to conjugacy, P := P(ay,b1,as,bs) is the unique max-
imal elementary abelian subgroup generated by reflections in W (E7). Since
the injection Inv(W (Eg), M) — Inv(P, M, ) factors through Inv(W (Ds), M),
the map Inv(W(Es), M,) — Inv(W(Ds5), M,) is injective and a basis of
Inv(W (Ds), M,) is given by {1, u1,us, ve, vou, vy }.

So let a € Inv(P,M,) be an invariant which comes from a W(FEjs)-
invariant. Since the inclusion P C W(Es) factors through W(Ds5) C
W (Es), a decomposes uniquely as

/
CL:Z Z TA,B,CMd + Z TA,BeM2 + Z Tz,2,CM

d<4 (A,B,C)eAd (A,B,2)eA2 (9,9,C)eA2
d£2
for certain mg € M,_q(ko), ma, mby € M,_2(ko). Now, the element

9= s%(el_62_63_54_55_56_57+58)s%(_51+€2+€3+€4_€5_56_57+58) € W(Ee)

lies in the normalizer of P, since

-1 -1 —1 —1
98a1 9 = Sby, 950, 9 = Sby, 9Sas 9 = Sag> 9Sb 9 = Say -

The induced action of g on a P-torsor (ay, ag, 81, f2) is thus given by swap-
ping a1 > (B2, while leaving ao, 51 fixed. Therefore, applying ¢ to the
invariant a yields

Z Z TA,B,CMd + Z T{a;,b;}M2 + (T {ar,a}  T{o1,b2}) M2
2;4 (A,B,C)eAd i,5€{1,2}

Since a comes from an invariant of W (Es), it stays invariant under g
and comparing coefficients, we conclude that the image of the restriction
Inv(W(Esg), M) — Inv(W(Ds5), M,) lies in the free submodule with basis

{15 Uy, U2 + V2, V2U1, U4}.

The embedding of W (Eg) in Og as orthogonal reflection group gives rise to
the invariants res, ( 6)( 2) € Invd(Og, kM), which we again denote by wy.
For any k € Fy, and (a1, B, 0, B2) € (kx/k:“)‘l, the map P — W (Eg) C
Og induces the quadratic form

<2011, 251, 20[2, 252, 1, 1, 1, 1>

Thus, the total modified Stiefel-Whitney class evaluated at this torsor
equals

(1 +{an D+ {a ) (1 + {611 (1 + {B2}).
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Now,
resg/(D5)(u1) = resﬁV(Eﬁ)({le)a resg/(Ds)(UQ +v2) = resﬁV(Eﬁ)(@)a

res%(DS)(fszLﬂ) = res%(EG) (’L/Dg), res%(D5)(fU4) = res%(EG) (U/}Z)

Hence, {wg}4<s form a basis of Inv(W (Eg), M,) as M, (ko)-module.

8.2. Type Er. Up to conjugacy, P := P(ay,by,as,bs,as,bs,ay) is the
unique maximal elementary abelian subgroup generated by reflections in
W(E7). Looking at the root systems, we see that there is an inclusion
W(Dg) %X (Sa,) € W(E7). Invoking the same factorization argument as
before, the restriction map

Inv(W (E7), M) — Inv(W(Dg) X (sq,), My)

is injective. We first recall that Inv(W (Dg) X (sa,), M) is a free M, (ko)-
module with basis

0) 1

(1) w1, 2ay)

(2) u2,v2, U1 T4,y

(3) (us —es), €3, U1V2, U2T (g} V2T {a,}

(4) ugva, vy, (uz — €3)T(q,}, €3T g}, ULVIT {q,}
(5) V4UL, U2V2T {4}, VAT (a4}

(6) 6, vauIT{4,)

(7) V6L {a,}-

Defining g := 82(61 ez—e3—es—e5—eg— €7+€8)S%(*61+€2+€3+€4*€5*66*67+68)

W (E7) as in the Eg-case yields that

€

9509 = by 909 = Sbs  GSad = Sass 9509 = Sas
gsaggil = Sas> gsbagil = Say> 95a4971 = Sbs-
The action of g on a P-torsor (ay,f,...,as,83,a4) € (K*/k*%)7 is thus
given by swapping a; < B2, B3 <> a4 while leaving (1, as, a3 fixed. Ar-

guing just as in the Eg-case, we see that the image of Inv(W (E7), M,) —
Inv(W (Dg) X (Sq,), My) lies in the free M, (ko)-module with basis

(0) 1

(1) uy + Tlayg}

(2) va +u2 +u1T (e,

(3) wiv2 + (us — €3) + U2T(qy), €3 + V2T (ay}

(4) va+ (u3z — €3)Tq,}, U2V2 + UIV2T(q,} + €3T(a,}
(5) V4T {qu) + U2V2T (4.} + VaUY

(6)

6 V4UI T (q,} F V6
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(7) V6L {ay}-
Now, we provide specific W (E7)-invariants. First, the embedding W (E7) C
Osg gives us invariants res, ( )( wg) € Inv (W(E7),k2/'), which we again

denote by wy. Then,

resyy g,y (W1) = resfy; (D6) % (5ay) y(ur +24a,3)
resﬁ/(Eﬂ({U\E) resty, (D6) {50y ) (ug +v2 + U1 (q,y)
reSyy (15, (W03) = 157y (D) (s, ) (U3 + U102 + Ua(a,) + V22 (a,))
reS5V(E7)(@Z) SW Dg)x (U2U2 + V4 + U3T (g} + UIV2T (g, })
resﬁ/(Eﬂ(@g) sW Dg) X {Sa,) (U4U1 T V4T (g ) T uQvgx{a4})
resiy () (W6) = resiy (py)x o) (V6 + Va1 T(a,)

P

P
reSW(E7) ('LU7) = reSW(DG)X<8a4> (/UG'CL‘{GA})‘
So we still lack invariants in degree 3 and 4. To construct the missing
invariant in degree 3, we mimic the construction of the invariant e,, in the
D,,-section. Let U = Sg x (sq,) € W(E7) be the subgroup generated by
the reflections at

{61 + e9,69 — €3,63 — €4,64 — €5,€5 — €6, 67 — 68}.
Then, ’U\W(Eﬂ’ = 2016 and we obtain a map W(E7) — S9%16 — O2016-
To be more precise, there is a right action of W (E7) on the right cosets
U\W (E7) given by right multiplication. This induces an anti-homomorphism
W (E7) — Sag16 and precomposing this map with g — g~!, we obtain the
desired homomorphism. We need the following lemma which tells us that
we are in a situation which is quite similar to the D,,-case:

Lemma 8.1. Let k € Fy, and y € H'(k, P) be a P-torsor. Let q, be the
quadratic form induced by y under the composition P — W (E7) — Sa16 —
Oa016. Then, the image of q, in W (k) is contained in I3(k).

Proof. This can be checked by a computational algebra system, see the
appendix. O

We now argue similarly to the D,-case. In concrete terms, if y is a W (Er)-
torsor, and g, is the quadratic form induced by y under the composition
W(E7) — S2016 — Oa2016, then the image of g, in W (k) is contained in
I3(k) and we define the invariant

f3(y) = e3((2°) @ qy). (8.1)
In the D,-case, namely in Lemma [Z.3] we could compute the restriction of

the invariant e,, to the maximal elementary abelian 2-subgroup explicitly.
In principle, this would also be possible in the present setting. However, the
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computations would be substantially more involved. Therefore, we provide
a more conceptual level argument. To that end, we recall from Section [
that if g € W (E7) is contained in the normalizer Ny (g, (P) of P in W (E7),
then g acts both on the invariants {z4 5.c} (4 B,c)erd € Inve(P, M,) as well
as on the indexing set A%,

Lemma 8.2. Letd < 7 and g € Ny (g,)(P). Also, leta € Invd (W (E7), kM)
be an invariant and represent its restriction to Inve(P,kM) as

res{,DV(E7)(a) = Z Z mrxy, (8.2)

(<d IeAt

for certain coefficients my € k('}/l_|1|(k‘o). Then, my = my(p) for all £ < d
and I € AL

Proof. First, since the restriction is invariant under the action of g,

Yo D (mr—mygy)ar =0. (8.3)

£<d JeNd—*

Now, suppose that the assertion of the lemma was false, and choose a
counterexample I* € A* with maximal ¢*. Then, we first evaluate both
sides of (B2) at the function field E = ko(A1, B1,...,As, B3, Ay) in the
indeterminates A1, B1,..., A3, B3, A4 corresponding to the roots in P, and
then apply the Milnor residue maps corresponding to the indeterminates
associated with the index set I'*. Since ¢* was chosen to be maximal, the
identity (8.3)) reduces to m; — mg;) = 0, which concludes the proof. O

In words, just as in Corollary B.I1], when representing the restrictions of
invariants as in (8.2)), then basis elements in the same orbit share the same
coefficient.

In particular, we have seen above that in degree 1 and 2 all basis elements
are in a single orbit and are therefore the restriction of the corresponding
modified Stiefel-Whitney classes. Thus, applying Lemma with a = f3,
there exist my € kg/l_e(ko), ¢€{0,1,2} and ma pc € Z/2, (A,B,C) € A3
such that

resﬁ/(Eﬂ(f:;) = Z MA BCTABC T ngresﬁ,(&)(@}).
(A,B,0)eA3 <2

Then, proceeding as in the definition of e, in Section [[, we define an
invariant f3 € Inv3(W(E7), kM) by stripping of the mixed terms from f;.
That is,

f3i=f5 =Y my.

<2
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In the appendix, we expound on how a computational algebra system shows
that

res{,DV(Eﬂ(fg) = resﬁ,(%)x(sm(uwg + uz — ez + UQ.%'{a4}). (8.4)

Finally, we can proceed in a similar fashion in order to remove the mixed
terms in the product expression.

(u1 + T(a,y) (urv2 + (ug — €3) + U (4,})-

Thus, Inv(W(E7), M,) is completely decomposable with basis {wg}i<7 U
{f3’ f3{U\I}

8.3. Type FEg. Up to conjugacy, P := P(ay,b1,as,bs,as,bs,ay,by) is the
unique maximal elementary abelian subgroup generated by reflections in
W (Eg). By the same arguments as in the Eg/E7-case, we obtain that the
restriction map Inv(W (Es), M,) — Inv(W(Dg), M,) is injective. We first
recall that Inv(W(Dsg), M,) is a free M, (ko)-module with the basis

{1, w1, ug, v, ug, vouy, eq, va, (ug — €4), V2uz, V2u3, V4UL, V4U2, V6, VU1, VS |-
Again, we define g € W (FEjg) as in the Eg or Er-case and check that it
normalizes P:

95019 = Sbay 9S00 =Sty GSad = Saz 059 = Sap
95039 = Sazs 05659 = Sass  GSad = Sbgs 9560 = Sy
The action of g on a P-torsor (ay, 81, ag, B2, as, B3, ay, B4) is thus given by
swapping aq <> B2, B3 <> a4 while leaving (1, as, a3, B4 fixed. Again, ap-
plying the same kind of arguments as in the Eg-case, we see that the image
of the restriction map Inv(W (Es), M,) — Inv(W (Dsg), M,) is contained in

the free submodule with basis
{1, u1, ug v, ust+vaur, ea+va, (ug—eq)+vaug, vauz+vaur, VaUz+vg, VeU1, Vs }-

We need to construct W (Eg)-invariants mapping to these basis elements.
On the one hand, the inclusion W (Es) C Og gives modified Stiefel-Whitney
classes wg € Invd(W (Eg),kM). Again,

resW(E8 (w1) = resty, (Dg) (1), resW(ES)({uE) reSW(DS)(UQU3 + vquq),
resW(E8 (wa) = resy, (Dg) (U2 + V2), resﬁ/(ES)(wG) resW(D )(v4u2 + vg),
resW(E (w3) = res, (Dg) (U3 + u102), res{,)V(ES)(un) resW o) (veu1),
resW(ES)(w4) = resW(Ds)(u4 + ugvg + vy), res{,DV(EB)(wg) = resW(DS)(vg).

The situation is very similar to the Er7-case except that now, we miss a
basis invariant in degree 4. Let U C W (E3) be the subgroup generated by
the reflections at

{61 +e2,69 —€3,€3 —€4,€4 —€5,€5 — €6,66 — €7,€7 — 68}-
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By observing that U = Sg or by using a computational algebra software,
we conclude |[U\W (Eg)| = 17280. As in the E;-case, we obtain a map
W (Eg) — S17280 — O17280. Again, we need the following lemma.

Lemma 8.3. Let k € Fy, and y € H'(k,P) be a P-torsor. Let q, be
the quadratic form induced by y under the composition P — W (Eg) —
Si7280 = O17280- Then, the image of q, in W (k) is contained in I*(k).

Proof. Again, this can be checked by a computational algebra software, see
the appendix. O

As in the D,-case, we obtain from this an invariant f; € Inv*(W (Eg),kM).
More precisely, if y is a W (Eg)-torsor and g, is the quadratic form induced
by y under the composition W (Eg) — Si7280 — O17280, then the image of
qy in W (k) is contained in I*(k) and we define fi(y) := es(g,). We then
proceed as in the Fr-case and set

fri=f1—=) meuy

<3

for suitable my € k) (4 — ¢) in order to strip off the mixed contributions
from f}.

The restriction of f4 to P is determined through a computational algebra
system, see the appendix. The result is resﬁv(DS)(vqu + (ug — e4)). Thus,

we conclude that Inv(W (Eg), M,) is completely decomposable with basis
{fa} U{wa}a<s.

9. APPENDIX A — EXCERPTS FROM A LETTER BY J.-P. SERRE

[...] Hence, the only technical point which remains is the “splitting prin-
ciple”: if the restrictions of an invariant to every cube is 0, the invariant is
0. In your text with Gille, you prove that result under the restrictive condi-
tion that the characteristic p does not divide the order |G| of the group G.
The proof you give (which is basically the same as in my UCLA lectures)
is based on the fact that the polynomial invariants of G (in its natural
representation) make up a polynomial algebra; in geometric language, the
quotient Aff” /G is isomorphic to Aff”. This is OK when p does not divide
|G|, but it is also true in many other cases. For instance, it is true for all p
(# 2) for the classical types (provided, for type A,,, that we choose for lat-
tice the natural lattice for GL,, 11, namely Z"*1). For types Ga, Fy, Fg, Fr,
it is true if p > 3 and for Fg it is true for p > 5: this is not easy to prove, but
it has been known to topologists since the 1950’s (because the question is
related to the determination of the mod p cohomology of the corresponding
compact Lie groups). When I started working on these questions, I found
natural to have to exclude, for instance, the characteristics 3 and 5 for Eg.
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It is only a few years ago that I realized that even these small restrictions
are unnecessary: the splitting principle holds for every p > 2.

I have sketched the proof in my Oberwolfach report: take for instance
the case of Eg; the group G = W (Ej3) contains W (Dg) as a subgroup of odd
index, namely 135; moreover, the reflections of W (Dsg) are also reflections of
W (E3); hence every cube of W (Dsg) is a cube of W (Ey); if a cohomological
invariant of W (Eg) gives 0 over every cube, its restriction to W (Dsg) has
the same property, hence is 0 because Dy is a classical type; since the index
of W(Ds) is odd, then this invariant is 0. It is remarkable that a similar
proof works in every other case. [...]

10. ApPPENDIX B — COMPUTATIONS FOR E7; AND Fg

For the computations involving E7 and Eg, we use the computational alge-
bra system GAP and the GAP-package CHEVIE [5]. The complete source code
used for the proof of Lemmas Bl and B3] together with detailed instruc-
tions on how to reproduce the results are provided on the author’s GitHub
page: https://github.com/Christian-Hirsch/orbit-e78.

10.1. Computations concerning W (E;). The proof of Lemma [B1] re-
quires detailed information on the action of P on U\W (E;). We analyze
this action, via the procedure fullCheck(7, U, P).

First, fullCheck(7, U, P) computes the action of P on U\W (E7) and
also its orbits Oq,...,O,. Then, for each orbit Oy, it determines a subset
Ak - {al, bl, as, b2, as, b3, a4}, such that P({al, bl, as, b2, as, b3, a4} — Ak)
acts trivially on Oy and such that P(Ay) acts simply transitively on Of.
A priori, there is no reason that such a subset should exist; however — as
checked by the program — it exists in the case we are considering. The
return value of the procedure fullCheck is an array whose kth entry is the
set Ay. Inspecting the return value reveals that each Ay consists of at least
3 elements and that the subsets consisting of 3 elements have the desired
form.

More precisely, to call fullCheck(7, U, P), we need to determine the
indices of the roots generating U and P. In the following, the roots are
expressed as linear combinations of the simple system of roots given by
v =3(e1 —es—e3—es—e5—eg—er+eg), Vo = €1 + €, Vi = €1 — €2,
3 <1 < 7. Additionally,

by = vg + v3 + 2v4 + V5
bz = vg + v3 + 2v4 + 2v5 + 2v6 + v7
—ay4 = 2v1 + 2v9 + 3vs + 4dvg + 3vus + 206 + V7
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We claim that U and P are represented by the indices [2,4,5,6,7,63] and
[3,2,5,28,7,49,63], respectively. This can be checked by printing the basis
representation of the E7 roots:

gap>p: =[3,2,5,28,7,49, 63 |;

gap> for u in p do Print(CoxeterGroup(”E”, 7).roots[u]);Print(”\ n”);o0d;
[0,0,1,0,0,0,0]

[0,1,0,0,0,0,0]
[0,0,0,0,1,0,0]
[0,1,1,2,1,0,0]
[0,0,0,0,0,0,1]
[0,1,1,2,2,2,1]
[2,2,3,4,3,2,1]

)

)

We can now call the fullCheck-procedure.
gap> Aks: = fullCheck(7, [2, 4, 5, 6, 7, 63], [3, 2, 5, 28, 7, 49, 63]);

Verifying that all {Ay}r<, consist of at least 3 elements can be achieved
via the command
gap> for Ak in Aks do if Length(Ak)<3 then Print(”Fail”);fi;od;

To see that those Ay with |Ag| = 3 correspond precisely to the elements

((A,B,C) € Ay: |C| =1} U{(A, B, @) € Ay : |A] 0dd}
U {(A,B,Q,CM) : (A,B,@) S A2}7

we use the e7Correct-procedure. It checks that the { A } <, do not contain
elements which are not in the claimed set above. Since there are precisely
28 A with 3 elements, which is precisely the cardinality of the above set,
this reasoning yields the claimed description.

gap> Y: = Filtered(Aks, Ak-> Length(Ak)<4);

gap> e7Correct(Y);

10.2. Computations concerning W (Es). Since the arguments are very
similar to the Fr-case, we only explain the most important changes. First,
we consider the maximal elementary abelian subgroup generated by reflec-
tions P = P(ay, by, a9,bs,as,bs, aq,bs) and the subgroup
U = (Seytez Sea—esr Ses—eas Sea—es» Ses—eqs Seg—ers Ser—es) -
In addition to the computations provided in Appendix [I0.1] we note that
by = 2v1 + 3vo + 4vz + 6v4 + Hvs + 4vg + 3vr + 2u3.

Then, P and U are represented by the indices [3,2,5,32,7,61,97,120] and
2,4,5,6,7,8,97]:
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gap> a: = [3, 2, 5, 32, 7, 61, 97, 120];
(3,2, 5,32, 7, 61,97, 120 ]
gap> for u in a do Print(CoxeterGroup(”E”, 8).roots[u]); Print(”\ n”); od;

[0,0,1,0,0,0,0,0

)

NN OO OO
WO OO

[
[
[
[
[
[
[

I ) 9 )

W R, OO
ODANONDO
AW O R~ O
NN =N e )
W RO OO
MO O oo OoO

]
]
]
]
]
]
]
]

To understand the orbit structure, we proceed as in the Er-case:
gap> Aks: = fullCheck(8, [2, 4, 5, 6, 7, 8, 97], [3, 2, 5, 32, 7, 61, 97, 120]);
gap> for Ak in Aks do if Length(Ak)<4 then Print(”Fail”);fi;od;
gap> Y: = Filtered(Aks, Ak->Length(Ak)<5);
gap> e8Correct(Y);
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