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Abstract
We perturb the non-rotating BTZ black hole with a non-minimally coupled massless scalar field,
and we compute the quasinormal spectrum exactly. We solve the radial equation in terms of
hypergeometric functions, and we obtain an analytical expression for the quasinormal frequencies.
In addition, we compare our analytical results with the 6th order semi-analytical WKB method,
and we find an excellent agreement. The impact of the nonminimal coupling as well as of the

cosmological constant on the quasinormal spectrum is briefly discussed.
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I. INTRODUCTION

Black holes (BHs), a generic prediction of Einstein’s General Relativity (GR), are way
more than just mathematical objects. After Hawking’s seminal work [1, 2] in which it
was shown that BHs emit radiation from their horizon, these objects have attracted a lot
of attention over the last decades, as they comprise an excellent laboratory to study and
understand several aspects of gravitational theories. In fact it is often said that BHs are the
simplest macroscopic bodies in Nature, since they are uniquely characterized by their few
parameters only, such as the mass, the charge, and the rotation speed. This statement is
due to the theoretical paradigm of the no-hair conjecture 3], although counter examples do
exist [4, 5].

When BHs are perturbed the geometry of spacetime undergoes dumbed oscillations. The
work of [6] marked the birth of BH perturbations, and it was later extended by [7-{11].
The state-of-the art in BH perturbations is summarized in Chandrasekhar’s monograph
[12]. Quasinormal modes (QNM) with a non-vanishing imaginary part, since they do not
depend on the initial conditions, carry unique information about the few BH parameters.
After the LIGO historical direct detections of gravitational waves [13-15], that offer us the
strongest evidence so far that BH exist and merge, QNM of black holes are now more relevant
than ever. By observing the BH quasinormal spectrum, that is frequencies and damping
rates, eventually we will be able to prove or falsify the theoretical paradigm of the no-hair
conjecture. QNM of BHs have been extensively studied in the literature. For a review on
the subject see |16], and for a more recent one [17].

Gravity in 142 dimensions is special, and it has attracted a lot of interest for several rea-
sons. First, due to the deep connection to a Yang-Mills theory with only the Chern-Simons
term [18-20]. Furthermore, three-dimensional BHs have thermodynamic properties closely
analogous to those of realistic (1+43)-dimensional black holes: they have horizons, entropy,
and they radiate at a Hawking temperature. Due to the absence of propagating degrees
of freedom they offer us the possibility to understand four-dimensional BHs in a simpler
framework. Of particular interest is the Banados, Teitelboim and Zanelli (BTZ) black-hole
[21), 122], which lives in three dimensions, and the presence of a negative cosmological con-
stant is crucial for the existence of the black hole. A complete review on BTZ black hole

can be found in [23].



Computing the QNM frequencies in an analytical way is possible in a few cases only
[24-30], while in most of the cases either some numerical scheme [31H33] or semi-analytical
methods are employed, such as the well-known from standard quantum mechanics WKB
method used extensively in the literature |[34-43]. Clearly, scalar perturbations is the sim-
plest case to consider. What is more, the scalar field that perturbs the BH is usually taken
to be a canonical massless one. However, other possibilities have been considered too, such
as charged scalar field in the case of charged BHs [30], a massive scalar field [25, 28], or a
non-minimally coupled scalar field |28, 144].

The QN modes of a non-rotating BTZ BH for a massless canonical scalar field were
computed in [24], while the QN frequencies of a rotating BTZ BH for a massive scalar
field were computed in [25]. Furthermore, the QN spectrum for massless topological BHs
in four and higher dimensions were computed in [28], where a non-minimal coupling was
introduced as well, while in [44] the falloff behaviour of conformally invariant scalar waves in
asymptotically anti-de Sitter backgrounds was investigated. In the present work we perturb
the non-rotating BTZ black hole |21, 22] with a non-minimally coupled massless scalar
field, and we solve the radial equation exactly to obtain an analytical expression for the
quasinormal spectrum in the strong coupling regime, & > 1/6 (see the discussion below),
adding thus in the literature one more exact analytical calculation. Therefore it is the goal
of this article to study the propagation of a probe scalar field in the following gravitational
background ,

ds® = — (—M + %) dt* + (_M%ﬁ)dr? + r?dg? (1)

B
with M being the mass of the black hole, and [ being the negative cosmological constant,
A = —1/I?, and investigate the stability of the BTZ BH under scalar perturbations with a
non-vanishing non-minimal coupling to gravity.

Our work is organized as follows: After this introduction, the nonminimally coupled scalar
field and its wave equation are discussed in section 2, in which we also present the effective
potential. In the third section we solve the radial equation in terms of hypergeometric
functions, and we provide an analytical expression for the quasinormal spectrum in section

4. Finally, we conclude our work in the last section.



II. SCALAR PERTURBATIONS

Next we consider in the above gravitational background a probe massless scalar field with

a nonzero coupling £ to the Ricci scalar described by the action
1
S = 3 / dz\/—g [aﬂcba@ + 51-23@2] (2)

In the given BTZ spacetime the wave equation of the scalar field reads [45-47]
1
—0

where the nonminimal coupling is taken to be positive, and Rs = —6/I? is the constant Ricci

(V—=99"0,)® = {R3® (3)

scalar of the BTZ background. Making the ansatz
O(t,r, ) = e ™ R(r)e™ (4)

we obtain an ordinary differential equation for the radial part

1 f w2 m* 6
J N (R - (L ) I 5
+(7~+f) +<f2 T2f+l2f ()
where f(r) = —M + r?/I* is the metric function in the BTZ BH solution. Note that

the nonzero coupling to the scalar curvature can be interpreted as a mass term when the
cosmological constant is positive. Here, however, since the cosmological constant is negative,
the mass term enters with the wrong sign. To see the effective potential that the scalar field

feels we define new variables as follows

R ()
dr
T = w (7)

where we are using the so-called tortoise coordinate x given by
l2 r—THg
T = In 8
2r H (’f’ + ’I“H) ( )

with 7y = [v/ M being the event horizon, and recast the equation for the radial part into a

Schrodinger-like equation of the form

4

da?

+ (W = V(@) =0 (9)
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FIG. 1: Effective potential for m = 0,/ = 5, M = 1 and for £ = 0.25 (solid black curve), £ = 0.5
(dashed blue curve) and £ = 0.75 (dotted red curve).

Therefore we obtain for the effective potential the expression

6¢  m? @_M)

V(r) = £(r) <_l_2 * 2 * 2r 4r? (10)

and as a function of the radial coordinate can be seen in Figures 1 and 2 for three different
values of the coupling ¢ = 0.25,0.5,0.75 and three different values of the cosmological
constant [ = 4,5, 6, respectively. The maximum of the potential is located at

WM

(24¢ — 3)1/4 (11)

o =

while the maximum value of the potential V., = V(r¢) is computed to be

v M3 V2IE=3 +12¢(V24E -3 — 2)
mar R V24€ =3

It is very easy to verify that the maximum of the potential increases with M and ¢ and

(12)

decreases with [. Therefore when the cosmological constant increases destabilizes the system,
while the opposite holds for the mass of the black hole.
To complete the formulation of the physical problem, we must also impose the appropriate

boundary conditions at horizon (r ~ rg) and at infinity (r — o0), which are the following
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FIG. 2: Effective potential for m = 0,£ = 0.75,M = 1 and for [ = 4 (solid black curve), | = 5

(dashed blue curve) and [ = 6 (dotted red curve).

[48, 149]

Ae~™* at horizon (x — —00)

(x) = (13)

C_ek® at infinity (z — 07)
where A is an arbitrary constant, while k, C_ are constants that can be computed in terms
of the parameters of the model at hand. The purely in-going wave physically means that
nothing can escape from the horizon, while the purely out-going wave corresponds to the
requirement that no radiation is incoming from infinity |[49]. The latter requirement allows
us to obtain an infinite set of discrete complex numbers, w = wg+wyi, which are precisely the
QN frequencies of the black hole. Given the time dependence of the probe scalar field ® ~
e~ it is clear that unstable modes correspond to w; > 0, while stable modes correspond
to wy < 0. In the second case the real part of the mode wgr determines the period of the
oscillation, T' = 27 /wg, while the imaginary part |w;| describes the decay of the fluctuation

at a time scale tp = 1/|wy|.



III. SOLUTION OF THE FULL RADIAL EQUATION IN TERMS OF HYPER-
GEOMETRIC FUNCTIONS

To find the solution of the full radial equation we introduce the dimensionless parameter
z = 1 —r%/r? which takes values between 0 (horizon, r — rg) and 1 (far-field region,

r > ry). The new differential equation with respect to z takes the form

A B
1—2)R,,+ (1 —2)R, — —C|R=0 14
=Rt (=98, + (24 =) (14)
where the three constant are given by
[4w?
A= — 1
4r2, (15)
3¢
B =-—= 1
. (16)
I>m?
- _ 1
C gy (17)

The last differential equation can be recast in the form of the Gauss’ hypergeometric equation

by removing the poles in the last term making the ansatz
R=2°(1-2)°F (18)

where now F' satisfies the following differential equation

2(1=2)F,, + [1 4+ 2a — (1 +2a+ 26)z]F, + <§+ _1B+Z —C) F=0 (19)

and the new constants are given by

A= A+a? (20)
B = B+p-p3? (21)
C =CH+(a+pB)? (22)

To remove the poles at z = 0 and z = 1 we demand that A = 0 = B. The parameter o

is computed to be
Pw (23)
o =—i—
QTH

while for § there are two cases. First, in the low coupling regime, 6§ < 1, the determinant

of the algebraic equation of second degree for 3 is positive, and [ is real given by

- VT

R £ (24)



In this case the quasinormal spectrum is given by eq. (18) of [25] by the replacement
u — —6&. If, however, 6§ > 1 (let us call it the strong coupling regime), 5 is complex and

it is given by

1+iy6E—1

= 25
p s (25)

This is the case we shall consider in the rest of the discussion.

Finally we obtain the hypergeometric equation
2(1=2)F..+[c—(1+a+b)z]F. —abF =0 (26)
with parameters a, b, ¢ given by

c=1+2a (27)
a=a+p+iVC (28)
b=a+p-iVC (29)

Note that the parameters a, b, ¢ satisfy the condition ¢ — a — b = 1 — 25. Therefore the

general solution for the radial part is given by [50]
R(z) = 2*(1 — 2)° [CIF(a, bic;2) +Coz' “Fla—c+1,b—c+1;2 — ¢;2) (30)

where C', Cy are two arbitrary coefficients, and the hypergeometric function can be expanded

in a Taylor series as follows [50]

b
F(a,b;c;z):1+a—z+--- (31)
c
Setting Cy = 0 and for the choice for « = —i(I?w)/(2ry) we recover the purely in-going

solution close to the horizon, R ~ (r —rg)®. Therefore in the following we consider the first
solution only, namely

R(z) = Dz*(1 — 2)°F(a, b; c; 2) (32)

where now we have replaced C; by D.



IV. EXACT SPECTRUM

In order to reveal the behaviour of radial part in the far-field region (where z — 1) we

use the transformation [50]

. I(or (c—a—b)
F(a,b,c,z)—r(c T (c—b)
F(a,bja+b—c+1;1—2) + 23
(e MOt b= o) )
I'(a)I'(b)
Flc—a,c—bc—a—-b+1;1—2)
and therefore the radial part as z — 1 reads
Rpp = D(1—2)PT(1 4+ 2a)T'(1 — 28)
F(l1+a—p8—iV/CO)I(1+a—F+iVC) (34)

D(1 — 2)"P0(1 + 20)T(—1 + 23)
I'(a+ B —ivVO)(a+ B+ iVC)

Upon defining two new constants

B I'(1+ 20)0(1 —25)
D__DF(1+a—ﬁ—i\/5)F(1+a—5+i\/5) (35)
B I'(1+2a)T(—1+ 28)
De=D I(a+ 8 —iVC)D(a+ B +iVC) (36)

and since z = 1 — (ry/r)?, the radial part R(r) for r > rg can be written down as follows
Rpp =~ D_ (L) - + Dy (L) o (37)
rH TH
where the D_ term corresponds to the in-going wave, while the D, term corresponds to the
out-going one [51), 152].

The discussion of section 2 on the boundary conditions at infinity is valid for asymptot-
ically flat spacetimes. In the present work, however, since there is a negative cosmological
constant the correct approach is to require that the whole solution vanishes at infinity, as
it has been already done in previous works [53, 54]. Therefore, in the last step of the calcu-
lation we require that D_ = 0 and D, = 0, which happens when the Gamma functions in

the denominators have a pole. The first condition implies

—n=14+a-p3+iV/C (38)

9



while the second condition implies
—n=a+pB+iVC (39)

where n = 0,1, 2, ... is the overtone number. Using the expressions for C, «, # obtained in the
previous section, it is easy to verify that both conditions are met only when the quasinormal

frequencies are given by the following expression

n —

—ﬂ(wr%)z (40)

which is the main result of this work. We wish to remark here that this results holds in the
strong regime only, £ > 1/6, and therefore the limit £ = 0 cannot be taken to reproduce the
formula computed in [24].

We see that the quasinormal modes have both real and imaginary part, with the latter
being always negative, and therefore the modes are stable. Contrary to the results of previous
works where it was found that both the mass of the scalar field and the non-minimal coupling
enter into the imaginary part of the frequencies 25, 28], we find here that £ in the strong
regime enters into the real part. Therefore the non-minimal coupling does not affect the
stability of the BH. In addition, compared to the canonical scalar field case [24], the presence
of the non-minimal coupling modifies both the real and the imaginary part of the spectrum.
Note the difference between the (n+1) factor of [24] in the imaginary part, and the n+(1/2)
factor obtained here. The presence of the cosmological constant and the mass of the BH
remain the same as in [24, 125], w; ~ V/M/I (see the formulas (41) and (42) below). As
we already mentioned when we presented the effective potential as a function of the radial
coordinate, M stabilizes the BH while the cosmological constant destabilizes it. Finally,
the angular momentum m only affects the real part of the frequencies, while the overtone
number only affects the imaginary part, precisely as in the & = 0 case as well as in the
0 <& <1/6 case.

To confirm our analytical expression we have computed the QN frequencies using the pop-
ular semi-analytical WKB method |34, 135]. The QN modes within the WKB approximation
are given by

w? = Vo + (=2V5)2A(n) — iv(=2V")*[1 + Q(n)] (41)

where n = 0,1, 2... is the overtone number, v = n +1/2, Vj is the maximum of the effective

potential, V' is the second derivative of the effective potential evaluated at the maximum,

10



while A(n),Q(n) are complicated expressions of v and higher derivatives of the potential
evaluated at the maximum, and can be seen e.g. in [37,42]. Here we have used the Wolfram
Mathematica [55] code with WKB at any order from one to six presented in [56].

Our results, summarized in Table [ below, show an excellent agreement between the
numerical results and our explicit formula. For comparison, in Table [[Il we show the quasi-

normal frequencies corresponding to the & = 0 case [24]

We=0 = @ - @(n +1)i (42)

as well as to the £ = 0.1 (weak coupling regime, 0 < & < 1/6) [25]

|m|_2m<n+l 1—65)@_

w§<1/6 = T ] 9 + 9 (43)

which reproduces the previous result for £ = 0.

Finally, in Table [IIl we show the quasinormal modes for fixed BH mass, M = 1, and
nonminimal coupling, ¢ = 0.5, and three different values of the cosmological constant [ =
1,2,3. As we have already mentioned, when the cosmological constant increases the black
hole becomes less stable, as it was expected since the imaginary part of the frequencies

depends inversely proportional on .

V. CONCLUSIONS

To summarize, in this article we have studied the quasinormal spectrum of a non-rotating
BTZ black hole by analysing the propagation of a probe massless non-minimally coupled
scalar field, which perturbs the BTZ black hole background. Solving the radial equation in
terms of the hypergeometric functions we have obtained an exact analytical expression for
the quasinormal frequencies. Compared to the case of a canonical scalar field, we find that
the presence of the non-minimal coupling modifies both the real and the imaginary part of
the frequencies, although it does not enter into the latter explicitly. Since the imaginary
part is clearly always negative, the modes are stable. In addition, we have computed the
quasinormal modes using the 6th order WKB method, and we find an excellent agreement
between the semi-analytical results and our exact analytical expression. Finally, the impact
of the cosmological constant and of the non-minimal coupling on the spectrum is briefly

discussed.

11



=1, M=1,£(=025

m=1

m=2

m=3

0.292893-1. i
(0.291073-0.999683 1)

1.29289-1. i
(1.29148-0.999136 i)

2.29289 -1. i
(2.29191-0.999315 i)

1 0.292893-3. i 1.29289-3. i 2.29289-3. i
(0.290992-2.99989 i) | (1.29065-2.99935 i) | (2.29103-2.9991 i)
2 1.29289-5. i 2.29289-5. i
(1.29048-4.99957 1) | (2.29067-4.99929 i)
3 2.29289-7. i
(2.29053-6.99945 1)
=1, M=1,£=05
n m=2 m=3 m=4
0 0.585786-1. i 1.58579-1. i 2.58579-1. i
(0.5857-0.999958 i) |(1.58574-0.999946 i) |(2.58576-0.999958 1)
1 0.585786-3. i 1.58579-3. i 2.58579-3. i
(0.585679-2.99998 1) | (1.58568-2.99995 i) | (2.5857-2.99994 i)
2 0.585786-5. i 1.58579-5. i 2.58579-5. i
(0.585677-4.99999 i) | (1.58566-4.99997 i) | (2.58568-4.99995 1)
3 1.58579-7. i 2.58579-7. i
(1.58566-6.99997 1) | (2.58566-6.99996 i)
4 2.58579-9. i
(2.58566-8.99997 1)
=1, M=1,£=0.75
n m=2 m=3 m=4
0 0.129171-1. i 1.12917-1. i 2.12917-1. i

(0.129161-0.999998 1)

(1.12916-0.999985 i)

(2.12916-0.999987 1)

1| 0.129171-3. i 1.12917-3. i 2.12917-3. i
(0.129161-3. 1) | (1.12914-2.99999 i) | (2.12915-2.99998 i)

2| 0.129171-5. i 1.12917-5. i 2.12917-5. i
(0.129162-4.99997 i) | (1.12914-4.99999 i) | (2.12914-4.99999 i)

3 1%917-7. i 2.12917-7. i

(1.12914-7. i)

(2.12914-6.99999 i)




I=1,M=1,£=0
n m=1 m=2 m=3
0 1-211 2-2 i 3-2 1
1 1-41 2-4 i 3-4 i
2 2-6 1 3-61
3 3-81
I=1,M=1,£=0.1
n m=1 m=2 m=3
0]1-1.63246 1|2-1.63246 i|3-1.63246 i
1/1-3.63246 i|2-3.63246 1|3-3.63246 i
2 2-5.63246 1|3-5.63246 i
3 3-7.63246 i

TABLE II: Scalar QNMs of non-rotating BTZ black hole for [ = 1 = M and two different values
of the nonminimal coupling, namely £ = 0 (no coupling, upper part) and £ = 0.1 (weal cou-
pling regime, 0 < ¢ < 1/6, lower part). m, n are the angular momentum and overtone number,

respectively.
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