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SOME EXPLICIT FORMULAS FOR PARTIAL SUMS OF
MOBIUS FUNCTIONS

SHOTA INOUE

ABSTRACT. The purpose of this paper is to give some explicit formulas involving
Moébius functions, which may be known under the generalized Riemann Hypothesis,
but unconditional in this paper. Concretely, we prove explicit formulas of partial
sums of the Mobius function in arithmetic progressions and partial sums of the
Mobius functions on an Abelian number field K. In addition, to obtain these explicit
formulas, we study a certain finite Euler product appearing from certain relation of
primitive characters and imprimitive characters in the present paper.

1. Introduction and statement of results

The classical explicit formula

(1.1) M*(z) = lim Z $_p_2_|_§: (—1)"~L(2n/z)2"

e Iv|<Tw ¢'(p)p ot (2n)!In¢(2n + 1)

was shown by Titchmarsh [20] under the assumption of the Riemann Hypothesis and
the simplicity of zeros of the Riemann zeta-function ((s), where we define M*(x) by

M) =Y un),

p(n) is the Mobius function, 3~ indicates that if = is an integer, then the last term is to
be counted with weight 1/2, and {7, }52, is a certain sequence satisfying 7, € [v,v+1].
In addition, Bartz [1] unconditionally proved the explicit formula

. . 1 - dmem) m(p) &
(L2)  M'(x)=lim ) (m(p)_l)!;;mpdsm(p_l) ((S—p) (p>@>

— ()" '(@n/z)™
—t Z_:l @n)inc(@n 1 1)

where {7}, }52 , is a certain sequence satisfying T, € [v,2v]. It is difficult to apply these
explicit formulas because there are some inconvenient points. For example, the main
term of formula (1.2) is more complicated for higher multiplicity zeros, and it is difficult
to understand the behavior of multiplicity of nontrivial zeros. We do not know even
the boundedness of multiplicity at present. Even if we assume the simplicity of zeros,
there is another problem, that is the behavior of {'(p). This is also difficult because
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this problem is related to the detailed information on the gaps between zeros of the
Riemann zeta-function. Here, the following conjecture is known for this problem.

Conjecture (The Gonek-Hejhal Conjecture). Assume the simple zero conjecture for
the Riemann zeta-function. For A > —%,

ST (P = Tog 7)YV

0<y<T

This conjecture was independently suggested by Gonek [5] and by Hejhal [9]. By
applying this conjecture and the Riemann Hypothesis to a certain truncated form of
(1.1), Ng [17] proved the following sharp estimate

M(z) < 2'/?(log z)>/*.
This estimate is stronger than the result

M(z) < 2% exp ((log )% (log log x)14) ,

which Soundararajan [19] showed under only the Riemann Hypothesis. From the above
background, it can be seen that the truncated explicit formulas are important to obtain
the exact upper bound for the summatory functions of M&bius functions.

The present paper gives some truncated explicit formulas, which generalize the trun-
cated form of (1.2). Our first purpose is to obtain the explicit formula for the function

/
M*(z;q,0) = > pln),
n<x
n=a mod ¢
which is the summatory function of the Mobius function in arithmetic progressions
with (a,q) = 1. This function can be expressed by

(1.3) M@0 =— 3 %@ Y xmum)

(P(Q) x mod ¢ n<x

from the orthogonality of characters. Here the first sum runs over all Dirichlet char-
acters modulo ¢, and ¢ is the Euler totient function. Therefore, as the first step, we
show the explicit formulas for the summatory function

M (@) = x(m)u(n).

n<x

Theorem 1. Letx >0, q > 2, T > max{TO,exp (q1/3) ,2/:17} with Ty a sufficiently
large absolute constant. Then, uniformly for all primitive Dirichlet characters x modulo
d with d < q, there exists a T, € [T,2T] satisfying

" 1 . dm(p)—l S — m(p) LUS
W)= Y ! C e

o mlp) — Dlsmpdsm@ T\ Ls,x) s

x® = x®
+ Res <7> + > Res <7> + R,
s=0 \ L(s,x)s 5= L(s,x)s
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where L(s, x) is the Dirichlet L-function associated with x, and m(p) is the multiplicity
of the non-trivial zero p of L(s,x), and R satisfies the estimate

(1.4) R<= (log(x +3) + exp (C(loglog T)?)) + min {1, ﬁ} .

Here, (x) denotes the distance from x to nearest square-free integers coprime to q,
other than x itself. Moreover, we find that if x is an odd character (i.e., x(—1) = —1),
then forl > 1,

xs
sfie_sl <L(s, X)s>

(~1)*i2(ge/2m) =D
—{ T(OL(2k, %) (2k — 1)(2k — 1)

0 if 1 is even,

if 1 is odd withl =2k —1,

and

Res (L(;Sx)s) = T(X)zlu,y)’

and that if x is an even character (i.e., x(—1) = 1), then

':L,S
2 <L<s,x>s>

(—1)*(qz/2m)~*
=< 7(x)L(2k + 1,%)k(2k)!

0 if 1 is odd,

e (7os) = mooem (= (50) + Ty )

where v is the Euler-Mascheroni constant, and 7(x) denotes the Gauss sum

T(x) = zq: x(a) exp <27;m> :

This explicit formula is the case of primitive characters. On the other hand, for our
purpose, we need the analogue of Theorem 1 for imprimitive characters. Here we can
associate an imprimitive character xy with a primitive character x* inducing x by the

formula
L(s,x) = L(s,x) [ | <1 - L@> .

pS
plg

if 1 is even with | = 2k,

and

Here we put

(1.5) Fox(s)=]] (1 - L@> .

pS
plg

In the following, we consider the case F; ,~ # 1. Then this function Fy ,+ has zeros only
on imaginary axis. In addition, from the uniqueness of the prime factorization, we can
see that all zeros of F| ,~ are simple except the zero at s = 0. Now, by studying Fj ,+,
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we obtain an explicit formula for imprimitive characters as the following theorem. Here
we define the arithmetic function rad(n) by

rad(n) = H .
pln

Theorem 2. Let x > 0,q > 2,T > max {To,exp (ql/g) ,Z/x} with Ty a sufficiently
large absolute constant, x be an imprimitive Dirichlet character modulo q, and x*
be the primitive character inducing x. Then, uniformly for all imprimitive Dirichlet
character modulo q with Fy,~ # 1, there exist T, € [T,2T] and T, € [T,,T, + 1]
satisfying

: L a0l (s ) g v’
M (SU,X)— Z (m(p)_l)!ili}}) dsm(p)—1 ( L(S,X) ? + 772 lies <L(s )

IyI<Ty

> 1 fd
! ; Fyp-(=1) 2 (L(& X*)S> t

where the second sum on the right hand side runs over zeros of L(s,x) on the imag-
inary axis, and R is the error term satisfying estimate (1.4). In addition, if x >
q°exp (c(log T)%/3(log log T)1/3) holds for a sufficiently large constant c, then we have

z® (log z) 1=~ )
v 2 < > - + O, ((log z)™"
" o =m \L(s,x)s ) LUFER(0, x) ¢((logz)"™")

+0 ((log 2)“4Y) exp (C\/w (¢'/V)1og (¢’ /1) log log x)) .

Here, b is the modulus of x*, ¢ = rad(q), b’ = rad(b), C is a positive absolute constant,
k = k(x) denotes

o 0 if x is an even character,
| 1 if x is an odd character,

w(q) 1is the number of distinct prime factors of q, and r indicates the number of the
prime factors p of q with x*(p) = 1.

From the above two theorems, we can obtain the explicit formula for M*(z;q,a)
that is the our first purpose. To abbreviate we define L_1(s;q,a) by

L_1(s;q,a) = 2@ Z X(a)L(s,x) ™",

x mod ¢

where a,q are positive integers with (a,q) = 1. The following corollary is our first
main result in the present paper.

Corollary 1. Let z > 0, T > max {To,exp (q1/3) ,2/3:} with Ty a sufficiently large
absolute constant, a,q € L~y with (a,q) = 1. Then, there exist some T, € [T, 2T and
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T, € [T,,T, + 1] satisfying

. 1 gt - s
M ($7Q7 (1) = Z (m(p) — 1) ;—>p dsm( —1 <(8 _10) (p)L—l(S;(L (1);)
[vI<Ty
s > fd
+|Z<:T 33657( (s34, )s>+;sfie—sl (L—l(s,q,a);>+R,
n -

where the first sum runs over non-trivial zeros p = [ + iy of Dirichlet L-functions
modulo q, and the second sum runs over zeros in of imprimitive Dirichlet L-functions
on imaginary azis. Futhermore, R is the error term satisfying estimate (1.4), and the
second series on the right hand side is estimated as

Z Res< (s;q,a )aj >
s=1n S

|| <T%

(log x)«(@+1

= 2(q) L@@+ (0, o) +0 (cp( )~ (log x)¥ w(q) exp (C\/w Jlog(q) log log x))

+ O, ((log m)w(q)> ,

where xq s the principal character modulo q, and C' is a positive absolute constant. In
particular, we have

> Res < 1(s;4, a)x—> + ) Res <L—1(8;q, a)x—>
<. s=in S l S

(log z)w(@)+1
©(q) L@+ (0, xo)

(x = 400).

To prove the above theorems, we need some upper bound of 1/L(s,y) in certain
domains, which is embodied in the following two propositions.

Proposition 1. Let o > 13,7 > Ty(a) > 0, and 1 < Q < (logT)**, where Ty(a) is
a sufficiently large constant depending only on «. Then, we have

: 1 2
Fnin 1121?}22‘1/(0'4-% X)| 7 | <exp(Ca(loglog(QT))?),

XGS(Q)

where C' is a positive absolute constant, and S(Q) is the set of all primitive Dirichlet
characters modulo q with ¢ < Q.

This proposition is the consequence for primitive Dirichlet characters. On the other
hand, we need a similar result for imprimitive Dirichlet characters to prove Theorem
2. Then we need the upper bound of 1/Fj ,~, which is the following proposition.

Proposition 2. Let g > 2 be an integer, |T| > w(q), S1(q) be a nonempty subset of
the set of all imprimitive Dirichlet characters modulo q with Fy,~ # 1, and d be the
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smallest modulus of a primitive character x* inducing x with x € S1(q). Then we have

min max |F, (o +it)| ™!
e[, T+1] | |ol<h [Fae )
X€S51(q)

<exp <C”w (¢ /d') log (#81(q)w (¢ /d') +2) (1 n \/ log (¢'/d') /w (¢'/d’) >> 7

log (#S1(q)w (¢'/d') +2)

where C' is a sufficiently large positive absolute constant, ¢ = rad(q),d = rad(d), and

_ [ a@ )] 1oad ] @)
h = \/ Tog(#5: (w(a’ /)12

We are going to prove some properties of I ,+ including this proposition in section
3.

Here we note that Proposition 1 is an extension to Dirichlet L-functions of the result
in the case of the Riemann zeta-function by Ramachandra and Sankaranarayanan [18,
Theorem 1.2]. This result is useful when we prove some explicit formulas including
the above formulas. For example, Kithn, Robles and Roy showed an explicit formula
involving the Mobius function and a primitive Dirichlet character under the Riemann
Hypothesis and the simple zero conjecture for Dirichlet L-functions [11, Theorem 1.1
(ii)]. The author expects that it is possible to prove its explicit formula without
the Riemann Hypothesis for Dirichlet L-functions. In fact, they use the Riemann
Hypothesis for Dirichlet L-functions only in the proof of their Lemma 2.2, and in this
paper, we are going to prove Proposition 1 which is an unconditional alternative of
their Lemma 2.2.

One more useful point of this consequence is the uniformity for Dirichlet characters
modulo ¢ with ¢ < @. From this uniformity, there are some applications. For example,
one of the applications is that we can take T, not depending on the characters modulo
q in Corollary 1. In addition, by the following result, we can apply Proposition 1 to a
certain number field.

Proposition 3 (Theorem 8.2 in [16]). Let K/Q be an Abelian number field, K C K,,
be the m-th cyclotomic field, and X(K) be the group of all characters Gal(K,,/Q)
which are equal to unity on Gal(K,,/K). Then we have

k)= [ Ls.x),
XEX(K)
where x* is the primitive Dirichlet character inducing x.

The following corollary is an immediate consequence of Propositions 1 and 3.

Corollary 2. Let « > 13 and T > Ty(a) > 0 with Ty(«) a sufficiently large constant
depending only on o. If K is an Abelian number field, K., is the smallest cyclotomic
field satisfying K C K,,, then we have

i (;;3};2 G (o + Z'7f)|‘1> < exp(Ca(#X (K))(loglog(mT))?)

for m < (log T)a/ 4 where C is a positive absolute constant.
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Remark 1. Corollary 2 is a consequence for an Abelian number field. On the other
hand, probably, it is difficult to extend Corollary 2 to any number field. The reason is
that a zero density theorem for Dirichlet L-functions in the region close to critical line
plays an important role in the proof of Proposition 1, but it is difficult to obtain the
zero density theorem of the same type for Dedekind zeta-functions.

By Corollary 2, we can obtain the explicit formula for the summatory function of
the Mobius function px on an Abelian number field K. This Mdbius function ug is
defined by

1 if a=0kg,
pr(a) =< (=1)% if ais the product of k distinct prime ideals,
0 otherwise.

Here, we define the summatory function M (z) by
% /
MK(x) = Z :uK(a)7
N(a)<z

where the sum on the right hand side runs over integral ideals a of the ring Ok,
and N(a) is the absolute norm of a, and Y.’ indicates that if = is an integer, then
Z/N(a)gx = > N(a)<z +3 >_N(a)=z- Lhen we obtain the following theorem.

Theorem 3. Let K be an Abelian number field, K,, be the smallest cyclotomic field
satisfying K C Ky, x > 0, T > max {Tg,exp (ml/?’) ,2/x} with Ty a sufficiently large
absolute constant. Then, there exist some T, € [T,2T] satisfying

. 14 m(p) _%°
My (z) = Z (m(p) — 1)! ll_% dsm(p)—1 <(8 =7 (p)m>

o ':L's
+ Res +R.
e <CK(S)8>

Here, R satisfies the estimate

/ L : nK/x nK ¢ (K)
(1.7) R <7 mln{e /% (log(z + 2))"K, ke log(a + 2) + (log(x+20))_1+1/nK}

+exp (Cng (#X (K))(loglog T)?) + a,, min {1’ ﬁ} ’
where ng s the degree of K, ki is the residue of (i at s =1, and ®o(K) is a constant
depending only on K such that

> 1—kgx| < Qo(K)x! T

N(a)<z
In addition, let n, denote one of the nearest positive integer from x other than x itself
such that there exist ideals a C Ok with N(a) = ny, and px(a) # 0. If there exist
several such integers, then we understand that n, is the one that a,, is the biggest
among them. Moreover, we have

s 2r1+r2 2 (log 2 ri+reo—1

Res( > = - 2 (log )

= @) 1— 360 a4r0—1)]1 r1+ro—2
s=0 CK(S)S ‘dKll/zl‘iK + Uk (( 0,r1+7r2 1)| 0g$| ),
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and

C"K -1 2 nkl
- T <$ (log(z + 3))++r2—1 if 1 is even,
Res

s=—1 \ Ck(s)s 5 Crxxt (2me
(1- 07T2)W e

forl € Z>1, where r1 is the number of real embeddings, 2ry is the number of complex
embeddings, and 6; ; is the Kronecker delta. In particular, we have

0 s 27"1+r27Tr2 (lOg x)rl +ro—1
Res ~ = T — +00).
-2 () dx i ( )

Kl
) (log(z +3))271 if 1is odd

=

Here we do not consider refined upper bounds of ®4(K), but it is studied by Murty
and Order in [15].

Moreover, as one more application of Proposition 1, there are the following re-
sults for the sum involving derivative functions. The following some theorems are the
generalization of the result in the case of the Riemann zeta-function by Garaev and
Sankaranarayanan [4].

Theorem 4. Let x be a primitive Dirichlet character modulo q, and assume the sim-
plicity of all complex zeros of L(s,x). Then, for T > exp (q1/3), there exist some
T, € [T,2T] satisfying

1 T,
Z = =2 + 0 (exp (C(loglog T)?) + C(x))
ooy, LX) 2m

where the sum on the left hand side runs over non-trivial zeros p = 3 + iy of L(s, x),
and C(x) 1is a sufficiently large constant depending only on x. Moreover, for any
T > To(q) > 0 with a sufficiently large constant Ty(q) depending only on q, we have

1
(1.8) Y > T
oSy 1L (P X))
In particular, we also have
(1.9) Z Z > T
x mod ¢ 0<~/<T

We can obtain a theorem for (x(s) with an Abelian number field K, similar to
Theorem 4. It is the following result.

Theorem 5. Let K be an Abelian number field, K,, be the smallest cyclotomic field
satisfying K C K,,, and assume the simplicity of all complex zeros of (i (s). Then,
for T > exp (ml/g), there exist some T, € [T,2T] satisfying

> o = g+ O (e (CHX(K) loglog T)?) + C(K))
0<'y<T

where X (K) is the same as in Proposition 3, the sum on the left hand side runs over
non-trivial zeros p = B + iy of L(s,x), and C(K) is a sufficiently large constant
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depending only on K. In particular, for any T > To(K) > 0 with a sufficiently large
constant Ty(K) depending only on K, we have

(1.10) > s

322 16 )

We omit the proof of Theorem 5 because the proof is almost the same as the proof
of Theorem 4 by using Corollary 2.

Here we mention some comments on (1.9) and (1.10). These results are useful when
we consider the exact behavior of some partial sum of some Mo6bius functions under a
conjecture. In fact, estimates (1.9) and (1.10) can be applied to show some Q-results for
certain summatory functions of the Moébius functions under the Linear Independence
Conjecture. Here the Linear Independence Conjecture is the following conjecture.

Conjecture (Linear Independence Conjecture for Dedekind zeta-functions (cf. [3])).
The positive imaginary parts of the zeros of any Dedekind zeta-function are linearly
independent over Q.

Note that the Linear Independence Conjecture for Dedekind zeta-functions implies
the same type conjecture for Dirichlet L-functions by Proposition 3.

Now by estimates (1.9) and (1.10), as extension of Ingham’s theorem [10], we can
obtain that, for (a,q) =1,

— M(z;q,a)
o
and, for any Abelian number field K,
— Mg ()

under the Linear Independence Conjecture for Dedekind zeta-functions. These proofs
are similar to the proof of Corollary 15.7 in [14]. In addition, we can remove the
condition “Abelian” in (1.11) by assuming the Riemann Hypothesis for Dedekind zeta-
functions.

Remark 2. We can generalize the above two theorems to the statement which is anal-
ogous to the Landau-Gonek formula (cf. [2, Proposition 2] and [6, Theorem 1]), i.e.
for some T, € [T, 2T,

P zP
(1.12) oo Y P

L ’
0<y<Ty (p: x) 0<y<T,

are estimated by a little modified asymptotic formula with the original Landau-Gonek
formula under the simple zero conjecture for the corresponding function. Moreover,
if the Riemann Hypothesis for the corresponding function F'(s)(= L(s,x) or (x(s))
and |F(p)|™' < |p|'? for some fixed constant § > 0 are also true, then we have an
analogue of the Landau-Gonek formula for (1.12) for any sufficiently large 7' > 0. We
only mention this fact here because the author cannot find some useful applications of
these consequences.

Here the author raises the following conjecture suggested by the above results.
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Conjecture 1. Let x be a primitive Dirichlet character, and K be an Abelian number

field. Then
DR

0<~<T o<»y<T

(T — o).

We can prove this conjecture in the case of the Riemann zeta-function under some
known conjectures that are the Riemann Hypothesis, the simple zero conjecture and
the estimate |¢’(p)|~' < |p|'/3*+¢. In fact, we can obtain the following asymptotic

formula
> C - 2_ O <T1/3+€>

0<y<T

under these conjectures. The present paper does not give the proof of this estimate
because it is almost similar to the proof of Theorem 15.6 in [14].

2. On estimates of Dirichlet L-functions in certain domains

In this section, we are going to show some estimates of Dirichlet L-functions includ-
ing Proposition 1. Firstly, we refer to an important result on the zero density theorem
for Dirichlet L-functions by Montgomery.

Lemma 1 (Theorem 1 in [12]). Let S(Q) denote the set of all primitive Dirichlet
characters modulo q with ¢ < Q. For Q@ > 1,T > 2, and l <o <1, we have

S Ny(0.T) < (QT) 75 (log(QT))™,

X€5(Q)
where Z; denotes a sum over all primitive Dirichlet characters modulo q, and Ny/(o,T)
is the number of zeros p of L(s,x) with Re(p) > o and |Im(p)| < T.

By using this lemma, we show the following proposition.

Proposition 4. Let a > 13,7 > Ty(a) > 0 with To(e) a sufficiently large number
depending only on o, and 1 < @Q < (log T)O‘/4. Then there exists a closed interval Jy
of length (log(QT))*/3 contained in [T, 2T such that

max [log L(s, x)| < aloglog(QT),
o>1/2+14arteJy

x€5(Q)
where r = (log log(QT))?(log(Q*T))~!
Proof. Let D = ¢ and I; = [T 4 2(j — 1)(log(QT))?, T + 2j(log(QT))”). By Lemma
1, if ¢ > 1 + a(loglog(QT))(log(Q*T)) !, then

(2.1) Y N(0,2T) = Y Ny(o,T) < CQT(log(QT)) ™™
xX€5(Q) xX€5(Q)
Here C'is a sufficiently large absolute constant. Now we consider the disjoint rectangles

(0,t) € Rj = B + a(log log(QT))(log(Q*T)) 1, 2| x I,

which we may regard subsets in the complex plane. The number of these rectangles
is N = [3T(log(QT))~"]. By inequality (2.1), if @ < (log T)/*, then the number of
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zeros of Dirichlet L-functions attached to primitive characters modulo ¢ with ¢ < @ in
the rectangle R = |_|;V:1 R; is less than C'T (log(QT))~*/2. Therefore, if T > Tp(c) for
sufficiently large number Tp(a) depending only on «, then the number of rectangles R;
not having zeros of the Dirichlet L-functions is greater than N — CT'(log(QT))™“(>
N/2).

Let J be the set of all j such that R; does not include zeros of those Dirichlet L-
functions. By using the Euler product for L(s, x) and the Taylor expansion, for o > 1,
we find that

log L(s,x) = >_ x(p)p~* + % x4 %

p n=3

(22) = Pi(s,X) + 5 Pal5,X) + W5, %),

and that Ps(s, x) is regular on o > 1/2, and ¥(s, x) is regular on ¢ > 1/3 and bounded
on o > 1/2. In addition, log L(s, x) is regular on R;(j € J) since L(s, x) does not have
zero on the same domain. Hence P (s, x) is analytically continued to R;(j € J).

Let k be a positive integer. We define ay, , by

k [ee)
<P1(s,x) + %Pg(s, X)> = Z ak%s(n)‘
n=1

We can estimate |a(n)| by the following way. If ai(n) # 0, then n can be written
in the form n = p4 - .. pﬁf (l; € {1,2}). The number of ways which one can express n

by ordering plll, e ,pﬁf in different ways is at most k!. This means that we have the
inequality

Hence, by the boundedness of ay, ,(n) with respect to n,

S ton()

n=1

is an entire function for any X > 0. Here, as our first step, we show that if X =

(Q2T) 1/4, and k = [aloglog(QT)], then we have
1 B a(n) n
(2.3 (A0 +5r0) =3 25 e (-3) + o)
n=1

for any j € J and (0,t) € R}, where R = (2 + 14k(log log(QT))(log(Q>T)) 1, 2] x I
with I = [T+ 2(j — 1)(1os(@T))” + (Io(QT))?, T + 2j(08(QT))” — (1og(QT))?].
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The proof is as follows. Using a formula for Abelian weight (cf. (5.25) in [14]) and
the Stirling formula, if K = (log(QT))?, then we have

[e'e) 24100 k
1 1
Z ak,xs(") exp <_£) N / <P1(S +w,x) + s Pa(s +w, X)> I'(w) X" dw
—t n X 271 2—ic0 2
1 [2HK 1 k
N <P1(s+w,x) + —P2(8+w7X)> ['(w) X" dw
21 Joik 2

+0 (K (log(QT))Pe QDN /2x2)

Here we consider the estimate of the integral on the right-hand side. By the Borel-
Carathéodry lemma, we can find that

2|s — al

R _
|og (s, x)| < max_Re(log L(s, x)) + L_Z’uogua, Yl

R—‘S—CL’ |s—a|=R R—‘S ’
holds for |s —a| < R with R = 2,a = 3 + k(loglog(QT))(log(Q>T))~" +it,t € I; .
Hence we have

|log L(s, x)| < (log(QT))*(log log(QT)) >

for o > 1+ 2ak(loglog(QT))(log(Q?T))~1,t € I since L(s,x) < Q|t| holds for
o > 1/2. By this estimate and the boundedness of ¥(s, x) for o > 1/2, we have
k

Pi(s,x) + %Pz(s,x) = [log L(s, x) — ¥(s,x)|*
(2.4) < C*(log(QT))** (log log(QT)) ™"

for o > 1 +2ak(loglog(QT))(log(Q?T))~*,t € I;’. In addition, by the residue theorem,
if B = 12k(loglog(QT))(log(Q?*T))~*, then

1 241K

1 k
L (P1<s Fw) 4 iPys o, x>) P(w) X dw =
27TZ 2K 2

1 2+iK —B+iK —B—iK 1 k
i </ +/ +/ ) <P1(3+w7x)+§P2(3+w7X)> I'(w) X dw
2

—B+iK —B—iK —iK
1 k
+ (P + 37l

holds for o > 1 + 14k(loglog(QT))(log(Q*T)) .t € I;. By inequality (2.4) and the
Stirling formula, we have
1 [2EE 1 k
o [ (Al w0+ 5P w0 Tw)x e
21 J_gtik 2
< C*(log(QT))***(log log (QT)) e~ s(@T 2,

and
1 —B+iK 1 k
57 . (Pl(s—i—w,x) + §P2(s+w,x)> ['(w) X" dw

< BIXPCM(log(QT))* (log log (QT)) ~2*.
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From the above estimates, if X = (Q*T)"*, and k = [aloglog(QT)], then we obtain
the formula (2.3).
Next we consider the function

Fou (T, x) Z max |log L(s, x)|?.
seR;’
jeJ
By (2.2) and (2.3), we have
1
o8 L)% < 22 (1P1(5,0) + 3 Pa(s. 0 + W)

2
> ap(n) n
;%exp (_E) + O,

Therefore, if 7 = (loglog(QT))?*(log(Q*T))~1, and s; is an element of R, satisfying

max | lOg L(S, X)|2k = | 10g L(Sj, X)|2k
SER;.
then we have
o] ( ) 2
2k 2k Ap T n ok

2
42 3 o akx(n) n ok
— 7 — t
3 //s sl ( e exp( X) dodt| +C

2
akx(n) (_Q)
ns &P X

42k
//|s sj|<r n—1

by the mean value theorem on analytic functions. By the disjointness of the domains
|s — sj| < r for each j and the estimate

T e (-4) <4 3 ree(-)

n>X?2 n>X

00 1 0o m .
:k:kz Z mexp(—%)ﬁkkmzz%ZzXexp(—Z X)

m=0 2mx2 <n<2m+1X2

dodt + C?F

<KX <exp )+ Z (21/2 ) ) < KFX exp(—X),

we have
2

For (T, x) <<—// ak’x eXp <—%> dodt
n<X?

+ <C’2k + 2 (4k)?k X2 eXp(—ZX)) N,



14 SHOTA INOUE

where E is the domain with % <0 <2,T<t<2T. As for the remaining integral, we
have
2 —_—
ak,x(n) n o arx(m)ag (n) m-+n
> s P (_}> = > motitpo—it P\ T

X
n<X?2 mn<X?

aj (m)ag (1) m+n
POEEEDY motitpo—it P\ T T x

mn<X?2 mn<X?2

m#n m=n
S Ak (M)aky(n) o mAny o k%zi
= moFitpo—it <P X n2e |’
m,n<X? n<X?
m#n
and
2
[ 5 oo (-5)
E n<X?2 " X
m4n 2 do 2T, N it
— Z ag(m)ag . (n) exp (— X ><ﬁ (mn)") (/ (E) dt)
m,n<X? 2 !

m#n

+0 <k2kQ2T log X)

<K 30 fog (1) 5 + QT log X < KXY 4 K QT log X.
> m/1 (mn)

Hence we find that
2

ak,x(n) _n 2k 2
//E Z e exp( X> ds < k“"Q“Tlog X

n<X?2
by X = (Q2T) Y4 Thus we have

Foi(T, x) < r=2(4k)*Q*T log X + (C% + 2 (4k)2k X2 exp(—2X)) N,
and there exists a jg € J satisfying
max |log L(s, x)[** <r™?(4k)** (log X)(log(QT))**
Jo
+ C% 4 r2(4k)* X2 exp(—2X)
by the definition of F'.
From the above discussion, the inequality
max |log L(s,x)| < k < aloglog(QT)
Jo

holds uniformly for y € S(Q), which completes the proof of Proposition 4. O
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The following corollary is an immediate consequence of Proposition 4.
Corollary 3. We have

. * < — Ca
(2.5) o2 T JO!L(&X)! < exp (Caloglog(QT)) = (log(QT))",

X€S(Q)
where C is a positive absolute constant, and the meaning of the other letters appearing
in the formula is the same as in Proposition /.

Lemma 2. Let x be a primitive Dirichlet character modulo q. If |t| > 1 and o < %,
then

26)  |L(sx)| = (%) () exp (|t|tan-1 (1 ,;,”)) L1 =57l
Iflt| < 1,0 = —(m+1/2), then

2me
qls|

(27) IL(s, )] = ( ) (o) 2IL( — 5,7

Proof. By the functional equation for Dirichlet L-functions and the Stirling formula,

we obtain this lemma. O

Lemma 3. Let J; = [y1,y2] be the closed interval that is obtained by removing intervals
of length log(QT) from both ends of Jy. Then we have
L < Ca(loglog(QT))?
o (501 < exp (Ca(loglog(QT))%)
x€5(Q)

where C' is a positive absolute constant, and the meaning of the letters appearing in the
formula is the same as in Proposition 4.

Proof. For o > 1/2 + l4ar,t € Jy, we have
|log L(s,%)| > log | L(s,%)| = log|(gt)"/* 7 L(1 — 5, )]

> log|L(1 - 5, )] — (o— - ;) log(q1)

since [L(s, x)| =< (qt)"/?>=7|L(1 — s,%)| by Lemma 2. In addition, if x is a primitive
character, then Y is also a primitive character. Therefore, for ¢t € Jy, we have

1
log (L (5 + 26ar + it,y)) ‘
< a(loglog(QT))?
by Proposition 4. Hence, if t € Jy, then

log < arlog(QT) +

1

(2.8) L <% — 26ar + it, X> < exp (Ca(loglog(QT))?) .

Next we consider the function

gi(w) = L(s; + w,x)e*”  (1=1,2),
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where s; = % + iy;. By a basic upper bound L(s, x) < q(|t| + 1) for o > 1/4, we have
g1 (£ ilog(QT)) < e ~1E @D (5 4 &+ i1og(QT), X)|
< em2—(10g(QT))2QT <1

for —26ar < x < 26ar,T > Ty(a). Moreover, by estimates (2.5) and (2.8), we also
have

1 .
g1 (5 + 26ar + zy) =L (Sl 4+ 26ar + z'y, X) e(%:l:26ar+zy)2

< exp(Ca(loglog(QT))?)
for —log(QT) <y <log(QT). Hence, by the maximum modulus principle, we obtain
iz + iy) < exp(Ca(loglog(QT))?)
for —26ar < x < 26ar and —1log(QT') <y <log(QT). In particular, if y = 0, then
L(si +7,x) = gi(w)e"” < exp(Calloglog(QT))* +z°)
< exp(Ca(loglog(QT))?)

holds for —26ar < x < 26ar. Again by using the maximum modulus principle, we can
find that

L(s, x) < exp(Ca(loglog(QT))?)
in the compact set % —26ar <o < % + 26ar,t € J;. O

Lemma 4. If f is a reqular function and

f(s)
f(s0)

in |s — so| < r, then for any constant 0 < e < 1,

- 2 5ro()

lp—sol<Ar

<M (M >1)

in|s—so| < (% —¢)r, where p is a zero of f.
Proof. This is Lemma 3 in [18]. O

Proposition 5. Let Jo be the closed interval that is obtained by removing intervals of
length 40ar from both ends of Jy. If sg = % + 1dar + itg, ty € Jo, then we have
L'(s,x)

(2.9) m = Z %p + O (log(QT))

for |s—so| < 15ar, where the meaning of the letters appearing in the following formula
is the same as the above situations.

|p—s0|<20ar

Proof. By Corollary 3, we have
|L(s, x)| > exp (—Caloglog(QT))
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for o > % + l4ar,t € Jy. By this inequality and Lemma 3, we find that

L(s, x)
L(s0,x)

for |s — sg| < 40ar. Hence, by Lemma 4, if e = %, then we obtain

< exp (Ca(log log(QT))?)

L(s,0) _ Z . + O ((4ar)'Ca(loglog(QT))?)

Lls,x) lp—so<20ar ° P
1
= > —— +0(og(QD))
|p—s0]|<20ar P
for |s — sg| < 15aur. O

Lemma 5. Let tg € Jo. If sg = % + 1ldar + itg, then

log L(o +ito,x) = > (log(o +ito — p) —log (so — p))
|p—s0|<20ar

+ O (a(loglog(QT))?)

;;ord%ﬂ: ctw <o< % +29ar. In particular, by taking the real parts in the both sides, we
nd tha

(2.10) log | L(o + itg, x)| = Z log

|p—o0|<20ar

O'—l-it()—p
So—p

‘ + O (a(loglog(QT))?) .

Proof. Let ty € Jo. Then by formula (2.9) for % <o< % + %ar, we find that

/ Vo +ito ) g 5 / B0 (a(loglog(QT))?) .

+1l4ar L(:E + to, X) |p—s0|<20ar +1dar T+ ito —p

and that
IOgL(U + Z.2(:07 X) - logL (807 X)

— Z (log(o + ity — p) —log(so — p)) + O (a(loglog(QT))?) .
|p—so0|<20ar

Hence, by Proposition 4, we obtain

log L(o +ito,x) = >, (log(o + it — p) —log(so — p))
|p—s0]|<20ar
+ O (a(loglog(QT))?) .
This completes the proof of Lemma 5. O

Now, let us start the proof of Proposition 1.

Proof of Proposition 1. If % + 1dar < o < 2, then Proposition 1 is implied by Propo-
sition 4. Hence we consider the case of % <og< % + 14ar. We find that

Z log Z > Z log

|p—s0]|<20ar |p—so0|<20ar [to—v|<20cur

to— 7y
20ar

to—7y
20ar

O’+it0—p >
so—p |
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hold uniformly for % <o < % + l4ar. In addition, if [t1,t1 + 1] C Ji, then for
T > To(«), we see that

t1+1 t_,.y

1 |t—ny|<20ar t1—20ar <y <t1+1420ar Y max{t1,y—20ar}

¥+20ar t—
i
> 1
- Z L ©8 ‘ 20ar

t1— 2001 <~y<t; +1+20ar Y V2001

1
= 20ar Z / log |x|dx

t1—20ar<y<t;+1+20ar ’ 1
> —Carlog(QT) > —Ca(loglog(QT))?,

t_
log‘—fy‘dt

min{t1+1,7+20ar}
/ 20ar

dt

uniformly for y € S(Q). Hence, there exists a to € [t1,t1 + 1] satisfying

Z log

|p—s0|<20ar

—1
< a(loglog(QT))?,

o+ita—p
%—I—ar%—itg—p

uniformly for % <o <2and x € S(Q). Thus this estimate implies Proposition 1 by
formula (2.10). O

3. The finite Euler product appearing in the expression of Dirichlet
L-functions attached to imprimitive characters

In this section, we are going to show some estimates on the function

qux*(s) = H (1 — %&m)

plg

including Proposition 2. In the following, we consider the case Fj ,« # 1. In other
words, we assume that y* is a primitive character modulo d such that there exists a
prime factor p of ¢ with p{d.

Lemma 6. Let ¢ > 2. Then Fj ,~ is an entire function of order 1.

Proof. By the definition of Fy ,«, if o < 0, then we have

Py () =TT 1 - %&m‘ <]I <1+%> —exp | Y log <1+%>

plg plg plg

< exp —ZUZlogp < exp (2(log q)|s]) -
plg

On the other hand, if o > 0, then we have

| Fgx+ (8)] = H

plg

1 - X—(m‘ <290 <, 1.
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Therefore, order of F « is less than or equal to 1. In addition, order of F, - is greater
than or equal to 1 since we can get the following lower bound

[Fyx-(s)] = H 1

plg

SR e | e )

plg plg
ptd pid

1 1
> exp —§UZlogp > exp <§(log 2)|O‘|>
plg
for o < —2. Hence we obtain Lemma 6. O

The next lemma is an immediate consequence of this lemma.

Lemma 7. Let ¢ > 2 be an integer, d be a proper divisor of q, and x* be a primitive
Dirichlet character modulo d. Then we have

S .
3.1 F, \«(s) = "t 1— =) es/m,
(31) e | (O
where the above infinite product runs over all the zeros of I\~ removing zero at s = 0,
and r is the multiplicity of zero of Fy\+ at s = 0. In particular, v equals to the number
of prime factors of q satisfying x*(p) = 1. Moreover, by taking logarithmic derivative
of the both sides, we find that

(3.2) @(s)—fﬂwz L2
. Foyx- s " s—in in)

Lemma 8. If b is the number appearing in (3.1), then

1 : Im(x*(p))
3.3 b=—=log(q'/d) +i —=— _logp,
(35) 3 ) 1 2 T aRete )

ptd
x*(p)#1

where ¢ =rad(q),d = rad(d).
Proof. By formula (3.2), b can be expressed by

F/ *
lim [ =2 (o) -~ L) = .
al0 F(LX* (o}
On the other hand, by taking logarithmic derivatives in (1.5), we have
T
q Zanr X' ( logp log p; X*(p)logp logp
Zp —x*(p) Z:pf—l Z P = x* ()’
plg i=1
X*(P)?ﬂ
where p; are prime factors of ¢ with x*(p) = 1. Therefore, we obtain

Fl .. "
1i¢ng<;—”‘(o)——>=——21ogpl+ Z X"(p)logp ng

q,X*

X (p)
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Moreover, if x*(p) # 0,1, then we can find that the identity

X' _ 1, . Im(x*())
L=x*(p) 2 2-2Re(x*(p))
holds by easy calculations. Thus we obtain Lemma 8. (]

Lemma 9. Let h > 0, and Ny ,+(t,h) be the number of zeros in of Fy» witht <n <
t+ h. Then we have

h2

h
Ny (t,h) <w (q'/d') + 5 log (q'/d') + mr,

where ¢ =rad(q) and d' = rad(d).
Proof. By formula (3.2), we have
Fy r 1 1
3.4 IXE(h4it) = —— + b —+— .
(34) me*( +it) h+z’t+ +§n:<h+it—in+in>
On the other hand, by taking logarithmic derivatives in (1.5), we find that

Fy *(p) log p log p 1
ﬂh_ﬂt': _X \p)ogp | < Z=ntu(d/d).
Fq7X*( ) ;q:ph-i-zt_x*(p) —th_l —Zh (q/ )

(3.5)

Now, we take the real parts of the both sides of (3.4). Then, by Re Zn(in)_l = 0 and
(3.3), we have

h w (q//d/) 1 1 h
3.6 < —1 d —T.
(36) %:h2+(t—?7)2_ o Taleld/d) b
Hence, we have
w(q/d) 1 )y h h
e VA | - -
ho 3 Og(Q/d)+h2+t2r>>zn:h2+(t—n)2
h 1 1
> . < a -— = —N * t
- Z h2—|—(t—77)2>> Z h h q7x(’h)v
[t—n—1/(2h)|<1/(2h) |t—n—1/2|<1/(2h)
which completes the proof of Lemma 9. O
Proposition 6. Let h > 0. If |o| < h, then we have
—Fé’x* (s) = r + Z —1 +0(h'w (q//d/) + log (q//d/) + T
Fox Sy ‘<h3—i77 tl+h)
—n|<

Proof. By (3.2) and (3.5), we find that

!/

Fq’x*( + it) Fooe (h+it) = — — ! !
—2— (0 +it) — = it) = - -
Fy o Fy o o+it  h+it —~\o+ it—in h+it—in)’
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and that q - (h + zt)‘ h='w(q'/d"). Therefore, we have

F! r 1 1
Cext i —— [ S+ Y ( LE— )
Fy o+it wmen  omen) \O +it —in  h+it —in

+O<|t|+h+h w(q/d’))

In addition, we can obtain that

o+it—in h+it—in) (o + it —in)(h + it —in)

[t=n|>h [t—n|>h
1 h
/ U / !
< Z ]—77\2<<Zh2 5 <h” w(q/d)+§log(q/d)+7h2+t2r
[t—n|>h
by (3.6), and that
h
ht < h™w(d/d) +log (¢'/d) + 5
Z h+zt—z77 Z < w(q/d)+0g(q/d)+h2+t27‘
lt—n|<h lt—n|<h
by Lemma 9. Hence we obtain Proposition 6. O
Proposition 7. Let h > 0. For |o| < h,|t| > h, we have
(3.7)
t—n)? h

log i+ (s Z 1o <#> +O<h w(q /d') + hlog (¢'/d') + I )

S n)?
Proof. By Lemma 9 and Proposition 6, we can find that

g F/ *
log Fy (o +it) = / —LX (o +it)da + log Fy y+ (h + it)
’ h Faxr 7
t— )2
Z lo <(7Z;2> +log Fy~(h + it)

It n|<h

+O< (¢'/d") + hlog (¢'/d') + ’}tl’ > )

In addition, we see that

|log Fyx+ (h +it)| = ZZ ( h+zt> ZZ P Zp 1

plg n= 1" plg n= 1P plg
pld pld pld
1
< h—l !/
_Zhlogp<< w(q'/d)
plg
ptd

by the definition of F| ,« and the Taylor expansion of the logarithmic function. Hence
we obtain Proposition 7. O
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Now, let us start the proof of Proposition 2.

Proof of Proposition 2. Let T > w(q), and d be the smallest modulus of x € Si(q).
Then, by Lemma 9, the number of zeros in of the all F, - with x € Si(g) with
n € [T, T+1] is less than C#5S1(q) log (¢'/d’), where C' is an absolute positive constant.
Therefore, there exists a to € [T, T + 1] such that |to — 1| > 57 75 (q)llog(q, 7Y holds for

all zeros in. Now we apply Proposition 7 with A =< \/ 10;{;%?&;&?7;{?22). By taking

real parts on the both sides of equation (3.7), we obtain

log |Fy \+ (0 +ito)| > —% | ; hlog(40h2#51(q) log (¢'/d'))
to—n|<
—c (h_lw (¢'/d') + hlog(q'/d'))
log (¢'/d') Jw (¢'/d")
log (#S1(q)w (¢'/d) +2) )

uniformly for y € S1(¢) and |o| < h with C’, C" > 0 sufficiently large positive absolute
constants. Hence, we have

|[Fgr (0 +ito)| ™

> —C"w (¢'/d") log (#S1(q)w (¢'/d") +2) (1 + \/

< exp <C”w (d'/d') log (#S1(q)w (¢'/d') +2) (1 * \/ logl(()i(gl{j))w/{;(/i/)dl 2))) |

which completes the proof of Proposition 2. O

4. Proof of Theorems 1 and 2

Proof of Theorem 1. Let x > 0, T > max {To,exp (q1/3) ,2/3:}, and g = 1+1/log(z+
3). First, using Perron’s formula (cf. Theorem 5.2 and Corollary 5.3 in [14]), we have

1 footih g xlog(x + 3) x
4.1) M~ =— ds+0 | ————— in<1l, ——
W M) =5 /oo_m Lss < T " mm{ T (a) }> ’
where T, satisfies the inequality
(4.2) |L(o +4T,,x)| ™" < exp (C(loglog T)?)

for any # < o < 2 and x € S(q) with T, € [T, 2T]. Note that we can take the above
T, by Proposition 1. Here, we remark that 7" > exp (ql/?’) > q.

Let M = m—i—% with a positive integer m satisfying m > T'. By the residue theorem,
we have

1 oo+iTy s 1 oo+iTy —M+iT, —M—iT, 5
L e [ [ )
210 Joo—i1, L(S,X)s 21 \J_pir  J-m—iT, oo—iT, L(s,x)s

3 e () S e (g0)

ly|<T 0<I<M

s fd
=i+ o+ s+ Y Res (L(37X)S> t 2 2 (L(37X)3> '

[vI<To

s
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Here, by the basic formula for residues, we find that

8 1 dm(p)—1 s
_ ; — p)mp)
tes (2w = G =0 gt (97 20

As for the other residues, we can also obtain the formula by the functional equation

L(s,x) = e(\)L(1 = 5,%)2°7* " 1dY27*T(1 — s) sin (g(s + /i)) .
Here £() is defined by

e(x) = Z.Zé—f/),

Now we estimate the integrals Ji, Jo and J3. By Lemma 2, Js is evaluated by

-M 2me’\ M -3/2
Lz M™2/=dt
tI<T

|Jo| = i

Mt
. —dt
ASTV L(—M +it, x)(—M +it)

< (i) M yM-spp
2Te

Therefore, we have
lim Jo, = 0.
M—oo

Next we estimate J;. We put

1 Go+iT, 1/244T, 14T, 5
Ji=— / +/ +/ ————ds = J{ + J] + J|".
2mi \ J1ijo4ir,  J-144iT, —m+it, | L(s,x)s

By Lemma 2 and estimate (4.2), we find that

" C(loglog T)?
|J{| < / ﬂjTV_l exp (C'(loglogT)2) do < xexp( (;g ogT) )’
1/2

|| <

exp (C(loglog T)?) /1/2(33T,,)“d0 - z'/% exp (C(log log T)2)7
T3/2 1 Tlog(zT)

and that

1 -1 (xT)~!
S < —/ T,)°do € —F—"——.
W< ||, @0 < e

Hence we have

Te C(loglog T)?
5« xp ( (Tg g ))‘

Similarly, we have

zexp (C(loglogT)?)

J:
3 K T

since L(S,x) = L(s,X) and X is also a primitive character. From the above estimates,
we obtain Theorem 1. g
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Proof of Theorem 2. First, we find that

1 footily  gs zlog(x + 3) x
M* ——d — in |1, =7
(%) = 2i /ao—iTu L(s,x)s s+0 < T " mln{ T (x) }> ,

similarly to (4.1), where we use the same notation as in the proof of Theorem 1. Here,
by the proof of Proposition 1, T, € J; C Jy holds, where Jy and .J; are intervals
appearing in Corollary 3 and Lemma 3, respectively. We also consider a uniform
estimate of Fi,«(s) for x € S*( ). Here S*(q) denotes the set of all imprimitive
characters modulo ¢. If h := 1— < o < 2, then we have

1) - X*(p)‘_ §g<1+ph1_1> gE(HM;gp)

pS
plg
< exp (Cw(q)logq).

(4.3) < exp Z
hl
plq oep

Therefore, by this estimate, (4.2) and Lemma 2, we obtain

-1
|L(O+ZTV7X)| | (O-+ZTI/7 |_1H
plg
(4.4) < exp (C ((log log T)* + w(q)log q)) <exp (C(log log T)2)
for h <o <2.

Here, let M =m + %, with a positive integer m satisfying m > T. By Proposition

2 and w(q) < lmglloog%’ we can also take some T € [T}, T, + 1] C Jy such that

-1
et X*(p) C(logg)?
. * * = T o +iT = log log(q + 5)
(4.5) |Fgx- (0 +4T5)) g (1 po il > = <10g log(q +5)

holds for |o| < h, uniformly x € S*(¢). Then, by using the residue theorem, we have
1 oo+ily s 1
o | s = o
270 Jyo—iT, L(s,X)s 27
oo+iTy 1/4+iT, 1/44iT. —M+iT., —M—iT. 1/4—iT. 1/4+iT,,
T P B I R P
1/444T,, 1/44iT —M 44T ~M—iT. /4—2‘T* 1/4—iT, oo+iT,
x%ds x®
— t Res < > Res < ) + Res <7> .
L(s,x)s I“/Z s=p \ L(s, x Z s=in X)$ ocion = L(s,x)s

[y[<Tx

Now, we can obtain the residues for non-positive integer in a similar manner as in
Theorem 1 since the all trivial zeros of L(s, x*) are simple.

We estimate the integrals. As for the first integral, by inequality (4.4), we find that

oo+iTy xS 9

——ds| < C(loglogT)“) .

/1/4+m L(s,x)s < )

’ﬂl&
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Next we consider the fourth integral. Now, Fj ,«(s) is estimated by

@0 (o] =T[|1- S8 > [T (77— 1) = lo log2
plg plq
plb b

for 0 < —h. Here b is the modulo of x*. Therefore, by Lemma 2 and (4.6), the fourth
integral is estimated by

o M+it Ire M
. —dt <5 M <—> M—3/2q¢
/t|§T* L(=M +it, x)(=M + it) I i<t \ M

< (i> M yM-seg
2me

The last term tends to zero as M — +oo. That is,

$—M+it
lim - —dt =0
M—oco |t|<T. L(—M + ’Lt, X)(—M + ’Lt)

Next we consider the second integral. Now, we can see [T}, Ty] C Jy since T, € Jy,
and so we can apply Corollary 3 to the second integral. Hence, by Corollary 3, (2.6)
and (4.3), we have

V44T, s r1/4 " o )
ds < ¢“'V0ogT)” < ——exp (C(loglogT)~) .
/1/4+iT* L(s,x)s T ( ) T ( ( ) )

Next we consider the third integral. We put
14+iTe 1/44iT. —144T% e
/ ds = / +/ —ds
~mir. L(s,x)s —1+4T, ~mir, ) L(s,x)s
Here, we can also apply Corollary 3 to this case by Ty € Jy. By Corollary 3, (2.6),
(4.3), (4.5) and (4.6), we can find that

o 2
/1/4+2.T* 5 exp (C (% + log log T)) /1/4

ds <
1. L(s,X)s T3/2 —1

/% exp (C(log log T)2)
T5/41og(zT) ’

“1HT. s 1 ! 1
ds < / T,)do € ————.
/—M—l—iT* L(s,x)s " = 197 —M(x )do 2T5/? log(xT)

From the above discussion, the first four integrals are estimated by

T exp (C’(log log T)2)
T .

(xT)°do

<

and that

(4.7)

The remaining integrals also have the same upper bound since L(3, x) = L(s,Y) holds,
and estimate (4.7) is uniform for y € S*(¢). Thus, we obtain estimate (1.4) for Theorem
2.
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Finally, we consider the upper bound of the sum of the residues on the imaginary
axis. We separate the sum in three parts such that

2 533<L<:x>s>

In|<Tx

-t () * 2 Belm) *, 2 B )

0<[n|<To(q) To(q)<|n|<Tx

By estimates (4.3), (4.5), and (4.6), we can find a constant Ty(q), depending only on
q, with Ty(q) € [w(g) + 5,w(g) + 6] and

o 2
[y (0 + iTo(@)| " < exp ( Olog q) )

loglog(q + 5)
for |o| < 2. By the Leibniz rule, the first sum is estimated by

'Z.S
R, R
50 <L(s,x)8>
1 ; r+l—k r+1—kr\ ¢ 1 rl—r—j &’ grt2—x
_(’r'—l—l—/i)!sl—I)% jZ::o < J )az(ogm) @<L(S,X)s>
(log $)r+l—n

On the second sum, by the simplicity of zeros of Fy ,+, we have

x
3 Res< >: Y o0
s=in \ L L 1
o<t T NEHEXI) o i g Km0
As for the third sum, we use the result that
1

4.8 < log(q|t
(1) oo < lolalt)
for
(4.9) o>1-— c and |t| > 5,

log q + (log([t]))?/?(log log(|[)) /3

where c is a positive absolute constant. On the region (4.9), we refer to [13, §9.5]. The
author cannot find the above upper bound (4.8) in this region in references, but we
can obtain it by the standard method (cf. [14, §11.1]). Here, we put ¢(z) = logx with

x> q%exp (C(log T)?/3(log log T)l/?’). Then, by the residue theorem, the third sum
can be written as

1 e(x)+iT% —e(z)+iT% —e(x)+iTo(q) e(x)+iTo(q) x5
S / 4 / 4 / 4 / T s,
2100 \ Je(@)+iTolq)  Je(a)+iTs ()T —e(a)+iTo(q) ) L(s,X)s
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From the definitions of Ty(gq) and Ty, we find that

/—e(m)—l—iT* /s(x)—l—iTo(q) x5 O ( )
+ ds = 1).
e(x)+iT —e(x)+iTo(q) L(Sv X)S !

; s : r_ w(q' /')
On the other hand, by using Lemma 9 and Proposition 7 with A’ = Toa(q’ /) oz Tog =
we have
|Fyx (0 +it)| > exp (—Cl Vw (¢ /1) 1og (¢ V) loglog a:) H lo+i(t —n)|

[t—n] <’

1 (q'/b)
zexp( Car/w (¢'/¥)1og (¢ /b’)logloga:) <10g3:>

on the lines |o| = (log ), |t| > 2. Now b denotes the modulus of x*. Therefore, for

o] = (logz)~ 1, |t| > logkl;;% + 5, we have
m < exp (CQ\/w (¢'JV)1og (¢’ /V) log log x) b!t!\l(llflgf):(—qi-/ibt,)x*)\
< exp (C2 Vw (¢ V) 1og (¢'/¥) loglog x) (log x)w(q’/b’)%
by Lemma 2. Hence we have
+e(z)+iTs -
/:I:e(:c)-i-iTo(q) L(&X)Sds
< exp (Co/eo (¢ V) Tog (¢ /1) loglog ) (log )(4/%) /T T() 500 iy

< exp (Cg Vw (q'/¥)log (¢ V) log log a:) (log z)~@/Y).

Thus we have

Z Res (%) <L exp <C’\/w (¢’ /0")1og (¢’ /V) log log 3;) (log :E)w(q’/b’)’

where C is a positive absolute constant. Similarly, we have

> Res (ﬁ) < exp (C /o (¢ J6) 1og (¢ V) Toglog & ) (log z) 4.

s=1in
—Tw<n<—To(q)

From the above estimates, we obtain (1.6). O

5. Proof of Theorem 3
First, we prepare some lemmas.

Lemma 10. Let K be any number field, ng be the degree of K, and ki be the residue
of Ck(s) at s =1. Then, for o > 1, we have

g O'q)o(K)
KK
oc—1+ 1/71[{

(5.1)  [Celo+it)] < min {<<a>"f<, } — Dy(o),

oc—1
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where ®o(K) is a constant depending only on K such that

> 1—kgx| < Qo(K)a' T
N(a)<z

Proof. By the Euler product for Dedekind zeta-functions, we find that

Cx(o+it) <[] <1 _ ﬁ) 1110 ( dog(p >—1

p P plp
g]’[(l—}%) = ((o)"".
p

On the other hand, using the partial summation, we have

. OOA(:L‘) o Uq)O(K)
) < < 1 1
|CK(0'+Z)|—"/1 por L R o—1+4+1/ng’

where A(z) = >y ()<, 1. Hence we obtain Lemma 10. O

Lemma 11. Let K be a number field. If |t > 1 and o < 5, then

k() > e (e ) (il 2exp (sl ran ™ (£22) Y o1 = )
Iflt| < 1,0 = —(m+1/2), then
1 < (2me)"K

o\ |d||s|mx

Cx ()] > > (ldxc i) 1 (1 = 9)].

The above C are absolute constants.

Proof. By the functional equation for (x(s) which is

r1+r2 r2
Ciels) = 2 2m)™< D27 (01 = )" (sin ) (cos ) Guel1 = 9),

and the Stirling formula, we obtain this lemma. O

Proof of Theorem 3. Let x > 0, T > max {9,exp (ml/g) ,2/3:} and o9 = 1+1/log(z+
3). First, using Perron’s formula, we have

(5.2) M (z) zi,/mm aa ds+0<%@K(Uo)+min{1,ﬁ}>,

27 oo—1iTy CK(S)S

where T, satisfies the inequality
(5.3) (i (o +14T,)| 7 < exp (Cng (#X(K))(log log T)?)

for any —1 < o < 2 with T, € [T, 2T] by Corollary 2 and Lemma 11. Here we remark
that T" > exp (ml/?’) > m.
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Let R=1r+ % with positive integer r satisfying » > T'. By the residue theorem, we

have
1 oo+iTy 5 1 oo+iTy —R+iT, —R—1T, s
L @:_fQ/ +/’ +/’ >___@
210 Jgo—i, Cr(8)s 210 \J_RpyiT —R—iT, oo—iT, /) Ci(s)s

+ 3 me () * 2 e ()

y|<T. 0<I<R

33‘5 33‘5
= J1+ o+ J3+ Z E{:eg <m> + Z Iiesl<<K(s)s>-

|v|<Ty

Here, by the basic formula for residues, we find that

2\ 1 gn)! m(p) T
Res (CK(S)S) ~ (m(p) - 1)! 2 dem 1 <(8 - CK(S)S> .

Next, we estimate the integrals. By Lemma 11, J, is evaluated by

Rt (2me)™K R
Jol = / , —_dt| < 2 RBonK / ( ) R"6/2"1 gy
A= ], RO R TR D) ver, \ R
-R
< CmK <( ) ) R_(R_1/2)nK_1T.
2me)"K

Therefore, we have
lim Jo, = 0.
R—o0

Next, we estimate J;. Now, we put

1 oo+iTy —1+4+2T, 75
J1:—,</ +/ ) ds =: J{ + J7.
21 \J_1441, “RwiT, ) CK(8)s

By Lemma 10, Lemma 11 and estimate (5.3), we find that

T exp (CnK(IOg log T)z)

oo
PARS / 2T exp (Cng (#X (K))(loglog T')?) do <
-1

T )
and that
crx o 71 CE (zT)~1
J! / T,)°d S
Tl < g | @) o < T
Hence we have
C X (K))(loglog T)?
J o 2o (Cr(#X () log log T)?)

T .
Similarly, by the Schwarz reflection principle, we have

zexp (Cng(#X(K))(loglog T)?)
- )

J3 <

Thus we obtain estimate (1.7).
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Finally, we consider the upper bound of the sum of the residues for non-positive
integers. We put » = r1 + 79 — 1. Then, by the Leibniz rule, we find that

5 1 ) dr Sr—i—l 5
Rﬁ<@<>>zﬁﬂ%£?Qma3>

S (1—d0,) ; dJ s"
= ftoga i < G S (7 Gomar iy 25 (275

j=1

+ 0k ((1 = 6o,)|log 2| .

_(2m)"x (log 2)"(2/m)" T2
2“K|dK|1/2/€K
On the other hand, for [ > 1, we have

2 (CKx(s) ) :/| S - CKZ)SdS

8+l| log(z+3)

e
7 - +10g(ac+3) 619

2
= 10g(x+3)/0 <K< I logew ) ( I logeze >

(z+3) (z+3)

do

B L /27r df
llog(z + 3) ‘CK ( I+ 1og€;9+3)>‘

by the Cauchy formula. Now, by the functional equation and the Stirling formula, we
can find that if [ is even, then

ei@
A+ —
=)
and that if [ is odd, then

! ome\ i
«o <T> 172 (log (x + 3)) 2,

el ! ome\ "¢
(K <—l + m) < O"K <T> l_nK/2(10g((£ + 3))T2
Hence, for [ > 1, we obtain
[57¢ -1 2 Kl
28 % <$> (log(z + 3))r1tr2—t if [ is even,
5&MQ< Omal (2re\ "
(1 — 507T2)W <T> (log(w + 3))T2_1 if [1is odd.
Form the above estimates, we obtain Theorem 3. O

6. Proof of Theorem 4

Proof of Theorem 4. Let x be a primitive Dirichlet character modulo ¢. Assume the
simple zero conjecture for L(s, x). Now, there exisits the domain —3/4 < 0 < 2,0 <
t < 2§(x) with §(x) < 5 such that this domain does not have zeros of L(s,x) since
L(s, ) is entire function. In addition, by the compactness of the line segment —3/4 <
0 < 2,t =0, and the continuity of L(s, x), we have

1
TG = W

on the same domain, where C(x) is a sufficiently large constant depending only on .
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Let T > exp (ql/ 3). Here, by Proposition 1 and Lemma 2, there exist some T, €
[T, 2T satisfying
(6.1) |L(o +iT,, x)| ™" < exp(C(loglog T)?)

for -1 <o <2.
Now, by the residue theorem, we have

1 1 2+4T,, _3/444T,, —3/4+id(x) 2+i5(x) ds
Z / = ; / ‘|‘/ —l—/ —l—/ .
L'(p,x)  2mi \ Joyis) Jowir, _3/444T, —3/a+is(x) ) L(8,%)

0<y<Ty,

From the way of taking d(y) and 7}, the integrals on the horizontal line parts are

estimated by
2+iT,
/3/4+2Tu )
24i6(x)
/ 3/4—1—26()( X)
—3/4+’iTu dS
/—3/4+i6(x) L(s, x)

since |L(—3/4 4 it,x)| ™" < (|t| +1)75/* by Lemma 2. On the first integral term, by
the Dirichlet series expression we have

1 2L T, i u(n
Qﬂ- n2+2t
Z“ A / n~itdt + O(1)
27T 27T n 5(x)

T, = 1 T,
=2 +0 <n§::2 7n210gn) = 5= +0(1).

< exp(C(loglog T)?),

and

< 3C(x).

In addition, we have

<1

210 Joris(x) L(8,X)

Hence we have

> # _L o (exp (C(loglog T)?) + C(x)) -

In particular, for T > Ty(q) with sufficiently large constant 7y(q) depending only on
q, we obtain

1 1 1
2 o) = 2 o) = 2 Tio|

0<y<2T 299] 0<y<Ty 29 0<y<Ty

which completes the proof of Theorem 4. O
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