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Abstract

The Dickson-Guralnick-Zieve curve, briefly DGZ curve, defined over
the finite field Fq arises naturally from the classical Dickson invariant of
the projective linear group PGL(3, Fq). The DGZ curve is an (absolutely
irreducible, singular) plane curve of degree q3 − q2 and genus 1

2
q(q −

1)(q3 − 2q− 2)+1. In this paper we show that the DGZ curve has several
remarkable features, those appearing most interesting are: the DGZ curve
has a large automorphism group compared to its genus albeit its Hasse-
Witt invariant is positive; the Fermat curve of degree q − 1 is a quotient
curve of the DGZ curve; among the plane curves with the same degree and
genus of the DGZ curve and defined over Fq3 , the DGZ curve is optimal
with respect the number of its F

q3
-rational points.

1 Introduction

The classical Dickson invariant of the projective linear group PGL(3,Fq) with
q = ph, p prime, is the (absolutely irreducible) homogeneous polynomial F (x, y, z) ∈
Fq(x, y, z) given by F (x, y, z) = D1(x, y, z)/D2(x, y, z) where

D1(x, y, z) =

∣

∣

∣

∣

∣

∣

∣

x xq xq
3

y yq yq
3

z zq zq
3

∣

∣

∣

∣

∣

∣

∣

, D2(x, y, z) =

∣

∣

∣

∣

∣

∣

∣

x xq xq
2

y yq yq
2

z zq zq
2

∣

∣

∣

∣

∣

∣

∣

;

see [5]. In geometric terms, the plane curve C of projective equation F (x, y, z) =
0 has an automorphism group G ∼= PGL(3,Fq). In the early 2000s, Guralnick
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and Zieve pointed out that G is quite large compared to the genus g; more
precisely |G| ≈ cg8/5, that is, 8/5 is the amplitude of |G| (with respect to g);
see [7, 13]. Among the curves with positive Hasse-Witt invariant, C is still the
unique known example with an automorphism group whose amplitude is as high
as (or higher than) 8/5. For q = p, C is ordinary and in this case the amplitude
appears exceptionally high, as 8/5 is far away from the maximum amplitude 3/2
that a solvable automorphism group of an ordinary curve may have; see [12].

In this paper we call C the Dickson-Guralnick-Zieve curve, briefly DGZ curve,
and show several properties concerning its automorphisms, quotient curves, and
the number of its points. In the smallest case q = 2, the DGZ curve is isomorphic
over F8 to the well known Klein quartic; see Remark 1. From now we assume
q ≥ 3.

In Section 4 we show that C is an absolutely irreducible plane curve of degree
d = q3 − q2. We prove that the singular points of C are exactly the points of
PG(2,Fq2) \PG(2,Fq). Each of them is a (q− 1)-fold point and it is the center
of a unique branch of C. This shows that there is a one-to-one correspondence
between the points of C and those of a nonsingular model X of C. In particular,
for any i ≥ 1, the number of points of C in P (2,Fqi) equals |X (Fqi)| where
X (Fqi) is the set of all Fqi-rational points of X . We also find the exact value of
|X (Fqi)| for i = 1, 2, 3, which are 0, q4− q, q6− q5− q4+ q3, but it remains open
the problem to compute |X (Fqi)| for i ≥ 4, and more general, the L-polynomial
of the DGZ curve.

In Section 5, we look inside the action and the ramification groups of a Sylow
p-subgroup of G. The results collected are used in Section 6 to find the genus
of C which is g = 1

2q(q − 1)(q3 − 2q − 2) + 1, and show that the quotient curve
of C arising from a Sylow p-subgroup of G is isomorphic to the Fermat curve
Fq−1 of equation xq−1 + yq−1 + zq−1 = 0.

In Section 7 we prove that G is the full automorphism group of the DGZ-
curve. Our proof does not depend on deeper results from Group theory, as it
only uses the Hurwitz genus formula and the classification of maximal subgroups
of PSL(3, q) due to Mitchell [15] for odd q, and to Hartley [8] for even q.

In Section 8 we work out the geometry of the DGZ curve. We show that C
is non-classical in the sense that each nonsingular point of C is a flex. We also
show that C is Fq-Frobenius non-classical, that is, the tangent at any nonsingular
point of C contains the image of the point by the Fq-Frobenius map Φq which
takes the point P = (a : b : c) to P q = (aq : bq : cq). Frobenius non-classicality
of C remains valid when q is replaced by q3. Furthermore, we compute the orders
vP (R) and vP (S) of every P ∈ C, for both the ramification divisor R and the
Stöhr-Voloch divisor S. This allows us to answer positively the natural question
whether C has many Fq3 -rational points compared to other plane curves defined
over Fq3 with the same degree and genus of C. For this purpose, the term of
(d, g, i)-optimal curve is useful for curves whose number of Fqi-rational points is
big as possible, in the family of all (absolutely irreducible) plane curves of degree
d and genus g defined over Fqi . With this terminology, the affirmative answer is
given by Corollary 8.10 which states that DGZ-curve is indeed (q3 − q2, 12q(q −
1)(q3 − 2q − 2) + 1), 3)-optimal. The above question also has a combinatorial
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analog where one takes all Fqi -points of the curve, that is, the (possibly singular)
points of the curve lying in PG(2,Fqi). Here again, the DGZ-curve is (q3 −
q2, 12q(q − 1)(q3 − 2q − 2) + 1), 3)-optimal.

2 Background on automorphisms of curves

In this section, X stands for a (projective, nonsingular, geometrically irredu-
cible, algebraic) curve defined over an algebraically closed field K of positive
characteristic p. Since we work with plane curves, we consider X as a nonsin-
gular model of an absolutely irreducible plane curve C defined over K. Doing
so, we set g(C) = g(X ) for the genus of X , K(X ) = K(C) for the function field
of X , and Aut(X ) = Aut(C) for the automorphism group of X which fixes K
element-wise.

By a result due to Schmid, Aut(X ) is finite; see [11, Theorem 11.50]. For
a subgroup G of Aut(X ), let X̄ denote a nonsingular model of K(X )G, that is,
a projective nonsingular geometrically irreducible algebraic curve with function
field K(X )G, where K(X )G consists of all elements of K(X ) fixed by every
element in G. Usually, X̄ is called the quotient curve of X by G and denoted
by X/G. The field extension K(X )|K(X )G is Galois of degree |G|.

Since our approach is mostly group theoretical, we give interpretation of
concepts from Function field theory in terms of Group theory.

Let Φ be the cover of X 7→ X̄ where X̄ = X/G is a quotient curve of X with
respect to G. A point P ∈ X is a ramification point of G if the stabilizer GP

of P in G is nontrivial; the ramification index eP is |GP |. A point Q̄ ∈ X̄ is a
branch point of G if there is a ramification point P ∈ X such that Φ(P ) = Q̄;
the ramification (branch) locus of G is the set of all ramification (branch) points.
The G-orbit of P ∈ X is the subset of X o = {R | R = g(P ), g ∈ G}, and it is
long if |o| = |G|, otherwise o(P ) is short. For a point Q̄, the G-orbit o lying over
Q̄ consists of all points P ∈ X such that Φ(P ) = Q̄. If P ∈ o then |o| = |G|/|GP |
and hence Q̄ is a branch point if and only if o is a short G-orbit. It may be that
G has no short orbits. This is the case if and only if every nontrivial element
in G is fixed–point-free on X , that is, the cover Φ is unramified. On the other
hand, G has a finite number of short orbits. For a non-negative integer i, the

i-th ramification group of X at P is denoted by G
(i)
P (or Gi(P ) as in [17, Chapter

IV]) and defined to be

G
(i)
P = {g | ordP (g(t)− t) ≥ i+ 1, g ∈ GP },

where t is a uniformizing element (local parameter) at P . Here G
(0)
P = GP . The

structure of GP is well known; see for instance [17, Chapter IV, Corollary 4] or
[11, Theorem 11.49].

Result 1. The stabilizer GP of a point P ∈ X in G has the following properties.

(i) G
(1)
P is the unique normal p-subgroup of GP ;
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(ii) For i ≥ 1, G
(i)
P is a normal subgroup of GP and the quotient group

G
(i)
P /G

(i+1)
P is an elementary abelian p-group.

(iii) GP = G
(1)
P ⋊ U where the complement U is a cyclic whose order is prime

to p.

Result 2. Let G be a subgroup of Aut(X ). For P ∈ X put e = |GP /G
(1)
P | and

d = |G(1)
P /G

(2)
P |. Then e divides d− 1.

Let ḡ be the genus of the quotient curve X̄ = X/G. The Hurwitz genus
formula gives the following equation

2g− 2 = |G|(2ḡ− 2) +
∑

P∈X

dP . (1)

where
dP =

∑

i≥0

(|G(i)
P | − 1). (2)

Here D(X|X̄ ) =
∑

P∈X dP is the different . For a tame subgroup G of Aut(X ),
that is for p ∤ |GP |,

∑

P∈X

dP =

m
∑

i=1

(|G| − ℓi)

where ℓ1, . . . , ℓm are the sizes of the short orbits of G.
A subgroup of Aut(X ) is a p′-group (or a prime to p) group if its order is

prime to p. A subgroup G of Aut(X ) is tame if the 1-point stabilizer of any
point in G is p′-group. Otherwise, G is non-tame (or wild). Obviously, every
p′-subgroup of Aut(X ) is tame, but the converse is not always true. From the
classical Hurwitz’s bound, if |G| > 84(g(X ) − 1) then G is non-tame; see [20]
or [11, Theorems 11.56]: An orbit o of G is tame if GP is a p′-group for P ∈ o,
otherwise o is a non-tame orbit of G.

Stichtenoth’s result [20] on the number of short orbits of large automorphism
groups; see [11, Theorems 11.56, 11.116]:

Result 3. Let G be a subgroup of Aut(X ) whose order exceeds 84(g(X ) − 1).
Then G has at most three short orbits, as follows:

(a) exactly three short orbits, two tame and one non-tame, and |G| < 24g(X )2;

(b) exactly two short orbits, both non-tame, and |G| < 16g(X )2;

(c) only one short orbit which is non-tame;

(d) exactly two short orbits, one tame and one non-tame.

Nakajima’s bound [16]; see also [11, Theorem 11.54]:

Result 4. If X has positive p-rank and S is a p-subgroup of Aut(X ) then

|S| ≤
{ p

p−2 (g(X )− 1) for γ(X ) > 1,

g(X )− 1 for γ(X ) = 1.
(3)
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The following corollary to the Deuring Shafarevic formula; see [11, Theorem
11.129]:

Result 5. If X has zero p-rank then any element of order p has exactly one
fixed point P .

The results from Group theory which play a role in the paper are quoted
below. Here G stands for any finite group. We use standard notation and
terminology; see [14].

The orbit theorem [14, Theorem 3.2]:

Result 6. Let G ≤ Aut(X ) and P ∈ X . Then

|G| = |GP ||PG|.

Result 7. Let G be a p-group, and H a proper subgroup of G. Then H is
properly contained in its normalizer.

The maximal subgroups of PGL(3, q) were classified by Mitchell [15] and [8];
see also [11, Theorem A.10]. In this paper we only need the following corollaries
of that classification; see [15, Theorem 29], [8, pg. 157].

Result 8. For q = pm, the following is a complete list of subgroups of the group
PGL(2, q) up to conjugacy:

(i) the cyclic group of order n with n | (pm ± 1);

(ii) the elementary abelian p-group of order pf with f ≤ m;

(iii) the dihedral group of order 2n with n | (q ± 1);

(iv) the alternating group of degree 4 for p > 2, or p = 2 and m even;

(v) the symmetric group of degree 4 for p > 2;

(vi) the alternating group of degree 5 for 5 | (q2 − 1);

(vii) the semidirect product of an elementary abelian p-group of order ph by a
cyclic group of order n with h ≤ m and n | (q − 1);

(viii) PSL(2, pf) for f | m;

(ix) PGL(2, pf) for f | m.

Result 9. For q = pk, the following is a complete list of subgroups of the group
PSL(3, q) up to conjugacy:

(i) groups of order q3(q − 1)2(q + 1)/µ;

(ii) groups of order 6(q − 1)2/µ;

(iii) groups of order 3(q2 + q + 1)/µ;
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(iv) groups of order q(q + 1)(q − 1);

(v) PSL(3, pm), where m is a factor of k;

(vi) groups containing PSL(3, pm) as self-conjugate subgroups of index 3 if
pm − 1 is divisible by 3 and k/m is divisible by 3;

(vii) the group PSU(3, p2m), where 2m is a factor of k;

(viii) groups containing PSU(3, p2m) as self-conjugate subgroups of index 3 if
pm + 1 is divisible by 3 and k/2m is divisible by 3;

(ix) The Hessian groups of order 216 if q − 1 is divisible by 9, 72 and 36 if
q − 1 is divisible by 3.

(x) Groups of order 168, which exist if
√
−7 exists in Fq.

(xi) Groups of order 360, which exist if both
√
5 and a cube root of unity exist

in Fq;

(xii) Groups of order 720 containing the groups of order 360 as self-conjugate
subgroups. These exist only for p = 5 and keven;

(xiii) Groups of order 2520, each isomorphic with the alternating group of degree
7. These exist only for p = 5 and k even.

Result 10. Let Ω be a set of smallest size on which PSL(3, q) has a nontrivial
action. Then |Ω| ≥ q2 + q + 1.

3 Background on non-classical plane curves

An irreducible (not necessarily nonsingular) plane curve C defined over K is
called non-classical if its Hessian curve vanishes; see [21] and [11, Section 7.8].
If C is given by a homogeneous equation F (x, y, z) = 0, a necessary and sufficient
condition for C to be non-classical is the existence of homogeneous polynomials
G0(x, y, z), G1(x, y, z), G2(x, y, z) of the same degree together with a homogen-
eous polynomial H(x, y, z) such that

HF = Gpm

1 x+Gpm

2 y +Gpm

0 z (4)

for some m ≥ 1. Let L be the (not necessary complete) linear series cut out
by lines. For a point P ∈ C, the (L, P )-order sequence is (j0, j1, j2) with j0 =
0 < j1 < j2 where ji = I(P, C ∩ r) is the intersection number of C with a line r
through P and i = 1 or 2 according as r is a non-tangent line or the tangent to
C at P . The L-order sequence of C is (ε0, ε1, ε2) if (ε0, ε1, ε2) = (j0, j1, j2) for
all but a finite number of points of C. Let x be a separable variable of C, and let
D(i)(t) be the i-th Hasse derivative of t ∈ K(C) relative to x. If C is non-classical
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and (4) holds then its order sequence is (0, 1, pm) and the Wronskian of C with
respect to L is the determinant

WR =

∣

∣

∣

∣

∣

∣

x y 1
D(x) D(y) 0

D(pm)(x) D(pm)(y) 0

∣

∣

∣

∣

∣

∣

= D(pm)(y).

If V is the intersection divisor of C with a line of PG(2,K), the ramification
divisor of L is

R = div(WR) + (pm + 1)div(dx) + 3V,

and deg(R) = (1 + pm)(2g(X ) − 2) + 3 deg(C). Let vP (R) = ordP (W ). Then
R =

∑

vP (R)P .
If the irreducible plane curve C is defined over a finite field Fq (and K =

Fq), another concept of non-classicality is defined, namely that arising from
the action of the q-Frobenius map Φ on the nonsingular points of C defined
by Φ(P ) = P q where P = (x : y : z) and P q = (xq : yq : zq); see [21] and
[11, Section 8.6]. More precisely, C is called Fq-Frobenius non-classical if the
tangent at any nonsingular point P ∈ C contains P q. A necessary and sufficient
condition for a non-classical curve C with 1 < pm ≤ q to be Fq-Frobenius non-
classical is the existence of a homogeneous polynomial T (x, y, z) such that

TF = G1x
q/pm

+G2y
q/pm

+G0z
q/pm

(5)

with G0, G1, G2 as given in (4); see [11, Theorem 8.72]. Frobenius non-classical
curves are somewhat rare; see [3, 21]. In some cases, they have many points over
Fq; see [1, 4, 10, 21]. Also, they are closely related to univariate polynomials
with minimal values sets, see [2]. Since L is defined over Fq, C also has its
Fq-Frobenius order sequence (ν0, ν1); see [11, Definition 8.46]. If (5) holds then
ν0 = 0 and ν1 = pm by [11, Proposition 8.42]. Let

WS =

∣

∣

∣

∣

∣

∣

xq yq 1
x y 1

D(pm)(x) D(pm)(y) 0

∣

∣

∣

∣

∣

∣

= (x− xq)D(pm)(y).

If V is the intersection divisor of C with a line of PG(2,Fq), the Stöhr-Voloch
divisor of L over Fq is

S = div(WS) + pmdiv(dx) + (q + 2)V,

and deg(S) = pm(2g(C)− 2) + (q + 2) deg(C); see [11, Definition 8.45].

4 The DGZ-curve and its singular points

A straightforward computation shows that both D1(x, y, z) and D2(x, y, z) are
GL(3,Fq) invariant up to a constant. In other words, the following result dating
back to Dickson holds.
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Lemma 4.1 (Dickson). Let A ∈ GL(3,Fq), and [x, y, z]t = A[x̄, ȳ, z̄]t. Then
D1(x, y, z) = det(A)D1(x̄, ȳ, z̄), and D2(x, y, z) = det(A)D2(x̄, ȳ, z̄).

As a corollary of Lemma 4.1, the rational function

F (x, y, z) =
D1(x, y, z)

D2(x, y, z)
(6)

is GL(3,Fq) invariant.

Lemma 4.2. F (x, y, z) is a homogeneous polynomial of degree q3 − q2 defined
over Fq.

Proof. From Lemma 4.1, the algebraic plane curve D1 with homogeneous equa-
tion D1(x, y, z) = 0 is left invariant by PGL(3,Fq), and the same holds for the
algebraic plane curve D2 with homogeneous equation D2(x, y, z) = 0. Obvi-
ously, the line ℓ of equation x = 0 is a component of D2. Since PGL(3,Fq) acts
on the set of all lines of the projective plane PG(2,Fq) as transitive permuta-
tion group, this yields that each such line is a component of D2. On the other
hand, deg D2(x, y, z) = q2 + q + 1 and PG(2,Fq) has as many as q2 + q + 1
lines. Therefore, D2 splits into q2 + q + 1 lines each counted with multiplicity
1. The same argument applies to D1 showing that each line of PG(2,Fq) is a
component of D1. Therefore D2(x, y, z) divides D1(x, y, z).

From now on C stands for the algebraic plane curve with homogenous equa-
tion F (x, y, z) = 0. According to Introduction, C is the DGZ curve.

Remark 1. Let q = 2. A straightforward computation shows that

F (x, y, z) = x4 + x2y2 + x2yz + x2z2 + xy2z + xyz2 + y4 + y2z2 + z4 (7)

This curve already mentioned in Serre’s lecture notes [18] was investigated by
Top [23]. Actually C is isomorphic over F8 to the well known Klein curve of
equation x3y + y3z + z3x = 0. This implies that Aut(C) ∼= PGL(3, 2).

Proposition 4.3. The DGZ curve has no Fq-rational points.

Proof. Since PGL(3,Fq) acts on the set of all points of PG(2,Fq) as a transitive
permutation group, it is sufficient to show the result for the origin O = (0 : 0 :
1). Since D1(x, y, 1) = xyq − yxq + g1(x, y) with deg g1(x, y) > q + 1 and
D2(x, y, 1) = xyq − xqy + g2(x, y) with deg g2(x, y) > q + 1, the origin is a
(q + 1)-fold point for both curves D1 and D2. From this the result follows.

Proposition 4.4. Each point lying in PG(2,Fq2) \ PG(2,Fq) is a (q − 1)-fold
point of C.

Proof. Since PGL(3,Fq) acts on the set of all points of PG(2,Fq2) \ PG(2,Fq)
as a transitive permutation group, it suffices to perform the proof for a point
P = (α : 0 : 1) with α ∈ Fq2 \ Fq. In the affine plane AG(2,Fq2 ) with line at
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infinity z = 0, the translation τ : (x, y) 7→ (x − α, y) taking P to the origin
O = (0, 0), maps D1 and D2 to the curves Y1 and Y2 with affine equations

H1(x, y) =

∣

∣

∣

∣

∣

∣

(x + α) (x + α)q (x+ α)q
3

y yq yq
3

1 1 1

∣

∣

∣

∣

∣

∣

and

H2(x, y) =

∣

∣

∣

∣

∣

∣

(x + α) (x + α)q (x+ α)q
2

y yq yq
2

1 1 1

∣

∣

∣

∣

∣

∣

respectively. Expanding along the first row yieldsH1(x, y) = (α−αq)yq+g1(x, y)
and H2(x, y) = (α−αq)y+g2(x, y), where deg g1(x, y) > q and deg g2(x, y) > 1.
The translation τ maps C to a curve Z with affine equation G(x, y). Then

G(x, y) =
H1(x, y)

H2(x, y)
= yq−1 +G1(x, y), (8)

with degG1(x, y) > q − 1. This shows that P is a (q − 1)-fold point of C.

Lemma 4.5. The singular points of the DGZ curve are those which lie in
PG(2,Fq2) \ PG(2,Fq) .

Proof. Let P be a singular point of C. Since D1(x, y, z) = D2(x, y, z)F (x, y, z),
P is a singular point of D1, as well. On the other hand, a straightforward
computation yields

∂D1

∂x
= yq − yq

3

,
∂D1

∂y
= xq

3 − xq.

ThereforeD1, and hence C, can only have singularities at points lying in PG(2,Fq2).
Now, the assertion follows from Proposition 4.4.

Lemma 4.6. Each point of the DGZ curve lying in PG(2,Fq2) \ PG(2,Fq) is
the center of a unique branch. Furthermore, such a branch has order q− 1, and
its intersection number with its tangent is q.

Proof. Let P ∈ PG(2,Fq2) \PG(2,Fq) be a point of C. W.l.o.g. P = (α : 0 : 1).
With the notation used in the proof of Proposition 4.4, take a branch γ of
Z centred in (0, 0). From the proof of that proposition, γ has a primitive
representation (x(t), y(t)) with x(t), y(t) ∈ Fq[[t]] where

{

x(t) = c1t
u + ...

y(t) = d1t
v + ...

with c1 6= 0, d1 6= 0, and, by (8), v > u and u ≤ (q− 1). By direct computation
H1(x(t), y(t)) = (α−αq)dq1t

vq+d1c
q
1t

v+qu+g(t), where all the terms in g(t) have
higher degree than (v + qu). On the other hand G(x(t), y(t)) = 0. Therefore
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vq = v + qu whence u = q − 1 and v = q. From [11, Theorem 4.36], γ is the
unique branch of Z centred at O, and its order equals q − 1. Going back to C,
there is unique branch of C centred at P and

γ =

{

x(t) = α+ c1t
q−1 + . . .

y(t) = d1t
q + . . .

. (9)

is a primitive representation for it. Since the tangent at γ is the line y = 0,
I(P, C ∩ {y = 0}) = I(P, γ ∩ {y = 0}) = q.

Proposition 4.7. The DGZ curve is absolutely irreducible.

Proof. First we show that C does not have two different absolutely irreducible
components. Assume on the contrary that G and H are two such components.
Let P ∈ G ∩ H, and take a branch γ of G and a branch δ of H both centred
at P . Then P is a singular point of C with at least two branches centred at P .
From Lemma 4.5, P ∈ PG(2,Fq2) \PG(2,Fq), but this contradicts Lemma 4.6.
Therefore, C has a unique absolutely irreducible component G with multiplicity
µ ≥ 1. On the other hand, Lemma 4.5 yields that C has only a finite number of
singular points. Therefore, µ = 1.

As a corollary we have the following result.

Corollary 4.8. At every point of the DGZ curve, there is only one branch of
C centred at that point.

By Corollary 4.8, there is a bijection between the points of X and those of C.
This shows that C(Fqn) = X (Fqn) for every n ≥ 1. The point-set of PG(2,Fq3)
is partitioned in three subsets, Λ1,Λ2 and Λ3 where Λ1 is the set of all points in
PG(2,Fq), Λ2 consists of all points of PG(2,Fq3)\PG(2,Fq) covered by the lines
of PG(2,Fq), and Λ3 is the set of remaining points in PG(2,Fq3). Obviously,
|Λ1| = q2 + q + 1. A direct computation shows that |Λ2| = (q2 + q + 1)(q3 − q).
Hence

|Λ3| = q6 − q5 − q4 + q3. (10)

Lemma 4.9. C(Fq3) = Λ3.

Proof. From Proposition 4.3, C(Fq3) ∩ Λ1 = ∅. Furthermore, if L is a line of
PG(2,Fq) then L ∩ C ⊆ C(Fq2) as a consequence of Proposition 4.4 and of
the Bézout’s theorem. Therefore, C(Fq3) ∩ Λ2 = ∅ also. Let P ∈ Λ3, with
P = (α : β : γ). Then

D1(P ) =

∣

∣

∣

∣

∣

∣

∣

α αq αq3

β βq βq3

γ γq γq
3

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

α αq α
β βq β
γ γq γ

∣

∣

∣

∣

∣

∣

= 0.

On the other hand D2(P ) 6= 0, hence F (P ) = 0 and the assertion follows.

Theorem 4.10. The DGZ curve has genus g = 1
2q(q − 1)(q3 − 2q − 2) + 1.
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Proof. From Equation (6),

∂F

∂y
=

(

∂D1

∂y
D2 −D1

∂D1

∂y

)

1

D2
2

.

In affine coordinates, fy(x, y) =

(xq
3+q − xq

3+1)(yq
2 − yq) + (xq

2+q − xq
2+1)(yq − yq

3

) + (x2q − xq+1)(yq
3 − yq

2

)

D2(x, y, 1)2
.

This shows that fy does not vanish on the generic points of C. Hence, x is a
separating variable of K(C). Thus div(dx) 6= 0 and deg(div(dx)) = 2g(X ) − 2;
see [11, Theorem 5.50]. Let P be a point of C. Four cases are distinguished
according as

(a) P = (a : b : 1) and a ∈ Fq2 \ Fq;

(b) P = (a : b : 1) and a ∈ Fq;

(c) P = (a : b : 1) and a /∈ Fq2 ;

(d) P = (a : b : 0).

In Case (a), Proposition 4.6 shows that the (unique) branch γ centred at P has
a primitive representation

{

x(t) = a+ c1t
q−1

y(t) = b+ d1t
q + . . .

.

In particular, ordγ(dx) = (q − 2).
In Case (b) some more efforts are needed. In this case, the (unique) branch

centered at P has a primitive representation
{

x(t) = a+ c1t
q

y(t) = b+ d1t
q−1 + . . .

.

Since D1(x, y, z) = D2(x, y, z)F (x, y, z), we have that D1(x(t), y(t), 1) = 0 in
K[[t]]. Thus dD1(x(t), y(t), 1)/dt = 0 in K[[t]]. From this, by a direct computa-
tion,

x′(t) =
x(t)qy′(t)− x(t)q

3

y′(t)

y(t)q − y(t)q3
=
t(q+2)(q−1)g1(t)

tq(q−1)g2(t)
= t2q−2g(t).

Therefore ordγ(dx) = 2q − 2.
In Case (c), P is a simple point of C. Again, let γ be the unique branch

of C centered at P . Therefore, ordγ(dx) = 0 unless the tangent line of C at
P is vertical. That line has equation x = a. This yields that the univariate
polynomial

D(y) = D1(a, y, 1) =

∣

∣

∣

∣

∣

∣

a aq aq
3

y yq yq
3

1 1 1

∣

∣

∣

∣

∣

∣

11



has a multiple root. Since D′(y) = (a−aq2)q, this gives a ∈ Fq2 , a contradiction.
In Case (d),

d

(

1

x(t)

)

=
1

x(t)2
dx(t)

dt
= t−2.

Hence ordγ(dx) = −2.
Summing up this gives deg(dx) = (q − 2)q2(q2 − q) + (2q − 2)(q2 − q)q −

2(q2 − q) = 2g(C)− 2 whence the formula for g(C) follows.

5 Action of a Sylow p-subgroup of G and its nor-

malizer on the DGZ-curve

As we have pointed out after Lemma 4.1, F (x, y, z) is a GL(3, q)-invariant ho-
mogeneous polynomial. Therefore, PGL(3, q) is a subgroup of Aut(C). In terms
of the function field K(x, y) of C, this shows that the map ϕα,β defined by

ϕα,β =

{

x′ = x+ α

y′ = y + β
α, β ∈ Fq,

is an automorphism of K(x, y). These automorphisms form the translation
group T of Aut(C), and the fixed points of T are precisely the q2 − q points of
C(Fq2) ∩ ℓ∞, where ℓ∞ is the line z = 0.

Let Q be the Sylow p-subgroup of PGL(3, q) whose elements have matrix
representation





1 0 α
γ 1 β
0 0 1





with α, β, γ in Fq. A straightforward computation shows that the elements of
Q fix the point Y∞ = (0 : 1 : 0), and those with γ 6= 0 have no further fixed
point in PG(2,K).

Now look atQ as a subgroup of Aut(C). ThenQ contains T and the subgroup
Φ consisting of all maps

φγ =

{

x′ = x

y′ = γx+ y
,

with γ ∈ Fq. More precisely, Q = T ⋊ Φ where |Q| = q3, |T | = q2 and |Φ| = q.
Also, the quotient group Q̄ = Q/T is an elementary abelian group of order q.

Since Y∞ 6∈ C, it turns out that no element in Q \ T fixes a point in C.
Furthermore, the maps

ψλ,µ =

{

x′ = λx

y′ = µy
,

where λ, µ ∈ Fq\{0} are automorphisms of C and they form an abelian subgroup
Ψ of Aut(C) of order (q − 1)2. When λ = µ, the q − 1 maps ψλ,λ form the
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dilatation group D of Aut(C), and the fixed points of D are the q2 − q points of
C(Fq2) ∩ ℓ∞. Also, the quotient group Ψ/D is a cyclic group of order q − 1.

A straightforward computation shows that Ψ is contained in the normalizer
of Q. Therefore, the group generated by them is the semidirect product Q⋊Ψ.
Furthermore, Ψ is also contained in the normalizer of T . Hence the quotient
group (Q ⋊ Ψ)/T is isomorphic to the semidirect product Q̄ ⋊ Ψ̄ where Ψ̄ =
(ΨT )/T . Observe that Q̄ ⋊ Ψ̄ can be regarded as an automorphism group of
the projective line ℓ∞. Doing so, if ℓ∞ = {(1 : m : 0)|m ∈ K} ∪ {(0 : 1 : 0)}
then Q̄⋊ Ψ̄ consists of all maps such that (1 : m : 0) 7→ (1 : am+ b : 0) with a, b
ranging over K and a 6= 0. Under the action of Q̄ ⋊ Ψ̄, C(Fq2) ∩ ℓ∞ splits into
q − 1 orbits ∆1, . . . ,∆q−1 each of size q.

Remark 2. Let Sp be a Sylow p-subgroup of Aut(C) containing Q. Assume
that Sp is larger than Q. From Result 7, there exists a subgroup U ≤ Sp such
that Q E U and that [U : Q] = pr for some r ≥ 1. We show that T E U . For
any u ∈ U and t ∈ T , the conjugate t′ = utu−1 of t by u has q2− q fixed points.
On the other hand, no element in Q \ T has a fixed point in C. Therefore,
t′ ∈ T , and hence T E U . It turns out that U leaves C(Fq2)∩ ℓ∞ invariant. Let

Û = U/T , Q̂ = Q/T and Ū = U/Q. Then Û is the permutation group induced
by U on C(Fq2) ∩ ℓ∞. From Q̂ E Û , the Q-orbit partition {∆1, . . . ,∆q−1} is

left invariant by Û . Since this partition has as many as q − 1 members while
p divides |Û |, this yields that Û must fixes at least two members. In other
words, Ū fixes at least two points of the quotient curve Z = C/Q that will be
investigated in Section 6.

6 Some quotient curves of the DGZ-curve

Let Y = C/T be the quotient curve of the DGZ curve with respect to the group
of translations T .

Proposition 6.1. Let ξ = xq−x and η = yq−y. Then the function field of Y is
K(ξ, η) with H(ξ, η) = 0 where H(X,Y ) ∈ Fq[X,Y ] is the absolutely irreducible
polynomial such that

H(X,Y ) =
Xq2−1 − Y q2−1

Xq−1 − Y q−1
+ 1. (11)

Proof. Since ϕα,β(ξ) = ϕα,β(x
q) − ϕα,β(x) = xq + αq − (x + α) = xq − x = ξ,

K(Y) contains ξ. Similarly, η ∈ K(Y). Therefore, K(ξ, η) is a subfield of K(Y).
On the other hand [K(C) : K(Y)] = q2. As [K(C) : K(ξ, y)] = q and [K(ξ, y) :
K(ξ, η)] = q, this shows that [K(C) : K(ξ, η)] = q2, whence K(ξ, η) = K(Y)
follows. Since q−1 divides q2−1, H(X,Y ) is a polynomial whose degree equals
q2 − q. Furthermore,

F (x, y, 1) =
D1(x, y, 1)

D2(x, y, 1)
=

(ξq
2

+ ξq + ξ)(ηq
2

+ ηq)− (ηq
2

+ ηq + η)(ξq
2

+ ξq)

(ξq + ξ)ηq − (ηq + η)ξq
.
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Observe that right hand side can also be written as

ξq
2−1 − ηq

2−1 + ξq−1 − ηq−1

ξq−1 − ηq−1
.

As F (x, y, 1) = 0, this yields H(ξ, η) = 0. Take an absolutely irreducible factor
L(X,Y ) of H(X,Y ) so that L(ξ, η) = 0. Then the polynomial M(X,Y ) =
L(Xq−X,Y q−Y ) has degree at most q3−q2, and M(x, y) = 0. As F (x, y) = 0
this yields that deg F (X,Y ) ≤ degM(X,Y ) whence degM(X,Y ) = q3 − q2

follows. Hence, degH(X,Y ) = degL(X,Y ) showing that H(X,Y ) is absolutely
irreducible.

Proposition 6.2. Let P be a point of X where the cover X|Y ramifies. Then
the second ramification group at P is trivial.

Proof. In terms of C, the ramification points of the cover X|Y are the fixed
points of T . They are exactly the points of C lying on the line z = 0 at infinity.
Therefore, P = (1 : b : 0) with b ∈ Fq2 \ Fq. As in the proof of Proposition
4.4, P is taken to a point R = (0 : b : 1) by the linear map σ with matrix
representation

Σ =





0 0 1
0 1 0
1 0 0



 .

The image σ(C) is an algebraic plane curve D isomorphic to C. Furthermore,
ϕα,β , regarded as a linear map preserving C, has matrix representation

Λ =





1 0 α
0 1 β
0 0 1



 .

Since

Σ−1ΛΣ =





1 0 0
β 1 0
α 0 1



 ,

the map

ϕ̃α,β : (x, y) 7→
(

x

αx+ 1
,
y + βx

αx+ 1

)

is an automorphism of D. Therefore, R is a point of the algebraic plane curve
D = σ(C), and the maps ϕ̃α,β with α, β ∈ Fq form a subgroup T̃ of Aut(D). We

have to determine the second ramification group of T̃ at R. For this purpose,
take t̄ = x

y−b for a local parameter at R, and compute vR(ϕ̃α,β(t̄)− t̄). A direct
computation yields

ϕ̃α,β(t̄)− t̄ = ϕ̃α,β

(

x

y − b

)

− x

y − b
=

x

αx+ 1
· αx+ 1

βx+ y − b(αx+ 1)
− x

y − b
=

= x2 · (bα− β)

(x(β − bα) + y − b)(y − b)
.
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From (9) and Corollary 4.8, D has a unique branch γ̄ centred at R with primitive
representation

{

x(t) = c2t
q

y(t) = b+ d2t
q−1 + . . .

,

then

ϕ̃α,β(t̄)− t̄ =
c2t

2q(bα− β)

(c2tq(β − bα) + d2tq−1)tq−1 + . . .
= t2 + h(t)

with ord(h) > 2. So vR(ϕ̃α,β(t̄)− t̄) = 2 and the assertion follows.

Proposition 6.3. The curve Y has genus g(Y) = 1
2 (q − 1)(q2 − 2q − 2) + 1.

Proof. From the proof of Proposition 6.2, the cover X|Y ramifies at the points
of C on the line ℓ∞. This, together with Proposition 6.2, gives

∑

P∈ℓ∞

dP =
∑

P∈ℓ∞

(|G(i)
P |−1) =

∑

P∈ℓ∞

((|G(0)
P |−1)+(|G(1)

P |−1)) = 2(q2−1)(q2−q).

Now, from the Hurwitz genus formula, the assertion follows.

Since the normalizer of T is larger than T , some more quotient curves of Y
(and hence of X ) arise.

As pointed out in Section 5, a subgroup of Aut(Y) of order q is Φ := {φγ |
γ ∈ Fq}, where

φγ : (ξ, η) 7→ (ξ, γξ + η).

Let Z = Y/Φ be the quotient curve of Y with respect to Φ. To find an equation
for Z it is useful to represent K(Y) in the form K(v, w) with v = ηξ−1 and
w = ξ−1, equivalently, ξ = w−1 and η = vw−1. From H(ξ, η) = 0, we have
M(v, w) = 0 where M(X,Y ) is the absolutely irreducible polynomial defined
by

M(X,Y ) =
X −Xq2

X −Xq
+ Y q2−q = 1 +Xq−1 −Xq(q−1) + Y q(q−1). (12)

This shows that K(Y) = K(v, w) with M(v, w) = 0. With this notation,

φγ : (v, w) 7→ (v + γ, w).

Proposition 6.4. Let θ := v − vq and σ := w. Then the function field of Z
coincides with the function field K(θ, σ) defined by

1 + θq−1 + σq(q−1) = 0, (13)

that is Z has equation R(X,Y ) = 1 +Xq−1 + Y q(q−1) = 0.
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Proof. As in the proof of Proposition 6.1, φγ(θ) = θ and φγ(σ) = σ shows that
K(θ, σ) is a subfield of K(Z). On the other hand [K(Y) : K(Z)] = q. Since
[K(Y) : K(θ, w)] = q and K(θ, w) = K(θ, σ), then [K(Y) : K(θ, σ)] = q, whence
K(θ, σ) = K(Z) follows. On the other hand,

R(θ, σ) = 1 + θq−1 + σq(q−1) = 1 + vq−1 − vq(q−1) + wq(q−1) =M(v, w) = 0.

Proposition 6.5. The curve Z is isomorphic to the Fermat curve of degree
q − 1.

Proof. Let K(Fq−1) = K(s, t) with sq−1 + tq−1 + 1 = 0 be the function field of
the Fermat curve Fq−1 of degree q − 1. Then the map

K(Fq−1) → K(Z)
(s, t) → (sq, t)

is an isomorphism from Fq−1 to Z, since R(sq, t) = 1 + (sq)q−1 + tq(q−1) =
(1 + sq−1 + tq−1)q = 0.

Remark 3. Proposition 6.5 shows that Z is a line for q = 2 while it is an
irreducible conic for q = 3.

Remark 4. Let γ(Fq−1) denote the p-rank of Fq−1. Since Q leaves ℓ∞ invariant
and T is the subgroup of Q fixing ℓ∞ pointwise, each of the q2−q common points
of C with ℓ∞ is fixed by exactly q2 elements of Q. Furthermore, each point on
a line of PG(2,Fq) through P∞ is fixed by exactly q elements of Q, and hence
each of the q(q2 − q) common points of C with such lines is fixed by exactly q
elements of Q. No more point of C is fixed by some nontrivial element of Q.
From Proposition 6.5 and Deuring Shafarevic formula applied to Q,

γ(C) = q3(γ(Fq−1)− 1) + (q2 − q)(q2 − 1) + q(q2 − q)(q − 1) + 1.

This shows that γ(Fq−1) determines γ(C) and viceversa. Unfortunately, γ(Fq−1)
is only known for q = p in which case Fp−1 is ordinary and hence γ(Fp−1) =
1
2 (p− 2)(p− 3); see [24]. In this case γ(C) = 1

2p(p− 1)(p3 − 2p− 2) + 1 which
shows that C is ordinary, as well. For q > p, Fq−1 and hence C are not ordinary
although both have positive p-rank; see [24].

7 The full automorphism group of the DGZ curve

This section is devoted to a deeper investigation of the automorphism group of
C. By Lemma 4.1, Aut(C) contains a subgroup G ∼= PGL(3,Fq). Our goal is to
prove that Aut(C) = G. This result is true for q = 2; see Remark 1.

Proposition 7.1. Q is a Sylow p-subgroup of Aut(C).
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Proof. We adopt notation and hypotheses from Remark 2.
From Proposition 6.5, Ū can be regarded as a p-subgroup of Aut(Fq−1). As

|Aut(Fq−1)| = 6(q − 1)2, this is only possible for p ≤ 3.
Let p = 3. Then a Sylow p-subgroup of Aut(Fq−1) has order 3 and its

nontrivial elements are σ and σ2 where σ(x, y, z) = (y, z, x). Since p = 3, σ
(and also σ2) viewed as an automorphism of PG(2,K) has a unique fixed point,
namely (1 : 1 : 1) which is not a point of Fq−1. Actually, this holds true for Ū as
Ū is also a Sylow p-subgroup of Aut(Fq−1). On the other hand, from Remark
2, Ū has a fixed point in Fq−1. This contradiction rules out the case p = 3.

Let p = 2. This time a Sylow p-subgroup of Aut(Fq−1) has order 2 and
its nontrivial element is σ(x, y, z) = (y, x, z). In particular, σ viewed as an
automorphism of PG(2,K) fixes the line x = y pointwise but no further point.
Just one fixed point of σ, namely (1, 1, 0) is in Fq−1. This remains true for Ū
as Ū is also a Sylow p-subgroup Aut(Fq−1). On the other hand, from Remark
2, Ū has at least two fixed points in Fq−1. This contradiction rules out the case
p = 2.

Proposition 7.2. Aut(C) has exactly two short orbits Ω and ∆ where Ω is
non-tame and ∆ is tame.

Proof. From the proof of Proposition 4.4, the set of q4 − q points lying in
PG(2,Fq2)\PG(2,Fq) is an orbit under the action of PGL(3, q) and the stabil-
iser in PGL(3, q) of any such point has order q2(q2 − 1) by Result 6. Therefore
C has a non-tame short orbit Ω under the action of Aut(C).

We show that Aut(C) has a short tame orbit ∆, as well. From Lemma 4.9,
C(Fq3) consists of all points in Λ3. Take P ∈ C(Fq3) and assume by contradiction
that there exists a group D ≤ Aut(C)P such that |D| = pl for some l ≥ 1. Let
Sp a Sylow p-subgroup of Aut(C) containing D. Then Sp and Q are conjugate
in Aut(C), that is, Q = γSpγ

−1 for some γ ∈ Aut(C). Let U = γDγ−1 and
P ′ = γ(P ). Then U(P ′) = P ′. As no element in Q \ T fixes a point in C,
U is a subgroup of T and P ′ ∈ C(Fq2). Also, the set of all fixed points of T
in C(Fq2) has size q2 − q. Let M = γ−1Tγ. Then M also has exactly q2 − q
fixed points, and the stabiliser of P in Sp coincides with M . Let Cq2+q+1 be
the Singer subgroup of Aut(C) fixing P . Then Cq2+q+1 fixes exactly two other
points in PG(2,Fq3) and no non-trivial element of Cq2+q+1 fixes a further point.
From Result 1, Cq2+q+1 normalizes M . Therefore, the set of fixed points of M
is left invariant by Cq2+q+1. Since q

2 + q+1 > q2 − q > 3, this yields that some
nontrivial element in Cq2+q+1 has more than three fixed points, a contradiction.

Therefore, Ω and ∆ are short orbits of Aut(C). From Result 3, either they
are the only short orbits of Aut(C), or there exists just one further tame short
orbit of Aut(C). The latter possibility may be investigated as in the proof of
Result 3. From (III) in that proof, this possibility may only occur when p > 2
and |Aut(C)P | = 2 for the stabiliser of each point P in the tame orbits. But
in our case, if P ∈ C(Fq3), the Singer subgroup of Aut(C) fixing P has order
q2 + q + 1 > 2; a contradiction.

Theorem 7.3. Aut(C) ∼= PGL(3, q).
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Proof. Take a point P ∈ Ω and a point R ∈ ∆. Proposition 7.2 together with
the Hurwitz genus formula applied to Γ = Aut(C) give

2g(C)− 2 = |Γ|(2ḡ− 2) + |Ω|dP + |∆|dR (14)

where ḡ = g(X/Γ). Since |Γ| > 84(g(C) − 1) for q > 2, Result 3 yields ḡ = 0.

Furthermore, |ΓP | ≥ q2(q2 − 1) and |Γ(1)
P | = q2. Actually, |ΓP | = q2(q2 − 1) and

Γ
(2)
P is trivial by Result 2. Then (14) reads

2g(C)− 2 = −2|Γ|+ |Γ|
|ΓP |

(|ΓP | − 1 + |Γ(1)
P | − 1) +

|Γ|
|ΓR|

dR (15)

As ΓR does not contain p-elements, dR = (|ΓR| − 1) and (15) reads

2g(C)− 2 =
|Γ|
|ΓP |

(

q2
(

1− q2 − 1

|ΓR|

)

− 2

)

.

Furthermore, |ΓR| = λ(q2 + q + 1) with λ ≥ 1 as R is a fixed point of a Singer
subgroup of PGL(3, q). Therefore,

1− q2 − 1

|ΓR|
=

(λ− 1)q2 + λq + λ+ 1

λ(q2 + q + 1)
>
λ− 1

λ
.

Suppose λ > 1. From (15),

2g(C)− 2 =
|Γ|
|ΓP |

(

q2
(

1− q2 − 1

|ΓR|

)

− 2

)

>
|Γ|
|ΓP |

(

q2

2
− 2

)

,

that is impossible since |Γ| ≥ q3(q3−1)(q2−1). Hence λ = 1 and |ΓR| = q2+q+1.
Finally, (15) yields

|Γ| = q3(q3 − 1)(q2 − 1) = |PGL(3, q)|.

8 The Geometry of the DGZ-curve

We show that C has exceptional geometric properties, as well.

Proposition 8.1. The DGZ curve is non-classical and Fq-Frobenius non-classical.

Proof. Let

G1(x, y, z) = yzq
2 − yq

2

z, G2(x, y, z) = xq
2

z − xzq
2

, G0(x, y, z) = xyq
2 − xq

2

y.

A straightforward computation shows that Equation (6) can also be written as
D2F = Gq

1x+Gq
2y +Gq

0z. By (4) with H = D2 and q = pm, C is non-classical.
Furthermore, G1x + G2y + G0z is the zero polynomial. This shows that C is
q-Frobenius non-classical.
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Obviously, C may be regarded as a curve defined over Fqi with i ≥ 1. For
q = 2, C has equation (7). Then [23, Section 3] yields that C is F8-Frobenius
non-classical. We prove that Top’s result holds for any q.

Proposition 8.2. The DGZ curve is Fq3-Frobenius non-classical.

Proof. From Proposition 8.1, C is non-classical. A straightforward computation
shows that G1x

q2 +G2y
q2 +G0z

q2 is the zero polynomial so the assertion follows
from equation (5).

Let ℓ be a line of PG(2,Fq). From Lemma 4.6, the intersection divisor of C
cut out by ℓ is

V =

q2−q
∑

i=1

qPi

where P1, . . . , Pq2−q are the common points of C and ℓ. Therefore, the ramific-
ation divisor of L is

R = div(WR) + (q + 1)div(dx) + 3V,

and deg(R) = (q + 1)(2g(C)− 2) + 3(q3 − q2) = q(q − 1)(q4 + q3 − 2q2 − q − 2).
Furthermore, Proposition 8.1 yields (ε0, ε1, ε2) = (0, 1, q).

In terms of (L, P )-orders, Lemma 4.6 is stated in the following lemma.

Lemma 8.3. For P ∈ C(Fq2), the (L, P )-order sequence is (0, q − 1, q), and
vP (R) = q − 2.

Proof. Let P ∈ C(Fq2). Then the (L, P )-order sequence is (0, q − 1, q) as a

consequence of Lemma 4.6. Furthermore, observe that the matrix

((

ji
εk

))

has determinant q−1 6≡ 0 (mod p). Therefore vP (R) = q−2 from [11, Theorem
7.55].

Lemma 8.4. For a point P 6∈ C(Fq2) ∪ C(Fq3), the (L, P )-order sequence is
(0, 1, q), and vP (R) = 0.

Proof. Assume on the contrary that vP (R) = m > 0 for some point P ∈ Γ with
Γ = C \ (C(Fq2)∪C(Fq3)). Since C(Fq) = ∅ by Proposition 4.3, the orbit of P in
Aut(C) is long by Proposition 7.2. Therefore

∑

P∈Γ

vP (R) = m|PGL(3, q)| = mq3(q3 − 1)(q2 − 1).

But this contradicts deg(R) = q(q − 1)(q4 + q3 − 2q2 − q − 2). Then vP (R) = 0
for any point P 6∈ C(Fq2)∪ C(Fq3) and the (L, P )-order sequence is (0, 1, q).

Lemma 8.5. For P ∈ C(Fq3), the (L, P )-order sequence is (0, 1, q + 1), and
vP (R) = 1.
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Proof. Let vP (R) = m for a point P ∈ C(Fq3). Since C(Fq3) is an orbit of
Aut(C), we have vP (R) = m for every P ∈ C(Fq3). From Lemmas 8.3 and 8.4,
q(q− 1)(q4+ q3− 2q2− q− 2) = deg(R) = (q− 2)(q4− q)+m(q6− q5− q4+ q3),
whence m = 1. In particular, j2 ≥ q + 1. On the other hand, if j2 > q + 1 then
vP (R) ≥

∑2
i=0(ji − εi) > 1 by [11, Theorem 7.55]. Therefore, j2 = q + 1.

As a corollary we have the following result.

Proposition 8.6.

vP (R) =











q − 2, for P ∈ C(Fq2),

1, for P ∈ C(Fq3),

0, otherwise .

Since L is defined over Fq, C also has its Fq-Frobenius order sequence (ν0, ν1).
In our case ν0 = 0 and ν1 = q by Proposition 8.1, and the Stöhr-Voloch divisor
of L over Fq is

S = div(WS) + qdiv(dx) + (q + 2)V.

Thus deg(S) = q(2g(C)− 2) + (q + 2)(q3 − q2) = q6 − q5 − q4 + q3.

Proposition 8.7.

vP (S) =

{

1, for P ∈ C(Fq3),

0, otherwise.

Proof. Replacing R with S in the proof of Lemma 8.4 we see that vP (S) = 0 for
P ∈ C \ (C(Fq2) ∪ C(Fq3)). Let m1 = vP (S) for P ∈ C(Fq3) and m2 = vP (S) for
P ∈ C(Fq2). Then q

6−q5−q4+q3 = deg(S) = m1(q
6−q5−q4+q3)+m2(q

4−q),
whence m1 = 1 and m2 = 0 follow.

Lemma 8.8. Let D be a plane absolutely irreducible curve defined over Fq3

which is non-classical with order sequence (0, 1, pαq), α ≥ 0. Then α = 0 if D
has the following properties:

(i) deg(D) = deg(C) = q3 − q2,

(ii) |Fq3(U)| ≥ |Fq3(C)| = q6 − q5 − q4 + q3, where U is a nonsingular model
of D defined over Fq3 .

Proof. Let Ω denote the set of all branches of D which correspond to the Fq3-
rational points of U . Each branch γ ∈ Ω is centered at a point in PG(2,Fq3).
For any line ℓ of PG(2,Fq3), a pair (γ, ℓ) is called incident if the center of γ lies
on ℓ.

Obviously, we have as many as |Ω|(q3 + 1) incident branch-line pairs (γ, ℓ).
On the other hand, for any line ℓ of PG(2,Fq3), let λ(ℓ) denote the number
of branches in Ω whose center lies on ℓ. The double counting of such incident
branch-line pairs gives

|Ω|(q3 + 1) =
∑

ℓ∈PG(2,F
q3

)

λ(ℓ). (16)
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It is useful to divide the lines of PG(2,Fq3) into two families: Σ1 comprises
all lines ℓ which are tangent to some branches in Ω, while Σ2 consists of the
remaining lines. For a line ℓ ∈ Σ1 which is tangent to γ ∈ Ω, the intersection
number I(γ,D ∩ ℓ) ≥ qpα. Therefore, if γ1, . . . , γrℓ ∈ Ω are the branches in Ω
tangent to ℓ then Bézout’s theorem yields

λ(ℓ) = |D ∩ ℓ| ≤ (q3 − q2)− rℓqp
α, for ℓ ∈ Σ1.

Since each γ has a unique tangent, we have
∑

ℓ∈Σ1
rℓ = |Ω|. Furthermore, if

ℓ ∈ Σ2 then the obvious upper bound on λ(ℓ) is q3 − q2. From (16),

|Ω|(q3 + 1) + |Ω|pαq ≤ (q6 + q3 + 1)(q3 − q2).

This together with (ii) give

(q6 − q5 − q4 + q3)(q3 + 1 + pαq) ≤ (q6 + q3 + 1)(q3 − q2),

whence α = 0 follows.

Proposition 8.9. Let D be a plane absolutely irreducible curve defined over
Fq3 such that

(I) deg(D) = deg(C) = q3 − q2,

(II) g(D) = g(C) = 1
2q(q − 1)(q3 − 2q − 2) + 1,

Then |Fq3(U)| ≤ |Fq3(C)|, where U is a nonsingular model of D defined over
Fq3 .

Proof. Let L′ be the 2-dimensional linear series cut out on D by lines. Then
the Stöhr-Voloch divisor S′ of L over Fq3 has degree

deg(S′) = ν′(2g(D)− 2) + (q3 + 2)(q3 − q2)

where ν′ is the Fq3 -Frobenius order of D. Assume that |Fq3(U)| ≥ |Fq3(C)|.
Then either D is Fq3-Frobenius classical, or Lemma 8.8 yields ν′ ≤ q. In both
cases 1 ≤ ν′ ≤ q. This together with (I) and (II) yield deg(S′) ≤ deg(S).
Therefore,

∑

P ′∈Fq3 (U)

vP (S
′) ≤

∑

P∈Fq3 (C)

vP (S). (17)

Since vP ′(S′) ≥ 1 for any P ′ ∈ Fq3(U) while vP (S) = 1 for any P ∈ Fq3(C) by
Proposition 8.7, (17) yields |Fq3(U)| = |Fq3(C)|.

Proposition 8.9 has the following corollary.

Corollary 8.10. The DGZ curve is a (q3 − q2, 12q(q − 1)(q3 − 2q − 2) + 1, 3)
optimal curve over Fq3 .
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Remark 5. Proposition 8.9 remains valid if Fq3(U) is replaced by the set Fq3(D)
of all points of D lying on PG(2,Fq3). In fact, the proof of Proposition 8.9
still works whenever Ω stands for Fq3(D) and

∑

ℓ∈Σ1
rℓ = |Ω| is replaced by

∑

ℓ∈Σ1
rℓ ≥ |Ω|.

Finally we point out a combinatorial property of C(Fq3). For this purpose,
recall that a (k, n)-arc K in the projective plane Π consists of k points in Π such
that some line in Π meets K in exactly n pairwise distinct points but no line in
Π meets K in more than n+1 points. Furthermore, K is called complete, that is,
it is maximal, if no point P ∈ Π other than those in K exists such that K∪{P}
is a (k + 1, n)-arc. Complete (k, n)-arcs, especially (k, 2)-arcs, have intensively
been investigated in Finite geometry, and they have relevant applications in
Coding theory; see [9] and [11, Chapter 13]. In that context, an interesting
problem is to find plane curves D defined over a finite field F whose set of points
in PG(2,F) is a complete (k, n)-arc. It seems plausible that only a few curves
with such combinatorial property may exist, see [6]. Our contribution in this
direction is the following result.

Proposition 8.11. The set C(Fq3) is a complete (q6− q5− q4+ q3, q3− q2)-arc.
Proof. From a combinatorial point of view, C(Fq3) consists of all points in
PG(2,Fq3) which are uncovered by lines defined over Fq. Through a point
P in PG(2,Fq), there are as many as q3 + 1 lines defined over Fq3 . Those of
them which are also defined over Fq are q+1, whereas the remaining q3−q lines
defined over Fq3 meet PG(2,Fq) only in P . Choose one of these q3− q lines, say
ℓ. Then ℓ meets a line r defined over Fq in a point distinct from P if and only if
P 6∈ r. Furthermore, any two lines r and s both defined over Fq meet ℓ in two
different points whenever P 6∈ r and P 6∈ s. Since the number of lines defined
over Fq equals q2 + q + 1 and q + 1 of them contain P , a counting argument
shows that ℓ ∩ C(Fq3) = q3 − q2. On the other hand, since deg(C) = q3 − q2, no
line meets C(Fq3) in more than q3 − q2 points. Therefore, C(Fq3) is a (k, n)-arc
in PG(2,Fq3) with k = q6 − q5 − q4 + q3 and n = q3 − q2. To show that such
a (k, n)-arc is complete, take any point Q ∈ PG(2,Fq3) \ C(Fq3). Choose a
point in P ∈ PG(2,Fq) not lying on the unique line through Q which is defined
over Fq. Then the line ℓ through P and Q is one of the q3 − q lines defined
over Fq3 which meet PG(2,Fq) only in P . As we have seen, ℓ meets C(Fq3) in
exactly n = q3 − q2 points. Since ℓ also contains Q, this yields that Q cannot
be added to C(Fq3) in such a way that the resulting point-set C(Fq3) ∪ {Q} is a
(k + 1, n)-arc. In other words, C(Fq3) is complete.
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