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NOETHER'S PROBLEM FOR SOME SUBGROUPS
OF Si4: THE MODULAR CASE

HANG FU - MING-CHANG KANG - BAOSHAN WANG - JIAN ZHOU

Abstract. Let G be a subgroup of S,, the symmetric group of degree n. For any field k, G acts

naturally on the rational function field k(x1,--- ,xn) via k-automorphisms defined by o - x; := zo.; for
any 0 € G and 1 < i < n. In this article, we will show that if G is a solvable transitive subgroup of Si4
and char(k) = 7, then the fixed subfield k(z1,--- ,214)€ is rational (i.e., purely transcendental) over k.

In proving the above theorem, we rely on the Kuniyoshi—Gaschiitz Theorem or some ideas in its proof.
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1 Introduction

Let k be a field, L a finitely generated extension field of k. The field L is called k-rational (or rational over
k) if L is purely transcendental over k, i.e., L is k-isomorphic to the quotient field of some polynomial ring
over k. L is called stably k-rational if L(z1,--- ,z,) is k-rational for some z1, - - - , x,,, which are algebraically
independent over L. L is called k-unirational if L is k-isomorphic to a subfield of some k-rational field. It
is obvious that “k-rational” = “stably k-rational” = “k-unirational”. Liiroth’s problem asks, under what
situations, the converse is true, i.e., “k-unirational” = “k-rational”. For a survey of this famous problem in
algebraic geometry, see [MT].

Let G be a finite group, k a field, V' a finite-dimensional vector space over k, and p : G — GL(V) a faithful
representation of G. Then G acts on the function field k(V') by k-automorphisms. Noether’s problem asks,
under what situations, the fixed subfield k(V)¢ := {f € k(V) : 0 - f = f for any ¢ € G} is k-rational.
Noether’s problem is a special form of Liiroth’s problem. It is also related to the inverse Galois problem.
See [Sw] for details.

When p : G — GL(V,eg) is the regular representation of G over k, we will write k(G) for the fixed subfield
k(Vieg)©. Explicitly, let G' act on the rational function field k(z, : g € G) by h -z, := 3, for any g,h € G.
Then k(G) := k(z, : g € G)°, the fixed subfield of k(z, : g € G).

When G is a subgroup of S;,, the symmetric group of degree n, the permutation representation associated
to G induces a natural action of G on the rational function field k(x1,- -, 2,) via k-automorphisms defined
by 0 - x; := x,.; for any ¢ € G and 1 < i < n. Noether’s problem becomes the form: whether the fixed
subfield k(zy,--+ ,2,)¢ :={f € k(x1,-+ ,2,) : 0 - f = f for any o € G} is k-rational. The main purpose of
this paper is to study the k-rationality of k(z1,--- ,2,)%, where k is a field, G is a transitive subgroup of
Sn, and n is a “small” positive integer.

Recall some previously known results.

Theorem 1.1. Let k be a field, S,, the symmetric group of degree n, and k(x1,--- ,x,) the rational function
field of n wvariables over k. Suppose that G < S, acts on k(x1,--- ,2,) by k-automorphisms defined by
0-T;:==xTg; foranyo € G and1<i<n.

(i) [KW] Theorem 1.3] If 1 < n < 5, then k(xy,--- ,2,)9 is k-rational for any subgroup G < S,,.
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(ii) [KWZ, Theorem 1.2] If n = 6 and G is a transitive subgroup of S other than PSLy(F5), PGLy(F5),
or Ag, then k(x1,--- ,16)¢ is k-rational.

(iii) [KW, Theorem 1.4] If n = 7 and G is a transitive subgroup of S7 other than PSLy(F7) or Az, then
k(xy,--- ,27) is k-rational. If k D Q(v/=7), then k(x1,--- ,x7)"5¥2F) 4s k-rational.

(iv) [WZ, Theorem 1.2] If n = 8 and G is a solvable transitive subgroup of Ss other than Cs, then
k(zy, - ,28)¢ is k-rational.

v) [KWl Theorem 1.5] If n = 11 and G is a solvable transitive subgroup of Si1, then k(z1,--- ,x11)C is
(v) KW, | If group of Si1, (1, ,211)

k-rational.
We remark that, (i) for any subgroup G < Sg other than Ag, C(z1,-- - ,26)¢ is C-rational, and k(x1, - -- ,26)"
is stably k-rational (for any field k); (ii) for any transitive subgroup G < S7 other than A7, C(zy,--- ,27)¢

is C-rational; (iii) k(x1,---,25)"® is k-rational if and only if either char(k) = 2 or [k(¢s) : k] < 2 (if
char(k) # 2). For details, see [KW], [KWZ], [EM Proposition 3.9], and [Sal Theorem 5.11]. We also remark
that the rationality problem for the transitive subgroups of S19 was solved and a manuscript is in preparation.

This paper arose when we attempted to solve the rationality problem for the subgroups of S14. We note
that this problem was investigated in [WW] for some subgroups. As noted in [KW| Theorem 3.2], extra
efforts are required in the situation when char(k) = p > 0 and the group order |G| is divisible by p. If G is
a p-group, such a “modular” case may be solved by the classical theorem of Kuniyoshi and Gaschiitz, which
is recalled in the following theorem.

Theorem 1.2. Suppose that k is a field with char(k) =p > 0 and G is a p-group.

(i) [Ku2, Kull [Ku3| The fized subfield k(G) is k-rational.

(i) [Gal For any faithful representation p : G — GL(V'), where V is a finite-dimensional vector space over
k, the fived subfield k(V)€ is k-rational.

We note that, when G is cyclic and p : G — GL(V,¢) is the regular representation, a method to find explicitly
a transcendental basis of k(G) was proposed in [Ha2].

Here is a result generalizing Kuniyoshi-Gaschiitz Theorem for the case of the regular representation (note
that it is unnecessary to assume that G is a p-group).

Theorem 1.3. [KP, Theorem 1.1] Let k be a field with char(k) = p > 0, G a finite group, and G a group

extension given by 1 — Z/pZ — G — G — 1. Then k(G) is rational over k(G).

The referee told us that Section 4 of Saltman’s paper [Sa] contains results similar to the above Theorem [[.3]

However, when we consider rationality problems of subgroups in S14 with the field k satisfying that char(k) =
7, new situations may arise for which Theorem and [[.3] will not work any more. For example, here is a
typical question.

Question 1.4. Let k be a field with char(k) =7, and k(t,x1,--- ,x6) the rational function field of 7 variables
over k (i.e., trdegik(t,z1, - ,26) = 7). Suppose that G := (o, 7) is a group acting on k(t,z1, -+ ,xg) by
the monomial k-automorphisms defined by

ot t, x> Ta - T HtQ/Hlexi,

T:t— —t,x; — T34,

where the indices of x; are taken modulo 7. Is the fized subfield k(t,z1,--- ,x6)¢ k-rational? Is it stably
k-rational?

The reader may find the definition of monomial k-automorphisms in [HK1, page 805].

This example prompts us to reexamine Kuniyoshi—Gaschiitz Theorem and to improve the old techniques for
this new situation. As an illustration, the following theorem, which is a generalization of [WZ, Lemma 2.7],
will solve Question [[4] affirmatively for the stable rationality.



Theorem 1.5. Let k be a field, n a positive integer, d an integer relatively prime to n, k(t, s, xo, 1, -+ ,Tn—1)
a field satisfying that trdeg,k(t, s, xo, o1, ,2n_1) = n+ 1 and t? = 1‘[?;01 x;. Let G be a subgroup of Sy
and x : G — k> a linear character with x* = 1 (the possibility that x is the trivial character is allowed).
Suppose that G acts on k(t,s,zo, 21, - ,Zn_1) by k-automorphisms defined by o -t := x(o)t, 0 -s = s,

0T =Xy for any o € G and 0 < i <n — 1. Then there exists some element u € k(t,s,20, X1, "+ ,Tp—1)
such that o -u = u for any o € G, and k(t,s,x0,21, -+ ,2n_1)% = k(zo/s,21/5, - ,Tn_1/5)C(u).

Note that the field k(t,s,zo, 21, -+ ,2,_1) with t¢ = H?;Ol x; is nothing but the rational function field
k(t,s,x1, -+ ,op—1) in the variables ¢, s, 21, -+ ,x,—1. With Theorem in hand, we may solve Question
L4 by introducing a new element xy such that t? = H?:o x;. Applying Theorem [[D] we find that the
rationality problem of k(t,x1,--- ,26)%(s) is reduced to that of k(xo/s,z1/s,- -+ ,76/s)%(u). Then we may
apply Theorem [I.T1

In Theorem [l we may as well consider the case k(t,s,zo,z1, - ,2p—1) is a field satisfying that, p is a
prime number, trdeg,k(¢, s, xo, 1, -+ ,2p—1) =p+1, and i Hf;ol x; with d’ divisible by p. See Question
B.1

Before stating the next result, we digress to define some k-automorphisms.

Definition 1.6. Let k be a field, p an odd prime number, a an integer satisfying that (Z/pZ)* = (a), S,
the symmetric group of degree p, and k(z;,y; : 0 < i < p — 1) the rational function field of 2p variables over
k. We define six elements o1, 02, A1, A2, p1, p2 € Sp, such that they act on k(z;,y;: 0 <i<p—1) by

01 : %5 = Tir1,Yi — Yi, 02 1 Xj = Tj,Yi — Yitl, )\1 X = Yy Yi Ty,

A2 1 > Y, P1 T 7 Taiy Yi 77 Yis P2t Ti = Tiy Yi 7 Yais

where 0 < ¢ < p— 1, and the indices of x; and y; are taken modulo p.
Note that p; and py depend on a. In the proof of Section [5.3] we will use the same p; or pa, but the values
of a will be different.

Let 01,02, A1, A2, p1, p2 be the k-automorphisms introduced in Definition Here is another theorem to be
used in Section

Theorem 1.7. Let p be an odd prime number, k a field with char(k) = p > 0, and k(z;,y; : 0 <i<p—1)
the rational function field of 2p variables over k. Then k(x;,y; : 0 < i < p — 1)¢ is k-rational when G is
<Ulv 02, )\17 P1P2>; <Ulv 02, Alv p;1p2>7 <Ula g2, AQv P1P2>; or <017 02, )‘25 PIIP2>

As an application of Theorem and [Tl we will prove the following theorem.

Theorem 1.8. Let k be a field with char(k) = 7 and G a solvable transitive subgroup of S14 acting naturally
on k(x1, -+ ,x14), the rational function field of 14 variables over k. Then k(zy, - - - ,x14)G 18 k-rational.

Another version of Theorem [[.8 may be found in Theorem 1] which employs a description of the transitive
subgroups of S14. In Theorem [[.§ if G is a non-solvable transitive subgroup of Si4, the rationality of

k(z1,---,214)€ is known only for a few cases (see Theorem E1] for details).

We remark that Theorem L5 and [L7 may be applied also to prove the rationality problem of k(x1,--- ,210)%
when char(k) = 5 and G is a solvable transitive subgroup of Sig. It may be true as well for many cases of
k(x1,--+ ,22,)¢ when char(k) = p is an odd prime number.

The “non-modular” situation of Theorem [[§] (i.e., for the case char(k) # 7) is an ongoing research program.
Hopefully it will be finished very soon.

This article is organized as follows. Section 2l contains some known results which will be applied in Section
Bland Bl The proofs of Theorem and [[.7 will be given in Section[3l A list of transitive subgroups of Si4
(up to conjugation within Si4) is provided in Section @l Theorem F1] is a sharp form of Theorem [[L8 and
the proof of Theorem 1] may be found in Section



Standing terminology. Throughout this paper, G is a finite group and & is a field. Recall that k(G) is defined
at the beginning of this section. We will denote by S,,, A,, Cy, and D,, the symmetric group of degree n, the
alternating group of degree n, the cyclic group of order n, and the dihedral group of order 2n respectively.

When we say that k(x1, -, x,) is a rational function field over a field k, we mean that k(x1,- - ,z,) is purely
transcendental over k, and {x1,--- ,x,} is a transcendental basis, equivalently, trdeg,k(x1, -+ ,z,) =n. If
o:k(x1, - ,2n) = k(z1, -+ ,z,) is an automorphism and u € k(z1,--- ,xy), then o - u denotes o(u), the

image of u under o. By a linear character x : G — k* we mean a group homomorphism from G to k*.
Whenever we write x : G — k*, it is assumed that, for any o € G, x(o) € k automatically.

Although we work on the case char(k) = p > 0 sometimes, we also work on general cases. We will always
state the assumptions of the field k explicitly. The readers should be aware not to confuse the groups
G(21) and G21: G(21) is the 21st transitive subgroup of Si4 in Section [, while G, is the group Gpq with
(p,d) = (7,3) and is defined in Definition 23]

Acknowledgments. We thank the referee whose sharp and insightful comments are very helpful to the
presentation of this article.

2 Preliminaries

In this section, we recall several known results. These results will be used in the proofs of Section Bl and

Theorem 2.1. [HK2| Theorem 1] Let G be a finite group acting on L(x1,--- ,x,), the rational function
field of n variables over a field L. Suppose that

o for anyo € G, o(L) C L;
e the restriction of the action of G to L is faithful;

e foranyo € G,

cr(:;:n) Tn

where A(o) € GL,, (L) and B(o) is an n x 1 matriz over L.

Then there exist z1,- -+ ,2zn € L(x1,- -+ ,xy,) such that L(x1,--+ ,xy) = L(21,- - , 2n) with o(2;) = z; for any
ceGandl<i<n.

Theorem 2.2. [AHK| Theorem 3.1] Let G be a finite group acting on L(x), the rational function field of
one variable over a field L. Suppose that for any o € G, o(L) C L and o(z) = ayxx+b,, where a, € L* and
by € L. Then L(x)% = LE(f) for some polynomial f € L[z]¢.

Definition 2.3. [KW| Definition 3.1] Let k& be a field, p an odd prime number, a an integer satisfying
that (Z/pZ)* = (a), and k(zo,x1, - ,2p—1) the rational function field of p variables over k. Define the
k-automorphisms o, 7 on k(zg, 1, - ,Zp—1) by 0 : &; = xip1 and T : x; — Ta, where the indices of z; are
taken modulo p. Let d be a positive divisor of p — 1 and write p — 1 = de. Define a group Gpq := (0, 7°). As
abstract groups, G, ~ C, the cyclic group (when d = 1), Gg, ~ D,, the dihedral group (when d = 2), and
Gp(p—1) 1s isomorphic to the maximal solvable transitive subgroup of the symmetric group S,. In general,
Gpq is a semidirect product.

Theorem 2.4. [KW|, Theorem 3.2] Let k(xo, 1, ,xp—1) and Gpq be the same as in Definition [2.3. If
char(k) = p > 0, then the fized subfield k(zo,x1,- -+ ,7,_1)%? is k-rational.

Definition 2.5. [KWZ| Definition 3.1 and 3.2] Let G and H be finite groups such that G acts on a finite
set X from the left. Let A be the set of all functions from X to H, then G acts naturally on A by
(9-a)(z) :=a(g™! - x), where g € G, a € A, and z € X. Note that A may be identified with the direct



product of | X| copies of H, thus any a € A may be written as a = (a, : * € X). Under this identification,
the group G acts on A by (9-a), := ag-1., where g € G, a € A, and (g - a), is the z-component of g - a.

The wreath product Hlx G is defined as the semidirect product A x G, where A is the normal subgroup with
an action of G from the left.

Furthermore, when G and H are groups acting on the sets X and Y from the left, the wreath product
Hix G:=AxGactsonY x X by defining (a,9) - (y,z) := (ags-y,9-z) forany g € G,a € A, z € X, and
yeyY.

Adopting the notation of Definition 25 we write X,,, := {1, -+ ,m} (the set consisting of m elements), and
Y, :={1,--- ,n} (the set consisting of n elements). If G < S,,, and H < S,,, then we may regard H lx, G as
a subgroup of S,,, because Y,, x X, is a set consisting of mn elements. With this understanding, we have
the following theorem.

Theorem 2.6. [KWZ, Theorem 3.5] Let k be a field, G < S,,, and H < S,, act on the rational function fields
k(z1, -+ ,%m) and k(y1,--- ,yn) respectively. Assume that both k(z1, -+, 2,)% and k(y1, - ,yn)" are k-
rational. Then the wreath product Hx, G acts on the rational function field k(z; ;: 1 <i<m,1 <j <mn),
and the fized subfield k(z; j:1<i<m,1<j< n)Hxn G s k-rational.

In a similar way, if G and H act on the sets X and Y respectively from the left, then the direct product
G x H actson X xY by (g,h) - (x,y) :== (9 -z, h-y).

Theorem 2.7. [KWZ, Theorem 3.6] Let k, G, and H be the same as in Theorem [2.8. Then the direct
product G x H acts on the rational function field k(z;; : 1 <i <m,1 < j <n) such that the fized subfield
k(zi;j:1<i<m,1<j< n)¢*H s k-rational.

Lemma 2.8. [Hall, page 245] Let k be a field, k(xy,- -+ ,xn—1) the rational function field of n — 1 variables
over k. Suppose that o is a k-automorphism on k(x1, -+ ,xp—1) defined by o : &1 > X9 > -+ = Tp_q —
1/ H?:_ll x;. Then there exist y1, - ,yn—1 € k(x1, - ,Tn-1) such that k(x1, - ,Zn-1) = k(y1, -+ ,Yn—1)
and o Y1 > Yz o = Yo »—>1—Z?:_11yi.

Proof. For the convenience of the reader, we include the proof of [Hall. Define w := 1+ 21 + z122 +
c T Tpo1, Y1 = L/w, and y; = z1@0 - @1 /w for 2 < i < n. It follows that >, y; = 1 and
T YL > Yo > o = Yn > Y1, |

Lemma 2.9. Let k be a field, p an odd prime number, k(yi,--- ,yp—1) the rational function field of p —1
variables over k. Suppose that o is a k-automorphism on k(yi, - ,yp—1) defined by o : y1 — ya — -+ —

Yp—1 1 — Zf:_ll Yi-
(i) If char(k) = p, then the fived subfield k(yi,--- ,yp—1)'7 is k-rational.
(ii) If char(k) # p, then the field k(y1,--- ,yp—1)'7(2) is k-isomorphic to k(C,), where z is an element
transcendental over k(y1,- -+ ,yp—1)'7".
Proof. (i) Define u := Ef;ll(p —4)y;. Then o : w — uw+ 1. Apply Theorem 2] to k(yi, - ,yp—1) =
L(ya, -+ ,yp—1) with L := k(u). Since L{?) is k-rational by Liiroth’s theorem, done.
(ii) Since 1/p exists and belongs to k, we may define z; := y; — 1/p for 1 < i < p — 1. It follows that

Otz > 2y e Zp1 —Zf;ll z;. On the other hand, write k(C}) = k(zo,x1,- - ,xp,1)<‘7>,
where o : x; — x;41 (the indices of z; are taken modulo p). Define v := f;ol x; and v; = z; — v/p for
0 <i < p-—1. Note that Zf:_ol v; = 0. Define K := k(vo,v1, -+ ,vp—1). Then k(zo,z1, -+ ,2p—1) = K(v)
and apply Theorem Hence the result. [ ]



3 Proofs of Theorem and 1.7

We will prove Theorem and [[.7 in this section.

Proof of Theorem [I.3. The action of G on k(t, s, zg, 1, -+ ,Zn_1) is well-defined because o-t¢

for any o € G. Let H := ker(x). Then

= x(o)t? =

k(t 8, L0 L1y 5y Tn— I)G
= k(t,s,x0/s,21/8, - ,&n_1/5)C
= k(td/s t7sb /s, xl/s - xn_1/8)¢ for some a,b € Z such that an +bd = 1
= k(t*sb,zo/s,21/5,- - ,xn,l/s)c since t¢/s" = H::Ol(xz/s)
= (k(t .I()/S,Il/s,-.. 7,Infl/S)H)G/H
= (k(zo/s,z1/s,- - ,xn,l/s)H(tasb))G/H since H := ker(y) fixes t%s°
= (k(zo/s,z1/s,- - ,xn,l/s)H)G/H (u) by applying Theorem 2.2

= k(zo/s,x1/s, -, xn_1/5)%(u).

Proof of Theorem[I7]. Note that A} = A2 = 1. Moreover, it is straightforward to check that

-1 -1 -1 -1
)\10’1)\1 =09 , )\102)\1 =01, )\201)\2 = 09,

a —1 —1
P101P1 =01, p102p1 = 02, pP201Py =01,

Define N := {(01,02) < G, where G is one of the four groups we consider. Clearly N is a normal subgroup

of G. Define
p—1 p—1
i = ijxj and v; 1= Zjlyj,
7=0 j=0
where 0 < i < p—1 (by convention we write 00 = 1). We find that

k(e y;:0<i<p—1)=k(u;,v; : 0<i<p-—1),

and
p—1 p—1
g1 - U; = E jlijrl: E (j—l)le, g1+ U; = Uy,
j=0 j=0
02 - Ui = Uy, 02+ V; = E JYi+1 =
Consequently,

01 @ Ug F> Ug, U1 > UL — Ug, U — Uy — 2Uq + Ug, - -

)

09 @ Vg > Vg, V1 > V1 — Vg, Vg — Vg — 2U1 + Vg, - -

Also note that

p—1

Z(J - 1)iyj

=0

A g (1) v wg, Ag g < v, pLi U A ug,  po i v e a4 g

We will show that k(x;,y; : 0 < i < p— 1)¢ is k-rational. By Theorem 1] it suffices to show that

k(ug,vo,u1,v1)® is k-rational. Recall that N := (0y, 09) < G, and

Uy U1 U1 U1 up v1 U1

01:—»—>——1— —, o3 — = —, — = — —1

3

up U vy Vo uy  ug Vo o



We have
N
N 1o
k(UQ,’UQ,Ul,Ul) =k (u07U07U_7_> :k(u07U07u17v1)7

where u} and v] are the Artin—Schreier elements defined by

p p
/ Ui Ui / U1 U1
up = | — - — and vy =\ — - -
Uo Uo Vo Vo

Note that

because

Now we have

. / o / . / / o -1,/ oy -1,/
A1t U € Vo, U —ULL, U] U, A9 U ¢ Up, Ul U], p1iup—al uy, P2 iU —al vl

To show that k(uo,vo,u),v})¢/N is k-rational, we apply Theorem I again. It remains to show that
k(u},v;)¢/N is k-rational. By applying Theorem B2 to k(u},v}) = k(u} /v})(v}), the problem is reduced to
the rationality of k(u} /v})¢/", which is the case because of Liiroth’s theorem.

To find the explicit generator we illustrate the case G = (o1, 02, A1, p1p2). Since N = (01, 02), it follows that
G/N = (A1, p1p2). Note that the action of G/N on k(u}/v}) is not faithful. In fact, p1p2 acts trivially on it
and \; : u)/v} — —v /u}. We conclude that the fixed subfield k(u} /v})/N = k(u} /v — v} /u}). |

Consider a variant of Theorem [[L5l Let k be a field, p an odd prime number, k(¢, s, zo, 1, - ,Tp—1) a field
satisfying that trdeg,k(t, s, zo, 21, -+ ,2p—1) =p + 1 and td = f;ol x;, where d’ is an integer divisible by
p. Write d’ = pdy and define X; := x;/t%, then Hf;ol X; = 1. Consider the action of the group Gpq in
Definition The rationality problem of k(¢, s, X, X7, - - ,Xp_l)GPd is reduced, up to stable rationality,
to the following question.

Question 3.1. Let k be a field, p an odd prime number, k(xi,---,xp—1) the rational function field of
p — 1 variables over k. Let a be an integer satisfying that (Z/pZ)* = (a). Define k-automorphisms o,7 on
kE(zi, - ,xp_1) byo x> zo— - > xpq — 1/ Hf;ll x; and T : x; — T, where the indices of x; are
taken modulo p. For any positive diwisor d of p— 1, write p — 1 = de and define the group Gpq := (0, 7°).
We ask under what situations the fized subfield k(x1,- -+ ,x,-1)%?? is k-rational (resp., stably k-rational).

Alternatively, we may formulate the above question in terms of G-lattices. The reader may consult Section
2 of [HKY] for unexplained terminology.

Let p be an odd prime number and a an integer satisfying that (Z/pZ)* = (a). Define the group G by
G := (0,7), where o? = 7P~! = 1 and 707! = 0. For any positive divisor d of p — 1, write p — 1 = de and
define the group Gpq := (o, 7).

Now define the lattices N := Z[G/ (r)] and M := N/(Z Y.'~; o*). In other words, 0 — Z — N — M — 0 is
a short exact sequence of G-lattices. Note that N may be described explicitly. Write N’ := Esz_Ol Ze; with
the G-action defined by o -e; = e;41 and 7-¢e; = e4;. Then N and N’ are isomorphic G-lattices.

If k is a field, consider k(N)%»¢ and k(M)%rd where the group acts trivially on the field k. Questions: Is
k(N)Cra rational? Is k(M)%rd rational? Is [M]/! a permutation lattice or an invertible lattice?

We remark that, if d = 1 (i.e., G, = O, the cyclic group of order p), then k(M )% is stably k-rational if and
only if so is k(G,), because we may apply Lemma 2.8 and

If d =2 (i.e., G2p = D,, the dihedral group of order 2p), then k(M )% is stably k-rational if and only if so
is k(Gap) by [HKY] Theorem 5.6].



On the other hand, we don’t know the answer whether k(M )% is k-rational (resp., stably k-rational) if d
is a divisor of p — 1 other than 1 or 2. The situation of k(NN)“»¢ is unclear even when k = Q, which was
investigated by Breuer during 1920s [Br].

4 Transitive Subgroups of Si4

The transitive subgroups of S14, up to conjugation within S14, was classified by [Mi]. It was reconfirmed in
[CHM|. The message was finally integrated into the libraries of [GAP]. In this paper, we will name these
groups as those given in the GAP library.

The symmetric group Si4 contains 63 transitive subgroups. They are labeled as G(i), where 1 < i < 63.
Among the 63 subgroups, exactly 36 of them are solvable.

These subgroups are classified into 13 classes. Groups belonging to Class 1-6 are solvable, while groups
belonging to Class 7-13 are non-solvable. Note that the classification into 13 classes is devised by us, not by
the GAP library.

To describe these subgroups, we first define the following elements in Sy4:

o1 = (1,3,5,7,9,11,13),

oy = (2,4,6,8,10,12, 14),

no= (1,2)(3,8,5,14,9,12)(4,7,6,13, 10, 11),
= (3,7,5,13,9,11)(4,8,6,14,10,12),
Moo= (1,2)(3,14,13,4)(5,12,11,6)(7, 10,9, 8),
N = (1,2)(3,4)(5,6)(7,8)(9,10)(11, 12)(13, 14),
N = (3,13)(5,11)(7,9),

A= (4,14)(6,12)(8, 10),

N = (3,5,9)(7,13,11),

Xe = (4,6,10)(8,14,12),

wi = (20+1,2i4+2), for 0 <i <6,

vio= (1,4)(2,3)(5,6)(7,8)(9,10)(11, 12)(13, 14),
v = (1,3)(2,4),

vs = (1,6)(2,5)(3,11)(4,12)(7,8)(9, 10).

Here is a list of these 63 subgroups G(i) of Si4.

The notation G refers to some group G(i) when we don’t intend to specify its numeral. Remember that the
groups (o1 and G2 are subgroups of S7 in Definition 23] don’t confuse them with G(21) and G(42). We
also remark that in this list, some groups may be isomorphic as abstract groups (we use the notation ~),
but they are not conjugate within S14. For example, consider the group G(17) in Class 12 and the group
G(19) in Class 11. We write G(17) ~ Cy x PSLa(F7) to mean that G(17) is isomorphic to a direct product
of C3 and PSLy(F7) as abstract groups. On the other hand, we write G(19) = PSL2(F7) x Cs to mean that
G(19) is defined as a subgroup of Si4, where the first factor is a subgroup of S7, the second factor is S,
and the identification of the direct product as a subgroup of Sy14 is understood as the way given in Theorem
271 We adopt similar convention for groups in Classes 1, 8, and 11 (see the explanation in Definition 25

Theorem 2.6, and [27).

Class 1. The direct product and the wreath product of smaller groups:

(1) = C7 X Cg, G(?)) = D7 X Cg, G(5) = G21 X Cg, G(7) = G42 X CQ,
(8) = Crix, Cay,  G(20) = D7lx, Ca, G(26) = Ga1 x, Co, G(45) = Gu2 1x, Co,
G(29) = Coix, C7, G(38) = Colx, D7, G(44) = Colx, Go1, G(48) = Calx, Gaa.

G
G



Class 2. G contains a normal subgroup N7 := (o109) ~ Cr:

G( ) N7><1 < > .D77 G(4):N7>4 <T1>’ZG42.

Class 3. G contains a normal subgroup Nyg := (01, 09) ~ C%:

G(12) = Nyg x (A1), G(13) = Nyg % (Ao, Ashs) |
G(14):N 3 (A2, AsAg) s G(15):N (A2, A5 e ) s
G(22) = Nug x (A1, 05" e ), G(23) = Nyg % (A1, Ashe)
G(24) = Nyg X (A2, AsAg, AsAg) G(25) = Nug x (A2, Asha, A5 ' Ag)
G(31) = Nuag x (M2, A3, A, A5 A6 ), G(32) = Nag x (A2, Az, A, AsAe)
G(36) = Nyg X (A1, As, Ag) G(37) = Nag % (A2, A3 g, As, Ag) .

Class 4. G contains a normal subgroup Ng := (o1 fi2fls, o2 i3 iia, fop pafe) == C3:
G(G) = Ng X <0’10’2> ~ 023 X 07, G(ll) = Ng X <O'10’2,7’2> 02 X G21

Class 5. G contains a normal subgroup Nig := (fo/t1 25, o2 s fha, o1 fhafies 1 fh2fta) ~ Cs:

G(Q) = NlG X <0’10’2> ~ C;l X C7, G(IS) = N16 A <0’10'2,7'2> 02 A G21

Class 6. G contains a normal subgroup Ngg := (f0/i1, floflz, Hofi3, fHofia, Hols, fofte) =~ CF:
G(Ql) = N64 X <010'2> ~ CG X C7, G(35) = N64 X <010'2,T2> CG X Ggl,
G(27) = N64 X <0’10’2,7’1> 02 X D77 G(28) = N64 X <O'10’2,7'2> 02 X D7,
G(40) = N64 X <010'2,T1> ~ C2 X G42, G(41) = N64 X <0’102,T2> ~ 02 X G42.

Class 7. G is the whole group Si4:
G(63) = S14.

Class 8. The direct product and the wreath product of smaller groups:
G(49) = S7 x Cy, G(61) = S7ix, Ca, G(57) = Crx, S7.
Class 9. G contains the normal subgroup Ng4 defined in Class 6:
G(54) = Ngy ¥ (0109,v1) ~ CS x Sz, G(55) = Ney X (0109, 1) =~ CS x Sy
Class 10. G is isomorphic to PSLy(F7):

G(lO) = <O'10’2, V3> >~ PSLQ(]F7)

Class 11. The direct product and the wreath product of smaller groups:

G(lg) e PSLQ(F7) x Cy, G(52) e PSLQ(F7) (X Csy, G(51) =y {x, PSLQ(F7),
G(47) = A7 x Cy, G(58) = Ay {Xo Csy, G(56) =Cs ' A,

Class 12. G contains a normal elementary abelian 2-subgroup:

G(17) =~ Cy x PSLy(F;),

G(33) is an extension of PSLy(F7) by C3, G(34) ~ C3 x PSLy(F;),
G(42) is an extension of PSLy(F7) by C3, G(43) =~ C5 x PSLy(F;),
G(50) ~ C§ x PSLy(F7), G(53) ~ CS x A;.



Class 13. G does not contain any solvable normal subgroups:

G(16) >~ PGLQ(]F7), G(30) >~ PSLQ(Flg), G(39) ~ PGLQ(Flg),
G(46) ~ S7, G(59) ~ A2 x Cy, G(60)~ A2 xC3,  G(62) = Ay,.

The following theorem is a strengthened version of Theorem [L.8

Theorem 4.1. Let k be a field and G a transitive subgroup of S14. Then k(x1,--- ,:v14)G 1s k-rational
provided that

har(k) =7 and G = G(i) belongs to Class 3;
(iii) char(k) # 2 and G = G(i) belongs to Classes 4, 5, 6, and 9;
(

—~
——
=y B
—_ — ~— —
a

k2D Q(v-7) and G = G(i) belongs to Class 10.

We remark that we don’t know whether k(xq,--- ,214)¢ is k-rational if G = G(i) belongs to Classes 11-13.

5 Proof of Theorem [4.1]

5.1 G = G(i) belonging to Classes 1, 7, and 8

Proof. Apply Theorem [[T] 2.6, and 271 For example, consider G(48) = C3 1x, G4z2. Note that Gyo is a
subgroup of S; by Definition 2331 We may identify Cy with the symmetric group Se. By Definition [Z.3]
(G(48) may be regarded as a subgroup of S14. Now apply Theorem [Tl and |

5.2 G = G(1) belonging to Classes 2 and 10

Proof. Write o := o109. Define y; := x9;41 + x2;42 for 0 < i <6.

To show that k(xq,--- ,214)9 is k-rational, we apply Theorem 21l Since G is faithful on k(yo,y1,- -, ¥s),
it suffices to show that k(yo,y1,--- ,y6)¢ is k-rational.

It is routine to check that
O Wi & Yirl, TLIYi 7 Y3i, V3 1Yo < Y2, Y1 & Ys, Ui > s, for i =3,4,6,

where the indices of y; are taken modulo 7.

The rationality of k(yo,y1,--- ,ys) follows from Theorem [l [ ]

5.3 G = G(1) belonging to Class 3

Proof. We rename the original variables {z1,--- , 214} by the new names {zo, yo, 1,91, - ,Ts,Ys}. Then

011 % & Tig1, 02:1Yi & Yigl, AT = Y—iyYi > Ty, A2 1 Ti € Yiy
)\3 1Ty Ty, A4 Y = Y4, A5 X T4, )\6 Y Y24

Note that

AM3=pyfora=—-1, M =pyfora=—-1, As=p;fora=2 Ig=psfora=2.

10



The first six cases G = G(i) where i = 12,13,14, 15,22, 23 are covered by Theorem [[.7] More specifically,

G(12
13
14
15
22

23

corresponds the first (and the second) group for (p,a) = (7, —1),

Q

corresponds the third (and the fourth) group for (p,a) = (7, 1),
corresponds the third group for (p,a) = (7,2),

QQ

corresponds the fourth group for (p,a) = (7,2),

Q

corresponds the second group for (p,a) = (7,2),

(
(
(
(
(
G(

O — — ~— — ~—

corresponds the first group for (p,a) = (7,2).

For the remaining cases, i.e., G = G(i) where ¢ = 24,25,31,32, 36, 37, although we cannot apply Theorem
[L7directly, the proofs are almost the same because these groups are defined by the similar fashion as before.
Here are the indications:

G(24) = (01,02, A2, p1p2 for a = —1, p1ps for a = 2),

G(25) = <01,02,)\2,p1p2 for a = —l,pflpg for a = 2>,

G(31) = <01,02,)\2,p1 for a = —1,py for a = —1,p; ' ps for a = 2>,
G(32) = (01,02, A2, p1 for a = —1, ps for a = —1, p1py for a = 2),
G(36) = (01,02, A1, p1 for a =2, pg for a = 2),

G(37) = (01,02, A2, p1p2 for a = —1, p; for a = 2, py for a = 2).

5.4 G = G(i) belonging to Classes 4, 5, 6, and 9

Proof. We will work on the field k with char(k) # 2.
Write 0 := g102. Define y; := 2,11 — T2;42 for 0 <i < 6.

To show that k(z1,--- ,214)¢ is k-rational, we apply Theorem2Ilagain. Since G is faithful on k(yo, y1,- - , Us),
it suffices to show that k(yo, 1, - ,v6)%(s) is k-rational (note that we add an extra variable s).

It is routine to check that

Hi 2 Y = —Yq, O Yi b Yit1,s

T1 2 Yi = —Y3i, T2 L Yi & Y3i,

V1Yo < —Y1, Y =Y, for 2 <0 <6, veiyo < Y1,y >y, for 2 <0 <6,
where the indices of y; are taken modulo 7.

We claim that

6
k(yo,y1,--- ,y6)™* = k(Hyiayjyj+3yj+5yj+6 11<5<6),
i=0
6
ko, - ue)™ = k([ [ vl vivissvirsyie - 1 <j <6),
=0
6
k(y07y17"' 7y6)N64 = k(Hyuy? 1§j§6)7
i=0

because all of the generators on the right-hand side are fixed by the corresponding group and the determinants

11



of the coeflicient matrices are given by

1111111 2 2 2 2 2 2 2 1111111
110 01 01 1100 1 01 020 0O0O0O0
1110010 1110010 00 2 00 0O
0111060 1=8/01 1 100 1]=16,0 0 0 2 0 0 0] =64
101 1 100 101 1 100 0000200
01 01110 0101110 000 0O0 20
001 0111 001 0111 000 00 O0 2

e G = G(i) belonging to Class 4: Define t := H?:o yi and z; = Yi¥i+3Yi+5Yi+e for 0 < i < 6. We find
that t* = []%_, 2, and

k(yanlv"' 7y6)G(S):k(t555205217"' 7Z6)G/N87 U:th;Zini+1; 7-22 :th;ZiHZQ’Lv

where the indices of z; are taken modulo 7.

e G = G(i) belonging to Class 5: Define ¢ := H?:o yf and z; 1= Y;Yitr3Yi+sYire for 0 < i < 6. We find
that 2 = []%_, 2, and

k(y07y17"' 7y6)G(8):k(t787207217"' 7ZG)G/N167 U:thuzini-‘rlu T22 :t'—>t,2i'—>22i,

where the indices of z; are taken modulo 7.

e G = G(i) belonging to Classes 6 and 9: Define ¢ := H?:o y; and z; := y? for 0 < i < 6. We find that
t? = H?:o z;, and

G G/N,
k(ZJanlv"' ayﬁ) (S) :k(taSaZOazlv"' 526) / 647 UZth,ZiH2i+1,
TlltH—t,Zi’—)Zgi, ngt»—>t,zi»—>23i,
vt —t, 20 ¢ 21,2 &> 24, for 2 < <6, Vo it > t,20 <> 21,2 — 2z, for 2 < i <6,

where the indices of z; are taken modulo 7.

The rationality of k(yo, 1, ,vs)°(s) = k(t, s, 20,21, ,26)/" (where N = Ng, Nig, Ng4) follows from
Theorem [L.5] m

5.5 A New Proof of Theorem [2.4]

In the following, we will give a new proof of Theorem [Z4] other than that in [KW] Theorem 3.2], because
similar techniques will be useful in many situations when char(k) = p > 0.

Proof of Theorem[2.4} Recall that (Z/pZ)* = (@), 0 : & — Tiy1, T : Tj = Tgi, p—1 = de, and Gpq = (0, 7°),

where the indices of x; are taken modulo p. We will show that k(zo,z1,- - ,xp_l)GPd is k-rational.
Define
d—1
U= a®T - xg
=0
We find that

Define
p—1 p—1
Y= o' -u and z:= E o' u
i=0 i=0

12
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Then we find that 0 : y = vy, 2— 2z —y, and 7° : y — a~°y, z — a~ 2°2.

To show that k(xo,21, - ,xp—1)%? is k-rational, we apply Theorem ] because G, is faithful on k(y, 2).
It remains to prove that k(y, z)“»¢ is k-rational. By applying Theorem Z2to k(y, z) = k(y)(z), the problem
is reduced to the rationality of k(y)%»¢, which is the case because of Liiroth’s theorem. Explicitly, we know
that k(y)%re = k(y?) because o -y =y and 7° - y = a~°y. |

For the groups G(2) and G(4) in Class 2, if we assume that char(k) = 7, here is another proof of the
rationality by using the idea in the above proof.

For simplicity, write o := 0109 and 7 := 71, and the field we consider is k(x1, -+, z14).
e G=G(2): Defineu =z —73-21, y 1= Efzooi-u, and z := Zfzoioi-u. Theno:y—y,z+— z—y,
and 73 1y —y, 2 — 2.
e G = (G(4): Define u := Z?:o Sirt.zy,y = Z?:o o'-u,and z := E?:o ict-u. Theno:y— y,z — 2—y,

and 7 :y — 3y, 2z — 2.

The remaining proof is the same and therefore omitted.
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