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ON THE RATIONALITY OF THE MODULI SPACE OF
INSTANTON BUNDLES ON THE PROJECTIVE 3-SPACE

M. HALIC, R. TAJAROD

ABSTRACT. We prove the rationality and irreducibility of the moduli space of—what we
call—the endomorphism-general instanton vector bundles of arbitrary rank on P%. In partic-
ular, we deduce the rationality of the moduli spaces of rank-2 mathematical instantons. This
problem was first studied by Hartshorne, Hirschowitz-Narasimhan in the late 1970s, and it
has been reiterated within the framework of the ICM 2018.

INTRODUCTION

The interest in rank-2 instanton bundles on the three-dimensional projective space (with
Chern classes ¢; = 0,co = n) has its origins in the articles of Atiyah et al. [1, 2, 3], Barth-
Hulek [4, 5], and Hartshorne [9], which in turn were motivated by work of 't Hooft [11] and
Polyakov [13]. The geometry of their moduli spaces, such as the irreducibility and rationality,
has been intensively investigated, especially during the past decade. So far, it is known
that these quasi-projective varieties are rational for n = 2,4, 5, due to works of Hirschowitz-
Narasimhan [10], Ellingsrud-Strgmme [7], and Katsylo [12]; for n > 6, the issue remained
open, in spite of efforts of Tikhomirov et al. (cf. [14, 15]). Let us remark that the techniques
used in these references are specific to the rank-two case. Recently, within the framework of
the ICM 2018 [16], it was reaffirmed the importance and necessity of addressing the rationality
of the moduli space of instanton bundles on P3.

The first author investigated [8] the geometry of the moduli space of semi-stable vector
bundles on P?-bundles over P'. Our goal in here is to deepen those results in the case of the
three-dimensional projective space and to address the rationality issue mentioned above. Note
that, in spite of the extensive literature on the rank r = 2 case, there are few articles dealing
with higher rank bundles on P3. However, non-abelian gauge theories frequently appear in the
physics literature, especially for the special unitary group SU(r), r = 2. Also, the Penrose
transform which relates Hermitian vector bundles endowed with self-dual connections over
the sphere S*, on the one hand, to certain holomorphic vector bundles on P3, on the other
hand, does apply in this more general setting [2]. For this reason we believe that our unified
treatment of the arbitrary rank case, not only two, provides additional interest to this article.

Now let us justify the reason for restricting our attention to a particular class of stable
bundles on P3. Indeed, already for r = 2, the description of the components of the moduli
spaces of all the stable vector bundles is involved; the observation goes back to Barth-Hulek [4,
§8]. This fact forces us to single out a class of better behaved vector bundles, those that
we call End-general instantons; in short, this means that both the vector bundle and its
endomorphisms satisfy the so-called instanton condition (cf. Definition 1.1 below). A good
feature is that the corresponding moduli space has the expected dimension, given by the
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Riemann-Roch formula, and it contains (in the case r = 2) the special 't Hooft bundles
studied by Hirschowitz and Narasimhan [10, 6].

Theorem The moduli space of End-general instanton vector bundles on P3 (of rank r, with
Chern classes 0,1, 0) is non-empty, irreducible of dimension 4rn—r2+1, and it is rational. In
particular, the statement holds for the moduli space of rank-2 mathematical instanton bundles
on P3.

Furthermore, we give a completely explicit description of the generic End-general instanton
bundle; it is determined by its restriction either to a pair of planes or to a smooth quadric in
P3 (cf. Theorem 3.2).

We conclude this introduction with a brief survey of the article. Our techniques are based
on cohomological computations but, compared to previous work, our approach to the problem
is original and it contains novelties:

— The analysis of the properties of instantons requires an in-depth understanding of Barth
and Hulek’s construction [4]. We show that their monad is obtained in a functorial way,
from a ‘universal’ diagram which is based on Beilinson’s resolution of the diagonal in
IP3 x P3; this allows to control various homomorphisms in cohomology, which appear in the
display of the monad. To our knowledge, this fact has never been observed before.

— For studying the geometry of their moduli space, we restrict instantons on P? to (a pair
of) planes. The End-general condition ensures that this restriction map is étale, so we can
apply the results of [8] concerning the rationality of the moduli space of framed instantons
on P2

We also highlight the brevity of our work, making the proofs easy to follow, which reflects
the effectiveness of our methods: the arguments are not restricted only to the rank-2 case; we
deduce the irreducibility of the relevant moduli space in a couple of lines (cf. Theorem 3.1).

1. THE FRAMEWORK

Throughout the article, we work over an algebraically closed field k of characteristic zero.

Definition 1.1 An instanton-like vector bundle F on P? of charge n and rank r, with n > r,
is defined by the following properties:
(i) c1(F) = 0,c2(F) = n,c3(F) = 0;
(ii) its restriction to some (general) line Age, = P? is trivializable (hence it is slope semi-
stable);
(iii) it satisfies the instanton condition: H'(F(—2)) = H?(F(-2)) = 0.

We say that an instanton-like vector bundle F is End-general—it’s an FEgen-instanton, for
short’—if, in addition, it satisfies:

(iv) H'(&End(F)(-2)) = H*(End(F)(-2)) = 0.

Remark 1.2 As mentioned before, the case r = 2 with the conditions (i)-(iii), corresponds
to the mathematical ('t Hooft) instanton bundles and it has been intensely investigated. Note
that in this case, by the Grauert-Miillich theorem, semi-stable vector bundles with ¢; = 0
automatically satisfy the property (ii).

Hn a previous version the authors proposed the name special instantons. However, this term already
appeared in [6, 10], and the corresponding bundles form a closed subvariety of the full moduli space. In
contrast, our condition is an open.
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For arbitrary r, Barth-Hulek [4] showed that vector bundles F satisfying (i)-(iii) above can
be written as the cohomology of a linear monad
H?(F(—3)) ®0ps(—1) — 0T " — H'(F(—1)) ®@0ps(1).
This construction will be carefully analysed in the next section.
The condition (iv) is indeed a generic property. By taking the cohomology of the display
of the monad, twisted by F(—2), one obtains the exact sequence involving € := End(F):
0— H'(E(=2)) » H*(F(=3)) ® H*(FV(=3)) —» H'(F(-1)) ® H'(FV(~1)) —> H*(&(=2)) — 0.

Hence the Egen-condition amounts to saying that the middle arrow is an isomorphism; clearly,
the relevant vector spaces have the same dimension.

Notation 1.3 We consider the following quasi-projective varieties:

(i) EIps(r;n), the moduli space of Egen-instantons. It is an open subset of the moduli space
of slope semi-stable sheaves on P3.
(ii) Epa(r;n)y, the open subspace corresponding to bundles which are trivializable along the
line A\ < P3.
(iii) Let Mp2(r;n) (resp. Mp2(7;n)1ime) be the moduli space of rank-r, slope semi-stable
(resp. framed) vector bundles on P2, with ¢; = 0, ¢z = n. They are (2rn —r2 + 1)- (resp.
2rn)-dimensional, cf. [8, §3]. For simplicity, we call such vector bundles P2-instantons.

(iv) For two 2-planes D, H < P3 and \ := D n H, we denote
Mp(r;n)x x My(r;n)y
PGL(r)
the variety of pairs of bundles, modulo the diagonal action on the framings along A.
Furthermore, we denote by

Mpom(rin)y ==

O : Elps(r;n)y — Mpomu(r;n)y

the morphism which sends a vector bundle F to its restriction Fp g :=F X Opug.

Proposition 1.4 (i) The moduli spaces Elps(r;n) are non-empty, forn =r = 2.

(i) For any J € Elps(r;n), we have H2(End(F)) = 0, so its deformations are unobstructed.

(iii) The differential of the morphism © is an isomorphism everywhere, so © is an étale map.

(iv) FEach irreducible component of EIps(r;n) has the expected dimension and the locus cor-
responding to stable bundles is dense.

Proof. (i) For r = 2, consider the union Z of n + 1 disjoint lines in P3. The rank-2 vector
bundle given by the Hartshorne-Serre construction along Z fits into the exact sequence

0= 0,(~1) > F2 > Zz(1) > 0; Fo®0z = 0%
and one easily verifies that ¥, is an Egen-instanton. This construction already appears in [9,
Example 3.1.1]

For r > 2, we observe that the rank-r vector bundle ¥, := Ox@(rﬂ) @ Fy still satisfies the
conditions 1.1. Its general deformation is stable, by (iv) below.
(ii) Take the long exact sequences in cohomology determined by

OPS(—Q) — OPS(—l) —» OH(—l), OPS(—l) — OPS - OH
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twisted by End(F) and use the semi-stabilty of Fp.

(iii) The differential of © at J is the homomorphism H'(End(F)) — H'(End(Fpop)). The
Egen-condition shows that it is indeed an isomorphism.

(iv) Since © is étale, its restriction to each component of EIps(r;n) is dominant. But the
stable vector bundles are dense in Mp, g (r;n) (cf. [8, Theorem 3.6]) and F on P? is stable as
soon as its restriction to D U H is so. This shows that the stable bundles F € EIps(r;n) are
dense; at such a point, the moduli space is smooth and has the expected dimension. O

Remark 1.5 For r > 2, the examples F, above possess the following property: through any
point y € P? passes a trivialising line X that is, F, ® Oy = O?T. Thus the same property holds
for the general vector bundle in the irreducible component of EIps(r;n) containing this point.
Below we show that this holds generally.

In the next section, such trivialising lines will be used to determine the structure of certain
homomorphisms which appear in the monad construction.

Proposition 1.6 Let F be an instanton-like vector bundle. Then, for any point p € P3, the
general line A passing through it trivializes F.

Proof. Consider the blow-up ¢ : Y — P2 at p; it admits a natural projection 7 : Y — P2. Let
E = 0*0p3(1) ® 7*Op2(—1) be the exceptional divisor.
Clatm o*F is slope semi-stable for the paring with

*0p2(1) - (6*Ops (1) + er* Op2 (1)),

for any ¢ > 0. (See [8] for the terminology.)

Indeed, let § < 0*F be a saturated subsheaf, sog*ff /9 is torsion-free; thus 9 is reflexive
and its singularities (if any) are punctual. Then det § = 0*Ops (k) ® Oy (IE), for some integers

- g -
k,l, and detG c o* (/\EF); here g stands for the rank of G.

Note that a*&"/é ® Of is a quotient of c*F ® O =~ O%r. But Op(—F) is ample on FE
and E? = 1; the semi-stability of O%r yields —I > 0. Now we show that k < 0, too. Indeed,

- g
oxdetG = Ops(k) ®J, I'= AT and the latter is semi-stable. (We denoted by J, the sheaf of

ideals of p.) It remains to compute
() - 7 Op2(1) - (0*Ops (1) + er*Op2(1)) = k- (1 4 ¢) + le < 0.

so 0*F is indeed semi-stable. Finally, we apply [8, Theorem A] and deduce that the restriction
of o*F to the general fibre of m—corresponding to the general line passing through p—is semi-
stable (with ¢; = 0), hence it is trivializable. O

2. COMPUTATIONS WITH MONADS

Throughout this section, for shorthand, the symbol ‘-’ indicates a monomorphism and
‘—’ an epimorphism; we denote short exact sequences by A — C — B.
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2.1. The monad construction. Let ¥, be instanton-like vector bundles as in Defini-
tion 1.1. We recall [4, p. 340] that FV is the cohomology of a monad with display

VeOo(-1)— Ky Fv (%)

H Jevi |
g evg

VROo(-1)—I - C®o Qy

jas s

W®o(1) W®0(1).

If F is stable, the monad is uniquely defined up to a natural GL(V) x GL(C) x GL(W)-
action; V, W, C are vector spaces of dimensions n,n,r + 2n, respectively. In what follows, we
enumerate several of its properties.

(i)

(if)

(iii)

There are canonical identifications:
V = Vy:= H*(FV(-3)), W =~ Wy := H{(FV(-1)); H*(Qs) = C = H'(K¥)".
So evg is H%(Qg) ® Ops — Qg and ev}; is the dual of the evaluation map of XV.
The diagram is obtained as follows:
(a) The middle column is the extension defined by Iy € End(W) = Ext'(W (1), KXg).
(b) The middle row is defined by 1y, € End(V) = Ext!(Qg, V(—1)).
Although superfluous, we recall [4, p. 339] the following detail in order to justify (at
least morally) the appearance of the Koszul-type isomorphisms in the sequel. The Koszul
resolution of a line in P? is used to show that the module @ H'(FV (I — 1)) is generated
=0
by HY(FV(—1)) over the ring @ H"(Ops(l)). Therefore the top line and the rightmost
1>0
column of (*), as defined by (a), (b) above, coincide with the minimal resolutions given
by [Proposition 1, p. 327], which is at the core of the construction.
Let A\ = P3 be a trivialising line for § and O(—2) — O(-=1)®? — J, be the Koszul
resolution of its sheaf of ideals. By applying Hom(-, ¥ (—3)), we obtain
0 — Ext'(0(=2),37(=3)) —> Ext*(J),5"(-3)) — 0.

~~ ~~

=H(F (1) =Wy =H2(5 (=3)=Vs

On the right-hand side, we used that F) = O(;r\y. The isomorphism kzg is given by
the Yoneda-product with the element of Ext!(Jy,9(—2)) corresponding to the Koszul
resolution, twisted by the identity of F.
Note that two trivialising lines A\, \’ for F induce the same map in cohomology:

o if \, X are disjoint, then use Iy < Ty — Oy

o if An N = {y}, then use Iy n — Ty — Or(—y).

As we mentioned earlier, the monad (*) is defined up to a group action; in order to perform
computations, we need explicit representatives for its entries. Let p;,pyr : P2 x P3 — P3 be
the projections onto the first and second factors, respectively, and denote by A < P3 x P3 the
diagonal. The natural evaluation map

evps : P (Ja ®pr O(1)) K O(—1) — Ia

is surjective; in fact,

Pi«(7a ® P, "O(1)) = Opa(1)
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and evps is the first term of Beilinson’s resolution of the diagonal in P? x P3. Let us denote
< 02,(2) X Ops (-2 Tps (—2 -2
51— Ker(ovp) » TBOBORCY) _ Tn(-)EOm(=2)
Ops(—1) K Ops(—=3) — Opa(—1) X Ops(—3)

so we get the resolution § — Qs (1) X Ops(—1) — Ia.

Lemma 2.1 Suppose F is stable. Then the display (x) is obtained by applying suitable
Hom(-,+) functors to the diagram below, which is independent of the vector bundle F:
/—\ a
D *05s(1) =72 @ p,*Ops(1) Ops(1) oL 2

8 ® pr*oP3(1) — pl*Qﬂw(l) —=IJA®p*0 3(1> Ham(apfiléj(l),.)

g®pr*oﬂ"3(1) pr*OP3<1)
apply apply
Hom (- ,pr*FV(-3)) Hom(p*F(1), )

Pointwise, over y € P3, one has to restrict the diagram to P? x {y}. As a consequence, the
various homomorphism in (%) are actually induced from the diagram above.
Proof. By applying the indicated functors, we obtain

H2(FY(=3)) @ Ops (—1)—— Eat? (Ia, p*FY (=3)) ® O(—1) = Eatd (O, FY (—4))=F = pp,pr*F" (2.2)
—IA
HI(P‘%s?v(*l)@Q%s(l))@Ops b 1 v
B2, (02l (0.5 () 90,0 R'pyy (Ja @p*FY (—1)) ® O(1)

| |

Ext’ (S®@pr*Ops(1), p*FY (—3)) HY(FY (-1)) ® Ops(1)

R'p, (pr*FY (—1) ® 8 ®p, *Ops (1))

where Ext,,, stands for the relative Ext-functor.

The top and rightmost extensions are clearly defined by the identity elements in End(Vy)
and End(Wy), so A, B coincide with Ky and Qg, respectively. The fact that a,b are indeed
evaluations morphisms follow from the identities:

HO(B) = HO(B%, R'p,,(Ja ®pr*F" (~1)) ® O(1))
= H'(P* < P, 0, ® (9¥ (1) MO(1))) = H'(P%, 5 (~1) ® pra(Ja ® p*0(1)))
— (P, 5 (~1) ® Qi (1));
HO(AY)Y = ... = ExtZ(piy(Ia ® p*0(1), 5 (~3))
— ExtZ (2 (1), 5 (-3)).

One should also verify that the central term C' in (x), coincide with the central terms in the
previous diagram. For this, note that we have

0— C = HQg) » Wy ® H*(0ps(1)) — H'(F),
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so C'is the kernel of the (pairing) homomorphism on the right. But this pairing is obtained
by tensoring Ja < Opsyps — Oa with FV(—=1)xIO(1). It follows that C in (x) can indeed be
naturally identified with H'(P3, 5V (—1) ® Qp,(1) ). For Ky, the argument is similar.
Now we check, respectively, the isomorphism between the two entries in the leftmost and
the bottom row. The Euler sequence on P? and the exact sequence
Ops(—1) ® Opa(—3) — Tps(—2) & Ops(—2) —» §

yield

R'p,, (pr*FY (—1) @ S @ pr*O0ps(1)) = HY(FY ®@Tps(—3)) ® Ops(—1) = HA(F¥(—3)) ® Ops(—1).

Exty (S @py*Ops(1), p*F¥ (=3)) = HA(Q5(1) @ F¥(=2)) ® Ops (1) = H' (T (—1)) ® Ops(1).
The verifications done so far already ensure that our diagram agrees with the display (x);
indeed, the latter is determined by expanding either the rightmost column, through the iso-
morphism Ext!(W (1), Ks) = Ext'(W(1),FY), or the top row, through Ext!(Qgs, V(-1)) >
Ext!(FV,V(-1)). However, it is worth clarifying the remaining (rather mysterious) coinci-
dence of the central terms. This can be seen again by restricting to a hyperplane H < P3.
The Euler sequence implies:

HY(FY(-2) ® Qps(1)) = 0, H'(3Y(=1)) > H*(F(-2) ® Qs (1));
HY(FY(-2) @ Tps(-1)) > H*(FV(=3)),  H*(FY(-2)®@Tps(~1)) = 0.
The commutative diagrams below (tensored by F¥(—1) and FV (—2), respectively)

Qs Qa(1) Qg (D = Q3 (1) @ (I /9%)(H)
H°(Ops (ﬁ)) ® Ops l
Ops (—H)° Oﬁ»s On
Ops (1) H°(0ps (1)) ® Ops Tpa(—1)
\ [
Ops (—1)¢ Ogps <9¢H

yield the exact sequences

0 — H'(F¥(=1) ® Qs (1)) — H'(Fy; @ Q) @ H' (Fyy(-1)) —» H'(FY (1)),

H*(FY (=3)) » H'(F)(-2)) OH' (T @ Tu(=3)) — H*(F¥(=3) ® Tps(—1)) — 0,

whose rightmost (resp. leftmost) terms are isomorphic. Since Tx(—1) = Q},(2), it follows that
HY(FY(-1) @ Qps(1)) and H*(FY (—3) @ Tps(—1)) are isomorphic and both can be identified
with H(FY, ® QL). O

Lemma 2.2 Let F be an instanton-like vector bundle. Take a point y € P3 and consider a
line A © P? passing through it, such that Fy =~ O(fr. Then the inclusion J\ < J, determines a
(local) inverse to eg that is, the choice of A determines a splitting of the top row of (%) at y.
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Proof. By applying the functor Hom(-, 5V (=3)) to Jy — J, — Ox(—y), we obtain
0 — Ext?(0x(~y), T (=3)) — Ext*(J,, ¥ (-3)) — Ext?(Jy, T (~3)) — 0.

~

—Ext?(0,, T (—3))=T (1), —5 (1), —H2(3 (~3))=V

This yields a (local) inverse of e, due to the commutativity of

Iy —=1,

l L

Ops = Ops.

Clearly, the construction can be done locally about y and we obtain local splittings (over
open subsets U < P?) denoted by ny : Kg w — Va(—1)y. We can assume that they are small
enough so that the middle column splits over them, too. O

2.2. Computations. Henceforth it is convenient to bear in mind that cohomology classes
can be represented as Cech cocycles, which are genuine sections over open subsets, so one can
understand easier the effect of homomorphisms on them. It is common in the literature to
denote cocycles by Z°(-).

Our next goal is to prove the commutativity of the diagram:

Wy @ H'(5(-1))

Kz g @hzg < ;lﬁg@lg
HY (K5 ®G(-2)) — H' (Hom(F,9)(~2)) — Vo ® HX(S(-3)) — > H*(X5 ® §(~2))
e es2) H?(e5®1g)

=0

Proposition 2.3 For general Egen-instantons, the diagram above is commutative that is,
H?(e5 ® 1g) o (k25 ® kzg) = By ® 1g. (2.3)
Therefore, it holds H'(Hom(F,G)(-2)) = H*(Hom(F,3G)(—2)) = 0.

Note that the homomorphisms on both sides of the equation above act separately on
F,G. If the rank is allowed to vary, one can say that the left- and the right-hand side are
bilinear functors (from the category of semi-stable vector bundles, with ¢; = ¢3 = 0, to the
category of homomorphisms between vector spaces). One may turn the statement around:
(Br@1g) Lo H?(e5® 1g) : V& ® Vg — Wy ® Wy is a (functorial and bilinear) isomorphism,
so it’s natural to ask what is this map.

This leads to the idea to analyse the effect on F and G separately. The G-component is
easier to understand—it is obtained by tensoring with the identity map of §—, while the
F-component is rooted deeper into the structure of the monad.

Lemma 2.4 Let F,G be two stable instanton-like vector bundles. Then it holds:
(B ® Tg) Lo H2(es @ 1) = s ® el with xs € Hom( HA(F(~3)), HA(F(~1))). (2.4)

That is, the left-hand side acts on the G-component of the tensor product the same way as
the inverse of the Koszul map. Moreover, the homomorphism x5 depends only of F (it is
independent of G).
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Note that we don’t require F or G to be Egen-instantons. Also, in the proof, we shall use no
information about the structure of Vg, Wy, but only the properties of G.

In order to clarify our reasoning, let us point out two rearrangements in the display (x),
which should clarify our approach involving restrictions to 2-planes in P3:

fo ® 9(—3) = fo(—l) @ 9(—2) and Wg(l) @ 9(—2) = Wg ® 9(—1).
They are necessary to apply eg, B, respectively, and correspond to division (for Vg, W) by
a linear equation and multiplication (for §) by the same factor.
Proof. Our reasoning involves three steps: we start by analysing the structure of the homo-

morphisms induced by €5 and by fg; finally we compose the two maps.

Step 1 Let A be a trivialising line for § and D, H two planes containing it. The restrictions
Sp, Gy are automatically semi-stable and, for generic choices, they are actually stable. For
analysing the homomorphism induced by e, we consider the diagram:

S(~2) ) H" (K5 ® $(~ 1)) C5 ® H'(S(~ 1)) 2L 0 @ H'(S(~2)n1)

T ?

©
»)
c
=
=
E
=1
®
«
Nt
>}
c
=
&
®
=
<
=
o}
C
=
1l

T
D
s
bl
®
0
Il
Y
&
®
T
no
0
&

We observe that it is commutative: this fact can be seen by moving along the second row.
First we claim that the dotted arrow é—defined by following the top row—acts as the
identity on H?(G(—3)). Indeed, a lifting of an element in H%(G(—3)) to H?(§(—4)) amounts
to dividing the corresponding cocycle by a linear equation (the surjectivity of the arrow ensures
that such a division makes sense). The homomorphism 5 is a linear combination of elements

3
in H(Ops(1)), so eg = Y, ¢;L;j, where Ly, ..., L is a basis of linear forms and ¢; € V3 ® Cy.
5=0

Then, by following the third row, we deduce that § acts on v ® h € V5 ® H?(G(—3)) as
follows: for j =0,...,3, there is a representative h; € Z2(G(—3)) of h, such that the quotient

Z—; € 22(G(—4)) is well-defined, so we have

3 ~
0(v ® h) = the cohomology class defined by ch(v) Lj- L_j = <Zc] >
=0

The linear factor required for lifting h to H?(G(—4)) cancels out by applying e, so the only
operation performed on the H?(G(—3))-factor is the tensor product by elements of Cy. It is
also apparent that the F-component of § is determined only by F.

Step 2 Now we turn our attention to Sg: by tensoring the exact sequences

Ky(=1) = C5(=1) » Wy ®Ops and  §(-2) = §(-1) » §(-1)n
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we obtain the diagram

Kr®9(-3)—=Ksy®G(—2) = K5 ®3G(—2)m

Cr®5(-3)—Cr® 9(—2_) —=C5®9(-2)n
Ws ®$9<2)<% Ws @%(1) e §<1)H.
Then M := Ker(m) satisfies the isomorphism
W ® H'(S(-1)n) = H*(M)
and it also fits into the following three diagrams:
Ky ® §(—3)—= K5 ® §(-2) = K5 @ G(-2)u Xg @ G(—2)n W ®5(-2)

Cr@§(=3)——=M Ks®5(=2)u| Cr@G(-3)——=Cr®5(-2) = Cr®@5(-2)n | Ky ®J(-2)—Cr®5(-2) —= Wy ®5(-1)

i ! ) I ¥ ) I

Wy ®G(—2) = W5 ® 5(-2) M——C5®5(-2) = Ws®9(—1)n M——C5®5(-2) = Wsr®9(—1)n

Ky ®G(-2)m Wi ® G(-2)

(D) (1) (I11)

They all imply the commutativity of the diagram

H (X5 ® §(—3)) — H*(K5 ® §(~2)) ~——— W5 @ H'(5(-1))

|:

Cy ® H2(S(—3)) —

112

|

H2(M) <=

@

(1)

(III) j;

Wz ® H'(S(-1)n)

Cs@HY(S(-2)n) —= Ws @ H'(S(~1)n)

By moving along the lower edges of the diagram, we see that the dotted homomorphism
~ is also a tensor product: its F-component is a composition of various homomorphisms
between cohomology groups—that is, C'y, Wg—determined by F. The G-component acts on
H?(G(—3)) as the inverse of the Koszul map: indeed, the lower side of the diagram is obtained
by tensoring with §(—1) and applying &, ¢ to either one of the following:

Ops(—D — H) Ops(—H) Jf
Ops(—D) Ops(—D — H) > Ops(—D) @ Ops (—H) —— T,

H | I

Ops(=D — H)——— Ops(=D) Iren = O0n(=A).

Step 3 The composition in (2.4) coincides with v o d, so it is a tensor product of two linear
maps, and the §-component is /f»zsfl, while the F-component is independent of G. O

On(=A) =0 = 0,

Henceforth we are interested in determining the homomorphism yg. Although it is tempt-
ing to use the explicit expressions in the previous lemma and in (2.2), the multitude of identi-
fications make difficult pursuing this path. Let us recall that a general element F € Elps(r;n)
is stable and through each point y € P? passes a line A such that F® Oy ~ O?T. We are going
to consider general elements in this sense.
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Lemma 2.5 Let (¥') be the diagram obtained by replacing in (x) the entry Vg by Wg. (That
is, the top and middle horizontal extensions are given by kzg rather than the identity of Vi.)
Let €% denote the top inclusion, instead of eg.

Suppose F, G are in the same component of Elps(r;n) and general enough. Then, in (%),
it holds xg = HZEl. Equivalently, in the diagram ('), H*(eg ® 1g) is invertible and the
F-component of H*(ely @ 1) ™" o (By ® 1g) is the identity of Wi.

Proof. Conceptually, the statement is due to the fact that (x) is obtained by applying Hom-
functors to (2.1) and compositions of arrows correspond to Yoneda-products (concatenations):
By in (%) is given by pairing with e € Ext!(Ja,8) twisted by the identity of . On the other
hand, kzg is the connecting homomorphism for the Koszul resolution. Hence, in order to
relate them, one should compare their defining extensions.

The Egen-condition implies that H'(Hom(F,9)(-2)) = H?*(Hom(F,3)(-2)) = 0, for all
(F,9) in some neighbourhood of diagonal in EIps (1;1) x Elps (r;n). For such pairs, H2(e5®1g)
is an isomorphism and we can take its inverse.

Recall that a short exact sequence A — C' — B of locally free sheaves determines a ho-
momorphism Z¥(B) — ZF+1(A) at the level of cocycles, given by the cup product with a
representative in Z1(Hom(B, A)) of the extension class, which induces the connecting homo-
morphism in cohomology.?

Back to our situation, since H?(es ® lg) is invertible, each element of H?*(Xg ® G(—2))
admits a cocycle representative which belongs to the image of e3®1g. Thus the F-component
of H%(e5 ® 1)~ ! o (By ® 1g) is the map Z}(FV(-1)) — Z2(FV(-3)), which (locally) is
given by the composition of the connecting homomorphism S5 followed by the projection
mu : K — Va(—=1)y. The projection is induced by the inclusion J) < J,, so this is the
same as applying the connecting map of the pull-back (Yoneda pairing) of the extension
8 — Q1(1) — J, by the inclusion jy : Iy < Iy

s 242

—

X Qs () Qs (1) = H (3, (1)) ® Opa (1)

| |

B g

(2.5)

We are going to show that the left column is induced by the Koszul resolution of Jy. Note
that h'(8(1)) = 0, so we have

HO (55 Qs (2)) —— H° (254 (2))

& i

HO(95(1) ——— H(7,(1))

and we obtain the diagram

2We are interested in k = 0,1. For Dolbeault cocycles, our statement is clear: the product of é-closed
sections is still 0-closed. For Cech cocycles, we use standard notation: let (es;):,; be a representative of the
extension class. Then, for k = 0, define (b;); — (aij := eij(birvu,))is;

for k = 1, define (bi;) = (aijr := ejuv, (bjmu,) + eipuy, (bigruy, )i k-
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top 8

s (2.6)

0(-2)
| |k
O(-1)% = HO(1,(1) @O(-1) ™~ jok (1) = D)

0(-1)®2
i i

JA j)\

The map mid is the natural evaluation and top is induced by

HO(7y(1)) ® O(=1) = Q1) ~ /Q\(Ho(i]y(l)) ®0(-1)) — 0%(2) — 8.

This shows that (locally) the push-out by top of the Koszul resolution of Jy is the left column
of (2.5). So, at the cohomological level, the globally defined homomorphism H?(ey ® 1g) ™! o
(Br ® 1g) acts on Wy the same as kzyg. O

Proof. (of Proposition 2.3) It remains to combine the previous steps.

We start by considering the case when F,G belong to the same irreducible component of
EIps(r;n). Suppose moreover that F, G are sufficiently close to each other, as in Lemma 2.5,
so H*(e5 ® 1g) is bijective. Then, for the new diagram ('), we have

H (b @ 1) ' o (Br®@1g) = 15 ® X,

for some homomorphism yg. This G-component was determined in Lemma 2.4: it is just the
Koszul homomorphism of G.

So far we proved that H?(e5 ® 1g) = (Bw ® 1g) o (kzg ® kzg), for (F,G) close enough to
each other. By keeping J fixed and allowing G to vary (in the same component as F), this can
be interpreted as the identity of two sections in a Hom-bundle, between the vector bundles
whose fibres over G € Elps(r;n) are Vo ® H?(G(—3)) and H? (X5 ®G(—2)), respectively. They
agree on a neighbourhood of &, so the identity holds on the irreducible component containing
F, wherever the vector bundles and the homomorphisms make sense.

Now let F,G € Elps(r;n) be arbitrary; the proof of Lemma 2.5 doesn’t apply directly.
However, we proved that yg in (2.4) is independent of G, it is the composition of various
homomorphisms between cohomology groups determined by F only. Therefore ys can be
computed by using an instanton-like vector bundle §’ in the same component as F. The
conclusion follows from the previous step. O

3. THE MAIN RESULTS

Now we are in position to prove the Theorem stated in the Introduction.

3.1. The irreducibility.

Theorem 3.1 Elps(r;n) is irreducible.

Proof. Indeed, by Proposition 1.4, the restriction of the map © to each irreducible compo-
nent of Elps(r;n) dominates Mp g (r;n)y. Let F,G be general Egen-instantons which are
mapped to the same (general) point in Mp_g(r;n)y. Then, Proposition 2.3 states that
HY(Hom(F,G)(—2)) = 0, so the isomorphism between Fp g and Gp g lifts to an isomor-
phism over all P2, J
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This short argument strongly contrasts the lengthy computations [14, 15] in the rank-2
case.

3.2. The rationality. Let D, H < P? be a generic pair (wedge) of 2-planes, intersecting
along A\:=D n H.

Proof. We showed in 1.4 that the restriction map © : EIps(r;n)y — Mpom(r;n), is étale.
Proposition 2.3 implies that an isomorphism between the restrictions to D u H of two Egen
instantons actually comes from isomorphism over P3; thus © is birational. It remains to
observe that [8, Corollary 3.11] implies that Mp2(r;n), is a rational variety. O

We remark that we actually obtain an explicit description of the general Egen-instanton
on the projective space.

Theorem 3.2 (i) The assignment F — (Fp,Fg) induces the birational map
Elps(r;n) 9, Mpor(r;n) = Mp2(r;n) x Mp2(r;n)y.

Hence a general Egen-instanton bundle F on P3 is uniquely determined by its restrictions
(F',F") to the 2-planes D, H and the gluing data F\ = O/e{)r ~ FY (trivializations, up to
sitmultaneous PGL(r)-action).

(i) Let Q = P! x P! < P3 be a smooth quadric. The assignment

O : Elps(ryn) --» Mg(r;2n), F— Fg
yields a birational map to the moduli space of semi-stable bundles on @, with co = 2n.

Proof. The first statement is clear. For the second, note that the same argument as in
Proposition 1.4 shows that ©' is étale; by 2.3, it is actually birational. ]

Remark 3.3 (i) At the infinitesimal, deformation-theoretic level, these facts are reflected in
the isomorphism:

HY(P3,End(F)) S HY(D U P,End(F)) S HY(Q, End(F)).

(ii) The results obtained in [8, Theorem 3.6] yield detailed descriptions of Mg (r;n) and
Mq(r;2n): they are irreducible, rational varieties. Their general elements are, respectively,
the kernels of surjective homomorphisms:

— for Nps(r;n), 12(a)® P @I (a+ 1) — @ 0,(1),
j=

1
n=ar+p, 0<p<r andly,...,l, c P?
is a bouquet of distinct lines passing through the point p € P?;

2n
Y . ®r—p’ @'
— for Mg(r;2n), OPlleft (@) @ Op}eft(a/ + 1% — ]_C—Pl OijPlight(l)’
Q:]P’lleftx]P’}night 2n=dr+p,0<p <,
and x1,...,29, € ]P’lleft are distinct points.

(iii) In the case r = 2, of mathematical instantons, Tikhomirov [14, 15] proved that their
moduli spaces are irreducible, so the Egen-condition 1.1(iv) can be dropped.
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