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Abstract. In this paper we describe a method for computing a basis for the space of weight 2 cusp forms
invariant under a non-split Cartan subgroup of prime level p. As an application we compute, for certain
small values of p, explicit equations over Q for the canonical embeddings of the associated modular curves.

1. Introduction.

It is well known how to compute bases for the spaces of cusp forms that are invariant under
the modular groups I'g(IV) or I'1 (V). Indeed, efficient algorithms to compute g-expansions
of eigenforms exist [17, 22] and extensive tables are available online [7, 18, 25]. For other
congruence subgroups of SLy(Z) the situation is different. While for some groups, like split
Cartan subgroups, there are efficient algorithms [22] and it is easy to obtain g-expansions
from the existing tables for I'g(/V), for other subgroups this is not so immediate [3, 4].

In this paper we describe a method to compute g-expansions of a basis for the space
So(Tns(p)) of weight 2 cusp forms invariant under a non-split Cartan subgroup I'ys(p)
of prime level p. As in the computation for p = 13 by B. Baran [5], we obtain a ba-
sis of S2(T'ns(p)) by applying trace maps to certain normalized eigenforms in S3(Io(p?))
and S3(I';1(p)). In Baran’s computation for p = 13 this involves, only one eigenform. It
generates a cuspidal GLa(F),)-representation. For larger primes p, several non-isomorphic
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irreducible representations, both cuspidal and principal series, are involved. This com-
plicates matters, since in each case the trace map is different. Our main results are the
formulas of Propositions 4.4 and 5.2.

As an application we are able to compute explicit equations for the canonical embed-
dings of the modular curves X,4(p) associated to the non-split Cartan subgroups and the
curves X, (p) associated to their normalizers. Since our method allows us to compute a
basis that is defined over Q, the equations that we compute have coefficients in Q. We
work this out for the modular curves X (p) for p =17, 19 and 23.

In the remainder of this introduction, we provide some context for our computational
results. The curves X,5(p) and X, (p) are defined over Q. Their genera grow rapidly
with p. See [4]. This may explain why thus far not many computations have been done
with these curves.

The curves X,5(p) have no real and hence no rational points. For p < 5 the genus of
Xns(p) is zero. The curve X,4(7) has genus 1 and, for the record, is given by the equation
—y? = 22 — 1423 + 2122 + 282 + 7. Equations for the genus 4 curve X, 4(11) are given
in [11]. Using the methods explained in this paper, equations for the genus 8 curve X,4(13)
are determined in [13]. No explicit equations have been computed for the curves X,s(p)
for primes p > 13.

The curves X, (p) are quotients of X,s(p) by a modular involution. The rational points
of the curves X[ (p) are relevant in connection with Serre’s Uniformity Conjecture [24].
Indeed, after Mazur’s 1978 result [19] and the 2010 paper by Bilu, Parent and Rebolledo [6],
the conjecture would follow, if for sufficiently large primes p, the only rational points of
the curves X (p) are CM-points.

For p < 7 the curves X (p) have genus zero and have infinitely many rational points.
For p = 11 the genus is 1 and there are also infinitely many rational points. An explicit
equation was computed in 1976 by Ligozat [16]. For p > 11 the genus exceeds 2 and
hence there are only finitely many rational points. An equation for the genus 3 curve
X5 (13) was computed in 2014 by B. Baran [5]. In this paper we present equations for
X (p) for the primes p = 17,19 and 23. Recently Balakrishnan and her coauthors [2] used
the Chabauty-Kim method to show that the curve X (13) has precisely seven rational
points. All these points are CM-points. For p > 13 it is at present not known whether
or not X (p) admits any rational points that are not CM. For p = 17,19 and 23 a quick
computer calculation shows that these curves do not admit any non-CM rational points
that have small coordinates in our models. There may very well not be any. See sections
6, 7 and 8.

In section 2 we fix our notation and recall some of the basic properties of representa-
tions of GLg(F),). In section 3 we do the same for the various modular curves that play
a role. In section 4 we determine our trace map for the principal series and the twisted
Steinberg representations. In section 5 we do the same for the cuspidal representations.
In section 6 we describe in some detail the actual computations for the curve X (17). In
sections 7 and 8 we present the numerical results for X1 (19) and X[ (23).



2. Representations of GLy(F,).

Let p > 2 be a prime. In this section we fix notation and recall the basic properties of the
representation theory of the group G = GL3(F,), on which our computations are based.

The group G acts on the p+1 points of the projective line Py (F,) via linear fractional
transformations. A Borel subgroup is the stabilizer of a point. It is conjugate to the
subgroup B of upper triangular matrices and has order p(p —1)2. A split Cartan subgroup
of GG is the stabilizer of two points. It is conjugate to the subgroup 7' of diagonal matrices.
It has order (p — 1)? and index 2 in its normalizer N. The group G also acts on the p? + 1
points of Py(F,2). A non-split Cartan subgroup of G is the stabilizer of two points of
P, (F,2) that are conjugate over F,,. Any such group is conjugate to the subgroup 7" of
matrices that fixes the points ++/u, where u denotes a non-square in F,. Explicitly, we
have

T = {(Z b;) € G:a,beF, with a® — ub® # 0}.

The group 7" is cyclic of order p?> — 1 and has index 2 in its normalizer N’.

In this paper we mostly deal with representations V' of G for which the subgroup
of scalar matrices Z act trivially. These are representations of G/Z = PGLy(F,). The
complex irreducible representations of PGLo(F)) come in four types [8, 14]. There are two
1-dimensional representations: the trivial character and a quadratic character w. Both fac-
tor through the determinant. There are also two irreducible p-dimensional representations.
To define them, we consider the natural action of PGLy(F,) on the ring A of functions
¢ : P1(Fp) — C given by d¢(P) = ¢(c~1(P)) for P € P1(F,). Since the subspace
C of constant functions is preserved by this action, PGLy(F,) acts on the p-dimensional
quotient space Vi = A/C. This representation is irreducible, has dimension p and is called
the Steinberg representation V. Its twist by w is denoted by V.

The irreducible representations of the third type are the principal series representa-
tions V,. These are the inductions of characters u : B/Z — C* for which u? # 1. Since
the characters p are trivial on the unipotent subgroup

v=4(y 7)iecmh

they can be viewed as characters of the cyclic group 7/Z. The representations V,, have
dimension p 4+ 1. Two representations V,, and V), are isomorphic if and only if p/ = ptt.
There are (p — 3)/2 mutually non-isomorphic representations of this type. The irreducible
representations of the fourth type are the cuspidal ones. They are associated to characters
0 :T'/Z —s C* for which 62 # 1. These representations have dimension p — 1 and are
denoted by V. Two representations Vy and Vy are isomorphic if and only if #/ = +1.
There are (p — 1)/2 mutually non-isomorphic representations of the this type. See [8, 14]
for all this. In section 5 we describe explicit models for the representations Vj.

A character pu : T/Z — C* is called even or odd, depending on whether it is 1 on
the unique element of order 2 in 7'/Z or not. Similarly, a character 6 : T"/Z — C* is
called even or odd, depending on whether it is 1 on the unique element of order 2 in 77/Z
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or not. Note that the restriction of the quadratic character w to T//Z is even if and only
if its restriction to 7’/Z is odd. This happens if and only if p =1 (mod 4).

The following proposition gives the dimensions of the T-invariant and T’-invariant
subspaces VT and VT of irreducible representations V of PGLy(F,).

Proposition 2.1. Let V' be an irreducible complex representation of PGLo(F),) that is
not 1-dimensional. If V =V, then

dm V7T =2, dimVY =1, and dimV7?T =dimVY = 0.
In all other cases we have
dmV? = dimV? =1, and dimV¥ = dmVY < 1.
Moreover, we have
V =V,, withp even,

dim VY =dimVY =1, ifandonlyif { V =V, with6 odd,
V=V, andp=1 (mod4).

Proof. We recall the remarkable isomorphisms of rational G-representations
Q[G/T] = Q[G/T'] x Vg x Vi, and Q[G/N] = Q[G/N'] x Vi,

described by De Smit and Edixhoven in [10].

When V' # Vi, the fact that the vector spaces V¥ and Homg(Q[G/H],V) are
naturally isomorphic for every subgroup H of G, implies that dim V7 = dim V7" and
dim VY = dim VY'. To show that dim V7 = 1, we observe that dim V7 is equal to the
scalar product (Resr(xv),17)r. Here xy denotes the character of V' and 17 is the trivial
character on T'. A standard character computation shows this to be equal to 1 in all cases.
A similar computation shows that (Resy(xv),1n)n is 0 or 1 depending on the parity
of the relevant character u, 8 or w. These computations are particularly straightforward
when V' =V, or V,,. For the cuspidal representations V' = Vjp, everything can be computed
using the description of Vy as a virtual representation as in [8, 14]. Alternatively, one may
use the explicit models for V,, and Vj given in sections 4 and 5.

For the Steinberg representation Vi, an explicit calculation shows that dim VI = 2
and dim VY = 1. The result by De Smit and Edixhoven implies therefore that V.. and
vy " vanish.

This proves the proposition.

In the next sections we construct 7’-invariant elements in G-representations V' by

applying the T’-trace
a bu .
E t = E < b g ) in Q[G]

teT”’ a,beF,, a? —ub?#0

to suitable vectors v € V. Since we have the Bruhat decomposition G = B U BwB, where

(0 -1
=11 o)

every non-scalar element in 7" can be written as an element in BwB. This leads to the
following formula for a projective version of the T’-trace.
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Proposition 2.2. The T'-trace element ZMeT,/Z M of the group ring Q[PGL2(F,)] is

given by
. Z 1 r 1 r
id + (0 1)w(0 r2—u)'

reF,

Proof. Representatives in 7" of the quotient group 7"/Z are the identity matrix and the

. rou . . rou 1 r 1 T
matrices <1 r) with r € F,,. Since (1 r) = <0 1)w<0 rz—u)’ the result

follows.

3. Modular curves.

Let p > 2 be prime and put G = GLy(F,). The modular curve X (p) is an algebraic curve
over Q that parametrizes elliptic curves with full level p structure. The field of constants of
its function field is the cyclotomic field Q((,). The curve X (p) admits a natural morphism
to the j-line X (1) over Q. The Galois group of X (p) over X (1) is naturally isomorphic to
GL2(F,)/{xid}. Restriction of automorphisms in Gal(X (p)/X (1)) to the Galois group of
Q(¢p) over Q coincides with the determinant map G/{+id} — F;,.

For every subgroup H of G containing {£id} we write X (p) g for the quotient of X (p)
by H. The field of constants of its function field is the subfield of Q((,) that is invariant
under the subgroup det(H) of F;. We put

I'y = {A S SLQ(Z) A (IIlOd p) S H}

Then the non-cuspidal complex points of any base change of X (p)y from its field of con-
stants to C, form the Riemann surface I'yy \ H.

Taking for H the subgroup Z of scalar matrices of G, we obtain the curve X (p)z. We
denote it by X (p)’. Its field of constants is the quadratic subfield of Q((,). This is Q(,/p)
or Q(yv/—p) depending on whether p = 1 or 3 (mod 4). Since Z N SLy(F,) = {*id}, the
base change of X (p)’ from Q(y/Ep) to Q((p) is the curve X (p). The curves X (p)r and
X (p)n associated to the split Cartan subgroup 7' and its normalizer N and the curves
X(p)r and X (p)n associated to the non-split Cartan subgroup 7" and its normalizer N’
are quotients of X (p)’. These are the curves X(p), X (p), Xus(p) and X1 (p) respectively,
that were mentioned in the introduction. Since the determinant maps from the subgroups
T,N,T" and N’ to F are all surjective, the curves are all defined over Q, in the sense that
their fields of constants are equal to Q.

The group G = GL2(F,) acts naturally and linearly on the Q-vector space Q' (X (p))
of Kahler differentials. Therefore its quotient G/Z = PGLy(F,) acts on the Q-vector
space Q1(X (p))Z of Z-invariants. On the other hand, the index 2 subgroup PSLy(F,) of
PGLy(F,) is isomorphic to the quotient group SLo(Z)/I';. Therefore it acts naturally on
the complex vector space Sa(I'z) of weight 2 cusp forms for the congruence subgroup I'y.
The two actions are related by the fact that Q' (X (p)") ®q C is isomorphic to the induction
from PSLy(F,) to PGLa(F,) of So(I'z). See [5, p.279]. So we can write Q' (X (p)')®@q C =
Sa2(T'z) + [R]S2(T'z) for some fixed respresentative R of the non-trivial coset of the normal
subgroup PSLy(F,) of PGLy(F),). Following [5], we call the first coordinate f; of an
element f1 + [R]f2 of S2(I'z) 4+ [R]S2(I'z), its classical coordinate.
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Proposition 3.1. Let H be a subgroup of GLo(F),) containing Z.
(a) The natural maps

’

QX (p)u) — A (X ()T = Q"X (P"HT,

are isomorphisms. Here H' denotes the subgroup H/Z of PGLy(F,).
(b) If H has the property that det(H) = F}, then projection on the classical coordinate
induces an isomorphism

ON(X(p)r) ®q C —» So(Txr)

of SLy(F,)-representations.
c) Let H be the standard Borel subgroup B. It acts on Q'(Xy) ®q C and for an
g Q 34
character 1 of B, projection on the classical coordinate induces an isomorphism

(QY(Xzv) ®q C) (1) — Sa(T1(p), 11?).

Here the left hand side denotes the subspace of Q' (X z/) ®q C on which B acts via the
character p. The right hand side is the subspace of So(I'1(p)) on which the diamond
operators act through the character u?.

Proof. Part (a) is well known. Part (b) follows from the fact that H-invariant elements
in QY(X(p)) ®q C = S3(T'z) + [R]S2(T'z) are determined by their classical coordinates.
Indeed, we may choose the representative R inside H. Then the two coordinates must be
equal.

(c) The two coordinates of an element of Q'(X ) are cusp forms in S3(Tq(p)). The
diamond operators in I'g(p)/ £ I'1(p) are congruent modulo p to matrices of the form

(8 agl) , with a € F.

It follows that, if b € B acts as multiplication by u(b) on an element of Q!'(Xzy), the
two coordinates are in Sa(I';(p), u?). The second coordinate is determined by the classical
one. Indeed, we can choose R € B and then the second coordinate is equal to the first
multiplied by p~!(R).

This proves the proposition

Of special interest is the standard split Cartan subgroup 7" of G. Since the subgroup

I'r of SLy(R) is conjugate to I'g(p?), there is a natural Hecke compatible isomorphism
So(To(p?)) — S2(T'r). In terms of g-expansions at infinity, the isomorphism is given by

D and™ = Y ang”,

n>1 n>1

where ¢ denotes exp(2mit/p) with 7 € H. Since, the Fourier coefficients of I'g(p?)-invariant
normalized eigenforms are totally real algebraic integers, so are those of T-invariant nor-
malized eigenforms.



We denote the subspace of newforms of So(To(p?)) by Sao(To(p?))™°™. Abusing no-
tation somewhat, we denote the corresponding subspace of Sy(I'r) by Sa(I'r)%. Note
however, that all forms in Sz(I'7) are of level p. See [5, (3.4)]. By Prop. 3.1 (b) applied to
H =T, we may identify S(I'r) with the subspace of T-invariants of Q' (X (p)) ®q C. By
V; we denote the Q[G]-subrepresentation of Q'(X(p)) generated by a normalized eigen-
form f in So(I'7)"V. It is a vector space over the number field Ky generated by the
Fourier coefficients of f.

Proposition 3.2. Let f be a normalized eigenform in Sy(I'r)**V. Then the subgroup Z
of scalar matrices acts trivially on the C[G]-module V; @k, C. Moreover, V; @, C is
an irreducible representation of dimension # 1, which is not isomorphic to the Steinberg
representation.

Proof. See [5, Prop.3.6]. Let V' be an irreducible constituent of V; @, C. By semi-
simplicity we have that VT # 0. The G-action and the Hecke action on Q! (X (p)) commute.
Therefore, for a prime number [ # p the Hecke operator T; acts on V' as multiplication by
the Fourier coefficient a;. Then it also acts this way on the subspace VT of So(T'r). Since
f corresponds to a newform in So(I'o(p?)), strong multiplicity one implies that V7 is the
1-dimensional complex vector space generated by f. It follows that f € V, so that V is
equal to the irreducible representation Vy @, C. The group Z acts trivially on Vy, since
it is contained in T

If V¢ had dimension 1, it would be invariant under PSLy(F,). Since the quotient of
X (p)’ by PSLy(F,) is a genus 0 curve over Q(y/Ep), the SLo(F,,)-invariants of Q' (X (p)’)
are zero and Vy must be zero as well. Contradiction. Since the subspace of T-invariant
elements of V; has dimension 1, Proposition 2.1 implies that V; cannot be the Steinberg
representation either.

This proves the proposition.

4. Principal series and twisted Steinberg representations.

In this section we explain how to find elements that are invariant under a non-split Cartan
subgroup in the representations V¢ generated by a normalized eigenform f, in case Vy is a
principal series or twisted Steinberg representation of G = GL3(F,) on which the center
Z acts trivially.

Let p > 2 be a prime and let B be the standard Borel subgroup of G. The 1-
dimensional characters of the group B that are trivial on the center Z form a cyclic group
of order p— 1. Given such a character p, we write Q(u) for the number field generated by
the values of y. An explicit model for the induced representation Ind% (1) of G is

{p:G — Q(n) : ¢(gb) = u=1(b)p(g) for all g € G and b € B}.
The group G acts on this Q(u)-vector space as follows
(0)(z) = (o), for o, € G and ¢ € Ind$ ().

A basis of Ind%(p) is given by e, with r € P (F,) = F, U {oc}, where e, is the function
on G that is equal to p~! on the B-coset {o € G : (<) = r} and zero elsewhere. For
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every r € F,, the G-action on e, can easily be computed: for every k € F,, we have

(é ]f)er:erJrk, for r € F,,, while (é I;)eoozeoo. (1)

For every a € F, we have

a 0 1 0 . a 0 a 0
(0 1)67"_“(0 a)ear for r € Fp,, while (O 1)600—,u<0 l)eoo. (2)

The action of the matrix w = (_01 é) is given by

we, = (167‘ S) e_1), forreFy, (3)

while w switches ey and eo,. Since G = B U BwB, these formulas determine the action
of G.

If u? # 1, we recover the irreducible complex representation V, of section 2 as
Ind$ (1) ®@q(u) C. The values of the character of V, generate the maximal real subfield
Q(u)™ of the cyclotomic field Q(u). Since the subspace of T-invariants is 1-dimensional,
it follows from [26, Lemma 1.1] that the representation V), itself can actually be defined
over Q(u)T. We do not make use of this.

If u? = 1, we have that p is either 1 or w, so that Q(u) = Q. In this case, the subspace
L of constant functions of Ind% (1), generated by es +2 e, €r, is preserved by G and the

representation (Ind%(u)/L) ®q C is irreducible. In fact, we recover the complex Steinberg
representation Vi and its quadratic twist V,,. See [§].

We let Z,B,T,T",N,N" and U be the subgroups of G defined in section 2. It is
convenient to view u as a character of F. For this reason we put

u(r) = ,u(S (1)), for r € F).

Proposition 4.1. Let u: B/Z — C* be a character satisfying p? # 1 and let V,, be the
principal series representation associated to .

(a) The subspace of V,, of U-invariants has dimension 2 and is generated by e, and by

Zrer e,. The subgroup B acts via u on the line generated by e, and via p~! on

the line generated by 3~ cp €.
(b) The subspace of T-invariants is generated by

Z p(r)er.

rekFy

It is invariant under the action of the normalizer /V if and only if i is an even character
of B/ZU =T/Z.



(¢) The subspace of T’-invariants is generated by

eoo-l-Zu r —u)e,

reF,

It is invariant under the action of the normalizer N’ if and only if u is even.

Proof. Parts (a) and (b) easily follow from the formulas given above. The computations
are easy and left to the reader. By Proposition 2.1, the subspaces of T-invariants and of
T’-invariants have dimension 1. The element listed in (c) is the T’-trace of Proposition 2.2
applied to eyo.

This proves the proposition.

For the character ;4 = w, the result is similar:

Proposition 4.2. Let w be the quadratic character of G and let V, be the twisted Stein-

berg representation.

(a) The subspace of V,, of U-invariants has dimension 1 and is generated by e.,. The
subgroup B acts on it via w.

(b) The subspace of T-invariants is generated by

Z w(r)e,.

rekFy

It is invariant under the action of the normalizer N if and only if p =1 (mod 4).
(c) The subspace of T'-invariants is generated by

eoo-i-z r —u

rcF,

It is invariant under the action of the normalizer N’ if and only p =1 (mod 4).

Proof. Note that in V,, we have the relation e, = — Zrer er. The proof is similar to
the proof of Proposition 4.1.

The relation with g-expansions of eigenforms is as follows. Suppose that f is a normal-
ized eigenform in the space So(I'r)"*V. Since f is ['p-invariant, Proposition 3.1 (b) implies
that we can identify So(I'7)"*V with a subspace of Q'(X(p)) ®q C. By Proposition 3.2,
the newform f generates an absolutely irreducible G-representation Vy, defined over the
number field Ky generated by the Fourier coefficients of f. Note that this implies that K
contains the field Q(u)™ of character values.

Suppose that Vy is a principal series or twisted Steinberg representation. In other
words, we have an isomorphism

V., = Vy @k, C, for some non-trivial character y: B/Z — C*.

By Propositions 4.1 (a) and 4.2 (a), the representation V,, admits a unique 1-dimensional
U-invariant subspace W on which the Borel subgroup B acts via u. It is generated by the
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element e,. Proposition 3.1 (c) implies then that in V/, there is a unique element whose
classical coordinate is a I'y(p)-invariant normalized eigenform h on which T'g(p) acts via
the character p2. In the twisted Steinberg case, we have p = w and hence p? = 1. In this
case h is a ['g(p)-invariant normalized eigenform.

Any G-equivariant linear map V,, — V; ®, C, must map e, into the 1-dimensional
space generated by h. Schur’s Lemma implies that for each ¢ € C* there is a unique
G-equivariant isomorphism

je: V=V @k, C,

for which j.(ex) = ch.

Let g = e“5". Since h is 'y (p)-invariant, its Fourier expansion is of the form

=Y ang

n>1

Note that there is also a unique element in Vy ®g, C whose classical coordinate is the
‘complex conjugate’ normalized eigenform h =Y o, @nq?" € So(T'1(p), = 2). The isomor-

phism j. maps the element — Zrer e, to a multiple of h.
The following proposition relates the Fourier expansion of f to the one of h.

Proposition 4.3. Let y # 1 and let f and h be the normalized eigenforms described

27i

above. Put (, =e» .
(a) Then the g-expansion of f is given by

with the convention that p(n) = 0, whenever n is divisible by p.

(b) The eigenform h is in the Q(u)|G]-span of %Tp(“z)f Here 7(u) and 7(p?) denote
the Gaussian sums erFp p(x)¢y and erFp p?(z)¢F respectively. When j = w we
have p? = 1 and we put 7(u?) = —1.

Proof. By Prop. 4.1 (b), the subspace of T-invariant elements of V), is the 1-dimensional
subspace generated by > _p. pi(r)e,. The isomorphism j. introduced above, maps it to a
P

['r-invariant eigenform in Vy @k, C. For a suitable choice of ¢ we obtain f itself.
We compute j.(),cp- p(r)e,). The formulas (1), (2) and (3) given above, imply that

1 r
er = (0 1)weoo, for r € F,.

It follows that



By Atkin-Li [1], the modular involution w,, transforms & into the ‘complex conjugate’ form
h multiplied by the so-called pseudo-eigenvalue €, which is a complex number of absolute
value 1. To be precise, ¢ is equal to 7(u?)/a, and we have

1 1 —
Fh<_p_7') = €h<7'), fOI' T € H.
This implies that wh is the element of V,, whose classical coordinate is equal to the Fourier
series e .
wh(r) = Sh(r/p) = £ 3@
p n>1

It follows that for r» € F,, we have
. T r € —rn n
je(er) = c<0 1) wh(r) = cggancp q".

Therefore the classical coordinate of j. (3, cp. p(r)e,) is

C]E) Z Z%,u(r){;”q” = CET(N) Zﬂ_l(n)@qn = CET(N) Z,u(n)anq”.

n>1r#0 p n>1 p n>1

The last equality follows from the fact that p~!(n)a, is real and hence equal to p(n)a,
for all n € Z.

Since f is a normalized eigenform, part (a) follows. When we choose ¢ = (e7(u)/p) ™1,
we have that jc(ZTeF; wu(r)e,) = f. In particular, f isin the Q(u)[G]-span of j.(ex) = ch.
Since Vy is irreducible, this is the same as saying that & is in the Q(u)[G]-span of er(u) f.

This proves the proposition.

We now turn to the computation of the Fourier series of the T’-invariant eigenform
in V,. See also [15]. Recall that u € F}, is a fixed non-square. We put

An = Z ot (r? — u)¢,", for n € Z.
reF,

Proposition 4.4. Let f € So(I'r)™" be the T-invariant eigenform discussed above and
let h=73,~, ang™ be the corresponding I'y(p)-invariant eigenform. Then the element of
V¢ with classical coordinate equal to

BRI n —
el D ang" + ) Anting

T(,tL) n, p|n n>1

is a generator for the subspace of T'-invariant forms. Moreover, it is in the Q(u)[G]-span
of the I'p-invariant eigenform f.

Proof. Propositions 4.1 (c¢) and 4.2 (c) give an explicit generators of the 1-dimensional
subspace of T’-invariants of V},. We apply the ismorphism j. with ¢ = p/er(p) as we did

above. Since
1 r
e = (O 1)weoo, for r € Fp,
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we get

b anpn+ Zulr_uzancrnn

67-('“) TEF n>1

Since a,, = apay for every n > 1, this is equal to

ang" +ﬁz S = w) g | ang”,

n, p|n n>1 TEF
which is easily seen to give the result. By Proposition 4.3 (b) the result is contained in the
Q(u)[G]-span of f. This proves the proposition.

The numbers A, = 3 g p~t(r? —u)()" are so-called Salié sums. They are related
to Kloosterman sums. See [9] and the references therein.

5. Cuspidal Representations.

Let p > 2 be prime, let G = GL2(F,) and let T C G be the standard split Cartan
subgroup of diagonal matrices. In this section we consider normalized I'p-invariant weight
2 eigenforms f, that generate representations Vy C Q!(X(p)) that are cuspidal. We explain
how to find elements in V; that are invariant under a non-split Cartan subgroup of G.

Let u € F be a non-square, let T' " denote the non-split torus in G introduced in
section 2 and let 6 : T/ — Q(6)* be a character that is trivial on the subgroup Z of
scalar matrices. We have P! = 1 and assume that 6> # 1. By Q(#) we denote the
field generated by the image of . Our model Vj for the cuspidal representation associated
to 6 is the quotient of the Q(6)-vector space of functions ¢ : F, — Q(#) by the 1-
dimensional subspace of constant functions. The standard Borel subgroup B C G acts
by fractional linear transformations on F, = P;(F,) — {oco} and hence on the space of
functions ¢ : F,, — Q(6): we have o¢(x) = ¢(c~1z) for 0 € B and any function ¢. Since
B preserves the constant functions, it acts on Vj.

It is easy to see that Vj is an irreducible (p — 1)-dimensional representation of B, on
which the scalar matrices act trivially. We turn Vjy into an irreducible representation of

PGLy(F)). Let
w— 0 1
~\-1 0
be the usual involution. Since G = B U BwB, it suffices to describe the action of w. It is

given by
== Z ( Trl(y))(r/), for all ¢ € Vj.

yGF*

Here F 2 denotes T" U { 8 8 }. It is a subfield of the ring of 2 x 2 matrices over F,,.

Let N and Tr denote the norm and trace maps from F,: to F,, respectively.

12



Proving that the formula for the action of w gives rise to a well defined action of
G on Vj is straightforward but somewhat cumbersome. Alternatively, one can relate Vj
to the representation space described by Bump [8, 4.1]. Let ¢, denote a fixed p-th root

of unity. To every ¢ € Vy we associate the function ¢ : Fl. — Q(9) given by ¢(y) =

0~ (y) X er, B(7) "N This gives an isomorphism of Vj ®q(p) C with Bump’s model.
Our model has the advantage that it can be defined over Q(#), rather than over a field
that contains the p-th roots of unity. The character values of Vj generate the maximal real
subfield Q(#)* of Q(#). As in the principal series case, it follows from [26, Lemma 1.1]
that Vp can actually be defined over Q(6)™. We do not make use of this.

Let eg : F, — Q(f) be the characteristic function of 0. For r € F,, let e, =

1 . . . .
" eo. It is the characteristic function of the element r» € F,. The functions e,

0 1
r € F form a basis for the Vp. Since Zrer e, is the constant function 1, we have the
relation Zrer e, = 0in V.

Proposition 5.1. Let 0 : T"/Z — Q(0)* be a character satisfying 6% # 1 and let Vy be

the cuspidal representation of GG associated to the character . Then

(a) the subspace of U-invariants is zero;

(b) the subspace of T-invariants is generated by ey; it is invariant under the action of the
normalizer N of T if and only if  is an odd character of the cyclic group T'/Z;

(c) there is an r € F, for which the element

per— 3> O(y)e mirma 4 myy) 4

meF, yGF;2

generates the 1-dimensional subspace of T'-invariants. The space of T’-invariants is
also N'-invariant if and only if 8 is odd.

Proof. Part (a) and the first statement of (b) easily follow from the formulas given
above. The statement about the normalizer N can be proved with a short computa-
tion [5, Prop.2.1]. To prove (c), we combine the formula for the action of w with Proposi-
tion 2.2. It follows that the T'-trace is equal to

. 1 N mN(y) + (m? — u)(Tr(y) + m
=L 5 o 3 (N N+ ) £,
yGF;2 meF,
Applying it to pe, gives the element of part (c). Since the elements e,, with r € F),
generate Vp, their T’-traces generate the 1-dimensional space of T’-invariants. In other
words, the T"-trace of at least one of the elements e, is not zero and hence generates the
subspace of T’-invariants.

This proves the proposition.

27i

The relation with g-expansions of eigenforms is as follows. Let ¢ = e%, let (, =er

and let
f = Z anqn
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be a normalized weight 2 eigenform that is invariant under I'r. By Prop. 3.1 (b) we
may identify S2(I'z) with the T-invariant elements in Q'(X (p)) ®q C. Then f generates
an absolutely irreducible G-representation Vy that is defined over the number field K
generated by the Fourier coefficients of f. Suppose that Vy is a cuspidal representation.
In other words, we have

Vo = Vy @k, C, for some character 0 : T"/Z — Q(6)* with 6% # 1.

Note that Ky contains the values of the character of Vp. This means that Q(#)* is a
subfield of K.

By Proposition 5.1 (b), the element f € V; corresponds to the vector e € Vj or
a multiple thereof. More generally, for any r € F, the elements in V; with classical

coordinate equal to
1 r nr _mn
f?" = (0 1) f = § a"nCp Y

n>1
correspond to multiples of e,..

Proposition 5.2. The elements in Vy with classical coordinate equal to

Z Z f('m+r)1\L(y)+Tr(y)+m, forr € Fp,

meF, yGF*

are all T'-invariant. They are all in the Q(0)[G]-span of f and at least one of them
generates the subspace of T'-invariants of V.

Proof. This follows from the fact that the vectors e, are in the Z[G]-span of ¢y and the
fact that the T’-trace is an element of Q(0)[G].

6. Level 17.

In this section we explain how to compute equations over Q for the canonical embedding
of the genus 6 curve X (17). We follow the method in [21]. We exhibit six linearly
independent weight 2 cusp forms that are invariant under the normalizer N’ of the standard
non-split Cartan subgroup 7”. We find these forms inside the six representation spaces V%,
generated by six normalized eigenforms f € So(I'p(17))"V, that are invariant under the
normalizer N of the standard split Cartan subgroup T'. Since the space Sy (I'r(17))""V is
closely related to the space So(T'o(17%))"°%, we start from there. We can find the Fourier
expansions of the normalized eigenforms in [25], for instance.

Up to Galois conjugation and twists by the quadratic character w, there are four
normalized weight 2 eigenforms invariant under I'g(172). Two of these are twists of nor-
malized eigenforms in S3(I'1(17)). They give rise to principal series and twisted Steinberg
representations. The other two eigenforms generate cuspidal representations.

There is a unique I'g(17)-invariant normalized eigenform fo = Y, a,q'™. Its 17-th
Fourier coefficient a;7 is equal to +1. Its quadratlc twist > w(n)a,g'™ is a normalized

Io(172)-invariant eigenform. Here we put ¢ = it for 7 € H. By convention w(n) = 0

14



whenever n is divisible by 17. The corresponding I'p-invariant form is ) | w(n)ang™. The
first few terms of its Fourier expansion are

fl=q—® —q* +2¢° — 4¢7 + 3¢5 — 3¢° — 2¢'0 — 2¢"3 + 4¢M — ¢10 4 3¢'5 + ...

The irreducible subrepresentation Vy, of Q'(X(p)’) is isomorphic to the twisted Steinberg
representation. The form f; is also invariant under the normalizer N of T because 17 =
1 (mod 4). See Prop. 4.2.

One finds in Stein’s tables that the space S3(I'1(17)) is the direct product of the 1-
dimensional space of I'g(17)-invariant forms and a 4-dimensional subspace W spanned by
the Galois conjugates of an eigenform h on which the diamond operators act through a
character of order 8 of (Z/17Z)*. Any such character is of the form p?, where u has order
16. Since p is then an odd character of T'/Z, Prop. 4.1 implies that the normalizer N acts
as —1 on the T-invariants.

Therefore the twist by u of h as described in section 4, is a ['g(17?)-invariant normal-
ized weight 2 eigenform, corresponding to a I'p-invariant form that is not N-invariant. It
plays no role in our computation of the canonical embedding of X (17).

The remaining normalized eigenforms in Stein’s tables both generate cuspidal repre-

sentations. Put a = _1%\/@ Then the modular form

f2=q—(a+1)¢* +ag’ + (a+2)¢" — (a+1)¢° = 3¢° + (a — 1)¢" = 3¢" — ag’+
+(a+4)¢" =3¢ + (a+3)¢"? — (a+2)¢" + (a — 2)¢"* — 3¢ + (a — 1)g'® + ...

is the I'p-invariant form associated to a newform in I'o(17%). The representation Vy, is
cuspidal with respect to some character 6 of order dividing 18. Since the field K, generated
by the Fourier coefficients, contains Q(6)*, we actually must have that #% = 1. Figuring
out what character 6 of T77/Z is involved, can be done by numerically computing the action
of w on fy for every possible 6 in a suitable 7 € H as in Baran’s paper [5, section 6]. It
turns out that in this case 6 has order 6. The twist of fo by w is cuspidal with character 6w,
which has order 3. By Prop. 5.1 the form f, is N-invariant, while its twist is anti-invariant.

The fourth normalized eigenform is the I'p-invariant form associated to one of the
[o(17?)-invariant eigenforms in Stein’s table with Fourier coefficients in Q({o)™". The first
few terms of its Fourier expansion are

f3 =q—(b*+b—-2)¢> — (b+1)¢> +bg* + (b +b—4)g° + (26> + 2b — 3)¢° + bg"+
+(0* +b—3)¢® + (b* +2b—2)¢” + (20* +b — 6)¢"" — (20* — 2)¢** — (B* +b)¢** + ...

Here b = (o + (5 '. Tt is a zero of 2° — 3z + 1. The representation V;, is cuspidal with
character 6 of order 18. The twist by w is cuspidal with character fw of order 9. By
Prop. 5.1 the form f3 is N-invariant, while its twist is anti-invariant.

At this point we have six T-invariant eigenforms: f1, fo and its Galois conjugate and
f3 with its two Galois conjugates. To f; we apply the T'-trace fomula in Proposition 4.4.
This gives us a T’-invariant form g; with Fourier coefficients in Q({17)". Applying the
formula of Proposition 5.2 to f, and its conjugate over Ky, = Q(+/13), we obtain the
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T’-invariant form f} and its conjugate. Their Fourier coefficients are in Ky, ((17)". We
put go = Tr(f}) and g3 = Tr(v/13f}). Here Tr denotes the trace map from Q({17)*(1/13)
to Q(¢17)T. Then g, and g3 are T'-invariant forms with Fourier coefficients in Q(¢17)7.
Similarly, we apply the T’-trace map given in Proposition 5.2 to f3 and its conjugates
over Ky, = Q((y)" and obtain the T'-invariant form fj. Its Fourier coefficients are in
K¢,(¢Gi7)T. For i = 1,2,3, we put gs+; = Tr(e;f}), where eq, e, e3 denotes the basis of
K, (Ci7) T over Q(C17)™ given by 1,a,a?, where « is a zero of the defining polynomial
23 4+ 322 — 3 used in Stein’s table. Then g4, g5 and gg are T’-invariant forms with Fourier
coefficients in Q({17)".

We list the first few Fourier coefficients of the T'-invariant forms gq,...,g6. By an
8-tuple [z1,...,25] € Z® we denote the element Z ' 2;(¢l. +¢7). For every i we have
divided the CoefﬁClents of g; by a common divisor in Z.

g1=1[7,1,2,5,4,5,4,6]¢g— [6,7,4,1,5,2,4,5]¢° + [-5,6,4,7,2,4, 5, 1]¢*
go=[4,16,2, —4,-2,8, —8,18]¢+ [9,2, —4,8,4,1, -1, —2]¢* — [4,—1,2, -4, -2,8,9,1]¢>
gg_[, —4,8,4,1,—1,-2]¢* — [4,—-1,2,—4,-2,8,9,1]¢° — [-2,9,-1,2,1, —4, 4, 8]¢*
=[8,8,-2,4,5, -2, -1, -3]¢ — [3,2,—1,2, 2,7, —4,10]¢* — [12,9, 12,6, 18,12, 9, 24]¢>
= —[4,4, 8,6,3,4,2,3|qg+ [1,4, 1,4, -2,4,—1,8]¢*> + [2,5,10,1,12,10,2,9]¢°. ..
g6=[10,10,9,12,5,2,1,2]q — [5,12,0,12,0,16,1,22]¢> — [8, 10, 22, 4, 32,22,9, 29)¢>

By [23] the canonical embedding of a genus 6 curve is typically cut out by six quadrics.
See also [12, Thm. 1.1] and [21]. We compute six quadrics that vanish on the canonically
embedded curve X[ (17) and then use MAGMA to check that the intersection of the
quadrics is a curve of genus 6. Then we know that the quadrics are indeed equations
for X1 (17).

To do this, we compute Fourier series of the 21 products g;g; with 1 < ¢ < j < 6.
Even though the Fourier coefficients of the forms g; are in Q({17)™ and are usually not
rational, the corresponding Kéahler differentials are rational. This is explained by the fact
that the cusps of X7 (17) are not rational, but conjugate over Q(¢;17)*. Since the curve
X L(17) is defined over Q, we search for quadrics

E CLZ'j.’Ei.’Ej,

1<i<;j<6

with coefficients a;; in Q. From the equation 21§i§j§6 aij9:9; = 0 we obtain infinitely
many equations with coefficients in Q((17)", one for every term ¢" in the Fourier ex-
pansion. Since the coefficients are in the degree 8 number field Q({17)", each equation
gives rise to eight equations with coefficients in Z. For instance, a consideration of the
Fourier coefficients of ¢? and ¢® gives rise to the following 16 equations. Here the columns
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correspond to the coefficients a;; in lexicographic order.

6 0 0 3 -2 5 -3840 0O O -2 2 00 O 01 2 7 3 =3 10
3 0 0 3 1 1 10620 0 6 -2 4 00 O 018 2 8 4 -5 14
4 -20-1 0 -1 =526 0 -4 0 2 00 O OT7 O 4 6 -9 17
5 2 0 1 0 1 2820 0 —-14 0 -800 O 0200 14 6 -9 24
3 00 0 1 -2 -3948 0 12 10 -8 00 0 0 24 -117 4 -6 20
6 6 0-3 -1 0 992 0 6 2 0 00 0 018-215 4 -7 21
4 -80 -1 1 -2 -3018 0 -16-2 -8 00 O 0O 25-120 3 -5 23
5 2 0 -2 0 -2 82 0 10 -6 16 00 0 026 0 17 4 -7 24
-2 -128 =10 2 -8 8 -4 -51 26 -76013 0 10 4 4 -7-2 7 =20
0 -246 -9 2 -8 24 -—-12 4517 -=56015 3 6 0 1 —4 -2 5 -—12
2 6

0 93 -3 1 -2 24 -12-3023 -540 6 1 -4 8 0 1 =2
0 =126 -9 3 —-12 36 —-18 =54 23 —64018 -11418 -3 15 -2 3 2
-4 -151 -8 -1 -3 4 -2 =51 25 -71017 -113 2 =5 9 8 —14 26
2 -124 -14 5 -16 -8 4 -3922 61011 -4158 =210 0 0O 8
0 33 -3 1 -4 48 -24-3911 43021 1 1524 —-728 2 -7 30
0 =153 -12 4 —-15 O 0 —4823 68018 1 106 -1 9 -4 5 2

Rather than two, we use the first 10 Fourier coefficients and hence obtain a grossly overde-
termined linear system of 80 equations in 21 unknowns. As expected, the solution space
has dimension 6. In this way we obtain six independent quadrics >, <i<j<g @ijTiT; with
coefficients in Q. By means of a linear change of variables and by replacing the quadrics
by suitable linear combinations, we obtain equations that have very small coefficients and
have good reduction modulo primes different from 17. Here we use the LLL-algorithm as
in [21]. The independent quadrics g, ..., gs we obtained, are listed below. They cut out
a genus 6 curve, which must be X} (17).
q1 = — 3212 + 123 + 124 + x1X5 + Tox3 + 2T2T4 + ToTs — ToTg — 293§+
+ 223704 + 22375 + Xx3T6 + T4T5 — T4 + ajg — T5Zg,
o = X1X2 — 2x1X3 — 201X4 + T1T6 + ToT5 + 2To0Tg — T3x4 — 20375 + xi—
— T4T5 + T4Te — 272 + T2,
g3 = 377 + 3w172 + 1173 — T174 + T1T6 + TaT3 — ToTy + ToTs + 27976 + T3—
— T3T4 — xi — X4T5 — TaTg + asg + 2x5%6,
Q= 27 + 23179 — 20173 + 1124 — 27105 + T1T6 — ToTz — TaTs + 3T2Te — T3+
+ 3x3r4 — 31375 — xi — T4x5 + 23:% — T5xg + a:g,
Qs = x1X2 + Ox1x3 + 20104 — 125 + x% + 3xox3 + 20904 — T2 — x% + 2x314—
— 3x375 + xi + 3x426 — ajg — 2516 — a:g,
Q¢ = — 3r12x2 + X173 — 20104 + 41125 — 3T 1T6 — 333% — 2x9x3 — DTox4 + Tox5—
— ToZg + a:% + x314 — 3375 + xi — 22475 — 2T4T6 + a:g + 3x516 — a:g.

CM-points or Heegner points are points on modular curves parametrizing elliptic curves
with complex multiplication by imaginary quadratic orders O C C. Only if O is one of
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the thirteen quadratic orders of class number 1, the CM-points may give rise to rational
points. Since the prime 17 is inert in the orders O of discriminant —3, -7, —11, =12, —27,
—28 and —163, there is for each of these orders O, a unique rational CM-point on the
curve X (17). We have determined the projective coordinates of these CM-points by
evaluating the Fourier series of the modular forms g; numerically in suitable 7 € H for
which 177 € R.

Table. CM-points on X (17).

discriminant CM-point
-3 (2:-2:-1:3:-2:1)

—7 (—6:—2:—-4:1:-3:13)

—11 (3:1:2:-9:-7:2)

—12 (—4:10:3:-5:-2:3)

—27 (2:=5:-10: —6:1:7)

—28 (0:0:0:1:1:1)

—163 (=7:9:35:21:5:1)

A short computer calculation revealed that there are no rational points (xy : o : T3 : x4 :
x5 : xg) on X1 (17) with z; € Z and |z;| < 10000, other than the seven CM-points listed
in the table.
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7. Level 19 and 23.

In this section we present quadrics that cut out the modular curves X[ (19) and X1 (23).
They were obtained by the method explained in the previous section.

The modular curve Xt (19) has genus 8. Its canonical embedding in P7 is cut out by
fifteen quadrics. These are listed in Table 1. Here the rows contain the coefficients of the
36 monomials x;x; with 1 <7 < j < 8 in lexicographic order. Each column corresponds
to the equation of a quadric in P.

Table 1.
—1 1 0 0 —1 0 0 —1 1 1 0 2 0 1 0
1 0 0 0 1 0 0 -1 -2 -1 1 0 3 -2 4
0 -1 -1 0 1 0 1 2 —1 0 1 -3 1 0 1
0 1 —1 0 —1 1 0 1 -2 0 1 2 1 0 0
-1 -1 1 -2 1 0 0 -1 1 -1 0 1 1 2 2
0 0 0 —1 2 0 —1 0 -1 -1 0 -2 0 0 1
0 1 0 —1 0 0 0 0 -1 -1 -1 -1 0 0 —1
0 0 0 0 1 —1 1 —1 0 0 0 1 2 -1 -1
0 0 1 1 0 0 0 0 0 0O -1 0 0 0 1
1 —1 1 o -1 o0 -1 2 1 -1 0 0O -1 0 0
0 —1 1 0 1 0 0 0 —1 1 0 —1 2 —1 0
0 1 —1 0 0 1 0 —1 0 1 0 0 1 -1 -1
0 0 0 0 0 2 —1 0 1 2 —1 0 2 -1 -1
1 0 -1 -1 -1 1 1 1 —1 0 0 0 0 1 -2
0 0 1 1 0 0 0 0 0o -1 1 1 0 1 -1
0o -2 0 0 0 0 0 2 0 o -1 -1 -1 0 0
0 1 1 0 -1 -1 0 -2 2 -1 0 0 0 1 -1
1 —1 0 -2 1 —1 0 1 1 1 2 —1 0 0 —1
1 —1 1 —1 0 -1 -1 =2 2 0 —1 0 0 0 —1
1 —1 0 -1 -1 1 0 1 —1 0 —1 0 0 0 0
1 0 1 0 -2 2 -2 1 —1 0 0 —1 0 —1 0
1 0 1 0 0 1 0 1 -2 -1 1 1 1 —1 1
0 o -1 o0 -1 o0 o -1 0 -1 o0 2 -1 -1 -3
1 —1 1 0 0 1 0 0 0 0 —1 0 0 -3 0
—1 2 0 0 —1 1 0 0 0 1 -1 -1 =2 0 —1
1 0 1 0 1 0 0 —1 0 —1 0 1 1 —1 1
-1 0 -1 -1 ©0 0 0o -1 1 0 0 o -1 0 =2
-1 1 —1 0 0 -1 2 -2 0 -1 0 0 -2 -1 -1
0 -2 1 -1 1 -2 -1 1 0 1 -1 -1 -2 -1 -1
—1 0 0 1 1 -1 -1 0 —1 1 1 —1 0 -3 -1
0 0 0 0 0 0 1 0 0 0 0 0 0 —1 0
0 0 0 —1 0 0 0 2 0 1 1 0 -2 0 0
0 0 0 0 1 0O -1 O 0 0 o -1 -3 -1 1
1 0 o -1 -1 o0 0 0 1 0 1 1 0 0 0
0 0 -1 -1 -2 1 1 1 1 0 —1 0 -1 1 1
0 0 0 0 1 0 —1 0 0 0 0 —1 0 0 2

The prime 19 is inert in the imaginary quadratic orders O of discriminant —4, —7, —11, —16,
—28, —43 and —163. For each order O there is a rational CM-point on X5 (19), corre-
sponding to an elliptic curve with complex multiplication by O. As in the previous sec-
tion, the CM-points have been computed numerically. They are the only rational points
(1 :@o 123y x5 T : x7 : Tg) With z; € Z satisfying |z;| < 10000.
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Table 2. CM-points on X[(19).
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55 quadrics. These are listed in Table 3. Here the rows contain the coefficients of the 78
monomials z;x; with 1 < ¢ < 7 <13 in lexicographic order. Each column corresponds to

The modular curve X1 (23) has genus 13. Its canonical embedding in P15 is cut out by
the equation of a quadric in Pqs.

Table 3.

00000
00020

2-3-22-20-21000-2-3-12-2-20-101-1-10-1-1-323111-11002-200011-1-1000
01-1-11110010020-11111-2-1-12-11-212-2-2-10-1-33-1-120002-201000
-100-100-10-101-100-1-11000-31-1-1-2101-1-11101-11-1-11-10-10-11001-11120-10

00
20

00100-22-1-30-1-1123211-53-3210021-21-1-20-2101-2400-32010-1-121-110-1-10

-1-210320-310-20001120-20002-1-331-22-1-1111-11-2113-11212-1012-12-11-11
100-10-1203-1-10-40000-2-1-1-11-221-20-12400-4010-2204-221-100-23-1-10-313 2

0-22-2-11-201-21-14-122-1-31-2011-131-20-1-110-15-3002000-1003 10 2-

0o0022-21100-1-1-2220-2002-20-2-1110-201-113-1310-20011-10-111-1-1-1-13 0-1
0-11-1-10011010-1-110-1-112-22000011-3100-10-11110-100012111-

0-210-12-3031-22-1-5131-12-23-3200-2-1101211-100-1212-11112010200-2021
-11003-303-12-1011-101100102-3-1-10-211-1502011200-22-222202-3-101-20-1
-1-110-1040-2-1-1-21-3421-401-1-101 0 4-2-22-40-102 0-1-1-20 0 0-2-24-1-30 31 0-1-1-21 1
0-4120-1104-312-3-120-140-1-111-1-1-2121 2-2-2-20-1-2-1-2-130-1-102311-103-2111
1-1-12-21-11010-11-20-1-2-10-32-21-31-1-13-2-22-101 0-23-3-1-11-1122-20-1010-101-2
-3-20-101-1-32-112011420-1221010-1-141-2211-113-30310-1141-1-112-110013
02-13-1002-2-1-2-1-1-3110-2100-11-13-1-1-1-111-20-12-210-1-120-11-3-1-11-12-4-1-10 1
oo11-11-10-12000-1121-1-10001222-1-20-22-111-1-2-101-10000-2-10 1-10-1-2-1-10
-20-1-1200-1010-101-2-1000-1021-2-2001001320130001000-1300020121-10
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The

~12,

prime 23 is inert in the imaginary quadratic orders O of discriminant —3, —4, —8,
—16, —27 and —163. For each order O there is a rational CM-point on X7 (23),

corresponding to an elliptic curve with complex multiplication by O. The CM-points have
been computed numerically. They are the only rational points (z1 : xo : 3 : x4 : T5 : Xg :
Xy . Xg X9 . 10 - 11 - 12 - 1’13) with x; € Z Satisfying |$Z| S 10 000.

Table 4. CM-points on X(23).

discriminant CM—point

-3 (=3:4:0:1:0:6:—-1:6:—6:—-6:0:—6:—12)
—4 (1:-2:0:-2:-1:0:1:-2:-1:0:-1:0:0)
-8 (3:13:-19:-4:16:8:—-11:10:1:—-7:-12:18: -5)
—12 (=15:4:-20:-3:12:6:9:—4:18:12:14:2:2)
—16 (3:-10:4:—-4:-7:8:—-11:10:1:16:11:18:18)
—27 (0:1:0:1:0:0:-1:0:0:0:0:0:0)
—163 0:-1:0:-1:0:-2:1:-2:—-4:0:4:-2:2)
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