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PARTIALLY AMPLE SUBVARIETIES OF PROJECTIVE VARIETIES

MIHAT HALIC

ABSTRACT. The goal of this article is to define partially ample subvarieties of projective
varieties, generalizing Ottem’s work on ample subvarieties, and also to show their ubiquity.
As an application, we obtain a connectedness result for pre-images of subvarieties by mor-
phisms, reminiscent to a problem posed by Fulton-Hansen in the late 1970s. Similar criteria
are not available in the literature.

INTRODUCTION

Hartshorne [13, 14] pioneered the systematic study of the cohomological properties of pairs
consisting of a projective scheme which is regular in a neighbourhood of a local complete
intersection subscheme with ample normal bundle. Ample subvarieties of projective varieties
were defined by Ottem [21], based on Totaro’s work [24] on cohomological ampleness. Inspired
by op. cit., but in a totally different framework (cf. [10, Introduction]), the author considered
the weaker g-ampleness property. Moreover, recently there is an increased interest in study-
ing and understanding various positivity properties of higher codimensional subvarieties and
cycles, see e.g. [8] and the references therein.

Our goal is to introduce partially ample subschemes. Besides general properties and exam-
ples, an important feature are their connectedness properties. The main result is a contribu-
tion to an issue raised by Fulton-Hansen [9], known to be false in its original form. We prove
that appropriate partial ampleness of a subvariety yields the connectedness of its pre-image
under a morphism; in fact, it implies the G3 property, in Hironaka-Matsumura’s terminology.

The article consists of three sections. In the first one, we introduce the relevant definitions
and compress those properties which carry over from [21]; for details, the reader should consult
the original reference. Next we present a class of situations where Fulton-Hansen’s question
does admit a positive answer.

Theorem (cf. 2.2, 2.7) Let V, X be irreducible projective varieties, V 1, X a morphism. Let
Y < X be a closed subscheme.

(i) If f is surjective and cd(X\Y) < dim X — 2, then f~1(Y) is connected.
(ii) Suppose Y is (dim f(V) + dim(Y) — dim(X) — 1)-ample.
Then f~Y(Y) is connected and 79 (f~2(Y)) — a{¥9(V) is surjective.

When f is an embedding, the theorem yields a connectedness criterion for intersections,
reminiscent to an problem posed by Hartshorne (cf. [14, 22]) which is still wide open. An
example from op. cit. shows that the first part of our result is optimal (cf. Remark 2.5).
To our knowledge, such numerical conditions are not available in this generality. Existing
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results (cf. Fulton-Hansen [9, 12], Faltings [7], Debarre [6]) hold for subvarieties of various
homogeneous spaces.

Also, our result goes beyond the applicability of Ottem’s work. On one hand, for a subvariety,
the requirement to be partially ample is obviously less restrictive than to be ample. On the
other hand—at a deeper level-—even in the basic case of two subvarieties of an ambient space,
one of them being ample, [21] yields only the non-emptiness of their intersection, but gives
no information about the connectedness without further smoothness assumptions. Since the
image of a morphism can have arbitrarily bad singularities, it is not possible to conclude
anything regarding the connectedness of pre-images. Precisely for this reason, the first part
of the Theorem is essential: it holds in full generality.

In the last section, we show the ubiquity of partially ample—mostly not ample—subvarieties
by analysing several classes of examples: vanishing loci of sections in vector bundles (cf. §3.1);
Bialynicki-Birula decompositions (cf. §3.2); rational homogeneous spaces (cf. §3.3).

1. ¢-AMPLE AND p-POSITIVE SUBVARIETIES

Notation 1.1 Let X be a projective scheme defined over an algebraically closed field k of
characteristic zero. Let Y be a closed subscheme; we denote the maximal dimension of its
components by dimY, and assume that they are all at least 1-dimensional. Let Jy < Ox be
the sheaf of ideals defining Y'; for m > 0, Y,,, is the subscheme defined by J?H. The formal

completion of X along Y is Xy := lim Y,; for any coherent sheaf § on X, it holds
H'(Xy,9) = lim H'(Y,,,, 9). (1.1)

Let X := Bly(X) 5 X be the blow-up of Jy and Fy < X the exceptional divisor. If X
is Cohen-Macaulay and Y is locally complete intersection—Ici for short—, its normal sheaf
Ny /x == (Jy /32.) is locally free. A variety is a reduced and irreducible scheme. The symbol

ct? stands for a constant depending on the quantity A. Further necessary notions are recalled
in the appendix.

1.1. Basic properties. Let the situation be as above.

Definition 1.2 We denote
§ := codimx (Y) = min{codimxY" | Y irreducible component of Y'}.

(i) (cf. [21, Definition 3.1]) We say that Y is g-ample if O¢(By)is (¢ + 0 —1)-ample. That
is, for any coherent sheaf F on X it holds:

H(X,T®04(mEy)) =0, Vt=q+6, Ym=>ct?. (1.2)
(i) We say that Y is (has the property) p~°—that is, p-positive—if it holds:
HY(X,F@I) =0, YVt <p, Vm=ct’, (1.3)
for all locally free sheaves F on X.

Partial ampleness behaves well under restrictions, while positivity yields connectedness re-
sults. The notions are dual under certain regularity assumptions.
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Remark 1.3 (i) For ¢ = 0, one recovers the ample subschemes [21].
(ii) For a closed point y € Y, it holds

Syy —1<dimo'(y) <qg+6—1, (1.4)

where dy,, is the codimension of the irreducible component of Y containing y (cf. [21, Propo-
sition 3.4]). See 2.6 for equidimensionality criteria of partially ample subvarieties.

Proposition 1.4 (i) A subscheme is q-ample if and only if so is its integral closure.
(ii) The g-ampleness property of lci subschemes is open relative to projective, flat morphisms.
(i) Y is g-ample if and only if it holds:

(a) Op, (Ey) is (0 + g — 1)-ample; (b) cd(X\Y)<0 +q—1. (Note: cd(X\Y)=6—1.)

Proof. (i)+(ii) See [21, Proposition 6.8, Theorem 6.1].
(iii) Verify (1.2) for F EY—EF A7F k> 1, and A € Pic(X) ample—by using the sequence
0 — F((m —1)Ey) —» F(mEy) — S"EY (mEy) — 0; proceed as in [21, Theorem 5.4]. O

Proposition 1.5 The following statements are equivalent:
(i) Y < X isp~Y; (i) By < X is p~°
(ii) The condition (1.2) holds for F = A¥, k > 1, where A € Pic(X) is ample.
(iv) For all locally free sheaves F on X, the properties below are satisfied:
(a) HYX,I9/90@F) =0, Vvm=ct?, 0<t<p-—1,
an isomorphism, fort <p—1,

(b) resy : HY(X,F) — H'(Xy,T) is { S
injective, for t = p.

Proof. (i)« (iii) Observe that J fits into 0—-F—AF @ kN —-G—0, with k, N > 0, and § locally
free. Then HY(F @ J§) ~ H'"1(G® IP*)—so t decreases—and we repeat the process.

(i) (ii) Let A € Pic(X) be ample such that A := 0*A(—Ey) is ample on X. Now note that
HY (X, AF(—mPBy))=H"X, 0* A*(—(k + m)Ey))=H"(X, A* ® I&™), for m»0.

(i)«<(iv) For (a), we use 0I5t —Jm—gm /74 .0; for (b), twist by F the following sequence
and use (1.1): 0—IP -0 x—0y,, —0.

Conversely, for t < p—1and m » ct?, using 0—97 /371 -0y, -0y, ,—0 we deduce that
HY(Yy,, F)—HY(Yy,_1,F) are injective and eventually isomorphic, so H!(Xy, F) = H(Y;,, F)
for m large enough. Thus H'(X,F)—H(Y,,,F) are isomorphisms, so H'(I}! ® F) = 0. It
remains ¢ = p. For m > ct¥, HP(I)" @ F)— HP (97 ® F) are injective, eventually isomorphic
to a vector space H(p,F). The previous step and the sequence 0—>Jm+1—>(9 x—0y,,—0 imply
that H(p,F) = Ker(HP(X,F)—HP(Xy,F)) = 0. O

Proposition 1.6 We consider the conditions:
(A) Y is a (dimY — p)-ample subscheme; (P)Y isp™°

The following statements hold:

(i) If):( is a Cohen-Macaulay scheme, then (A) = (P);
(ii) If X is a Gorenstein, then (A) < (P).
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(iii) For X smooth and Y lci, one has the equivalence:

Y isp™°

{ the normal bundle Ny x is (dimY" — p)-ample, (15)

the cohomological dimension cd(X\Y) < dim X — (p+ 1).

Proof. (i) Since O ¢(—Ey) is relatively ample, for m » 0, it holds:
HY(X,7@TP) =~ H(X,T®05(—mBEy)) = H™X (X w: @ FY @ 0z (mEy)).

(ii) The equation above shows that (1.2) holds for w¢ ® £, £ € Pic(X); let us prove for a
coherent sheaf F on X. Take A € Pic(X) ample such that A(—Ey ) is ample on X, and ¢ > 0
such that (F ®w;~{1) ®A(—Ey)° is globally generated. The recursion [21, Lemma 2.1] applied

to 0 — F := Ker(e) — (wg ®A® OX(cEy))eaN 5 F — 0, for some N > 0, yields
HY(F(mEy)) « H*H(F1(mEy)), j > codimY + ¢, m » 0.
(iii) Apply Proposition 1.4, since X is Gorenstein. O

The Cohen-Macaulay (resp. Gorenstein) property of blow-ups has been investigated by
several authors; combinatorial conditions are determined in [17, 16]. A situation which covers
many geometric applications is when X is Cohen-Macaulay (resp. smooth) and Y is lci.

The proposition above breaks the estimation of the amplitude into a local and a global
problem. The former is easier but, in general, the cohomological dimension is difficult to
control (cf. [1, 20, 7]); in [11] we obtained upper bounds—those of interest—in the presence
of affine stratifications. Below is a manageable situation which will be used in Section 3.

Proposition 1.7 Let V' be a projective scheme, X 1A V' a morphism such that O ¢ (Ey) is
p-relatively ample. Then'Y < X is g-ample, for q:= 1+ dim ¢(X) — codimx (V).

Proof. For a coherent sheaf F on X, one has R'¢.(F ® O (mEy))=0,t>0,m » 0, so
HI (X, F®0¢(mEy))=H?(V,:(F QO3 (mEy)))=0, j = q+ ¢ > dim $(X). O

1.2. Elementary operations. We study the behaviour of partial ampleness under various
natural operations: intersection, pull-back, product.

Proposition 1.8 Let X’ EA X be a morphism, d := the mazimal dimension of its fibres, and
Vii=X'xxY=f4Y)cX.

(i) If Y < X is g-ample, then Y' < X' is (¢ + d)-ample.

(ii) If f is flat and surjective and Y is p~°, then so is Y.

Proof. (i) The universality property of the blow-up yields the commutative diagram

X' = Bly/(X") X = Bly(X)
| S ~
X’ X [*O0%(Ey) = 0%/ (Ey).

Moreover, X' © X' x x X is a closed subscheme, so the maximal dimension of the fibres of f is
still d. For a coherent sheaf G on X', the projection formula implies R’f,(S® O w/(mEyr)) =
R f.5® O (mEy), RIf.G =0, j>d, and the condition (1.2) follows.
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(i) Since f is flat, the diagram is Cartesian. Take A’ € Pic(X’) ample such that RJ f, A’ b 0,
for k,j > 0; then Fp = f*fl’ g is locally free on X, by Grauert’s criterion. For ¢ < p, one has
Ht(X’,fl/k(—mEy/)) — HY(X,F,(—mEy)), and we conclude by 1.5. O

Proposition 1.9 Suppose X is smooth.

(i) Let Y1,Ys < X be respectively q1-, g2-ample lci subvarieties such that codim(Y; nYs) =
codim (Y1) + codim(Y3). Then Y1 nYs € X is (q1 + q2)-ample.
(ii) Suppose Y; = X; are lci and pj>0, forj =1,2. Then Y| x Yy < X1 x X3 s min{py, pa}~°.

Proof. (i) Note that Y1 n Y3 is lci in X; the sub-additivity property [2, Theorem 3.1] applied
to the normal bundle sequence implies that Ny, ~y,/x is (q1 + g2)-ample. The Mayer-Vietoris
sequence for X\ (Y7 u Y3) yields the bound on the cohomological dimension.

(ii) The inequality cd(X; x X2\Y7 x Y3) < dim(X; x X3) — min{p;, p2} follows from the
Mayer-Vietoris sequence for X7 x Xo\Y; x Yy = ((Xl\Yl) X Xg) U (Xl X (Xg\Yg)).

It remains to show that Ny, .y, /x, xx, is g-ample, for ¢ = dimY; + dim Y2 — min{py, p2}.
We use the equivalent characterization in Definition A.1: let A, A2 be ample line bundles on
X1, Xo, respectively, and A; [X] As the tensor product of their pull-backs. Then, for a » 0,
k=1, and t > max{q; + dim X3, g2 + dim X }, it holds:

HY (Y1 x Ya, (AT* A5 ™) @ Sym*(Ny, /x, BNy, /x,))
= @ H"(V1,A7"@Sym™ (Ny,/x,)) ® H? (Y2, Ay" ® Sym™ (Ny, /x,)) = 0. H

tq+to=t,
ajtag=a

1.3. Weak positivity. Our goal is to prove a transitivity result for the p~%-property.

Definition 1.10 The subscheme Y < X is p<0—that is, weakly p-positive—if there is a
decreasing sequence of sheaves of ideals {J,,},,, with the following properties:

e Vm,n=>1, 3m' > m, n' > n such that J,, < IV, f]’{// < In;

o for any locally free sheaf F on X, (1.6)
3 c¢t” > 1 such that H(X,F®3mm) =0, Vt <pVm > ct’.

Obviously, Y is p<? if and only if s0 is Yieq.

Lemma 1.11 Suppose X is smooth, Y is lci and p<°. Then cd(X\Y)<dim X—(p + 1).

Proof. Since X is smooth, [14, Proposition I11.3.1] states:
cd(X\Y) < ¢ = HY(X\Y,L) =0, YL € Pic(X), ¥t > c.

We have X\Y =~ X\FEy and HY(X\Ey,L) = li_n)lHt(X,L(mEy)), cf. [21, (5.1)]. Since
Pic(X) = Pic(X) ® ZEy, one has wy ® L~ =~ M(IEy) for some M € Pic(X), | € Z. By

applying Serre duality—as X is Gorenstein—we find:
lim H7(X, M®Jy}) = lim H (X, M ® J,) = 0, VM € Pic(X), j <p. O

Corollary 1.12 Let Y < X be complex, smooth varieties. If Y is p<, then the following
statements hold:
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) an isomorphism, for t<p—1;
() H'(X:Q) — H(Vi) s | e
injective, for t = p.

(ii) For p = 3, the following maps are isomorphisms:
Pic(X) ® Q — Pic(Xy) ® Q — Pic(Y) @ Q.
(iii) Forp=dimY —q and X,Y as in 1.7, the previous properties hold with Z-coefficients.
Proof. (i) Use the previous lemma and [21, Corollary 5.2].
(ii) One has H7(Ox) > H?(Xy; O, )s j =1,2. On the other hand, the sequence
HYY;Z) » H'(Xy; 0y, ) — Pic(Xy) —» H*(Y;Z) —» H*(Xy; Og,)

is exact (cf. [13, Lemma 8.3]). Now use (i) and the exponential sequences of X,Y.

(iii) Note that O (Ey) is dim ¢(X)-positive, so A.4(iii) applies. Indeed, consider an em-
bedding X - PN x V over V, such that O (moEy) = t*(Opn (1) M), for some mgy > 0,
M € Pic(V). Now take the Fubini-Study metric on Opn (1) and an arbitrary on M. 0

Proposition 1.13 Let X be smooth. Suppose Z < Y is p°°, Y < X is r>0, and they are
both irreducible and lci. Then the following statements hold:

(i) Zc X is (p— (dimY — 7"))>0; more precisely, one has:
{ Nyz/x is (dimY + dim Z — (r + p))-ample,
cd(X\Z) < dim X — (min{r,p} + 1).
(ii) If Z,Y are smooth, then Z — X is min{p,r}~".
Proof. (i) The first claim follows from 1.4. For the second, let Uz:=X\Z, Uy:=X\Y, and §G
be a coherent sheaf on X. The left- and right-hand side of the exact sequence
.. = Hy4(Uz,9) — H'(Uz,9) — H'(Uy,$) — ...,

(1.7)

vanish for 7 = dim X — p and 7 = dim X — r, respectively (cf. [21, Proposition 6.4]).
(ii) Both Y, Z are min{p,r}>0, so we may assume without loss of generality that p = r.
Consider &1,...,&, (1, ..., G € Ox 2, whose images in Ox , yield independent variables, such

that Jy, = (&) = (&,..., &y and Iz, = (&, ¢) = (&1, 6w, Gy o .o, Cy). For 1 > a, a direct
l . .
computation yields J§-, N JIZJ = SO (O = %, -JlZ_;, which implies (JlZz +3%.)/9%, =

JIZ7 I Jgg We obtain the exact sequences:

g4 I\ 9L +gett gl 4 oge
0— a’jl@(—Z) L2ty 2P Lo vizasl (1.8)
The left side is an Oy-module: Jz/Jy = Jzcy is the ideal of Z c Y IJ‘{,/J?/H = Sym* N}‘j/X.

Let J be locally free on X. By the p>®-property, there is a linear function (k) = ct,- k+ct,
(with ctq, cty independent of &) and kg, l5 € N, such that:

H{(F®k)=0, Vt<p Yk
HY(Fy ®71, ) =0, VYt<p, VI
Ht(fy®symaN;/X®Jggy):o, Vt<p Va<k, YI=I(k).

21{:?7
21?7
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The last claim is a consequence of the uniform g-ampleness and the sub-additivity property
of the amplitude (cf. [24, Theorems 7.1], [2, Theorem 3.1]):

— There is a function linear(r) such that, for any locally free sheaf ¥ whose regularity
satisfies max{1,reg(Fy)} < r, it holds: H!(Fy ®3I,_,) =0, Vt < p, [ > linear(r).
— If a <k, then reg(Fy ® Sym* Ny, ) < linear (k).

JLZ+JY
Jy

Recursively for a = 1,..., k, and starting by = JIZCY7 (1.8) yields:

H'(7@ %) =0, Vt<p, V1= (k).

) k
Now tensor 0 — fléi — le + f]gi — jz;,:jy — 0 by F and deduce:
Y

H(F@ (5 +7%)) =0, YVt <p, Vk= kg, VI=I1(k).
The subschemes defined by f]’{/ + JIZ are ‘asymmetric’ thickenings of Z in X. The ideals
I =95 + I57W satisty (1.6): o < 95, K >k, I7 < Goy m! = m + I(m). n

2. CONNECTEDNESS PROPERTIES

Notation 2.1 Let V, X be irreducible projective varieties, V' 1 xa morphism, and Y < X
a closed subscheme.

The issue regarding the connectedness of pre-images of subschemes by morphisms was
raised by Fulton-Hansen in the late 70s.

Conjecture (cf. [9, p.161]) Suppose that dim f(V) +dimY > dim X and the normal bundle
Ny x is ample. Then f~H(Y) is connected.

Despite its elementary nature, it turns out that the question is surprisingly difficult to
answer. It is known that, in this form, the conjecture is false; a counterexample can be found
in [14]. However, it does hold for subvarieties of various homogeneous spaces (cf. [9, 12, 7, 6]),
so it is interesting to find a framework which yields a positive answer.

2.1. Connectedness of pre-images.
Theorem 2.2 Suppose cd(X\Y) < dim(X) — 2 and f is surjective. Then f=1(Y) is con-
nected, in particular so is'Y .

The statement generalizes [14, Corollary II1.3.9] in two directions. First, it allows morphisms
into the picture; this is important, taking into account the Fulton-Hansen-problem. Second,
there is no assumption on the smoothness of the varieties; this is crucial, since one can not

control the regularity of the image of an arbitrary morphism.

Proof. We may assume that V is smooth. Otherwise, let V/ % V be a (surjective) resolution

of singularities; if (fo)~!(Y) is connected, then sois f~H(Y) = o((fo) 1 (V).
In order to prove that Z := f~1(Y) is connected, it suffices to show that
resz : HO(V,0v) — H°(Vz, 0y, ) (2.1)

is an i_somorphism. By formal duality [14, Theorem II1.3.3], the right-hand side is isomorphic
to HFm™V (V,wy )Y and the dual of resy fits into the exact sequence:

HIVLONZ wy) — HEY (V,wy) — HYV (V,wy) — HEYV(V\Z,wy).
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The rightmost cohomology group vanishes, by Lichtenbaum’s theorem.

We claim that the leftmost group vanishes too. This a consequence of Leray’s spectral
sequence for f, combined with Kollar’s higher direct image theorem [18, Theorem 2.1]. Indeed,
the cohomology group H***(V\Z,wy) can be computed using the spectral sequence whose
Ey-term is H*(X\Y, R? f.wy). With the ad hoc notation

v:=dimV, z:=dim X, so v — z = dim(generic fibre of f),

Koll4r’s theorem states that RP fuwy = 0, for b > v — z + 1.

The restriction of f to V\Z is proper, so the higher direct images are coherent (in fact
torsion free, by loc. cit.). The assumption on the cohomological dimension of X\Y yields
HYX\Y,Rfuwy) =0, fora>x— 1. ]

Corollary 2.3 The induced homomorphism 7"(f~1(Y)) — 7%9(V) between the algebraic
fundamental groups is surjective.

Proof. For any étale morphism W % V., (fg)"'(Y) = g~ ! (f_l(Y)) is connected. O

In general, for arbitrary V, there is no control on the homomorphism (2.1).

Proposition 2.4 Let the situation be as above and suppose moreover that V is normal and
has rational singularities. Then resz : H(V,Oy) — HO(Vz, Oy,) is an isomorphism.

Subschemes satisfying this property are called G1 in Hironaka-Matsumura [15].

Proof. The argument is the same as above. Kempf’s criterion implies that V is Cohen-
Macaulay and, at the first step of the previous proof, the resolution V/ % V has the property
that o.wys = wy. Consequently, formal duality—needed for dualizing (2.1)—holds on V.
(Cohen-Macaulayness suffices for the Serre duality in the proof of [14, Theorem II1.3.3].) For
Z' == 07Y(Z), one has: HI(V\Z' ,wy) = HI(V\Z,wy), j = v — 1,v; this transfers the
computation from V to V', which is smooth. O

Remark 2.5 (i) Lichtenbaum’s theorem states that cd(X\Y) < z — 1, but it is unclear
when is maximal. Our result implies that, contrary to the intuition, the cohomological
dimension does not drop by removing effective divisors, the reason is not due to the
existence of ‘disjoint divisors’. Indeed, suppose cd(X\Y) = 2 —1 and D < X is a
(complete) effective divisor, disjoint of Y. Then it still holds cd(X\(Y u D)) = = — 1,
otherwise Y u D would be connected, contradicting the hypothesis.

The observation is false if the divisor is allowed to intersect Y: cd(P?\[1:0:0]) = 1

and it remains the same by removing a line disjoint of [1:0:0]. However, by removing

a line passing through the point, one obtains the affine 2-plane, whose cohomological
dimension vanishes.

(ii) The Fulton-Hansen-conjecture is false in general; a counterexample is due to Hartshorne

(cf. [14, pp.199]). Let VLX be an étale (surjective) morphism, Y’ a d-codimensional,
general complete intersection in V', with 2§ > dim V; let Y:=f(Y”). Then Ny /x is ample,

f~HY") is disconnected. What (necessarily) fails is cd(X\Y)<dim X—2. This shows
that Theorem 2.2 is optimal.
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2.2. Application to partially ample subvarieties. We start discussing the equidimen-
sionality of partially ample subvarieties. In general, they are not so: consider X := P? and

Y := {x =0} U{y = z = 0}. Then X = Bly(P?) is isomorphic to the blow-up P2 of P2 at
[1:0:0], with exceptional divisor E, and O g (Ey) = Op2(1) ® O (E). A short computation
shows that Y is 1l-ample.

Lemma 2.6 Let X be a projective variety, and suppose that X,Y are both Cohen-Macaulay.
If Y is either 19 or (dimY — 1)-ample in X, then Y is equidimensional.

Proof. Suppose Y is 12Y. Then it is G1: the isomorphism H°(Ox) = HO(OXy) holds ‘in
finite time’: with notation 1.10, one has H%(J,,) = H'(d,») = 0, m » 0. In particular, Y is
connected. The same holds if Y is (dim Y —1)-ample. Now conclude by using the unmixedness
property, that local Cohen-Macaulay rings are equidimensional. O

Recall that partial ampleness yields an upper bound for the cohomological dimension of
the complement of a subvariety. Thus we obtain a convenient class of subvarieties for which
Theorem 2.2 does apply. Below is our main result: partial ampleness is a numerical condition
which ensures that pre-images are connected. We stress that, in the generality below, there
are no similar statements in the literature.

Theorem 2.7 Let the situation be as in 2.1.

(i) Let Y < X be a (dim f(V) + dim(Y) — dim(X) — 1)-ample closed subscheme. Then the
following properties hold:

FUY) C V is connected; 73" (f'(y) — 79V is surjective.

(ii) In particular, suppose Y < X is a (dimY — 1)-ample subscheme and f is surjective.
Then f~1(Y) is connected.

Proof. Observe that cd ( f(V)\(Y n f(V))) < cd(X\Y) < dim f(V) —2, and apply 2.2 to the
surjective morphism f: V — f(V). O

Corollary 2.8 Let V,Y be closed subschemes of X. Suppose V is connected and Y is g-ample
m X, with 0 < ¢ <dimV +dimY —dim X — 1.
Then Y n'V is non-empty and (dim(Y NnV)— 1)-ample in V', hence connected.

The statement reminds a problem of Hartshorne [14, Ch. III, Conjecture 4.5], concerning
the connectedness and non-emptiness of the intersection of smooth subvarieties with ample
normal bundles. According to the survey [22], this issue is currently still wide open.

Proof. The intersection Y n V' is non-empty, because
cd(V\Y nV) <ced(X\Y) <codimyY +g—1=dimV —2, (cf. 1.4).

Actually one has dim(Y n V) > 1, since otherwise cd(V\Y n V) = dimV — 1: there are
effective divisors avoiding a finite number of points. OJ

Example 2.9 Suppose Y < X is ample. Then, for any subvariety V' < X of dimension at
least codim(Y’) + 1, the intersection ¥ n V' is non-empty—this is already proved in [21]—
and also connected. The Lefschetz-type hyperplane theorem in op. cit., Corollary 5.2—in
particular the connectedness of the intersection—requires the smoothness of V\(Y n V).
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Therefore, by pursuing this path, one can not deduce the connectedness of pre-images, as
we do in Theorem 2.7, because it is not possible to control the smoothness of the image of an
arbitrary morphism.

So far we used only the bound on the cohomological dimension of X\Y. The partial
ampleness of Y < X actually carries more information.

Theorem 2.10 (i) Let the situation as in 2.8, X,V smooth; suppose Y X and Y nVcV
are lci. (The intersection is automatically lci if codimx (V NnY)=codimxV+codimyY.)
Then VY is G3in V. In particular, a 17° lci subscheme of a smooth variety is G3.

(ii) Let the situation as in 2.1, with f(V') is smooth and Y n f(V') is lci.
IfY is (dim f(V) + dim(Y) — dim(X) — 1)-ample, then f~H(Y) is G3in V.

For the definition of the G3-property, the reader in invited to consult [15].

Proof. (i) First note that if V' n'Y has the expected codimension, then each of its components
has at most that codimension, so V nY is equidimensional; thus VnY < V is lci.
Back to the general case, the commutative diagram below shows that the exceptional divisor
Ey .y is (dimV — 2)-ample:
Bly~v (V) —— Bly(X)

| |

Ve——X.

Hence Ny y )y is (dim(VAY) — 1)-ample by 1.6(iii), so VAY is G2 in V (cf. [10, §3]). As
cd(VAVNY) < dimV — 2, Speiser’s result [14, Corollary V.2.2] yields the conclusion.

(ii) The proof of 2.7 above and the previous step imply that Y n f(V) is G3 in f(V). It
remains to apply [15, Theorem 2.7], since f~1(Y) = f~1(Y n f(V)). O

In Hartshorne’s counterexample 2.5, Yc X is not G3, but it is G2. Also, Y does not possess
the 1>%-property. This indicates that, for being G3, the 1”%-property is close to optimal;
see [14, Proposition V.2.1]. It has the advantage to be a numerical condition.

3. EXAMPLES OF PARTIALLY AMPLE SUBVARIETIES

We show that partially ample subvarieties occur in a variety of situations:

(i) zero loci of sections in vector bundles;
(ii) sources of Bialynicki-Birula decompositions;
(iii) subvarieties of rational homogeneous varieties.

3.1. Vanishing loci of sections. Throughout this section, N is a vector bundle of rank v
on the smooth projective variety X.

3.1.1. g-ample vector bundles.

Proposition 3.1 Suppose N is g-ample and Y is the zero locus of a regular section in it.
Then Y < X is a g-ample subvariety.

Proof. We verify (1.3) for a vector bundle F on X. Since s is regular, Y is Ici, codimx (V) = v,
so 1.6(ii) applies. One has the resolution (cf. [5, Theorem 3.1])

m

. s™_|
0—->L'NY)—>...> L/ (NY)— ... > Sym"(NV) — Iy -0, Ym > 1, (3.1)
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where L3,(NV) := Im(symm—l(NV) ®/j\NV o Sym™(NY) ®]/\1NV>,1 < j < v. The
general linear group is _linearly reductive and ¢¥n is equivariant, so Lfn(NV) is a direct sum-
mand of Symm(NV)@ J/_\l NVY. For m » 0, one has:

Ht+j*1(X,?®jf\le ®Sym™NV) =0, for1<j<v, t+rv—1<dimX —q—1.
It follows that H'(X,F®@Jy) =0, for 0 < ¢ < dimY —g. O

3.1.2. Globally generated vector bundles. Henceforth we assume that N is globally generated;
thus the notions of g-ampleness and Sommese-g-ampleness agree (cf. A.2).

Let Y = X be Ici of codimension 4, the zero locus of s € T'(N) := H°(X,N). We do not
require s to be regular, so we allow § < v. We are going to use 1.7 to estimate the ampleness
of Y. We observe that the blow-up fits into the diagram

v—1 v—1
X<—>P(N):]P>(/\NV®det<N))<—>X x IP(/\P(N)V) (3.2)

ot\p;p |

X (AT00").
and it holds
O¢(By) = Opoy(—1)| 5 = (det(N) K Op(—1))| - (3.3)

Proposition 3.2 Suppose det(N) is ample. If the dimension of the generic fibre of ¢ over
its image is p + 1, then O ¢ (Ey) is dim ¢(X)-positive, and Y is (dimY — p)-ample.

Proof. The assumptions of 1.7 are satisfied. g

Note that the proposition applies also when only some symmetric power Sym® N is globally
generated. Then s € I'(N) induces s* € I'(Sym®N) and Jgsu_qy = Jis—oy- By 1.4(i), the
amplitude of {s* = 0} coincides with that of {s = 0}.

3.1.3. Special Schubert subvarieties of the Grassmannian. Let W < T'(N) be a vector subspace
generating N, dim W = v + u + 1. It is equivalent to a morphism f : X — Gr(W;v) to the
Grassmannian of v-dimensional quotients; det(N) is ample when ¢ is finite.

Henceforth let X = Gr(W;v); it is isomorphic to Gr(u + 1; W), the (u + 1)-dimensional
subspaces of W; let N be the universal quotient. The morphism ¢ in (3.2) is explicit:

PON) > B, (1, (e)) o det(Na/(esd)” © ANY < AWY. (3.4)

(e stands for the line generated by e, € N, © € Gr(W;v).) The restriction to the Grass-
mannian corresponds to the commutative diagram

0—— OGr(W;I/) — W® OGr(W;I/) - W/<S> ® OGr(W;V) —0 (35)
I, 4 |
Oc(win) N N/(Bs) 0.

Thus ¢ is the desingularization of the rational map

gs : Gr(Wsv) —=» Gr(W/(s);v = 1), [W = N]— [W/(s) — N/(fs)], (3.6)
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followed by the Pliicker embedding of Gr(W /{s);v — 1). The indeterminacy locus of ¢ is
Gr(W /{s);v), so the latter is u”° in Gr(W;v). The observation can be generalized.

Corollary 3.3 For ¢ < v, fix an {-dimensional subspace Ay < W. Consider the Schubert
subvariety Yy := {U € Gr(u + 1; W) | U n Ay # 0}. Then Yy is (0(u + 1) — 1)>0.

Thus the Chow ring of the Grassmannian is generated by partially ample subvarieties.

Proof. Note that Yy is (v — £ + 1)-codimensional and is the vanishing locus of

0 0
sp: 0~ det(Ag®O) — /\W@O — /\N
We are in the situation 1.7. The diagram (3.2) corresponds to the rational map
¢:Gr(u+ 1L, W) --» Gr(u+ 1, W/Ay), U w— (U+ Ap)/Ay,

followed by a large Pliicker embedding; its indeterminacy locus is precisely Y. Since ¢ is
surjective, a dimension counting yields the conclusion. O

Remark 3.4 (i) Propositions 3.1 and 3.2 deal with complementary situations: Opyv)(1)
is the pull-back of an ample line bundle, while O ¢ (Ey) is relatively ample.

(ii) The criterion 3.1 is not optimal: by A.2, for X = Gr(v +u+ 1;v), the universal quotient
N is g-ample, with ¢ = dimP(NV) — P*** = dim X — (u + 1). So Y = Gr(v + u;v),
the zero locus of a section of N, is (u + 1 — v)>; this may be negative and the estimate
irrelevant.

On the other hand, 1.7 implies that Y is ©”%. Moreover, for ¢ # 1,v, the section s,
above is not regular, so 3.1 does not apply, anyway.

(iii) Subvarieties obtained as zero loci of sections in globally generated vector bundles and
pull-backs of Schubert cycles appear in the recent work [8, §3], in the definition of the
pliant cone of a projective variety, which is a full-dimensional subcone of the nef cone—an
object of central interest. The discussion above, together with Proposition 1.8, implies
that these elements of the pliant cone are in fact partially ample.

3.2. Sources of torus actions. Let X be a smooth projective variety with a faithful action
A Gy x X — X of the multiplicative group G,, = k*. This determines the well-known
Bialynicki-Birula—BB for short—decomposition of X (cf. [4]):

e The fixed locus X* of the action is a disjoint union | | Y; of smooth subvarieties. For

SGSBB
s€ Spp, Y,m i={xe X | %iné A(t,z) € Yy} is locally closed in X (a BB-cell) and it holds:
X= ||Yi
SESBB

e The source Y := Yyource and the sink Y of the action are uniquely characterized by
the conditions: Y+ =Y.} . < X is open and Y, = Y.

A linearization of the action in a sufficiently ample line bundle yields a G,,-equivariant em-

bedding X < ]P’H](V. There are homogeneous coordinates zg € k™No+! .. z. e kN *! such that

the G,,-action on ]P’EJ(V is:

/\(t, (20,21, ... ,ZT]) = [z0,t"'z1,...,t""z,], withO <mi <...<m,. (3.7)
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The source and sink of PV, X are respectively:

PR urce = {[20,0, ..., 0]}, PN ={[0,...,0,2,]},
Y = Yiource = X " PN o, Yk = X nPY (3.8)
Y+ = X 0 (Plee) (P see)” = {[2] = [20,71,.,2,] | 70 + O},

Let m be the lowest common multiple of {m,},—1 ., and [, := m/m,. Let us denote
lep = (z;%, . ,zlp”Np) and J < Opn~ the sheaf of ideals generated by zlf, . ,zﬁ,". The choice of
the exponents makes the assignment

PN - PN [z0,21,...,2,] — [zlll,...,zﬁf], (3.9)

well-defined. It defines a G,,-invariant rational map whose indeterminacy locus is the sub-
scheme determined by J. Then J := J® Ox defines the subscheme Yj < X whose reduction
is (Y, 0y ). We have the diagram:

//—¢>X
X := Bly, (X) — = Bl(PV) — 2= pV’ (3.10)
| | H
X - PN - - - — - ~ P’

Lemma 3.5 The diagram (3.10) has the following properties:

(i) The exceptional divisor of B is ¢-relatively ample, hence the exceptional divisor of o is
¢ x -relatively ample.
(ii) The morphism ¢ : Bly(PN) — PN is G,,-invariant and

dim ¢ x (X) = dim ¢x (X\Y ) < dim(X\Y ). (3.11)

Proof. (i) The subscheme determined by J is the vanishing locus of a section in a direct sum
of ample line bundles over PV, so 3.2 applies.

(ii) It holds: dim¢x (Bly(X)) = dimx (X\¥) and éx(X\Y) = éx(X\Y") U ¢x (Y T\Y).
For [zg,2z'| € YT\Y and ¢ € G,,, the G,,,-invariance of ¢x yields:

ox ([20,2]) = dx (t x [20,2]) = dx ( Jim t x [20,2]).
But tliﬁr&t x [zo,7'] = [0,2"] € X\Y T, which implies ¢px (Y T\Y) < ¢px(X\Y ). O

Now we can estimate the ampleness of the source Y.

Theorem 3.6 Let X be a smooth Gp,-variety with source Y, and p := codim(X\Y*) — 1.
The following statements hold:

(i) The thickening Yy of Y in (3.10) is a (dimY — p)-ample subscheme of X ; in particular,
Y is a pR° subvariety.
(ii) If Gy acts on Ny x by scalar multiplication, then Y < X is p~0.

Proof. (i) We apply the Proposition 1.7: Yj is a g-ample subscheme, with

- (3.11)
q=1+dim¢(X)—codimyx(Y) < 1+dim(X\Y")— codimx(Y).

(ii) In this case we have YT ~ N := Spec (Sym' N}V,/X), cf. [4, Remark pp. 491]. Thus
N < X is open and G, acts, fibrewise over Y, by scalar multiplication.
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The inclusions N < Npv pv = {[2n,,2'] | 2N, # 0} < PN are G,,-equivariant. The

scalar multiplication on the coordinates z’ exists globally on PV, so X < PV is invariant.
Hence the exponents [, in (3.9) are all equal one, J = Jy < Ox. O]

Remark 3.7 X\Y ™ < X\Y is closed, so 1.11 implies ¢d(X\Y) = dim(X\Y ). This simple
answer contrasts the elaborate techniques [20, 7].

Example 3.8 (i) Endow W =~ k%*!, w + 1 even, with a non-degenerate, symmetric bilinear
form . Let X := o-Gr(u + 1; W) be the orthogonal Grassmannian of (u + 1)-dimensional
isotropic subspaces; in particular, w + 1 > 2(u 4+ 1). Choose a Lagrangian decomposition
W = k(wt1)/2 @ k(w+1)/2 gych that

B = [ 1 0 Lewry/2 ] , (1 stands for the identity matrix).
(w+1)/2 0
Consider the action G, 2 SO (w+1)/2> At) = dlag[ -1 s Aw—1)/2: ll(w,l)p], whose source is
= s = (1,0,..., € ~ r(u;w — 1). For €Y, acts with weight ¢ on
{U | (1,0 0) € U} = oGr(y; 1)F UeY, A ith weigh
Ny xu = Hom((s), ()" /U).

X\YH={UeX|s¢lm\t)U} = {U|UcW =k D2@kltbz),

Let (s") := Ker(By~): if w =2u+ 1, then s’ € U for all U € X\Y'*; for larger w, this is not
the case. It follows:
(u—1)"" ifw=2u+1;

:YCXIS:{ u>0 ifw>=2u+ 3.

u if w=2u+1;

codim(X\Y ) = { u+1 ifw>=2u+3,

(ii) With the previous notation, let w be the skew-symmetric bilinear form

B 0 Lwr1)/2 ]
v [ —Npwt1)2 0 '

Let X := sp-Gr(u + 1; W) be the symplectic Grassmannian of (u + 1)-dimensional isotropic
subspaces of W. The action of A : Gy, — Sp(y11)2, At) = diag [t_l, Tw—1y/2: 1 Il(w_l)/Q] has
the source Y = {U | s := (1,0,...,0) e U} = sp-Gr(u;w — 1).

Note that Ny x ¢y = Hom((s), W/U), so G, acts by weight t2 on Hom({s), W /{(s)') and
weight ¢ on the complement. As before, it holds codim(X\Y ) = 1 + u. Hence Y is u<?;
more precisely, there is a non-reduced scheme with support Y which is u>°.

3.3. Subvarieties of homogeneous varieties. Results due to Faltings, Barth-Larsen, Ogus
show that the subvarieties of homogeneous spaces enjoy positivity properties.

Theorem Given a rational homogeneous variety X = G/P, with G is semi-simple; let { be
the minimal rank of its simple factors. Let Y < X be a smooth subvariety of codimension 9.
The following statements hold:

(i) (cf. [7, Satz 5, Satz 7]) Y is (£ — 25 + 1)~0.

(ii) Y =P is p7° < rest, : H{(P";Q) — H'(Y;Q) is an isomorphism, YVt < p.

Proof. (i) ed(X\Y) < dim X — £ + 20 — 2 and Tx is (dim X — £)-ample. Since Ny ,x is a
quotient of Tx, we conclude by 1.4.
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(ii) Ny /pn is ample. By [20, Theorem 4.4, 2.13], cd(P™\Y) < n — p if and only if res}, is an
isomorphism and the local cohomological dimension of Y < P” is at most n — p. The latter
equals codimpnY = n — dim Y, since Y is smooth. OJ

Note that the techniques in [7] used for proving (i) above are involved, yet the estimate is not
optimal: 3.3 shows that the special Schubert cycles are actually much more positive.

APPENDIX A. BACKGROUND MATERIAL

A.1. Cohomological g-ampleness. This notion was introduced by Arapura and Totaro.

Definition A.1 Let Y be a projective scheme, A € Pic(Y') an ample line bundle.

(i) [24, Theorem 7.1] An invertible sheaf £ on Y is g-ample if, for any coherent sheaf § on
X, holds: ety Va=ctd Vt>q, H(Y,5®L*) = 0.

It’s enough to verify the property for G = A7* k > 1 (cf. [24, Theorem 6.3, 7.1]).

(ii) [2, Lemma 2.1, 2.3] A locally free sheaf & on Y is g-ample if Opev)(1) on P(EY) :=
Proj(Sym(’gy &) is g-ample. It is equivalent saying that, for any coherent sheaf § on Y,
there is ct9 > 0 such that: H'(Y,§® Sym®(&)) = 0, Vt > ¢, Ya = ctJ.

The g-amplitude of &, denoted by ¢¢, is the smallest integer ¢ with this property. Note
that € is g-ample if and only if so is €y, , (cf. [24, Corollary 7.2]). Also, any locally free
quotient J of € is still g-ample; indeed, Op(gv)(1) = Oprgv)(1) ® Op(gv).

A.2. g-positivity.
Proposition A.2 [23, Proposition 1.7] For a globally generated, locally free sheaf & on'Y,
the following statements are equivalent:
(i) € is g-ample (cf. Definition A.1);
(ii) The fibres of the morphism P(€Y) — |Opevy(1)| are at most q-dimensional.
We say that € is Sommese-q-ample if it satisfies any of these conditions.

Definition A.3 (cf. [1]) Suppose X is a smooth, complex projective variety. A line bundle
L on X is g-positive, if it admits a Hermitian metric whose curvature is positive definite on
a subspace of Tx ;, of dimension at least dim X — ¢, for all x € X; equivalently, the curvature
has at each point x € X at most ¢ negative or zero eigenvalues.

Theorem A.4 (i) [1, Proposition 28] g¢-positive line bundles are q-ample.
(ii) [19, Theorem 1.4] Assume € is globally generated. Then it holds:

€ is Sommese-q-ample < Op(gv)(l) s q-positive.
(iii) [3, 21] Let L € Pic(X) be g-positive and Y € |L| a smooth divisor. Then it holds:
. . an isomorphism, for t<dimX —q— 2;
HY'(X;Z)— H (Y;Z) is T )
injective, for t=dimX —q— 1.
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