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A GEOMETRIC CONSTRUCTION OF
SOLUTIONS TO 11D SUPERGRAVITY1

Teng Fei, Bin Guo, and Duong H. Phong

Abstract

Necessary and sufficient conditions are provided for a class of warped product
manifolds with non-vanishing flux to be supersymmetric solutions of 11D super-
gravity. Many non-compact, but complete solutions can be obtained in this manner,
including the multi-membrane solution initially found by Duff and Stelle. In a differ-
ent direction, an explicit 5-parameter moduli space of solutions to 11D supergravity
is also constructed which can be viewed as non-supersymmetric deformations of the
Duff-Stelle solution.

1 Introduction

The 11D supergravity theory was first constructed by Cremmer, Julia, and Scherk [8].
The bosonic part of its action is given by

L(g,A) =

∫

M

1

2
Rdvol− 1

4
F ∧ ∗F +

1

2
A ∧ F ∧ F. (1.1)

Here g is a Lorentzian metric on an oriented 11-dimensional manifoldM with one time-like

direction, R is the scalar curvature of g, ∗ is the Hodge star operator, A is a 3-form on
M and F = dA is the 4-form field strength (flux). The 11D supergravity theory occupies

a privileged position in unification efforts including gravity, as the highest dimensional
supergravity theory with no particle of spin greater than 2, and as a low-energy limit ofM

theory (see e.g. [33, 34, 20, 13] and references therein). Its profoundly geometric nature
makes its solutions not just interesting from the theoretical physics viewpoint, but also

from the mathematics viewpoint, where they may ultimately serve as models of canonical
metrics in new settings.

It is well-known that the equations of motion of the theory, i.e., the critical point

equation of the action L, are given by

d ∗ F =
1

2
F ∧ F, (1.2)

Ricij =
1

2
(F 2)ij −

1

6
|F |2gij . (1.3)
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In (1.3), Ricij is the Ricci curvature tensor and (F 2)ij is the symmetric tensor given by

(F 2)ij =
1

3!
FiklmF

klm
j = (ι∂iF, ι∂jF ).

Here we follow the convention that for a p-form F one writes

F =
1

p!
Fi1...ipdx

i1 ∧ . . . ∧ dxip ,

|F |2 = 1

p!
Fi1...ipF

i1...ip =
1

p!
Fi1...ipFj1...jpg

i1j1 . . . gipjp.

The simplest solutions to 11D supergravity equation are those with trivial flux, i.e., F = 0,
in which case the equations reduce to the vacuum Einstein equation

Ricij = 0.

Therefore we may think of the 11D supergravity equation as a generalization of the Einstein
equation by turning on the 4-form flux F .

Particularly interesting solutions of the 11D supergravity equation are the supersym-

metric ones, i.e. solutions (M11, g, F ) to the equations of motion (1.2) and (1.3) which
admit a nonzero spinor ξ satisfying

Dmξ := ∇mξ −
1

288
Fabcd(Γ

abcd
m + 8Γabcδdm)ξ = 0, (1.4)

where ∇ is the Levi-Civita connection induced on the spinor bundle and Γ are Gamma-

matrices acting as endomorphism of spinors. In other words, the Levi-Civita connection
is twisted by the field strength F to produce a connection D on the spinor bundle, and

supersymmetry requires the existence of a parallel spinor under the twisted connection D.

Some well-known solutions of 11D supergravity are the following. Suppose the 11-
dimensional Lorentzian manifold (M11, g11) is a metric product of a Lorentzian 4-manifold

(M4, g4) and a Riemannian 7-manifold (M7, g7) and F = c dvol4 is a nonzero constant
multiple of the volume form associated to (M4, g4). Under such an assumption we see that

(1.2) is automatically satisfied. Moreover (1.3) reduces to two equations on M4 and M7

respectively:

(Ric4)ij = −c
2

3
(g4)ij , (Ric7)ij =

c2

6
(g7)ij ,

i.e., (M4, g4) and (M7, g7) are Einstein manifolds with negative and positive scalar curva-
ture respectively. This is the famous Freund-Rubin solution [17], which includes compact-

ifications of the form AdS4 × S7.
Shortly after Freund-Rubin’s discovery, Englert [15] found that one can deform the

Freund-Rubin solution on AdS4 × S7 by turning on flux on the S7. Mathematically we
can extend Englert’s construction as follows.
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Let us assume that M7 has a G2 structure with fundamental 3-form ϕ and 4-form
ψ = ∗7ϕ. We will use the convention that |ϕ|27 = |ψ|27 = 7. Assume that F is of the form

F = c4dvol4 + c7ψ,

where c4 and c7 are constants. (1.2) implies that

dϕ = c4ψ,

hence (M7, g7) is a nearly G2 manifold (see for example [18]), which implies that

(Ric7)ij =
3

8
c24(g7)ij.

It follows that (1.3) reduces to

(Ric4)ij =
2c24 − 7c27

6
gij ,

3

8
c24 =

1

6
(2c27 − c24).

Again the solutions are just products of Einstein manifolds with opposite signs of scalar
curvature. Similarly the Pope-Warner solution [28, 10] arises by making another choice

of F exploiting the structure of M7. Many more methods have since been developed
to find solutions, including other ansatz for the flux F , classifications by the number of

supersymmetries preserved, by holonomy, and construction of Lax pairs. The literature
on the subject is immense, and we can only refer here to a few representative papers

[22, 19, 9, 27, 16], in which more references can be found.

The main focus of the present paper will be rather on solutions of 11D supergravity

which are warped products. Warped products are well-known mathematical constructions,
but they appear to have been considered first in compactifications in string theory by

de Wit et al [11], Hull [21], and Strominger [29]. An early application to solutions of
11D dimensional supergravity was by Duff and Stelle [14], which will be of particular

interest to us and will be discussed in greater detail in section §4. More precisely we
consider general warped products M11 = M3 × M8 as in (2.1) below, with the ansatz

(2.2) for the flux F . We give necessary and sufficient conditions for such configurations
to be a supersymmetric solution or just a solution of 11D supergravity (Theorem 2 and

Theorem 3). The implementation of these conditions turns out to be surprisingly simple:
in effect, it suffices to have a Ricci-flat manifold M̄8, equipped with a strictly positive

harmonic function. While these two requirements combined exclude the possibility of a

compact manifold M̄8 and a smooth harmonic function, they allow for a wealth of examples
constructed from either a compact Ricci-flat manifold, or complete Ricci-flat manifolds

with faster than quadratic volume growth (Theorem 5). In both cases, by results of Cheng-
Li [3] and Li-Yau [24], the Green’s function is positive and can be used as the harmonic

function. Remarkably, the construction of complete Ricci-flat manifolds with maximum
volume growth is a topic of great current interest in mathematics, and the results obtained
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recently there, for example by Conlon and Rochon [7], Li [25], and Székelyhidi [30] can
be put to good use through Theorem 5 to produce new supersymmetric solutions of 11D

supergravity. Finally we return with this new understanding to the Duff-Stelle solution.
With the ansatz of Duff-Stelle, namely M̄8 is conformally flat and radially symmetric, it

is easy to see that the explicit expressions obtained in [14] follow at once from Theorem
3. On the other hand, if we give up on the requirement of supersymmetry and try only

to solve the field equations, we find not just the Duff-Stelle solution, but in fact a whole

5-parameter family of solutions. It is an interesting mathematical problem to determine
whether some analogues of Theorems 3 and 5 can hold in the absence of supersymmetry.

2 Supersymmetry and field equations

The goal of this section is to classify all supersymmetric solutions to the 11D supergravity
equation on M11 =M3 ×M8 of the form

g11 = e2Ag3 + g8, (2.1)

F = dvol3 ∧ df, (2.2)

where g3 is a Lorentzian metric on M3, g8 a Riemannian metric on M8, dvol3 the volume
form associated to g3, A and f are smooth functions on M8. It is convenient for us to

refer to this geometric set-up just as (g3, g8, A, f).

Throughout this paper, we say that (g3, g8, A, f) is a solution to 11D supergravity if f

is not a constant and the pair (g11, F ) solves the equations of motion (1.2) and (1.3). If
f is a constant, then F = 0 and the equations of motion reduce to the vacuum Einstein

equation. Therefore we only consider the case where f is not a constant.

We say that (g3, g8, A, f) is supersymmetric if the pair (g11, F ) admits a nontrivial

spinor, i.e. a section of the spin bundle S11, called ξ, such that

DP ξ := (∇11)P ξ −
1

288
FQRST

(

ΓQRST
P + 8ΓQRSδTP

)

ξ = 0. (2.3)

We say that (g3, g8, A, f) is a supersymmetric solution if (g3, g8, A, f) is a solution to 11D

supergravity with supersymmetry.

Throughout this section, as in (2.3), we will use capital Latin letters P,Q,R, S, T as
indices for the 11-manifold M11 = M3 ×M8, Greek letters α, β, γ as indices for M3, and

lowercase Latin letters a, b, c, d as indices for M8. The symbol ∇ always denotes the Levi-
Civita connection, whose subscript indicates the reference metric. For instance, ∇3 is the

Levi-Civita connection with respect to the metric g3.

For any real vector space V equipped with a quadratic form q, we define the associated

Clifford algebra Cl(V, q) as
Cl(V, q) = T (V )/Iq(V ),
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where T (V ) is the tensor algebra of V and Iq(V ) is the ideal generated by v⊗v−q(v). If q
is a non-degenerate pairing of signature (r, s), we will use the short hand notation Cl(r, s)

for Cl(Rr+s, q).

As associative algebras, it is well-known that

Cl(2, 1) ∼= R(2)⊕R(2), Cl(8, 0) ∼= R(16),

hence

Cl(10, 1) ∼= Cl(2, 1)⊗ Cl(8, 0) ∼= R(32)⊕R(32).

Here we have denoted by R(m) the algebra of m×m real matrices. Let {γα}α=1,2,3 be the

standard generator of Cl(2, 1) and {Σa}a=1,...,8 the standard generator of Cl(8, 0). Write

Σ9 = Σ1Σ2 . . .Σ8 which satisfies

Σ2
9 = 1, Σ9Σj + ΣjΣ9 = 0, ∀j = 1, . . . , 8.

Let {ΓP}P=1,...,11 be the standard generators of Cl(10, 1). It is straightforward to check

that an explicit isomorphism Cl(10, 1) ∼= Cl(2, 1)⊗ Cl(8, 0) is given by

{ΓP}P=1,...,11 = {γα ⊗ Σ9, 1⊗ Σa}α=1,2,3; a=1,...,8.

In addition, we use P to denote pinor representations, i.e., irreducible representations

of Clifford algebras, and S to denote spinor representations, i.e., irreducible representations
of the even part of Clifford algebras. Same letters are used for pinor and spinor bundles

over manifolds. From the structure results stated above, we know that Cl(2, 1) has exactly
two inequivalent pinor representations P±

3 and both of them are 2-dimensional. When

restricted to the even part Cl(2, 1)0, both pinor representations are isomorphic to the
spinor representation S3. As for the Clifford algebra Cl(8, 0), there is a unique pinor

representation P8 of dimension 16, which decomposes as the direct sum of two inequivalent
spinor representations:

P8 = S+
8 ⊕ S−

8 ,

where S±
8 are the eigenspaces of Σ9 with eigenvalue ±1. Moreover, we have the following

isomorphisms

P±
11

∼= P±
3 ⊗ P8,

S11
∼= S3 ⊗ P8.

In order to classify all supersymmetric solutions, the first step is to pin down g3.

Lemma 1 If (g3, g8, A, f) is a solution to 11D supergravity, then g3 has to be an Einstein
metric.
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Proof. Plugging in the ansatz into (1.2), (1.3), the equations of motion reduce to

d(e−3A ∗8 df) = 0, (2.4)

(Ric8)ab − 3(∇2
8A)ab − 3AaAb +

e−6A

2
fafb −

e−6A

6
|∇8f |2(g8)ab = 0, (2.5)

(Ric3)αβ =

(

e2A(∆8A+ 3|∇8A|2)−
e−4A

3
|∇8f |2

)

(g3)αβ . (2.6)

As A and f are independent of M3, (2.6) implies that there exists a constant λ such that

Ric3 = λg3

and

e2A(∆8A + 3|∇8A|2)−
e−4A

3
|∇8f |2 = λ. (2.7)

Hence g3 must be Einstein.
From now on, we will always assume that g3 is Einstein with Einstein constant λ. The

next step is to understand supersymmetry.

Theorem 1 Suppose g3 is Einstein in the sense that Ric3 = λg3. Then the tuple (g3, g8, A, f)

is supersymmetric if and only if
(a) λ = 0,

(b) df = ±d(e3A),
(c) and the conformally changed metric ḡ8 = eAg8 admits a covariantly constant spinor

with respect to its Levi-Civita connection ∇̄8.

Proof. To help analyze supersymmetry, we first consider the auxiliary product metric
g′11 = g3 + g8. Since S11

∼= S3 ⊗P8 holds pointwise, we may identify the spinor bundle S ′
11

associated to g′11 as the tensor product of the spinor bundle S3 of g3 with the pinor bundle

P8 of g8. In addition, there is an isometry of vector bundles (TM11, g11) ∼= (TM11, g′11)
given by

(X3, Y8) 7→ (eAX3, Y8),

therefore we may further identify the spinor bundle S11 associated to g11 with S3 ⊗ P8

as well. Let {eα}3α=1 be a local orthonormal frame of g3 and {ea}8a=1 a local orthonormal

frame of g8, then
{eP}11P=1 = {e−Aeα, ea}α=1,2,3, a=1,...,8

is a local orthonormal frame for g11. Write eα̃ = e−Aeα and let ǫ be a local section of S3

and η a local section of P8, then the Clifford multiplication associated to g11 under above

identification is given by
Γα̃(ǫ⊗ η) = (γαǫ)⊗ (Σ9η)

and
Γa(ǫ⊗ η) = ǫ⊗ (Σaη).
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In addition, the Levi-Civita connection ∇ = ∇11 can also be identified as

∇α(ǫ⊗ η) = ((∇3)αǫ)⊗ η +
1

2
(γαǫ)⊗ (∂a(eA)ΣaΣ9η), (2.8)

∇a(ǫ⊗ η) = ǫ⊗ (∇8)aη. (2.9)

These identities can be derived from the local formula

∇Q = ∂Q +
1

4
ωRS
Q ΓRΓS.

Using formulae in Appendix, we have

ωβ̃γ̃
α̃ = e−A(ω′)βγα , ωaβ̃

α̃ = −ωβ̃a
α̃ = −δβα∂aA, ωbc

a = (ω′)bca

and all other components of connection are zero. Therefore

∇α̃ = ∂α̃ +
1

4
(ωβ̃γ̃

α̃ Γβ̃Γγ̃ + 2ωaβ̃
α̃ ΓaΓβ̃)

= ∂α̃ +
1

4
(e−A(ω′)βγα γβγγ ⊗ Σ2

9 − 2δβα∂
aAγβ ⊗ ΣaΣ9)

= e−A(∂α +
1

4
(ω′)βγα γβγγ)−

1

2
γα ⊗ (∂aAΣaΣ9)

= e−A

(

(∇3)α +
1

2
γα ⊗ ∂a(eA)ΣaΣ9

)

.

Consequently we get (2.8). Similarly (2.9) holds as well.
Moreover, we find, by calculation,

1

288
FPQRS(Γ

PQRS
α + 8ΓPQRδSα) =

e−2A

6
γαγ4 ⊗ ∂bf Σb,

1

288
FPQRS(Γ

PQRS
a + 8ΓPQRδSa) =

e−3A

24
γ4 ⊗ (∂bf(ΣbΣa − ΣaΣb)− 4∂af)Σ9,

where γ4 = γ1γ2γ3 is a central element in Cl(2, 1) square to 1.

As for a pinor ǫ on M3, we have γ4ǫ = ±ǫ. Without loss of generality, one may assume
γ4ǫ = ǫ, since this sign corresponds a choice of the pinor bundle P±

3 , which gives isomorphic

spinor bundle S3.
With all these preparation, we may compute the curvature tensor F of the twisted

connection D. It is straightforward to compute that

Fαβ(ǫ⊗ η) = (γαβǫ)⊗
(

λ+
e−4A

18

(

|∇8f |2 − |∇8e
3A|2 − ∂b(e3A)∂cf(ΣbΣc − ΣcΣb)Σ9

)

)

η.

Now suppose that (g3, g8, A, f) is supersymmetric, therefore there exists a spinor ξ such
that Dξ = 0. Since S11

∼= S3 ⊗P8 and that S3 is 2-dimensional, we can find a local frame

ǫ1, ǫ2 of S3 and write
ξ = ǫ1 ⊗ η1 + ǫ2 ⊗ η2.
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In general, η1 and η2 are combinations of sections of P8 with function (may have M3

dependence) coefficients. However at any fixed point, we can think of η1 and η2 as pinors

on M8. Since Dξ = 0, we know that

Fαβ(ξ) = γαβǫ1 ⊗
(

λ+
e−4A

18

(

|∇8f |2 − |∇8e
3A|2 − ∂b(e3A)∂cf(ΣbΣc − ΣcΣb)Σ9

)

)

η1

+ γαβǫ2 ⊗
(

λ+
e−4A

18

(

|∇8f |2 − |∇8e
3A|2 − ∂b(e3A)∂cf(ΣbΣc − ΣcΣb)Σ9

)

)

η2

= 0

for any α, β. In particular, we may choose α and β properly such that γαβǫ1 and γαβǫ2 are
linearly independent, therefore we conclude that

(

λ+
e−4A

18

(

|∇8f |2 − |∇8e
3A|2 − ∂b(e3A)∂cf(ΣbΣc − ΣcΣb)Σ9

)

)

ηj = 0

for j = 1, 2.

Claim: ∂b(e3A)∂cf(ΣbΣc − ΣcΣb) = 0, or equivalently, there exists a function h such

that ∂b(e3A) = h ∂bf for any index b.

We establish the claim. As ξ = ǫ1 ⊗ η1 + ǫ2 ⊗ η2 6= 0, we may assume that η1 6= 0 and

decompose η1 = η+1 + η−1 as a sum of eigenvectors of Σ9. Without loss of generality, we
may assume that η+1 6= 0, hence, by making use of ΣbΣc = 2δbc − ΣcΣb, one obtain

∂b(e3A)∂cf ΣcΣb η
+
1 =

(

∂b(e3A)∂cfδbc − 9e4Aλ+
1

2
(|∇8e

3A|2 − |∇8f |2)
)

η+1

Therefore at any given point we may write

∂b(e3A)∂cf ΣcΣb η
+
1 = µ η+1

for some number µ. By our assumption f is not a constant so we may choose a point such
that ∇8f 6= 0, hence by multiplying ∇8f = ∂afΣa from left on both sides, we get

(

∂b(e3A)− µ ∂bf

|∇8f |2
)

Σb η
+
1 = 0.

Consequently

∂b(e3A) =
µ

|∇8f |2
∂bf

for any b, the claim is proved, and

λ =
e−4A

18
(|∇8f |2 − |∇8e

3A|2). (2.10)
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We can compute other components of F as well. For example, by making use of the
relation ∂b(e3A)∂cf(ΣbΣc − ΣcΣb) = 0, one obtains

(F)αa(ǫ⊗ η)

= γαǫ⊗
(

e−5A

18
∂af(∂

b(e3A) + ∂bfΣ9)Σbη − (∇8)a

(

e−2A

6
(∂b(e3A)Σ9 − ∂bf)

)

Σbη

)

.

By a similar argument, we see that

e−5A∂af(∂
b(e3A)Σb − ∂bfΣbΣ9)ηj − 3(∇8)a

(

e−2A(∂b(e3A)ΣbΣ9 − ∂bfΣb)
)

· ηj = 0 (2.11)

for j = 1, 2 and any a. We may assume that η+1 6= 0 as before. As we have shown that

∂b(e3A) = h ∂bf for some function h, the above equation can be rewritten as

(h− 1)(∇8)a(∂
bfΣb) η

+
1 = H ∂bfΣb η

+
1

for some smooth function H .

Claim: h ≡ 1.

If the claim is not true, then we can find an open set such that h− 1 6= 0 in that open

set. Thus in this open set, we have

(∇8)a(∇8f) =
H

h− 1
∇8f

for any a. By pairing with the vector field eb, we get

H

h− 1
fb = (∇2

8f)ab =
H

h− 1
fa.

As f is not a constant and the frame {ea}8a=1 is arbitrary, the above equation holds only

when H = 0, as h 6= 1, we get (∇2
8)f = 0, hence |∇8f |2 is a nonzero constant. Plugging it

back to (2.11), one obtain

(2h+ 1)(h− 1)∂aA = h∂a(h− 1).

Notice that (2.10) now becomes e−4A(h − 1) is a constant proportional to λ. As h 6= 1,
the only possibility is that A is a constant and h = 0. Plug in (2.11) we get ∂af = 0,

contradiction!

So the claim is proved and we conclude that ∇8e
3A = ∇8f . If we work with η−1

instead, then analogously we show that ∇8f = −∇8e
3A. As a result, we have shown that

supersymmetry implies that

df = ±d(e3A),
which further dictates λ = 0 from (2.10).

9



As λ = 0, the Ricci-flatness in dimension 3 implies that g3 is flat, therefore we may
choose ǫ1 and ǫ2 covariantly constant under ∇3. In this way, one can show that Dξ =

D(ǫ1 ⊗ η1 + ǫ2 ⊗ η2) = 0 if and only if D(ǫ1 ⊗ η1) = D(ǫ2 ⊗ η2) = 0. Therefore we may
assume that ξ = ǫ ⊗ η is decomposable. Furthermore (2.13) implies that Σ9η = ±η, that
is, η must be a section of one of the spinor bundles S±

8 instead of a random section of the
pinor bundle P8 = S+

8 ⊕ S−
8 .

Taking all these into account, we find that D(ǫ⊗ η) = 0 if and only if

(∇8)aη +
1

8
(4∂aA+ ∂bA(ΣaΣb − ΣbΣa))η = 0 (2.12)

for any a. Consider the conformally changed metric ḡ8 = eAg8, we can identify its Levi-

Civita connection ∇̄8 as2

(∇̄8)aη = (∇8)aη +
1

8
∂bA(ΣaΣb − ΣbΣa)η.

So (2.12) can be rewritten as

(∇̄8)aη +
1

2
∂aA · η = 0

or equivalently
∇̄8(e

A/2η) = 0.

Thus we have proved that a supersymmetric tuple (g3, g8, A, f) implies that g3 is flat, df =

±d(e3A), and that the conformally changed metric ḡ8 = eAg8 admits covariantly constant
spinors with respect to Levi-Civita connection. The other direction is straightforward.

As a corollary, we have

Corollary 1 Suppose (g3, g8, A, f) is supersymmetric. Then the conformally changed met-
ric ḡ8 = eAg8 is Ricci-flat. Moreover, let N11 be the number of independent spinors satis-

fying (2.3) and let N±
8 be the dimension of the space of covariantly constant spinors of the

spinor bundle S±
8 associated to the metric ḡ8. Then

N11 = 2N+
8 if df = d(e3A)

and
N11 = 2N−

8 if df = −d(e3A).
From Theorem 1 we know that

df = ±d(e3A) (2.13)

is a very natural condition, under which we have the following result:

2This formula is well-known, see for example [1, pp. 16-17], where we need to change the sign of ∂bA

as Baum et al. use the convention v · v = −q(v) for Clifford algebra.
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Theorem 2 Assume (2.13). Then (g3, g8, A, f) is a solution to equations of motion (1.2),
(1.3) if and only if

(a) g3 is flat,

(b) the conformally changed metric ḡ8 = eAg8 is Ricci-flat,

(c) and A satisfies the Laplace equation ∆8A = 0, or equivalently,

∆ḡ8e
−3A = 0, (2.14)

where ∆8 and ∆ḡ8 are the Laplace operators defined respectively by the metrics g8 and ḡ8.

Proof. Under (2.13), (2.4) is equivalent to (2.14). Under (2.13) and (2.14), (2.7) is equiv-
alent to that g3 is flat. Moreover, (2.5) is equivalent to that ḡ8 is Ricci-flat under (2.13)

and (2.14). Formulae in Appendix are used to derive these equivalences.

Summarizing Theorem 1 and Theorem 2, we have proved

Theorem 3 The tuple (g3, g8, A, f) is a supersymmetric solution to 11D supergravity equa-
tion if and only if

(a) g3 is flat;

(b) ḡ8 := eAg8 is a Ricci-flat metric admitting covariantly constant spinors (with respect
to Levi-Civita connection);

(c) e−3A is a harmonic function on (M8, ḡ8) with respect to the metric ḡ8;

(d) df = ±d(e3A).

In [35] McKenzie Wang showed that a simply-connected irreducible Riemannian mani-

fold admits covariantly constant spinors if and only if it has Ricci-flat holonomy, which in
dimension 8 must be one of the groups SU(4), Sp(2) and Spin(7). Combining Wang’s the-

orem with Theorem 3, we have the following holonomy classification result. For simplicity,
we only state the irreducible and simply-connected case. For more complicated cases, one

can consult [26] and other references in literature.

Theorem 4 Let (g3, g8, A, f) be a supersymmetric solution to 11D supergravity on M11 =
M3 ×M8 with M8 simply-connected and ḡ8 = eAg8 irreducible. Then one of the following

cases must occur:

(a) N11 = 2: the metric ḡ8 has holonomy group Spin(7) and df = d(e3A);

(b) N11 = 4: the metric ḡ8 has holonomy group SU(4) and df = d(e3A);

(c) N11 = 6: the metric ḡ8 has holonomy group Sp(2) and df = d(e3A).

We remark that the relation df = −d(e3A) may hold in the case ḡ8 is reducible. For
example, when the solution has maximal number of supersymmetries, i.e., N11 = 16, the

Ricci-flat metric ḡ8 has to be flat and both cases of df = ±d(e3A) can occur, as in the
Duff-Stelle case [14].
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3 Examples from Ricci-flat manifolds and Green’s func-

tions

Theorem 2 shows that solutions of 11D supergravity can be constructed from a Ricci-
flat manifold M̄8 equipped with a positive harmonic function e−3A. Because the case of

constant A would just lead back to the vacuum Einstein equation, we look for g8 being
defined on a non-compact manifold, in which case we can just choose e−3A to be a Green’s

function on a complete manifold. Recall that for a Riemannian manifold M , taken to be
eight-dimensional for our purposes, a Green’s function G(x, y) is a smooth function on

M ×M away from the diagonal x = y, which is symmetric, harmonic in each variable,
positive, and with the following asymptotic

G(x, y) = d(x, y)−6(1 + o(1)) (3.1)

for d(x, y) small, where d(x, y) is the distance from x to y. Green’s functions have been

shown to exist by Cheng-Li [3] on compact manifolds, and by Li-Yau[24] on complete
Riemannian manifolds with non-negative Ricci curvature and faster than quadratic volume

growth, in the sense that

Vol(B(p, r)) ≥ θr2+ε (3.2)

for some θ > 0 and ε > 0. Here B(p, r) the ball of radius r centered at p ∈M . Combining

these results with Theorem 2, we obtain the following:

Theorem 5 Let (M̄8, ḡ8) be a Ricci-flat Riemannian manifold which is either compact

or complete with faster than quadratic volume growth. Let p1, · · · , pn be any finite set of
points in M̄8, and m1, · · · , mn a finite set of positive numbers. Set

G(x) =
n
∑

j=1

mj G(x, pj). (3.3)

Then the manifoldM8 = M̄8 \{p1, · · · , pn}, together with the function A defined by e−3A =
G, gives a solution to the 11D supergravity equations. Furthermore the metric g8 = e−Aḡ8
is complete on M8.

Proof: If (M8, ḡ8) is complete with faster than quadratic volume growth, we have
the following estimates for the volume of B(p, r),

θ r2+ε ≤ Vol(B(p, r)) ≤ ω8 r
8 (3.4)

where the upper bound is a consequence of the Bishop-Gromov volume comparison the-
orem. By a result of Li and Yau [24], there exists a Green’s function G(x, y) on (M̄8, ḡ8)

satisfying

C−1

∫ ∞

d(x,y)2

1

Vol(B(x,
√
t))
dt ≤ G(x, y) ≤ C

∫ ∞

d(x,y)2

1

Vol(B(x,
√
t))
dt (3.5)

12



for some uniform constant C > 1. It follows that

C−1 1

d(x, y)6
≤ G(x, y) ≤ Cθ−1 1

d(x, y)ε
, for any x, y ∈ M̄8. (3.6)

Recall that e−A = G1/3 and g8 = G1/3ḡ8. The metric g8 is a well-defined Riemannian
metric on M8, the complement of the singular points p1, . . . , pn in M̄8. Near each singular

point pi

g8 ∼
1

dḡ8(pi, x)
2
ḡ8.

Therefore dg8(x, pi) = +∞ for any x ∈ M8 and (M8, g8) is complete near each singular
point pi. Moreover, the metric g8 is asymptotically to the standard product metric on

R× S7 as dḡ8(pi, x) → 0.

Similarly, the completeness of (M8, g8) near infinity is a consequence of the estimates
(3.6) for the Green’s function. So (M8, g8) is a complete Riemannian manifold.

If M̄8 is compact, we may take e−3A = G. By similar estimates as above, we see

that g8 = e−Aḡ8 is complete near each singular point pi, and in this case, (M8, g8) is also
complete.

We survey some known examples of compact or noncompact Ricci-flat 8-dimensional

manifolds. By Theorems 2 and 3, we have complete solutions to the field equations (2.4),
(2.5) and (2.6) for such examples. They are all supersymmetric, except possibly for some

examples constructed from Riemann surfaces in section 3.3.

3.1 Compact examples

The following examples are included in Joyce’s book [23].

1. Compact real 8-manifolds with holonomy Spin(7). Let T 8 be a torus equipped with

a flat Spin(7)-structure (Ω0, g0), and a finite group Γ of automorphisms of T 8 preserving
(Ω0, g0). Then T 8/Γ is an orbifold with flat Spin(7)-structure (Ω0, g0). Let M̄8 be a

suitable resolution of T 8/Γ such that M̄8 is simply connected. Then M̄8 admits a torsion
free Spin(7)-structure (Ω̄, ḡ) with Hol(ḡ) = Spin(7). Thus Ric(ḡ) = 0. More examples of

compact Spin(7) manifolds can be found in [4, 31]

2. Compact real 8-manifolds with holonomy Sp(2). Here we briefly present two examples

of Beauville [2]. We start with a compact complex surface X . Let X(m) be the mth-
symmetric product of X which is a complex orbifold with complex dimension 2m. Take

X [m] to be the Hilbert scheme of 0-dimensional subspaces (Z,OZ) ofX of length dimCOZ =
m. Then X [m] is a compact complex manifold with dimCX

[m] = 2m, and the natural

projection π : X [m] → X(m) is a crepant resolution. (1) If X is a K3-surface, then X [2]

admits a 61-dimensional family of metrics ḡ with holonomy Sp(2). (2) If X is a compact
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complex torus T 4 which can be regarded as an abelian Lie group. So there is a natural
map σ : X(3) → X given by the summing the 3 points. Let K2(X) be the kernel of the

map σ ◦ π : X [3] → X , then K2(X) is a a complex 4-dimensional manifold admitting a
13-dimensional family of metrics ḡ with holonomy Sp(2).

3. Compact real 8-manifolds with holonomy SU(4). These are complex 4-dimensional

Calabi-Yau manifolds with trivial first Chern class. By Yau’s theorem [36] there is a unique
Ricci-flat Kähler metric in each Kähler class. Examples of Calabi-Yau 4-manifolds include

smooth hypersurfaces in CP5 with degree 6.

3.2 Non-compact examples, complete with maximum volume
growth

In this section we will present some examples of complete Ricci-flat metrics on noncompact

8-manifolds with maximal volume growth.

1. Complete Kähler-Ricci-flat metrics on C4. Recently, Székelyhidi [30], Conlon-Rochon
[7] and Li [25] constructed nontrivial Ricci-flat Kähler metrics on C4 with maximal volume

growth. The desired Ricci-flat metrics ḡ are perturbations of (singular) Ricci-flat metrics
on some metric cone to which (C4, ḡ) is asymptotic. More precisely, let f be a polynomial

on C4 and M1 ⊂ C5 be the graph of −f defined by z + f(x1, . . . , x4) = 0. So M is

biholomorphic to C4. Assume the cone f−1(0) ⊂ C4 has isolated singularity and the cone
M0 = C× f−1(0) admits (singular) Ricci-flat cone metric g0, then g0 can be perturbed to

a complete Kähler-Ricci-flat metric g1 on M1, with tangent cone at infinity isometric to
(M0, g0), in particular, (M1, g1) has maximal volume growth and is non-trivial for generic

choice of f . For example, if f(x) = x21 + x22 + x23 + x24, i.e. f
−1(0) is the A1-singularity,

M0 admits a Ricci-flat cone metric given gSt by the product of Stenzel metric and stan-

dard metric on C. So C4 admits a nontrivial complete Ricci-flat Kähler metric which is
asymptotic to (M0, gSt).

2. Complete Kähler-Ricci-flat metrics on quasi-projective manifolds. This class of Ricci-

flat metrics was first constructed by Tian-Yau [32] and later refined by Conlon-Hein [6].
If M̄ is a compact Kähler orbifold with dimC(M̄) = 4 and codimC(Sing(M̄)) ≥ 2. Let

D be a neat and almost ample sub-orbifold divisor in M̄ such that Sing(M̄) ⊂ D and
D ∈ |−βKM̄ | for some β ∈ (0, 1). If D admits a KE metric with positive scalar curvature,

then M = M̄\D admits a complete Ricci-flat metric with maximal volume growth.

3. Asymptotical conic Ricci-flat manifolds. Let M be a complex noncompact manifold

with a nontrivial holomorphic 4-form Ω and (M,Ω) is asymptotic to a Calabi-Yau cone
(C, g0,Ω0) with some positive rate. Then it is shown by Conlon-Hein [5] that there exists

a unique Ricci-flat metric ḡ in each Kähler class onM with suitable asymptotic condition,
such that ḡ is asymptotic to the cone metric g0 with some positive rate. Therefore (M, ḡ)

has maximal volume growth. Examples of this type include the ALE Kähler complex
dimension 4-manifolds studied by Joyce [23].
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3.3 The case of Riemann surfaces

In this section, we look for solutions on M8 = M6 ×M2 with Riemannian metrics of the

form

g8 = e2Bg6 + g2, B ∈ C∞(M2).

We also assume the 1-form df and the function A depend only on M2. We rewrite the
equations (2.5) and (2.7) with λ = 0 as (we use i, j, . . . to denote the indices on M2 and

µ, ν, . . . those on M6)

Ric(g2)ij − 6(∇2
g2
B)ij − 6BiBj − 3(∇2

g2
A)ij − 3AiAj +

e−6A

2
fifj −

e−6A

6
|∇f |2g2(g2)ij = 0,

Ric(g6)µν − (∆g2B + 6|∇B|2)e2Bg6,µν − 3g2(∇A,∇B)e2Bg6,µν −
e−6A

6
|∇f |2g2e2Bg6,µν = 0,(3.7)

and

∆g2A+ 6g2(∇A,∇B) + 3|∇A|2g2 −
e−6A

3
|∇f |2g2 = 0.

Since A, B and f depend only on M2, equation (3.7) implies g6 is an Einstein metric,
Ric(g6) = λ̂g6 for some λ̂ ∈ R, and (3.7) becomes

∆g2B + 6|∇B|2 + 3g2(∇A,∇B) +
e−6A

6
|∇f |2 = λ̂e−2B.

With the supersymmetry assumption (2.13), df = ±d(e3A), the equations above are re-

duced to

Ric(g2)ij − 6∇2
ijB − 6BiBj − 3∇2

ijA+
3

2
AiAj −

3

2
|∇A|2g2,ij = 0, (3.8)

∆g2B + 6|∇B|2g2 + 3g2(∇A,∇B) +
3

2
|∇A|2g2 = λ̂e−2B, (3.9)

and

∆g2A+ 6g2(∇A,∇B) = 0. (3.10)

If furthermore we assume (M6, g6) is Ricci-flat, i.e. λ̂ = 0, then one can check equations

(3.9) and (3.10) are equivalent to

∆g2K + 6|∇K|2g2 = 0, or ∆g2e
6K = 0, (3.11)
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and

∆g2e
−3A + 6g2(∇K,∇e−3A) = 0, (3.12)

where we denote K = B + A
2
. And equation (3.8) becomes

Ric(g2)ij − 6(∇2
g2
K)ij − 6KiKj + 3KiAj + 3KjAi −

3

2
|∇A|2g2g2,ij = 0. (3.13)

With equations (3.11), (3.12) and (3.13) at hand, we discuss some explicit solutions. Recall

that we fix a Ricci-flat manifold (M6, g6).

1. When K = const, we take e−3A to be a positive (possibly singular) harmonic function
on M2 (note that the choice of harmonic functions on M2 is independent of the metric

g2). The equation (3.13) implies that

Ric(g2)ij −
3

2
|∇A|2g2g2,ij = Ric(g2)ij −

1

2
∆g2Ag2,ij = 0.

If we define ḡ2 = eAg2, the equation above says that Ric(ḡ2) = 0 on the set of M2

where e3A is smooth. As remarked above, ∆ḡ2e
−3A = 0. This implies the product metric

ḡ8 = eAg8 = e2Kg6 + eAg2 is Ricci-flat, which is just a special case of Theorem 2. This
solution can be made supersymmetric by taking M6 to be Calabi-Yau.

By the uniformization theorem, complete flat manifolds (M2, ḡ2) are either the Eu-

clidean plane C, cylinder S1 ×R or the compact torus T 2. Since such manifolds cannot
admit non-constant smooth positive harmonic functions, we cannot expect e−3A to be

smooth. Since C is parabolic, i.e. it admits no positive Green function, for such examples,
we can take e−3A to be constant, which gives rise to trivial solutions.

To get nontrivial solutions, we chooseM2 to be an open Riemann surface with boundary
∂M2 6= ∅. For example we may take M2 to be the unit disk D ⊂ C or the punctured

unit disk D∗ ⊂ C\{0}. We pick ḡ2 = gC, the Euclidean metric on C, and e−3A =
Re(φ)−µ log |z|2 for any holomorphic function φ ∈ O(D) with positive real part Re(φ) > 0

and any µ ≥ 0. Then g2 = e−AgC defines a solution to (3.13). However, the metric g2 is
incomplete on D or D∗. In sum, the tuple (g11, F, A) given by

g11 = e2Ag3 + e2K−Ag6 + e−AgC, F = ±dvol3 ∧ d(e3A)

A = −1

3
log (Re(φ)− µ log |z|2), ∀ φ ∈ O(D), µ ≥ 0,

on M11 =M3 ×M6 ×M2 with (M3, g3) and (M6, g6) being Ricci-flat and M2 = D or D∗,

satisfy the equations of motion (2.4), (2.5) and (2.6). Replacing g6 by e2Kg6, we can also
express g11 as

g11 = (Re(φ)− µ log |z|2)− 2

3g3 + (Re(φ)− µ log |z|2) 1

3 (g6 + gC). (3.14)
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2. When K 6= const, from (3.11), we know e6K is a positive harmonic function. Again
we take M2 = D or D∗. Let z = x1 + ix2 ∈ C be the standard coordinate on D or

D∗. Observe from (3.12) that if e−3A is proportional to K, (3.12) is also satisfied. By
adding a positive constant to K if necessary we may assume K > 0 and e−3A = K, i.e.

A = −1
3
logK. With this choice of (K,A), it suffices to find metrics g2 to the equation

(3.13), which can be rewritten as

Ric(g2)ij − 6(∇2
g2
K)ij − 6KiKj − 2

KiKj

K
− 1

6

|∇K|2g2
K2

g2,ij = 0. (3.15)

This is a system of second order partial differential equations in g2, and we do not expect
to find general solutions to this equation for general choice of e6K . So we now focus on

some special cases depending on the positive harmonic function e6K .

• If e6K is linear in x1 and x2, e.g. e
6K = x1 + 10. We look for the metrics conformal

to the Euclidean one, i.e. g2 = e2ϕgC for some ϕ ∈ C∞(M2), equation (3.15) becomes

−∆gCϕ δij − 6 ∂2ijK + 6 (ϕiKj + ϕjKi)− 6〈∇K,∇ϕ〉gCδij

−6KiKj − 2
KiKj

K
− 1

6

|∇K|2gC
K2

δij = 0. (3.16)

By straightforward calculations, we can check that

ϕ = −5

2
K +

1

6
logK + C, for any constantC ∈ R,

satisfies equation (3.16). Hence g2 = e−5KK1/3gC defines a solution to (3.15). Therefore

the tuple (g11, F,K) given by

g11 = K−2/3g3 +K1/3e2Kg6 +K1/3e−5KgC, F = ±dvol3 ∧ dK

satsifies the equations of motion (2.4), (2.5) and (2.6) on M11 = M3 ×M6 ×M2 with
M2 = D or D∗. For example, we may take K = 1

6
log (10 + x1), then

g11 =
62/3

( log (10 + x1))
2/3
g3 +

((10 + x1) log (10 + x1))
1/3

61/3
g6 +

( log (10 + x1))
1/3

61/3(10 + x1)5/6
gC

and

F =
±1

6(10 + x1)
dvol3 ∧ dx1

define an explicit solution, where we recall that x1 is one of the coordinates on D or D∗.

• If e6K is radial symmetric, i.e. it depends only on r = |z|. For example, we can take
e6K = −c log r2 + 1 for any c > 0. Again A = −1

3
logK and we try to find metrics g2 of

the form g2 = e2ϕgC for some ϕ ∈ C∞(D∗). One can check that

ϕ =
1

6
logK − log r − 5

2
K + C, for any constantC ∈ R
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satisfies the equation (3.16). Therefore g2 = r−2e−5K+ 1

3
logKgC satisfies the equation (3.13)

and correspondingly, the tuple (g11, F ) given by

g11 = K−2/3g3 +K1/3e2Kg6 + r−2K1/3e−5KgC, F = ±dvol3 ∧ dK

defines a solution to the equation of motion (2.4), (2.5) and (2.6) onM11 =M3×M6×D∗.
In particular, if we choose e6K = − log r2 + 1 on D∗, then (g11, F ) are given by

g11 =
62/3

( log (1− log r2))2/3
g3 +

( log (1− log r2))1/3

61/3
(1− log r2)1/3g6

+r−2 ( log (1− log r2))1/3

61/3
(1− log r2)−5/6gC

and

F =
±1

3r(1− 2 log r)
dvol3 ∧ dr.

4 The Duff-Stelle Ansatz

In their seminal paper [14], Duff and Stelle discovered the (multi-)membrane solution to

11D supergravity by making following assumptions on the tuple (g3, g8, A, f):

(a) g3 is flat;

(b) The Killing spinor ξ is a pure tensor product of a covariantly constant spinor ǫ on

M3 and a pinor η on M8;

(c) M8 is a radially symmetric open domain in R8, the metric (g8)ij = e2Bδij is confor-

mally flat, where B is a smooth function on M8 and all the functions A, B and f depend
only on the radial variable r.

From the analysis in Section 2 we know that assumptions (a) and (b) above are neces-

sary for supersymmetric solutions. In this section, we first re-derive the Duff-Stelle solution
using the framework of Section 3. Then we show that, by keeping assumption (c) above

only, we can construct a 5-parameter family of solutions to equations of motion, extending
Duff-Stelle’s work. Due to the classification result (Theorem 3 in Section 2), the only

supersymmetric solution in this family is the Duff-Stelle solution.

4.1 Derivation of the Duff-Stelle membrane solution

Take (M̄8, ḡ8) to be R8 equipped with Euclidean metric in Theorem 5 and let M8 be the

punctured Euclidean space R8 \ {0}. It is well-known that a Green’s function on R8 with
source at origin is given by

G(x) =
1

r6
,
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where r is the Euclidean distance to origin. By taking

e−3A = G(x) +M

for any nonnegative constant M , we get Duff-Stelle’s membrane solution described in [14].

If we take e−3A to be a positive linear combination of Green’s functions at different points
and a positive constant, then we recover the multi-membrane solution.

4.2 The 5-parameter family of radially symmetric solutions

In this subsection, we solve for all solutions (g3, g8, A, f) to equations of motion under

Assumption (c). As A, B and f depend only r, (1.2) and (1.3) are reduced to an ODE
system:

f ′′ + f ′
(

7

r
+ 6B′ − 3A′

)

= 0, (4.1)

3e2A
(

A′′ + A′
(

7

r
+ 6B′

)

+ 3(A′)2
)

− e−4A(f ′)2 = 3λe2B, (4.2)

−2B′′ +
2B′

r
+ 2(B′)2 − A′′ +

A′

r
+ 2A′B′ − (A′)2 = −e

−6A

6
(f ′)2, (4.3)

B′′ +
13B′

r
+ 6(B′)2 +

3A′

r
+ 3A′B′ = −e

−6A

6
(f ′)2. (4.4)

The goal is to solve this complicated nonlinear ODE system.

First notice that (4.1) can be integrated to

f ′ =Mr−7e3A−6B

for some constant M . Plug it into other equations, we get

M2

3r14
e−12B = A′′ + A′

(

7

r
+ 6B′

)

+ 3(A′)2 − λe2B−2A,

M2

3r14
e−12B = 4B′′ − 4B′

r
− 4(B′)2 + 2A′′ − 2A′

r
− 4A′B′ + 2(A′)2,

M2

3r14
e−12B = −2B′′ − 26B′

r
− 12(B′)2 − 6A′

r
− 6A′B′.

Let L = L(r) be a function such that

eB = eL · r−1,

hence

B′ +
1

r
= L′.

19



The original system can be rewritten as

M2

3r2
e−12L = A′′ + A′

(

1

r
+ 6L′

)

+ 3(A′)2 − λ

r2
e2L−2A, (4.5)

M2

3r2
e−12L = 4L′′ + 2A′′ +

4

r
L′ +

2

r
A′ − 4(L′)2 − 4A′L′ + 2(A′)2 +

4

r2
, (4.6)

M2

3r2
e−12L = −2L′′ − 2

r
L′ − 12(L′)2 − 6A′L′ +

12

r2
. (4.7)

The above ODE system (4.5)-(4.7) has only two unknown functions A and L. Therefore

this system is overdetermined and a priori it may be inconsistent itself. Surprisingly, we
have the following theorem.

Theorem 6 The ODE system (4.5)-(4.7) is consistent. In fact, it is equivalent to a single

3rd order nonlinear ODE

d3v

dt3
+ 7

d2v

dt2
v + 14

(

dv

dt

)2

+ 2
dv

dt
(17v2 − 60) + 12(v2 − 4)(v2 − 6) = 0. (4.8)

As a consequence, we get a 5-parameter family of solutions to the equations of motion
(1.2) and (1.3) of 11D supergravity.

Proof. Write u = A′ + 2L′ and T = L−A, we get

u′ +
u

r
+ 3u2 − 12

r2
=

λ

r2
e2T , (4.9)

4u′ + T ′′ +
4

r
u+

1

r
T ′ + 2u2 + uT ′ + 2(T ′)2 =

12

r2
(4.10)

by eliminating the left hand side of (4.5)-(4.7). Notice that the second equation can be
rearranged as

(e2T )′′ +

(

1

r
+ u

)

(e2T )′ + 4

(

2u′ +
2

r
u+ u2 − 6

r2

)

e2T = 0.

Introduce v = ur and eliminate e2T , we get

v′′′r3 + v′′r2(7v + 3) + 14(v′r)2 + v′r(34v2 + 7v − 119) + 12(v2 − 4)(v2 − 6) = 0.

Let r = et, then we get the desired 3rd order ODE (4.8).

Assume we have a solution v of (4.8), then we know u and we can solve for e2T from
(4.9), hence also A′ and L′. Therefore A and L are determined up to an additive constant.

To check the consistency of the ODE system, one only needs to verify that the functions
A and L we get above satisfy any of the equations in the original ODE system.
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We introduce

X =

(

dv

dt
+ 3v2 − 12

)2(

2
dv

dt
− v2 + 4

)

+
1

3

(

d2v

dt2
+ 5

dv

dt
v − 3v3 + 12v

)2

.

By a lengthy calculation, we find that the consistency condition is that X satisfies

dX

dt
+ 4vX = 0,

which turns out to be a consequence of (4.8).

Therefore solving the equations of motion (1.2) and (1.3) under our ansatz is equivalent
to solving the 3rd order ODE (4.8). As there are 3 parameters for v, one additive parameter

to determine A and L, and an extra parameter λ, we get a 5-parameter family of solutions
to the 11D supergravity.

In general we do not know how to write down all the solutions to (4.8), however, there
are some explicit special solutions we can find.

1. For v satisfying
dv

dt
= −(v2 − 4),

(4.8) is automatically satisfied. This corresponds to the case L′ = 0, or equivalently
B′ = −1/r. So L is a constant and (4.7) implies that M = ±6e6L. Furthermore, (4.5) and

(4.6) become

12

r2
= A′′ +

A′

r
+ 3(A′)2 − λ

r2
e2L−2A,

4

r2
= A′′ +

A′

r
+ (A′)2.

The general solution is given by

e2A =
λe2L

32C

(1− Cr4)2

r4
,

where C is a constant with the convention that

e2A = C1r
−4

for C = 0, in which case λ = 0, and

e2A = C1r
4

for C = ∞, in which case λ = 0. We can also write down the explicit expressions of B

and f ′. It turns out that these solutions are isometric to either Freund-Rubin solutions or
Ricci-flat solutions.
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2. For v satisfying
dv

dt
= −(v2 − 6),

(4.8) is automatically satisfied. The corresponding solutions are given by

e2A =
λC2

6

(r2
√
6)−1/3(1− Cr2

√
6)2

(1 + 6Cr2
√
6 + C2r4

√
6)2/3

,

e2B =
C2

r2

(

1 + 6Cr2
√
6 + C2r4

√
6

r2
√
6

)1/3

,

f ′ = ±(32C2λ3C3
2)

1/2r
√
6−1(1− Cr2

√
6)3

3(1 + 6Cr2
√
6 + C2r4

√
6)2

.

Here we should use the convention that

e2A =
λC2

6
r−2

√
6/3, e2B = C2r

−2−2
√
6/3, f ′ = 0,

when C = 0 and

e2A = C1r
2
√
6/3, e2B =

6C1

λ
r2

√
6/3−2, f ′ = 0,

when C = ∞. Here C1, C2, C are constants (with relation C1 = λC2C
2/3/6). So we get a

3-parameter family of explicit solutions to 11D supergravity with λ not necessarily zero.

The corresponding metrics g8 on M8 are incomplete.

3. For v satisfying
dv

dt
= −3(v2 − 4),

(4.8) is also automatically satisfied. This corresponds to the case λ = 0 considered in
Duff-Stelle [14]. As we are working with field equations only, we get more general solutions

compared to Duff-Stelle’s result.

What is more interesting is that for the λ = 0 case, the ODE system (4.1)-(4.4) can be
solved explicitly and completely as follows.

We eliminate (f ′)2 from (4.2) and (4.4) to get

(A′′ + 2B′′) +
13

r
(A′ + 2B′) + 3(A′ + 2B′)2 = 0.

Write u = A′ + 2B′ (this u is slightly different from the previous u), so we have

u′ +
13u

r
+ 3u2 = 0. (4.11)

(a). If we take u = 0 as in Duff-Stelle [14], then (4.3) reduces to

[(e3A)′]2 = (f ′)2,
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so

df = ±d(e3A),
therefore (4.1), (4.2) and (4.4) all reduce to

B′′ +
7B′

r
+ 6(B′)2 = 0, (4.12)

which implies that the scalar curvature of the metric g8 is nonnegative.

If B′ = 0, we get the trivial solution with F=0 and M11 Ricci-flat. Another solution
is given by

B′ =
−1

r
,

hence

e2A = C1r
4, e2B =

C2

r2
, f ′ = ±6C

3/2
1 r5.

We see that g8 is a complete conformally flat metric on R8 \ {0} which is isometric to

C2(R× S7). The eleven dimensional manifold M11 is isometric to

(M3 ×R)× S7(
√

C2),

where the metric on M3 ×R is given by

g4 = C1e
4x/

√
C2g3 + (dx)2,

where x is the coordinate on R and g3 is a flat Lorentzian metric on M3. The metric g4
is Einstein satisfying

(Ric4)ij = − 12

C2
(g4)ij .

In this case one can also check that

F = ± 6√
C2

dvol4,

therefore this solution is a special case of the Freund-Rubin solution.

In general, we can take

B′ =
M

r(r6 +M)

for some constant M to solve (4.12). We further get

e2A = C1

(

r6

r6 +M

)2/3

, e2B = C2

(

r6

r6 +M

)−1/3

, f ′ = ∓6MC
3/2
1 r5

(r6 +M)2
.
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For M > 0, the corresponding g8 is a complete metric on R8 \ {0}, which is exactly the
solution found in Duff-Stelle [14]. And for M < 0, the corresponding g8 is an incomplete

metric on R8 \B( 6
√
−M).

(b). We may also take u = −4/r to solve (4.11), in which case (4.3) reduces to

6(B′)2 +
24B′

r
+

48

r2
=
e−6A

6
(f ′)2,

which implies that

f ′ = ∓6e3A
(

B′ +
2

r

)

= ±(e3A)′.

Combining it with (4.4), we get

B′′ + 6(B′)2 +
19B′

r
+

12

r2
= 0. (4.13)

Two special solutions of (4.13) are B′ = −1/r and B′ = −2/r, which correspond to
A′ = −2/r and A′ = 0 respectively.

In the first case, one can solve

e2A = C1r
−4, e2B = C2r

−2, f ′ = ±6C
3/2
1

r7

to get a Freund-Rubin solution.

In the second case one can similarly solve

eA = C ′
1, eB = C ′

2r
−4, f ′ = 0.

and again we get the Ricci-flat solution.
The general solution to (4.13) is

B′ = − r6 + 2M

r(r6 +M)
.

So we get

e2A = C1(r
6 +M)−2/3, e2B = C2r

−4(r6 +M)1/3, f ′ = ± 6C
3/2
1 r5

(r6 +M)2
,

which is isomorphic to the Duff-Stelle solution. It is easy to verify that case (b) is related
to case (a) by the inversion r ↔ r−1.

(c). The general solution to (4.11) is

u =
−4

r(1− Cr12)
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for some constant C, in which case B satisfies

B′′ + 6(B′)2 +
19− 7Cr12

r(1− Cr12)
B′ +

4(3− 11Cr12)

r2(1− Cr12)2
= 0.

To solve this Riccati equation, we first write ρ = r12 and denote by Ḃ the expression

Ḃ =
dB

dρ
=

B′

12r11
.

Therefore the above equation can be rewritten as

B̈ + 6(Ḃ)2 +
5− 3Cρ

2ρ(1− Cρ)
Ḃ +

3− 11Cρ

36ρ2(1− Cρ)2
= 0.

Let

W = 6Ḃ +
5− 3Cρ

4ρ(1− Cρ)
,

then W satisfies the Riccati equation

Ẇ +W 2 +
9− 118Cρ+ 9C2ρ2

48ρ2(1− Cρ)2
= 0.

It is convenient to introduce the constant α =
√

7/3 = 1.5275 · · ·. By observation, one of

the solution to this equation (when C is positive) is given by

W0 =
−3

4
Cρ+ α

√
Cρ+ 1

4

ρ(1− Cρ)
,

and
∫

W0dρ =
1

4
( log ρ+ 2 log (1− Cρ)) + α log

(

1 +
√
Cρ

1−√
Cρ

)

.

Therefore by general theory of Riccati equation, we know a general solution of above

equation is of the form

W = W0 +

1√
ρ(1−Cρ)

(

1−
√
Cρ

1+
√
Cρ

)2α

− 1
2α

√
C

(

(

1−
√
Cρ

1+
√
Cρ

)2α

− 1

)

+ 2M

=
−3

4
Cρ+ α

√
Cρ+ 1

4

ρ(1− Cρ)
+

1√
ρ(1−Cρ)

(

1−
√
Cρ

1+
√
Cρ

)2α

− 1
2α

√
C

(

(

1−
√
Cρ

1+
√
Cρ

)2α

− 1

)

+ 2M

.
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It follows that

Ḃ =
1

6









α
√
Cρ− 1

ρ(1− Cρ)
+

1√
ρ(1−Cρ)

(

1−
√
Cρ

1+
√
Cρ

)2α

− 1
2α

√
C

(

(

1−
√
Cρ

1+
√
Cρ

)2α

− 1

)

+ 2M









.

Therefore we get

e2B =
C2

r4

(

1 +
√
Cr6

)
1

3
(α+1)

(

1−
√
Cr6

)
1

3
(α−1)



M − 1

4α
√
C





(

1−
√
Cr6

1 +
√
Cr6

)2α

− 1









1/3

.

We can also solve that

e2A = C1

(

1−
√
Cr6

1 +
√
Cr6

)2α/3


M − 1

4α
√
C





(

1−
√
Cr6

1 +
√
Cr6

)2α

− 1









−2/3

,

f ′ = ± 6C
3/2
1

√

1 + 4Mα
√
Cr5

(

M − 1
4α

√
C

(

(

1−
√
Cr6

1+
√
Cr6

)2α

− 1

))2

(

1−
√
Cr6

)2α−1

(

1 +
√
Cr6

)2α+1 .

When C < 0, one can similarly solve that

Ḃ =
1

6ρ(1− Cρ)

(

α
√

−Cρ cot
(

θ + 2α arctan
(

√

−Cρ
))

− 1
)

,

where θ is related to other constants by θ = 2αM
√
−C.

It follows that

e2B = C2

(

1− Cr12

r12
sin
(

θ + 2α arctan
(√

−Cr6
))

2α
√
−C

)1/3

and

e2A = C1

(

sin
(

θ + 2α arctan
(√

−Cr6
))

2α
√
−C

)−2/3

,

f ′ =
∓56CC

3/2
1 r5

(1− Cr12) sin2
(

θ + 2α arctan
(√

−Cr6
)) .

By Theorem 3 we know that the only supersymmetric solutions in this 5-parameter

family are 3(a) and 3(b), all isomorphic to the Duff-Stelle solution. Moreover, for any
solution other than Duff-Stelle, the metric (g8)ij = e2Bδij is incomplete.
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A (Multi-)Warped Product Metric

Let (Mi, gi) be pseudo-Riemannian manifolds of dimension ni for i = 0, 1, 2, . . . , k. A
multi-warped product metric g on the product manifoldM0×M1× . . .×Mk is of the form

g = g0 + ef1g1 + . . .+ efkgk,

where f1, . . . , fk are smooth functions on M0. In this appendix, we will compute the
curvature tensors of (multi-)warped product metrics in terms of the curvature tensors

Ri of (Mi, gi). For simplicity of notation, we will use Xj and Yj to denote vector fields

tangential to Mj . These formulae can be found in literature (for instance [12]), we include
them for the convenience of readers.

Using the Koszul identity, one can find that

∇X0
Y0 = (∇0)X0

Y0,

∇X0
Yj = ∇Yj

X0 =
1

2
X0(fj)Yj,

∇Xj
Yj = (∇j)Xj

Yj −
1

2
(Xj, Yj)gj∇0(e

fj),

∇Xj
Yl = 0, j 6= l.

It follows that

R(X0, Y0, Z0,W0) = R0(X0, Y0, Z0,W0),

R(X0, Yj, Z0,Wj) = −efj
(

1

2
(∇2

0fj)(X0, Z0) +
1

4
X0(fj)Z0(fj)

)

(Yj,Wj)gj ,

R(Xj , Yj, Zj,Wj)

= efjRj(Xj, Yj, Zj,Wj) +
e2fj

4
|∇0fj|2

(

(Yj, Zj)gj(Xj,Wj)gj − (Xj, Zj)gj(Yj,Wj)gj
)

,

R(Xj , Yl, Zj,Wl) = −e
fj+fl

4
(Xj , Zj)gj(Yl,Wl)gl(∇0fj ,∇0fl), j 6= l.

It follows that the Ricci curvature of the warped metric g is given by

Ric(X0, Y0) = Ric0(X0, Y0)−
k
∑

j=1

nj

(

1

2
(∇2

0fj)(X0, Y0) +
1

4
X0(fj)Y0(fj)

)

,

Ric(Xj, Yj) = Ricj(Xj, Yj)−
efj (Xj, Yj)gj

2

(

∆0(fj) +
1

2

k
∑

l=1

nl(∇0fj ,∇0fl)

)

,

and all other components are zero.

Similarly the scalar curvature can be computed as

S = S0 +
k
∑

j=1

e−fjSj −
k
∑

j=1

nj

(

∆0(fj) +
1

4
|∇0fj|2

)

− 1

4

∣

∣

∣

∣

∣

l
∑

j=1

nj∇0fj

∣

∣

∣

∣

∣

2

.
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[30] Székelyhidi, G., Degenerations of Cn and Calabi-Yau metrics, arXiv: 1706.00357.

[31] Taylor, C.J.-Y., New examples of compact 8-manifolds of holonomy Spin(7), Math. Res.
Lett. 6 (1999), 557 – 561.

[32] Tian, G. and Yau, S.-T., Complete Kähler manifolds with zero Ricci curvature, II, Invent.
Math. 106 (1991), 27 – 60.

[33] Townsend, P., The eleven-dimensional supermembrane revisited, Phys. Lett. B 350 (1995),
184 – 188.

[34] Witten, E., String theory dynamics in various dimensions, Nucl. Phys. B 443 (1995), 85 –
126.

29



[35] Wang, M.Y.-K., Parallel spinors and parallel forms, Ann. Global Anal. Geom. 7 (1989), 59
– 68.

[36] Yau, S.-T., On the Ricci curvature of a compact Kähler manifold and the complex Monge-

Ampère equation. I. Comm. Pure Appl. Math. 31 (1978), 339 – 411.

Department of Mathematics, Columbia University, New York, NY 10027, USA

tfei@math.columbia.edu, bguo@math.columbia.edu, phong@math.columbia.edu

30


