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A GEOMETRIC CONSTRUCTION OF
SOLUTIONS TO 11D SUPERGRAVITY'
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Abstract

Necessary and sufficient conditions are provided for a class of warped product
manifolds with non-vanishing flux to be supersymmetric solutions of 11D super-
gravity. Many non-compact, but complete solutions can be obtained in this manner,
including the multi-membrane solution initially found by Duff and Stelle. In a differ-
ent direction, an explicit 5-parameter moduli space of solutions to 11D supergravity
is also constructed which can be viewed as non-supersymmetric deformations of the
Duff-Stelle solution.

1 Introduction

The 11D supergravity theory was first constructed by Cremmer, Julia, and Scherk [8].
The bosonic part of its action is given by

1 1 1
ﬁ(g,A):/ §Rdvol—ZF/\>|<F—l—§A/\F/\F. (1.1)
M

Here g is a Lorentzian metric on an oriented 11-dimensional manifold M with one time-like
direction, R is the scalar curvature of g, % is the Hodge star operator, A is a 3-form on
M and F' = dA is the 4-form field strength (flux). The 11D supergravity theory occupies
a privileged position in unification efforts including gravity, as the highest dimensional
supergravity theory with no particle of spin greater than 2, and as a low-energy limit of M
theory (see e.g. [33, 34, 20, 13] and references therein). Its profoundly geometric nature
makes its solutions not just interesting from the theoretical physics viewpoint, but also
from the mathematics viewpoint, where they may ultimately serve as models of canonical
metrics in new settings.

It is well-known that the equations of motion of the theory, i.e., the critical point
equation of the action £, are given by

1
dxF = FAF, (1.2)
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In (1.3), Ric;; is the Ricci curvature tensor and (F?);; is the symmetric tensor given by

1
(F?)i = gF’iklmF’j M = (19, F, 10, F).

Here we follow the convention that for a p-form F' one writes
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The simplest solutions to 11D supergravity equation are those with trivial flux, i.e., F' = 0,

in which case the equations reduce to the vacuum Einstein equation
R,iCZ'j =0.

Therefore we may think of the 11D supergravity equation as a generalization of the Einstein
equation by turning on the 4-form flux F.

Particularly interesting solutions of the 11D supergravity equation are the supersym-
metric ones, i.e. solutions (M, g, F) to the equations of motion (1.2) and (1.3) which
admit a nonzero spinor ¢ satisfying

1
Dmizvmé—§§EMAWM%+8FmﬂQ§:Q (1.4)

where V is the Levi-Civita connection induced on the spinor bundle and I' are Gamma-
matrices acting as endomorphism of spinors. In other words, the Levi-Civita connection
is twisted by the field strength F' to produce a connection D on the spinor bundle, and
supersymmetry requires the existence of a parallel spinor under the twisted connection D.

Some well-known solutions of 11D supergravity are the following. Suppose the 11-
dimensional Lorentzian manifold (M, ;1) is a metric product of a Lorentzian 4-manifold
(M*, g4) and a Riemannian 7-manifold (M7, g7;) and F = cdvol, is a nonzero constant
multiple of the volume form associated to (M*, g4). Under such an assumption we see that
(1.2) is automatically satisfied. Moreover (1.3) reduces to two equations on M* and M7
respectively:

c? c?

(Ricy)ij; = —3(94)2']', (Ricr)i; = E(Q?)m

i.e., (M* g,) and (M7, g;) are Einstein manifolds with negative and positive scalar curva-
ture respectively. This is the famous Freund-Rubin solution [17], which includes compact-
ifications of the form AdS* x S7.

Shortly after Freund-Rubin’s discovery, Englert [15] found that one can deform the
Freund-Rubin solution on AdS* x S7 by turning on flux on the S7. Mathematically we
can extend Englert’s construction as follows.



Let us assume that M7 has a G5 structure with fundamental 3-form ¢ and 4-form
1) = x7¢. We will use the convention that |¢|2 = |[¢|2 = 7. Assume that F is of the form

F = cydvoly + 7,
where ¢4 and ¢; are constants. (1.2) implies that

ng = C4w7

hence (M7, g;) is a nearly G5 manifold (see for example [18]), which implies that

. 3
(Ricy)s; = g(ﬁ(g?)ij.

It follows that (1.3) reduces to

2¢3 —Tc2
ng'j,
Again the solutions are just products of Einstein manifolds with opposite signs of scalar
curvature. Similarly the Pope-Warner solution [28, 10] arises by making another choice
of F exploiting the structure of M”. Many more methods have since been developed
to find solutions, including other ansatz for the flux F', classifications by the number of
supersymmetries preserved, by holonomy, and construction of Lax pairs. The literature
on the subject is immense, and we can only refer here to a few representative papers
22, 19, 9, 27, 16], in which more references can be found.

(RiC4)ij =

The main focus of the present paper will be rather on solutions of 11D supergravity
which are warped products. Warped products are well-known mathematical constructions,
but they appear to have been considered first in compactifications in string theory by
de Wit et al [11], Hull [21], and Strominger [29]. An early application to solutions of
11D dimensional supergravity was by Duff and Stelle [14], which will be of particular
interest to us and will be discussed in greater detail in section §4. More precisely we
consider general warped products M = M?* x M?® as in (2.1) below, with the ansatz
(2.2) for the flux F. We give necessary and sufficient conditions for such configurations
to be a supersymmetric solution or just a solution of 11D supergravity (Theorem 2 and
Theorem 3). The implementation of these conditions turns out to be surprisingly simple:
in effect, it suffices to have a Ricci-flat manifold Mg, equipped with a strictly positive
harmonic function. While these two requirements combined exclude the possibility of a
compact manifold Mg and a smooth harmonic function, they allow for a wealth of examples
constructed from either a compact Ricci-flat manifold, or complete Ricci-flat manifolds
with faster than quadratic volume growth (Theorem 5). In both cases, by results of Cheng-
Li [3] and Li-Yau [24], the Green’s function is positive and can be used as the harmonic
function. Remarkably, the construction of complete Ricci-flat manifolds with maximum
volume growth is a topic of great current interest in mathematics, and the results obtained



recently there, for example by Conlon and Rochon [7], Li [25], and Székelyhidi [30] can
be put to good use through Theorem 5 to produce new supersymmetric solutions of 11D
supergravity. Finally we return with this new understanding to the Duff-Stelle solution.
With the ansatz of Duff-Stelle, namely Mjg is conformally flat and radially symmetric, it
is easy to see that the explicit expressions obtained in [14] follow at once from Theorem
3. On the other hand, if we give up on the requirement of supersymmetry and try only
to solve the field equations, we find not just the Duff-Stelle solution, but in fact a whole
5-parameter family of solutions. It is an interesting mathematical problem to determine
whether some analogues of Theorems 3 and 5 can hold in the absence of supersymmetry.

2 Supersymmetry and field equations

The goal of this section is to classify all supersymmetric solutions to the 11D supergravity
equation on M = M3 x M? of the form

gu = g3+ gs, (2.1)
F = dvols A df, (2.2)

where g3 is a Lorentzian metric on M3, gs a Riemannian metric on M?®, dvols the volume
form associated to g3, A and f are smooth functions on M®. It is convenient for us to
refer to this geometric set-up just as (g3, gs, 4, f).

Throughout this paper, we say that (gs, gs, 4, f) is a solution to 11D supergravity if f
is not a constant and the pair (gi1, F') solves the equations of motion (1.2) and (1.3). If
f is a constant, then F' = 0 and the equations of motion reduce to the vacuum Einstein
equation. Therefore we only consider the case where f is not a constant.

We say that (g3, 9s, A, f) is supersymmetric if the pair (g;1, F') admits a nontrivial
spinor, i.e. a section of the spin bundle &;1, called &, such that

1
Dp¢ == (V1) p€ — @FQRST (FQRSTP + 8FQRS5TP> £=0. (2.3)
We say that (g3, gs, A, f) is a supersymmetric solution if (g3, gs, A, f) is a solution to 11D
supergravity with supersymmetry.

Throughout this section, as in (2.3), we will use capital Latin letters P,Q, R, S, T as
indices for the 11-manifold M = M3 x M?®, Greek letters o, 3,7 as indices for M?, and
lowercase Latin letters a, b, c, d as indices for M®. The symbol V always denotes the Levi-
Civita connection, whose subscript indicates the reference metric. For instance, V3 is the
Levi-Civita connection with respect to the metric gs.

For any real vector space V equipped with a quadratic form ¢, we define the associated
Clifford algebra C1(V, q) as
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where T'(V') is the tensor algebra of V' and I,(V) is the ideal generated by v ® v —q(v). If ¢
is a non-degenerate pairing of signature (r, s), we will use the short hand notation CI(r, s)
for CI(R"**, q).

As associative algebras, it is well-known that

Cl2,1) 2 R(2) & R(2), CI(8,0) = R(16),

hence
CI1(10,1) 2 Cl(2,1) ® CI(8,0) =2 R(32) ® R(32).

Here we have denoted by R(m) the algebra of m x m real matrices. Let {74 }a=123 be the
standard generator of Cl(2,1) and {¥,},=1.. ¢ the standard generator of CI(8,0). Write
g = 212, ... 2g which satisfies

-----

23:1, 292j+2j29:07 VJ:L,S

In addition, we use P to denote pinor representations, i.e., irreducible representations
of Clifford algebras, and S to denote spinor representations, i.e., irreducible representations
of the even part of Clifford algebras. Same letters are used for pinor and spinor bundles
over manifolds. From the structure results stated above, we know that C1(2, 1) has exactly
two inequivalent pinor representations 773i and both of them are 2-dimensional. When
restricted to the even part CI(2,1)°, both pinor representations are isomorphic to the
spinor representation S3. As for the Clifford algebra CI(8,0), there is a unique pinor
representation Py of dimension 16, which decomposes as the direct sum of two inequivalent
spinor representations:

Py =38 &Sy,

where SF are the eigenspaces of Yy with eigenvalue 1. Moreover, we have the following
isomorphisms

1%

P P @ Ps,
Sn = S3@ Ps.

In order to classify all supersymmetric solutions, the first step is to pin down gs.

Lemma 1 If (g3, gs, A, f) is a solution to 11D supergravity, then g3 has to be an Finstein
metric.



Proof. Plugging in the ansatz into (1.2), (1.3), the equations of motion reduce to

d(e 34 x5 df) = 0, (2.4)
) 6_6A 6_6A

(R1C8>ab — 3(V§A)ab — 3AaAb + 9 fafb - 6 \V8f|2(gg)ab = 0, (25)
' 6_4A

(Rng)ag = <62A(A8A + 3|V8A|2) — 3 |V8f|2) (gg)ag. (26)

As A and f are independent of M?, (2.6) implies that there exists a constant A such that
Rng = )\gg

and

o—4A

3

> AgA + 3|VA|?) — IVsf]> =\ (2.7)

Hence g3 must be Einstein.
From now on, we will always assume that g3 is Einstein with Einstein constant A. The
next step is to understand supersymmetry.

Theorem 1 Suppose g3 is Finstein in the sense that Ricg = \g3. Then the tuple (g3, gs, A, f)
1s supersymmetric if and only if

(a) A =0,

(b) df = £d(e*?),

(c) and the conformally changed metric gs = e’gs admits a covariantly constant spinor
with respect to its Levi-Civita connection V.

Proof. To help analyze supersymmetry, we first consider the auxiliary product metric
911 = g3+ gs. Since Sj; = S3 ® Pg holds pointwise, we may identify the spinor bundle S7,
associated to g7, as the tensor product of the spinor bundle S; of g3 with the pinor bundle
Pg of gs. In addition, there is an isometry of vector bundles (TM"Y, g;,) = (TM*', g1,)
given by

(X?n Yé) = (6AX3> Yé)a

therefore we may further identify the spinor bundle S;; associated to g;; with S3 ® Py
as well. Let {e,}2_, be a local orthonormal frame of g3 and {e,}>_, a local orthonormal
frame of gg, then

is a local orthonormal frame for g;;. Write e = e ‘e, and let € be a local section of Ss

and 7 a local section of Pg, then the Clifford multiplication associated to g;; under above
identification is given by
Fa(e®@n) = (Ya€) ® (Xon)
and
Fa(e®n) = €® (Zan).
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In addition, the Levi-Civita connection V = V17 can also be identified as

Vale @) = (T5)ae) © 1+ 5(rae)  (0°(64)5aSo), (2

Va(e®n) =€® (Vs)an- (2.9)

These identities can be derived from the local formula
L g
Vo = 8Q + ZWQ I'rl's.
Using formulae in Appendix, we have
w@’y _ e—A(w/)g-y’ waﬁ _ _w@a _ _56811147 W — (w/>bc
and all other components of connection are zero. Therefore

1, o8
Va = Oat (W T5l5 + 205 Tl5)

1
a9 53— 20000 Ay 0 Eu)

1 1
= 0+ (W)T%) = 370 @ (9" AT,3)

1
= e_A ((Vg)a —+ 5”)/(1 & 8“(6A)Ea29) .

Consequently we get (2.8). Similarly (2.9) holds as well.
Moreover, we find, by calculation,

1 6_2A
ﬁ PQRS(FPQRSQ + 8FPQR(SSOC) = Ya Y4 X abf Zba
1 6_3A
ﬁFPQRS(FPQRSa —+ SFPQR(SSG) = 24 V4 & (8bf(2b2a — Zjazb) — 48af>297

where 74 = 717273 is a central element in C1(2, 1) square to 1.

As for a pinor € on M?, we have v4¢ = ¢. Without loss of generality, one may assume
~v4€ = €, since this sign corresponds a choice of the pinor bundle 775:, which gives isomorphic
spinor bundle Ss.

With all these preparation, we may compute the curvature tensor F of the twisted
connection D. It is straightforward to compute that

6_4A

18

Fop(e@1m) = (Vape) ® <)\ + (IVsf> = [Vse*|? = 8°(e*M) o  f(Sp8, — Zch)Z9)) 7.
Now suppose that (gs, gs, A, f) is supersymmetric, therefore there exists a spinor ¢ such
that D¢ = 0. Since 811 = S3 ® Pg and that Ss is 2-dimensional, we can find a local frame
€1, €3 of 83 and write

£:€1®7l1+62®7]2.
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In general, n; and 7, are combinations of sections of Pg with function (may have M3
dependence) coefficients. However at any fixed point, we can think of 7, and 7, as pinors
on Mg. Since D¢ = 0, we know that

v

Fap(§) = Yapar ® <>\ 3 (IVsf]? = [Vse* > = 0" (e*)0° (S 2 — ECEb)Eg)) m
—4A

+ Yape2 ® <>\ + 618 (IVsf]? = |Vse® > — 0°(*M)0° f(SpZe — Eczb)29)) 72

=0

for any «, 8. In particular, we may choose a and 3 properly such that v,5€; and ~,s€2 are
linearly independent, therefore we conclude that

—4A
(A + 618 (Vs = [Vse® 2 = 0" (") 0" f (55 — ZCEb)Eg)) =t

for j =1,2.
Claim: 9°(e34)0°f(23. — £.3) = 0, or equivalently, there exists a function i such
that 0°(e34) = h 9" f for any index b.

We establish the claim. As & = ¢; ® n; + €2 ® 12 # 0, we may assume that n; # 0 and
decompose 11 = +n; as a sum of eigenvectors of ¥g. Without loss of generality, we
may assume that n” # 0, hence, by making use of %3, = 28, — X2, one obtain

1
N S8t = (PN For— 9N+ L(Tue P~ [V )
Therefore at any given point we may write

P (SN f Byt = uny

for some number y. By our assumption f is not a constant so we may choose a point such
that Vg f # 0, hence by multiplying Vg f = 0% fX, from left on both sides, we get

<8b(63A) - /~L8bf ) Ebﬁf— —0.

Vs fI?
Consequently
8b 63A — :u 8b
= war?
for any b, the claim is proved, and
p—4A
A= g (Vs fI” = [Vse™'?). (2.10)



We can compute other components of F as well. For example, by making use of the
relation 9°(e34)0° f (2,5, — 3.3) = 0, one obtains

(Faale®n)

€—5A —2A
= 7.EQ® ( 5 Ouf(0°(e3) + 0" F29)Sm — (Vs)a (T(ab(ef”f‘)zg — abf)) zbn) .

By a similar argument, we see that
e 0, f (8" (e*M) Sy — O fE4E0)m; — 3(Vs)a (67 (0" (€*M) Sy 89 — O°fSy)) -y =0 (2.11)

for j = 1,2 and any a. We may assume that 7;” # 0 as before. As we have shown that
O (e34) = h b f for some function h, the above equation can be rewritten as

(h - 1)(V8>a(8bf2b) Ufr = Hﬁbfzb ﬁfr
for some smooth function H.

Claim: h=1.

If the claim is not true, then we can find an open set such that h — 1 # 0 in that open
set. Thus in this open set, we have

(Vs)a(Vef) = %st

for any a. By pairing with the vector field e,, we get

H
h—1

_H
ab—h_l

Jo = (ng) Ja-

As f is not a constant and the frame {e,}5_, is arbitrary, the above equation holds only
when H =0, as h # 1, we get (V32)f = 0, hence |Vgf|? is a nonzero constant. Plugging it
back to (2.11), one obtain

(2h + 1)(h — 1)9,A = hd,(h — 1).

Notice that (2.10) now becomes e~#4(h — 1) is a constant proportional to A\. As h # 1,
the only possibility is that A is a constant and h = 0. Plug in (2.11) we get 9°f = 0
contradiction!

So the claim is proved and we conclude that Vge34 = Vgf. If we work with n;
instead, then analogously we show that Vgf = —Vge34. As a result, we have shown that
supersymmetry implies that

df = +d(e**),
which further dictates A = 0 from (2.10).



As A = 0, the Ricci-flatness in dimension 3 implies that g3 is flat, therefore we may
choose €; and ey covariantly constant under V3. In this way, one can show that D¢ =
D(ey @ + €2 ® 12) = 0 if and only if D(e; ® 11) = D(ex ® 12) = 0. Therefore we may
assume that £ = € ® n is decomposable. Furthermore (2.13) implies that Y91 = +n, that
is, 7 must be a section of one of the spinor bundles Si instead of a random section of the
pinor bundle Ps = S5 @ Sy .

Taking all these into account, we find that D(e ® ) = 0 if and only if

(Vehan + (40,4 + PAT, — %5y = 0 (212)

for any a. Consider the conformally changed metric gs = e4gs, we can identify its Levi-
Civita connection Vg as?

(Vs)an = (Vs)an + %abA(zazb — ).
So (2.12) can be rewritten as

(Vs)an + %8,114 n=0
or equivalently

Vs(e??n) = 0.

Thus we have proved that a supersymmetric tuple (gs, gs, A, f) implies that g5 is flat, df =

+d(e*4), and that the conformally changed metric gs = e'gs admits covariantly constant

spinors with respect to Levi-Civita connection. The other direction is straightforward.
As a corollary, we have

Corollary 1 Suppose (gs, gs, A, [) is supersymmetric. Then the conformally changed met-
ric gs = e gg is Ricci-flat. Moreover, let Ny; be the number of independent spinors satis-
fying (2.3) and let NF be the dimension of the space of covariantly constant spinors of the
spinor bundle S associated to the metric gg. Then

Nll = 2Ng_ Zf df = d(e?’A)

and
Ny =2Ng  if  df = —d(*).

From Theorem 1 we know that
df = +d(e*?) (2.13)

is a very natural condition, under which we have the following result:

2This formula is well-known, see for example [1, pp. 16-17], where we need to change the sign of 9®A
as Baum et al. use the convention v - v = —¢q(v) for Clifford algebra.
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Theorem 2 Assume (2.13). Then (gs, gs, A, f) is a solution to equations of motion (1.2),
(1.3) if and only if

(a) g3 is flat,

(b) the conformally changed metric gs = e’ gs is Ricci-flat,

(c) and A satisfies the Laplace equation AgA =0, or equivalently,

Age 1 =0, (2.14)
where Ag and Ag, are the Laplace operators defined respectively by the metrics gs and gs.

Proof. Under (2.13), (2.4) is equivalent to (2.14). Under (2.13) and (2.14), (2.7) is equiv-
alent to that g3 is flat. Moreover, (2.5) is equivalent to that gs is Ricci-flat under (2.13)
and (2.14). Formulae in Appendix are used to derive these equivalences.

Summarizing Theorem 1 and Theorem 2, we have proved

Theorem 3 The tuple (gs, gs, A, f) is a supersymmetric solution to 11D supergravity equa-
tion if and only if

(a) g3 is ﬂat;

(b) gs := e“gs is a Ricci-flat metric admitting covariantly constant spinors (with respect
to Levi-Civita connection);

(c) €734 is a harmonic function on (M8, gs) with respect to the metric gs;

(d) df = £d(e*).

In [35] McKenzie Wang showed that a simply-connected irreducible Riemannian mani-
fold admits covariantly constant spinors if and only if it has Ricci-flat holonomy, which in
dimension 8 must be one of the groups SU(4), Sp(2) and Spin(7). Combining Wang’s the-
orem with Theorem 3, we have the following holonomy classification result. For simplicity,
we only state the irreducible and simply-connected case. For more complicated cases, one
can consult [26] and other references in literature.

Theorem 4 Let (g3, gs, A, f) be a supersymmetric solution to 11D supergravity on M =
M3 x M?® with M?® simply-connected and §s = e*gs irreducible. Then one of the following
cases must occur:

(a) Ny, = 2: the metric gg has holonomy group Spin(7) and df = d(e3*);

(b) Ny = 4: the metric gs has holonomy group SU(4) and df = d(e**);

(c) Ny = 6: the metric gs has holonomy group Sp(2) and df = d(e3*).

We remark that the relation df = —d(e**) may hold in the case gg is reducible. For
example, when the solution has maximal number of supersymmetries, i.e., Nj; = 16, the

Ricci-flat metric gg has to be flat and both cases of df = £d(e*!) can occur, as in the
Duff-Stelle case [14].

11



3 Examples from Ricci-flat manifolds and Green’s func-
tions

Theorem 2 shows that solutions of 11D supergravity can be constructed from a Ricci-
flat manifold M?® equipped with a positive harmonic function e 34. Because the case of
constant A would just lead back to the vacuum Einstein equation, we look for gg being
defined on a non-compact manifold, in which case we can just choose e =34 to be a Green’s
function on a complete manifold. Recall that for a Riemannian manifold M, taken to be
eight-dimensional for our purposes, a Green’s function G(x,y) is a smooth function on
M x M away from the diagonal x = y, which is symmetric, harmonic in each variable,
positive, and with the following asymptotic

G(z,y) = d(z,y) (1 + o(1)) (3.1)

for d(x,y) small, where d(z,y) is the distance from z to y. Green’s functions have been
shown to exist by Cheng-Li [3] on compact manifolds, and by Li-Yau[24] on complete
Riemannian manifolds with non-negative Ricci curvature and faster than quadratic volume
growth, in the sense that

Vol(B(p,r)) > Or2te (3.2)

for some 6 > 0 and £ > 0. Here B(p,r) the ball of radius r centered at p € M. Combining
these results with Theorem 2, we obtain the following:

Theorem 5 Let (M®,gs) be a Ricci-flat Riemannian manifold which is either compact

or complete with faster than quadratic volume growth. Let pq,---,p, be any finite set of
points in M8, and mq,---,m, a finite set of positive numbers. Set
Glx) = 3 m; Gl ). (33)
j=1

Then the manifold M® = M8\ {p1,---,p,}, together with the function A defined by e =34 =
G, gives a solution to the 11D supergravity equations. Furthermore the metric gs = e g
18 complete on Msy.

Proof: If (M®,gs) is complete with faster than quadratic volume growth, we have
the following estimates for the volume of B(p, ),

072t < Vol(B(p,r)) < wsr® (3.4)

where the upper bound is a consequence of the Bishop-Gromov volume comparison the-
orem. By a result of Li and Yau [24], there exists a Green’s function G(z,y) on (Ms, gs)
satisfying

Sl D S Peyel [ R
¢ /d(w)2 Vol(B(z, \/Z))dt =Glay) < C/d(x,yp Vol(B(z, \/f))dt (3.5)
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for some uniform constant C' > 1. It follows that

c! < G(z,y) < CO?

d(x,y)® ~

. .y € Mg. 3.6
TERNE or any x,y 3 (3.6)

Recall that e™* = G'/3 and gs = G'/3gs. The metric gg is a well-defined Riemannian
metric on M?, the complement of the singular points pi, ..., p, in M®. Near each singular
point p;

1
P g ™
Therefore dy(z,p;) = +oo for any x € M® and (M?, gg) is complete near each singular
point p;. Moreover, the metric gg is asymptotically to the standard product metric on
R x ST as dg,(pi, z) — 0.
Similarly, the completeness of (M?, gg) near infinity is a consequence of the estimates
(3.6) for the Green’s function. So (M?, gg) is a complete Riemannian manifold.

If M?® is compact, we may take e 34 = (. By similar estimates as above, we see
that gs = e s is complete near each singular point p;, and in this case, (M8, gg) is also
complete.

We survey some known examples of compact or noncompact Ricci-flat 8-dimensional
manifolds. By Theorems 2 and 3, we have complete solutions to the field equations (2.4),
(2.5) and (2.6) for such examples. They are all supersymmetric, except possibly for some
examples constructed from Riemann surfaces in section 3.3.

3.1 Compact examples

The following examples are included in Joyce’s book [23].

1. Compact real 8-manifolds with holonomy Spin(7). Let T® be a torus equipped with
a flat Spin(7)-structure (g, go), and a finite group I' of automorphisms of T® preserving
(Q0,90). Then T8/T is an orbifold with flat Spin(7)-structure (€, go). Let M® be a
suitable resolution of T®/T" such that M?® is simply connected. Then M® admits a torsion
free Spin(7)-structure (€2, §) with Hol(g) = Spin(7). Thus Ric(g) = 0. More examples of
compact Spin(7) manifolds can be found in [4, 31]

2. Compact real 8-manifolds with holonomy Sp(2). Here we briefly present two examples
of Beauville [2]. We start with a compact complex surface X. Let X be the m'-
symmetric product of X which is a complex orbifold with complex dimension 2m. Take
XM to be the Hilbert scheme of 0-dimensional subspaces (Z, Oz) of X of length dimc O, =
m. Then X[ is a compact complex manifold with dimcX™ = 2m, and the natural
projection 7 : XM — X (™ ig a crepant resolution. (1) If X is a K3-surface, then X
admits a 61-dimensional family of metrics g with holonomy Sp(2). (2) If X is a compact
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complex torus T which can be regarded as an abelian Lie group. So there is a natural
map o : X® — X given by the summing the 3 points. Let K?(X) be the kernel of the
map o o7 : XB — X then K?(X) is a a complex 4-dimensional manifold admitting a
13-dimensional family of metrics g with holonomy Sp(2).

3. Compact real 8-manifolds with holonomy SU(4). These are complex 4-dimensional
Calabi-Yau manifolds with trivial first Chern class. By Yau'’s theorem [36] there is a unique
Ricci-flat Kahler metric in each Kéahler class. Examples of Calabi-Yau 4-manifolds include
smooth hypersurfaces in CP® with degree 6.

3.2 Non-compact examples, complete with maximum volume
growth

In this section we will present some examples of complete Ricci-flat metrics on noncompact
8-manifolds with maximal volume growth.

1. Complete Kdihler-Ricci-flat metrics on C*. Recently, Székelyhidi [30], Conlon-Rochon
7] and Li [25] constructed nontrivial Ricci-flat Kéhler metrics on C* with maximal volume
growth. The desired Ricci-flat metrics g are perturbations of (singular) Ricci-flat metrics
on some metric cone to which (C%, g) is asymptotic. More precisely, let f be a polynomial
on C* and M; C C° be the graph of —f defined by z + f(xy,...,24) = 0. So M is
biholomorphic to C*. Assume the cone f~1(0) C C* has isolated singularity and the cone
My = C x f71(0) admits (singular) Ricci-flat cone metric g, then gy can be perturbed to
a complete Kahler-Ricci-flat metric g; on M;, with tangent cone at infinity isometric to
(Mo, go), in particular, (M, g1) has maximal volume growth and is non-trivial for generic
choice of f. For example, if f(x) = 2% + 23 + 23 + 2%, i.e. f71(0) is the A;-singularity,
My admits a Ricci-flat cone metric given gg; by the product of Stenzel metric and stan-
dard metric on C. So C* admits a nontrivial complete Ricci-flat Kihler metric which is
asymptotic to (Mg, gst)-

2. Complete Kahler-Ricci-flat metrics on quasi-projective manifolds. This class of Ricci-
flat metrics was first constructed by Tian-Yau [32] and later refined by Conlon-Hein [6].
If M is a compact Kéhler orbifold with dimg(M) = 4 and codimg(Sing(M)) > 2. Let
D be a neat and almost ample sub-orbifold divisor in M such that Sing(M) C D and
D e |- Kyl for some g € (0,1). If D admits a KE metric with positive scalar curvature,
then M = M\D admits a complete Ricci-flat metric with maximal volume growth.

3. Asymptotical conic Ricci-flat manifolds. Let M be a complex noncompact manifold
with a nontrivial holomorphic 4-form © and (M, () is asymptotic to a Calabi-Yau cone
(C, go, o) with some positive rate. Then it is shown by Conlon-Hein [5] that there exists
a unique Ricci-flat metric g in each Kahler class on M with suitable asymptotic condition,
such that g is asymptotic to the cone metric gy with some positive rate. Therefore (M, g)
has maximal volume growth. Examples of this type include the ALE Kahler complex
dimension 4-manifolds studied by Joyce [23].
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3.3 The case of Riemann surfaces

In this section, we look for solutions on M® = M% x M? with Riemannian metrics of the
form

gs = 62396 + 9o, B e COO(M2)

We also assume the 1-form df and the function A depend only on M?2. We rewrite the
equations (2.5) and (2.7) with A = 0 as (we use i, J,... to denote the indices on M? and
i, v, ... those on MY)

—6A

R,iC(gg)ij - 6(V£2]2B)w - 6B2BJ - 3(V§2A) 314 A —|— fzf] |Vf|g2 (gg) O,
—6A

Ric(g6>,uu - (Ag2B + 6|VB|2>€2B96,;W — 392(VA7 VB)eng&,uu - |Vf 2 2Bg6 N7 7 0(3 7)

and

Ay A+692(VA,VB) + S\VA\EQ -

Since A, B and f depend only on M, equation (3.7) implies gg is an Einstein metric,
Ric(gs) = Age for some A € R, and (3.7) becomes

—6A

Ay, B+ 6|VB[* +3¢:(VA, VB) + IVFI2 = Ae25.

With the supersymmetry assumption (2.13), df = £d(e**), the equations above are re-
duced to

3 3
Ric(g2)ij — 6V;,B — 6B;B; — 3V, A+ S AiA; = i\VAPgMj =0, (3.8)
3 ~
Ag,B+6|VB|2, 4 392(VA, VB) + §|VA|§2 = e 2B, (3.9)
and
Ay A+ 6g(VA VB) = 0. (3.10)

If furthermore we assume (M®, g¢) is Ricci-flat, i.e. A= 0, then one can check equations
(3.9) and (3.10) are equivalent to

A, K +6|VK[Z, =0, or Ay,e®™ =0, (3.11)
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and
Ag,e 34 4+ 6g5(VK,Ve™4) =0, (3.12)

where we denote K = B + 4. And equation (3.8) becomes
3
RiC(gg)ij — 6(V§2K)w — 6KZK] -+ BKZAJ -+ BKjAZ — §|VA|§292’2']' =0. (313)

With equations (3.11), (3.12) and (3.13) at hand, we discuss some explicit solutions. Recall
that we fix a Ricci-flat manifold (M9, gg).

1. When K = const, we take e =4 to be a positive (possibly singular) harmonic function
on M? (note that the choice of harmonic functions on M? is independent of the metric
g2). The equation (3.13) implies that

) 3 . 1
Ric(ga)ij — §|VA|52]2927U = Ric(g2)ij = 589 Ag25 = 0.

If we define go = e?gy, the equation above says that Ric(ga) = 0 on the set of M?
where €34 is smooth. As remarked above, A§2€_3A = 0. This implies the product metric
gs = egs = X g¢ + e?gy is Ricci-flat, which is just a special case of Theorem 2. This
solution can be made supersymmetric by taking M® to be Calabi-Yau.

By the uniformization theorem, complete flat manifolds (M?,g,) are either the Eu-
clidean plane C, cylinder S* x R or the compact torus 72. Since such manifolds cannot
admit non-constant smooth positive harmonic functions, we cannot expect e=34 to be
smooth. Since C is parabolic, i.e. it admits no positive Green function, for such examples,
we can take e 34 to be constant, which gives rise to trivial solutions.

To get nontrivial solutions, we choose M? to be an open Riemann surface with boundary
OM? # (. For example we may take M? to be the unit disk D C C or the punctured
unit disk D* ¢ C\{0}. We pick g = gc, the Euclidean metric on C, and ¢34 =
Re(¢) — plog|z|? for any holomorphic function ¢ € O(D) with positive real part Re(¢) > 0
and any p > 0. Then g, = e g defines a solution to (3.13). However, the metric g, is
incomplete on D or D*. In sum, the tuple (g1, ), A) given by

g = s+ g + e 9o, F = £dvolg A d(e3Y)

1
A= —2log (Re(¢) — plogl2*), V¢ e OD), p=0,

on MY = M3 x M® x M? with (M3, g3) and (M9, g¢) being Ricci-flat and M? = D or D*,
satisfy the equations of motion (2.4), (2.5) and (2.6). Replacing gs by €*gs, we can also
express ¢gii as

g = (Re() — plog|2[2) 3 g5 + (Re(d) — plog |2[%)? (g6 + gc)- (3.14)
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2. When K # const, from (3.11), we know €% is a positive harmonic function. Again
we take M? = D or D*. Let z = x; 4+ iza € C be the standard coordinate on D or
D*. Observe from (3.12) that if e=24 is proportional to K, (3.12) is also satisfied. By
adding a positive constant to K if necessary we may assume K > 0 and e 24 = K, i.e.
A= —% log K. With this choice of (K, A), it suffices to find metrics g, to the equation
(3.13), which can be rewritten as

KK; 1|VK][,
K 6 K2
This is a system of second order partial differential equations in g9, and we do not expect
to find general solutions to this equation for general choice of €*%. So we now focus on

some special cases depending on the positive harmonic function %% .

Ric(g2)ij — 6(V2,K)ij — 6K K; — 2 g2.i; = 0. (3.15)

o If €% is linear in z; and o, e.g. €% = 1 + 10. We look for the metrics conformal

to the Euclidean one, i.e. gy = e*?g¢c for some p € C°°(M?), equation (3.15) becomes

—Nge 0 bi; — 605K + 6 (0K + 0;K;) — 6(VEK, V)i

K;K; 1|VK[,
— = 6i; = 0. 3.16
K 6 K2 ¥ (3.16)

By straightforward calculations, we can check that

—6KK; — 2

5 1
0= _§K+ 6logK + C, foranyconstant C' € R,

satisfies equation (3.16). Hence g, = e X K/3g¢ defines a solution to (3.15). Therefore
the tuple (g11, F, K) given by
g1 = K728y + KY3e2K gy + KY3e ™K go,  F = +dvols A dK

satsifies the equations of motion (2.4), (2.5) and (2.6) on M = M3 x M% x M? with
M? = D or D*. For example, we may take K = ¢ log (10 4 1), then

I L (A0 +w)log (10 +2))"  (log (10 +21))"”
T og (10 + 20 61/3 YT TGIB(10 1 )8 7€
and +1
F=——""" _dvolsAd
6(10 1+ 2y) "3 N 0

define an explicit solution, where we recall that x; is one of the coordinates on D or D*.

o If %% is radial symmetric, i.e. it depends only on r = |z|. For example, we can take
eK = —clogr? 4 1 for any ¢ > 0. Again A = —1log K and we try to find metrics g, of

the form g, = e*?g¢ for some p € C*°(D*). One can check that

1 5
p = élogK — logr — §K—|— C, foranyconstant C' € R
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satisfies the equation (3.16). Therefore gy = r—2¢ 5K +3log K

and correspondingly, the tuple (gi1, F') given by

gc satisfies the equation (3.13)

g1 = K728gy + K'B3e2K g + 12 KY3e ™K g,  F = tdvoly A dK

defines a solution to the equation of motion (2.4), (2.5) and (2.6) on M = M3 x M® x D*.

In particular, if we choose €% = —logr? 4+ 1 on D*, then (gy1, F') are given by
6>/ (log (1 — 10g7"2))1/3 2\1/3
Jgu = (Tog (1 — logr2))2/393 + 61/ (1— logr?) " g6
_,(log (1 — logr? 1/3 _
0B gt N
and .
F=——"—_dvols Ndr.

3r(1 —2logr)

4 The Duff-Stelle Ansatz

In their seminal paper [14], Duff and Stelle discovered the (multi-)membrane solution to
11D supergravity by making following assumptions on the tuple (g3, gs, A, f):

(a) g3 is flat;

(b) The Killing spinor £ is a pure tensor product of a covariantly constant spinor € on
M? and a pinor n on M3;

(c) M? is a radially symmetric open domain in R®, the metric (gs);; = €*#d;; is confor-
mally flat, where B is a smooth function on M?® and all the functions A, B and f depend
only on the radial variable r.

From the analysis in Section 2 we know that assumptions (a) and (b) above are neces-
sary for supersymmetric solutions. In this section, we first re-derive the Duff-Stelle solution
using the framework of Section 3. Then we show that, by keeping assumption (c) above
only, we can construct a 5-parameter family of solutions to equations of motion, extending
Duff-Stelle’s work. Due to the classification result (Theorem 3 in Section 2), the only
supersymmetric solution in this family is the Duff-Stelle solution.

4.1 Derivation of the Duff-Stelle membrane solution

Take (M8, gs) to be R® equipped with Euclidean metric in Theorem 5 and let M® be the
punctured Euclidean space R®\ {0}. It is well-known that a Green’s function on R® with
source at origin is given by



where 7 is the Euclidean distance to origin. By taking
e =Ga)+ M

for any nonnegative constant M, we get Duff-Stelle’s membrane solution described in [14].
If we take e =34 to be a positive linear combination of Green’s functions at different points
and a positive constant, then we recover the multi-membrane solution.

4.2 The 5-parameter family of radially symmetric solutions

In this subsection, we solve for all solutions (g3, gs, A, f) to equations of motion under
Assumption (c¢). As A, B and f depend only r, (1.2) and (1.3) are reduced to an ODE

system:

"+ f (; + 6B’ — SA’) =0, (4.1)
324 <A” + A’ (; - 63’) - 3(A’)2) — e M(f)E = 3)eP, (4.2)
—2B" + 273, +2(B)? - A" + A% +2A'B' — (A)? = —6_66A (f")?% (4.3)
B”+£¥z+4XB3?+§§L+&WBH:—egAUﬂ? (4.4)

The goal is to solve this complicated nonlinear ODE system.
First notice that (4.1) can be integrated to

f/ — MT_7€3A_GB

for some constant M. Plug it into other equations, we get

M? 7
ﬁe—mB — A" + A’ <_ + 63,) + 3(A/)2 o )\623_2A,
3r r
M? 4B’ 2A'
W6_12B:4B”_T—4(3,)2+2AH—T—4A,B,+2(A/)2,
M? 268’ 6A
We—lw = —2B" — —12(B)> — — —6A'B’.
T T T

Let L = L(r) be a function such that

e =e"-r

hence 1
B +~-=1L".
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The original system can be rewritten as

M2 —12L " ! 1 / N2 A 2L—2A

M? 4 2 4

ﬁe_lu =4L" +2A" + ;L’ + ;A’ —4(L')? —4A'L +2(A)* + = (4.6)
M2 —12L " 2 / AV I/ 12

The above ODE system (4.5)-(4.7) has only two unknown functions A and L. Therefore
this system is overdetermined and a priori it may be inconsistent itself. Surprisingly, we
have the following theorem.

Theorem 6 The ODE system (4.5)-(4.7) is consistent. In fact, it is equivalent to a single
3rd order nonlinear ODE
v _d*v (dv) > v

+ 2E(1702 —60) + 12(v? — 4)(v* — 6) = 0. (4.8)

As a consequence, we get a S-parameter family of solutions to the equations of motion
(1.2) and (1.8) of 11D supergravity.

Proof. Write u = A"+ 2L and T = L — A, we get
12 A
WA o3 = 2 (4.9)
r

r2 r2
, 12

4 1
'+ T+ —u+ =T +2u* +uT +2(T")* = (4.10)
T T

)
by eliminating the left hand side of (4.5)-(4.7). Notice that the second equation can be
rearranged as

1 2 6
(2" - (— - u) Y +4 (2u' + Zu+u? — —2) T =0.
r r r
Introduce v = ur and eliminate e*?, we get

V"% 40" (T 4 3) + 14(0'r)? + v'r(340% + Tv — 119) 4 12(v* — 4)(v* — 6) = 0.

Let r = €', then we get the desired 3rd order ODE (4.8).
Assume we have a solution v of (4.8), then we know u and we can solve for €?7 from
(4.9), hence also A" and L'. Therefore A and L are determined up to an additive constant.
To check the consistency of the ODE system, one only needs to verify that the functions
A and L we get above satisfy any of the equations in the original ODE system.
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We introduce

dv 2/ dv 1 [(d*v dv 2
X=|— 2_12 2— — 244 (== +5—v—-3°+120]) .
(dt+3v )(dt vT + )+3<dt2+5dtv v + v)

By a lengthy calculation, we find that the consistency condition is that X satisfies

X
7 + 40X =0,
which turns out to be a consequence of (4.8).

Therefore solving the equations of motion (1.2) and (1.3) under our ansatz is equivalent
to solving the 3rd order ODE (4.8). As there are 3 parameters for v, one additive parameter
to determine A and L, and an extra parameter A\, we get a 5-parameter family of solutions
to the 11D supergravity.

In general we do not know how to write down all the solutions to (4.8), however, there
are some explicit special solutions we can find.

1. For v satisfying

dv 9
(-4
= (-4,
(4.8) is automatically satisfied. This corresponds to the case L' = 0, or equivalently

B'= —1/r. So L is a constant and (4.7) implies that M = +6e°*. Furthermore, (4.5) and
(4.6) become

2 — A" + él + 3(A1)2 . ie2L—2A’
72 r r2

4 A

_2 — A// + o + (A/)2.

T T

The general solution is given by

24 Ae?l (1 — Ort)?
32C rd ’

where C' is a constant with the convention that
e =t
for C' = 0, in which case A =0, and
4 = oyt

for C' = oo, in which case A = 0. We can also write down the explicit expressions of B
and f’. It turns out that these solutions are isometric to either Freund-Rubin solutions or
Ricci-flat solutions.
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2. For v satisfying
dv 9
= (¥ —6
(4.8) is automatically satisfied. The corresponding solutions are given by
24 _ AC, (sz/€)—1/3(1 N C’r2\/€)2
6 (14 6Cr2ve 4 C2p4v6)2/3’
1/3
e <1 + 602V 4 02 tVE )
e =— )
r2ve

r2

(32C2N3C3)12rVo-1(1 — Cr2V0)3
3(1 4+ 6Cr2V6 + C2p4v6)2

J=

Here we should use the convention that

24 — %T—Né/z%’ 2B — 027"_2_2\/6/3, f’ -0,

when C' =0 and

24 — Clr2\/é/3’ e2B — 6TC17,2\/6/3—2’ # =0,
when C' = oco. Here O}, Cy, C are constants (with relation C; = AC,C?/3/6). So we get a
3-parameter family of explicit solutions to 11D supergravity with A not necessarily zero.
The corresponding metrics g on M® are incomplete.

3. For v satisfying ;
v 2
E - _3(U - 4)7

(4.8) is also automatically satisfied. This corresponds to the case A = 0 considered in
Duff-Stelle [14]. As we are working with field equations only, we get more general solutions
compared to Duff-Stelle’s result.

What is more interesting is that for the A = 0 case, the ODE system (4.1)-(4.4) can be
solved explicitly and completely as follows.

We eliminate (f')? from (4.2) and (4.4) to get
(A" 4 2B") + ?(A’ +2B') + 3(A' +2B)? = 0.
Write u = A’ + 2B’ (this u is slightly different from the previous u), so we have
u' + BTU + 3u® = 0. (4.11)
(a). If we take u = 0 as in Duff-Stelle [14], then (4.3) reduces to
[(e*)]2 = (f)?,
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SO
df = +d(e*),

therefore (4.1), (4.2) and (4.4) all reduce to

Bl
B" + (s +6(B')* =0, (4.12)

r

which implies that the scalar curvature of the metric gg is nonnegative.
If B =0, we get the trivial solution with F=0 and M!! Ricci-flat. Another solution
is given by

hence

C
e = oyt e?B = —22, f = j:GCf’/2r5.
r

We see that gg is a complete conformally flat metric on R® \ {0} which is isometric to
Co(R x ST). The eleven dimensional manifold M is isometric to

(M* x R) x §"(\/Cy),
where the metric on M3 x R is given by
g1 = C1e*V% gy 4 (dx)?,
where z is the coordinate on R and g is a flat Lorentzian metric on M?3. The metric g4
is Einstein satisfying
(Rica)ij = ——=-(94)ij-

In this case one can also check that

6
F=+———dvol,,
C2 VOly

therefore this solution is a special case of the Freund-Rubin solution.

In general, we can take
, M

- r(ré + M)
for some constant M to solve (4.12). We further get

2/3 ~1/3 3/2
et =0, L / e?B = (O, L / f = ¢M‘
ré + M ’ S+ M ’ (r6 + M)?
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For M > 0, the corresponding gg is a complete metric on R® \ {0}, which is exactly the
solution found in Duff-Stelle [14]. And for M < 0, the corresponding gs is an incomplete
metric on R®\ B(v/—M).

(b). We may also take u = —4/r to solve (4.11), in which case (4.3) reduces to
24B" 48 64
= (f)?

r 72 6

6(B')* +

which implies that
2
f' = F6e34 <B' + —) = +(e*Y.

Combining it with (4.4), we get

198" 12
B" +6(B)? + +—5=0. (4.13)
r r
Two special solutions of (4.13) are B’ = —1/r and B’ = —2/r, which correspond to
A" = —=2/r and A" = 0 respectively.
In the first case, one can solve
607"

=0t B =Cy2 =+

7
to get a Freund-Rubin solution.
In the second case one can similarly solve

A _ v B _ v, -4 r__
et =0, e =0y, f =0

and again we get the Ricci-flat solution.
The general solution to (4.13) is
B rS +2M
(S M)’
So we get

605’/27’5

2A 6 —2/3 2B __ —4/,.6 1/3 _
e —Cl('f’ ‘I‘M) /, e —CQT (7’ ‘I’M)/, f,—im,

which is isomorphic to the Duff-Stelle solution. It is easy to verify that case (b) is related
to case (a) by the inversion r <+ r~1.

(c). The general solution to (4.11) is

B —4
a r(1— Cri2)

u
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for some constant C', in which case B satisfies

19-7Cr2 43— 11Cr)
r(1—Cri2) r2(1 — Cri?)?

B" +6(B')* + = 0.

To solve this Riccati equation, we first write p = 7'2 and denote by B the expression

/
p=d8_ B
dp  12rH

Therefore the above equation can be rewritten as

. . 5-3Cp 3—11Cp
B +6(B)? =0.
TOBN 2p(1=Cp) ~ 36p°(1 — Cp)?
Let a0
: —3Cp
W=68B+-——""—
4p(1 = Cp)

then W satisfies the Riccati equation

9 —118Cp +9C2%p*

W+ W? = 0.
T TR Cpp

It is convenient to introduce the constant o = /7/3 = 1.5275 - .. By observation, one of
the solution to this equation (when C' is positive) is given by

_ —3Cp+a/Cp+ 3
p(1—=Cp)

Wo

and

1 1++/C
/Wodp: 1(10gp+210g(1 —Cp)) + alog <u> .

1—+/Cp
Therefore by general theory of Riccati equation, we know a general solution of above
equation is of the form

1 (1_\/07)%
g
W= W+ /00 13/
(v
2a1/C ((H—\/C_p) 1) +2M
2
1 1—v/Cp
 —3Cp+aCp+ Vr(1—Cp) <1+\/c*5>
p(1—Cp) 1 e b '
T 2avC <1+\/C_p> —1)+2M
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It follows that

2a
1 1—+/Cp
B 1 ay/Cp —1 V/p(1—Cp) (1+\/C_Z)
6| p(1—Cp) 1 1T\ 2
~oavC (1+¢ﬁ2) —1)+2M

Therefore we get

3(a+1) oo 1/3
B_%(le\/arG) M 1 1—+Cr® 1
T4 <1 . \/57’6) %(a_l) 40[\/6 1 + \/57’6
We can also solve that
—2/3

20/3 2c
o (VN (v
A VCrb 4o/ C 1++/Cr¢ ’
2a—1
6Cf/2\/ 1 +4Mav/Cr® (1 - \/5T6>
5 .
1 1—/Cr$ 2
(M B 4a\/5 ((1+\/6r6> - 1)) (
When C' < 0, one can similarly solve that
. 1
B = m <a\/—C’pcot <6’ + 2 arctan (\/—C,o>> — 1) ,

where 0 is related to other constants by 6 = 2aM+/—C.
It follows that

2B _ (1 — Cr'2sin (9 + 2acarctan (\/ —Crﬁ)) ) V8
e =09

=+

= 2av/—C

and

24 _ sin (6 + 2carctan (v/—Crf)) 8
c 20/=C ’
F56CC 2y
(1 — Cr2)sin® (0 4 2ccarctan (vV—Crf) )

f=
By Theorem 3 we know that the only supersymmetric solutions in this 5-parameter
family are 3(a) and 3(b), all isomorphic to the Duff-Stelle solution. Moreover, for any

solution other than Duff-Stelle, the metric (gg);; = €2£6;; is incomplete.
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A (Multi-)Warped Product Metric

Let (M;, g;) be pseudo-Riemannian manifolds of dimension n; for i = 0,1,2,..., k. A
multi-warped product metric g on the product manifold My x M7 x ... x M, is of the form

g:g0+ef1g1+...+ef’“gk,

where f1,..., fr are smooth functions on M,. In this appendix, we will compute the
curvature tensors of (multi-)warped product metrics in terms of the curvature tensors
R; of (M;,g;). For simplicity of notation, we will use X; and Y; to denote vector fields
tangential to M;. These formulae can be found in literature (for instance [12]), we include
them for the convenience of readers.

Using the Koszul identity, one can find that

vXon = (VO)XO}/O’
1
Vi Yj = Vy, Xo = 5.X0(f;)Y]

1 v
XJ7Y;) 'Vo(efj)v

Vx, Y= (V;)x,Y; — 2(

VX]‘}/} = 07 j # .
It follows that
R(X07 Yba ZOa WO) = RO(X07 Yba ZOa WO)a
1

R(Xo,Y;, Zo, W;) = —e (%(V(Z)fj)(Xo, Zy) + ZXo(fj)Zo(fj)) (Y5, Wi

R(X;,Y;, Z;, W)
2f;

. e
= Ri(X;,Y;, Z;, W) + T|Vofj|2 ((Y,25)g, (X5, W)g, — (X5, Z5)g, (Y. W), )

R(X;,Y,,Z;,W)) = — (X5,Z) g, Y1, W) (Vo fs, Voft), 7#L

It follows that the Ricci curvature of the warped metric g is given by

k
RIC(XOa }/b) RICO(XO> YE) an ( vo.fj)(XOa }/b) + leO(f])Yb(fj)) )

Jj=1

eli X;,Y5),
Ric(X;,Y;) = Ric;(X;,Y;) — % <Ao fi) + an VofJ,Vofz)) :

and all other components are zero.
Similarly the scalar curvature can be computed as

k k

. 1 1

S =S+ E e S — E n; (Ao(fj) + Z|V0fj|2) 2
j=1 j=1

2

l
Z njVij
j=1
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