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PHASE RETRIEVAL FROM THE NORMS OF AFFINE
TRANSFORMATIONS

MENG HUANG AND ZHIQIANG XU

ABSTRACT. In this paper, we consider the generalized phase retrieval from affine mea-
surements. This problem aims to recover signals x € F? from the magnitude of the
affine transformations y; = ||M;x+b;|[3, j = 1,...,m, where M; € F**".b; € F',F €
{R,C} and we call it as generalized affine phase retrieval. We develop a framework for
generalized affine phase retrieval with presenting necessary and sufficient conditions for
{(Mj,b;)}jL, having generalized affine phase retrieval property. We also establish results
on minimal measurement number for generalized affine phase retrieval. Particularly, we
show if {(M;,b;)}jL, C F?*" x F" has generalized affine phase retrieval property, then
m > d+|d/r] forF =R (m > 2d+|d/r| for F = C ). We also show that the bound is tight
provided r | d. These results imply that one can reduce the measurement number by rais-
ing r, i.e. the rank of Mj;. This highlights a notable difference between generalized affine
phase retrieval and generalized phase retrieval. Furthermore, using tools of algebraic ge-
ometry, we show that m > 2d (resp. m > 4d — 1) generic measurements A = {(M;,b;)}72,
have the generalized phase retrieval property for F = R (resp. F = C).

1. INTRODUCTION

1.1. Phase retrieval. Phase retrieval aims to recover a signal x € F¢ from the measure-
ments [(a;,x)|, j=1,...,m, where F =R or C and a; € F? are the measurement vectors.
Phase retrieval is raised in many areas such as X-ray crystallography [13,16], microscopy [15],
astronomy [8], coherent diffractive imaging [11,17] and optics [19]. To state conveniently,
set A := (ap,...,a,) and M4 (x) := (|[(a;,x)|,..., [{am,x)|) € R™. Noting that for any
¢ € F with |¢| = 1 we have M 4(x) = M 4(cx) and hence we can only hope to recover x up to
a unimodular constant. If M 4(x) = M4(y) implies x € {cy : c € F, |c| = 1}, we say A has
phase retrieval property for F%. A fundamental problem in phase retrieval is to give the min-
imal m for which there exists A = (ay,...,a,,)" € F™*? which has phase retrieval property
for F¢. For the case F = R, it is well known that the minimal measurement number m is
2d — 1 [1]. For the complex case F = C, this question remains open. Conca, Edidin, Hering

and Vinzant [6] proved m > 4d — 4 generic measurement vectors A = (ay,...,a,;,)’ € C™*¢
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have phase retrieval property for C% and they furthermore show that 4d — 4 is sharp if d is
in the form of 2% +1, k € Z,. In [18], for the case where F = C and d = 4, Vinzant present
11 = 4d — 5 < 4d — 4 measurement vectors which has phase retrieval property for C* which
implies that 4d — 4 is not sharp for some dimension d. Beyond the minimal measurement
number problem, one also developed many efficient algorithms for recovering x from M 4 (x)
(see [4,5,10]).

1.2. Generalized phase retrieval and affine phase retrieval. A generalized version
of phase retrieval, which is called as generalized phase retrieval, was introduced by Wang
and Xu [20]. In the generalized phase retrieval, one aims to reconstruct x € F¢ through
quadratic samples x*A;x,...,x"A4,,x where A; € F?*? are Hermitian matrix for F = C
(symmetric matrix for F = R). Set A := (A;)7; and My(x) = (x"A1x,..., X" 4;,X).
We say A has generalized phase retrieval property if M 4(x) = My(y) implies that x €
{cy : ¢ € F,|c| = 1}. In [20], Wang and Xu show the fantastic connection among phase
retrieval, nonsingular bilinear form and embedding. They also study the minimal m for
which there exists A = (Aj)gn’zl which has generalized phase retrieval property. Particularly,
they show that for the case F = C, the measurement number m > 4d — 2 — 2a where «
denotes the number of 1’s in the binary expansion of d — 1. If take A; = ajaj, then
the generalized phase retrieval is reduced to the standard phase retrieval. Furthermore,
if we require A;,j = 1,...,m, are orthogonal projection matrices, the generalized phase
retrieval is reduced to phase retrieval by projection [2,3]. Hence, the generalized phase
retrieval includes the standard phase retrieval as well as the phase retrieval by projection
as a special case. Both standard phase retrieval and generalized phase retrieval require the
measurement number is greater than or equal to 4d — 2 — 2a.. Hence, one can not reduce

the minimal measurement number heavily by rasing the rank of A;.

Affine phase retrieval is raised in holography [14] as well as in phase retrieval with back-
ground information [21] which aims to recover x € F? from |(aj,x)+b;], j =1,...,m, where
aj € F? and b;j € F. The authors of [9] develop the general framework of affine phase retrieval
with highlighting the difference between affine phase retrieval and standard phase retrieval.
Unlike the standard phase retrieval where we can only recover x up to a unimodular con-
stant, it is possible to recover x exactly in affine phase retrieval. Particularly, for the case

m

where F = C, the authors of [9] show that there exist m = 3d measurements {(a;,b;)}L,
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so that one can recover x from [(a;,x) + bj|,j = 1,...,m. They furthermore show the
measurement number 3d is sharp for recovering x € C¢ from |(aj,x) + b;|,7 = 1,...,m.
Similarly, for the case where F = R, if was shown in [9] that m = 2d measurements are

sufficient and necessary for recovering x from [(a;,x) +b;],j =1,...,m.

1.3. Generalized affine phase retrieval. In this paper, we consider the recovery of x €

F? from the affine quadratic measurements
2 .
yj:HMj*X_‘_bJH% ]:1,...,771,,

where M; € F¥" and b; € F". Set A = {(Mj,bj)}1L, C FaX" x F" we can view A as a
point in F™@X7) x ™" Define the map My : F¢ — R™ by

(1.1) Mu(x) = (|Mix + b3, [Myx + by[3).

Our aim is to study whether a signal x € F¢ can be uniquely reconstructed from M 4(x).
To state conveniently, we introduce the definition of the generalized affine phase retrieval

property.

Definition 1.1. Let r € Zx1 and A = {(M;,b;)}7, C F*r x Fr. We say A has the

generalized affine phase retrieval property if M 4 is injective on F<.
We next introduce the connection between generalized affine phase retrieval and gener-

alized phase retrieval. Note that

(1.2) v = [Mix+ b3 =A% j=1,...m,

where

() e (o by )
The (1.2) shows that generalized affine phase retrieval can be reduced to recover x € Fé+!
from x*A;x,5 = 1,...,m. Since we already know the last entry of x is 1, we can recover
x from x*A;x,j = 1,...,m exactly. Hence, the generalized affine phase retrieval can be
considered as the extension of both the generalized phase retrieval and the affine phase

retrieval.
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1.4. Continuous map. Note that x € R? has d real variables (2d real variables for the
complex case). Naturally, one may be interested in whether it is possible to recover x € R?
from d nonnegative measurements (2d nonnegative measurements for F = C). We state
the question as follows. For j = 1,...,m, suppose that f; : F? — R, is a continuous

nonnegative function, i.e. f;j(x) > 0. For x € F4, set

(13) F(x) i= (f1(X), .., f(x)) € RT.

One may be interested in the question: What is the smallest m so that F is injective on R%?
Under some mild conditions for F, we show that m > d+1 is necessary for F being injective
on R? (m > 2d + 1 for C%). As we will show later, there exists {(4;,b;) m,C Réxd x R4
with m = d + 1 so that My is injective on R%. This implies that the generalized affine
phase retrieval can achieve the lower bound m = d + 1. A similar conclusion also holds for

the complex case.

1.5. Our contribution. In this paper, we develop the framework of the generalized affine
phase retrieval. Particularly, we focus on the number of measurements needed to achieve
generalized affine phase retrieval. We first present some equivalent conditions and then
study the minimal measurement number to guarantee the generalized affine phase retrieval
property for both real and complex signals. For F = R, we show that m > d + L%J (m >
2d+ L%J for F = C) is necessary for there existing measurements {(M;,b;)}2; C X7 x T
which have this property. We also show that the bound is tight provided d/r € Z. Compared
with the generalized phase retrieval, the generalized affine phase retrieval can reduce the

measurement number heavily by rasing the rank of Mj;. This also highlights a notable

difference between the generalized affine phase retrieval and generalized phase retrieval.

Using the tools developed in [1, 6, 20], we show that m > 2d generic measurements
{(My,b1),...,(Mp,by)} € FU&m)xmr for B = R (m > 4d — 1 for F = C) can do general-

ized affine phase retrieval for F.

2. THE MINIMAL MEASUREMENT NUMBER FOR CONTINUOUS MAP

Recall that F : F¢ — R’ is a continuous map. The next theorem shows that the necessary

condition for F being injective is m > d + 1 under some mild condition for F(x).
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Theorem 2.1. Suppose that F : F¢ — R’ is a continuous map which satisfies
(2.1) lim inf||x||2RHF(X)H = +00.
R—+o00

Then if m =d and F =R (m = 2d for F = C), then F is not injective on F¢.

Proof. Note that C? =~ R4, We just need consider the case where F = R. To this end, we use
S? to denote the d-sphere and use N to denote the north pole of S%. Let g : R? — S\ {N}
be the natural homeomorphism between R? and S¢\ {N}. Then F, := goFog~! is the
operator which maps S\ {N} to g(R%) S\ {N}. Set

~ d

F,(x):= { Fy(x), x €S\ {N} '

x, x=N

Since F satisfies (2.1), F,, is continuous on S%. Note that I'N“Q(Sd) C g(RY) U {N}. Thus
the range of I'N“g is not the whole S which means that I'N“Q(Sd) — R%  We now get a
continuous map from S% to R% and we abuse the notation and still use f‘g to denote the
map. By Borsuk-Ulam theorem, there exists {x, —x} C S¢ such that f‘g(x) = f‘g(—x). Let
y1 = g '(x) and y3 = g~ '(—x), and then F(y;) = F(y) since g is injective. Now, we
claim that y; # oo and yy # oo. Indeed, if y; = oo, then x = N since x = g(y1). Hence
—x is the south pole which implies that F(y2) is finite since yo = g~ !(—x). Hence, we find
two points y; # y2 € R?, but F(y;) = F(y2), which arrives at the conclusion. O

Remark 2.2. In Theorem 2.1, we require that the image of ¥ = (f1,..., fm) is a subset

of Ri. If we remove the requirement of fj(x) > 0, then there exists a map F : R? — R4

which is injective on R, In fact, we just take F(x) = ((a1,x),..., (aq4,x)) where a; € R4
satisfying span{ay,...,aq} = RY, and then F is injective on RY. Moreover, if we remove
the condition (2.1), we can set F(x) := (exp(x1),...,exp(xq)) which is also injective on RY.

3. GENERALIZED AFFINE PHASE RETRIEVAL FOR REAL SIGNALS

In this section, we consider the generalized affine phase retrieval for real signals. We first
state several equivalent conditions for the generalized affine phase retrieval. Suppose that

M € R¥™" and b € R”. Then the following formula is straightforward to check:
(3.1) IM"x+b|2—||MTy +b|3 =4 (uTMMTV + (Mb)TV> for any x,y € R

where u = 2(x +y) and v = 3(x — y).



6 MENG HUANG AND ZHIQIANG XU

Theorem 3.1. Suppose that v € Zx1. Let A = {(M;,b;)}7, C R x R". Then the

followings are equivalent:

(1) A has the generalize affine phase retrieval property for R
(2) For any u,v € R? and v # 0, there exists a j with 1 < j < m such that

uTMijTV + (Mjbj)TV 75 0.

(3) span{M]—MjTu + M;b; i, = R for any u € RY,
(4) The Jacobian of M 4 has rank d for all x € R,

Proof. (1)&(2). Assume that there exist x # y in R? such that M 4(x) — M4(y) = 0.
Then from (3.1) for all j we have

1M, x + b5 — | M}y + b3 = 4(u" M;M} v + (M;b;)"v) = 0.
Note that v # 0 and then we conclude a contradiction with (2). It means that (2) = (1).
The converse also follows from the same argument.

2)<(3). If for some u such that span{M;M."u + M;b;}", # R? then there exists a
(2)=@3) iM; iPjrje
v # O such that v L span{MijTu—i-Mjbj};”:l. It implies that uTMijTV—F(Mjbj)TV =0

for all j =1,...,m. This is a contradiction. The converse clearly also holds.

(3)<(4). Note that the Jacobian J(x) of the map M4 at x € R? is exactly
J(x) = 2[MM'x + Miby,..., My, M| x + M,,b,,].

Thus (3) is equivalent to that the rank of J(x) is d for all x € R, O

Corollary 3.2. Suppose that r € Z>1 and A = {(Mj;,b;)}"L, where (M;,b;) € R x R™,

If A has generalized affine phase retrieval property for R¢ then m > d + L%J

Proof. To this end, we just need show that if m < d + LgJ — 1, then A is not generalized
affine phase retrievable for R%. When r > d+ 1, the conclusion follows from (3) in Theorem
3.1 directly. Hence, we only consider the case where r < d. A simple observation is that
there exists u € R? such that M]-Tu—l—bj =0,7=1,..., LgJ Thus, if m < LgJ +d —1 then
span{MijTu + Mjbj}gnzl = span{MijTu + Mjbj};n:HJH £ R%.

According to (3) in Theorem 3.1, we arrive at the conclusion. O
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According to the above corollary, if {(A4;,b;)}7", is generalized affine phase retrievable
for R? then m > d + L%J We next show the bound d + L%J is tight provided r | d. To this
end, we introduce the following lemma;:

Lemma 3.3. Suppose that by, ..., b,11 € R" satisfy

(32) Span{b2 - bl, b3 - bl, e ,br+1 - bl} =R".

Then x =y if and only if |x + bj|l2 = ||y + bj|l2 forall j =1,...,r + 1 where x,y € R".
Proof. We denote z :=x —y € R” and t := (||x||3 — ||ly||3)/2. Then |x + bj|j2 = ||y + by

is equivalent to bsz +t=0forall j =1,...,r 4+ 1. To this end, we just need show that
|x +bjll2 = |ly + bj|l2 for all j =1,...,r+1 implies x = y. According to (3.2), the linear

system
b/ 1
Z
bl 1
has only zero solution, i.e., (z,t) = 0, which implies x = y. O

Theorem 3.4. Suppose that r € Z>1 and m > d + L%J + €4y where €q, =0 if d/r € Z
and 1 if d/r ¢ Z. Then there exist {(M;,b;)}]L; C R x R™ which has generalized affine
phase retrieval property for RY.

Proof. We set

Ty :={{t—1)r+1,... tr}, tzl,...,FJ

Moo= {r 2]+ 100,

Note that if d/r is an integer, then Tm

and

1= . For x € RY, set x7, := xl7, where I,
denotes the indicator function of the set T; (namely Ir,(s) = 1if s € Ty and 0 if s ¢ Ty).
Similarly, we use (M;)7, € R™" to denote a submatrix of M; € R¥" with row indexes in

Ti. We assume that {(M;,b;)}]L, satisfy the following conditions:

(i) The matrix (M;)r, = I, and M; \ (M;)7, is a zero matrix for j = (¢t —1)(r + 1) +
1,...,t(r+1)and t =1,...,|d/r]|, where I, € R™*" is the identity matrix.

(ii) Set b_1)(rt1y4x = by fork=1,...,r+1,t =1,...,|d/r]. Thevectorsbl,..., bl €
R" satisfy span{b) — b}, b5 —b/,.... b, ; —bj} =R".
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Then, based on Lemma 3.3, foreach ¢t =1, ..., |d/r], we can recover x7, from ||M]-Tx +bjl2,j =
(t=1)(r+1)+1,...,t(r+1). Hence, when d/r € Z, we can recover X = Xp, +- - +X1,,,,,,,
from ||[M;x + bj|l2,7 =1,...,m where m = (r + 1) |d/r] = d+ [d/r].

When d/r is not an integer, we need consider the recovery of XTg/r|41- Note that
#T4jrj+1 = d —r|d/r]. Similar as before, we can construct matrix M; € R*" and
bj € R".j = [d/r](r+1)+1,...,[d/r] + d+ 1 so that one can recover xr,, ,, from
”M]TX +bjll2,j = |d/r] (r+1)+1,...,|d/r]+d+1. Combining the measurement matrices
above, we obtain the measurement number m = |d/r| (r+1)+d—r|d/r|]+1 =d+|d/r|+1

is sufficient to recover x provided d/r is not an integer. O

Remark 3.5. If we take r = d in Theorem 3./, we can construct m = d + 1 matrices
{(M;,b;)}1Ly so that Ma(x) = ([|M7x + bi|3,..., ||M:x + by,|2) is injective on R
Hence, generalized affine phase retrieval can achieve the lower bound m = d + 1 which is

presented in Theorem 2.1.

As shown in [20, Theorem 2.3|, the measurements matrices which have generalize phase
retrieval property is an open set. The following theorem shows that the set of A having
generalized affine phase retrieval property is not an open set in R™dxT) 5 R™" The result

shows a difference between generalized phase retrieval and generalized affine phase retrieval.

Theorem 3.6. Letr € Z>1 andm > d+ L%J +eq, where e, =0 ifd/r € Z and 1 ifd/r ¢ Z.
Then the set of generalized affine phase retrieval {(My,by),... (M, by,)} € R™AXT) 5 Rm

is not an open set in R™AXT) y RmMT

Proof. To this end, we only need to find a measurement set {(Mj,by),...,(My,by)} €
R™@X7) 5 R™" which has generalized affine phase retrieval property for R%, but for any € > 0
there exists a small perturbation measurement set {(My,b1), ..., (Mp, bp)} € R™ExT)

R™ with ||M; — M;|r < € which is not generalized affine phase retrievable.

We first consider the case where r = d. Without loss of generality we only need to
consider the case m = d + 1 (for the case where m > d 4 1, we just take (M;,b;) = 0 for
j=d+2,...,m). Set M; :=14,j =1,...,d+1, and assume that by,...,bgy; € R? satisfy

span{bs —by,..., by — by} =R
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Here, we also require that the first entry of bg,...,bgy1 € R" is zero, ie., by = -+ =
ba+1,1 = 0. According to Lemma 3.3, the measurement set {(M;,b1),...,(Mgy1,bg+1)} €

RAHD(Axd) o R(d+1)d |ag generalized affine phase retrievable property for R%.

We perturb M; to Ml = Ij + 0b11E>1, where Ej; denotes the matrix with (2,1)-th
entry being 1 and all other entries being 0 and § > 0. Furthermore, we let ]\Ajj = M;
for j = 2,...,d+ 1. Then {(Mi,b1),...,(Mgs1,bar1)} € REFDExT) 5 RE+Dr jg ot
generalized affine phase retrievable. To see this, we let x = (b11,—1/0, 0,...,0)T and
y = (=b11,-1/6,0,...,0)7. It is easy to check that

IMx+bjll2 = |My +bjl2 j=1,....d+1L

By taking 0 sufficiently small, we will have ||M; — ]\AJ]H r < €, which complete the proof for

the case where r = d.

We next consider the case where r < d — 1. Similar with the proof of Theorem 3.4, we

set
d
EZ:{(t—l)T’—I—l,...,tT‘}, t:L‘“,\‘_J

Moo= {r 2] #100a).

For m = d + LgJ + €4, we require that {(My,b1),...,(Mpy,by,)} satisfy the conditions

and

(i) and (ii) in the proof of Theorem 3.4. We furthermore require that the first entry of
bo,...,by, is 0, ie., by = -+ = by, 1 = 0. Note that (M), = I,. We perturb (M;)n,
to (MI)Tl = I, + 0by 1 E2; and ]\/Zj = M;,j =2,...,m. Then similar as before (]\/Zj,bj);-”zl
does not have affine phase retrieval property but we will have ||M; — M;||r < € by taking §
sufficiently small. We complete the proof for r < d — 1. O

The following theorem shows that if the measurements number m > 2d, then a generic
{(My,b1),...,(My,by)} € R™(@X7) % R™ has generalized affine phase retrieval property
for RY.

Theorem 3.7. Let m > 2d and r € Z>y. Then a generic A= {(Mi,b1),...,(My,by)} €

R™XT) 5 R™" has generalized affine phase retrieval property for RY.

To prove this theorem, we introduce some notations and a lemma. First, recall that

yj = IM;x +bj|[f =X*A;%, j=1,...,m,
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. ([ x o MjM; M;b;
X = < 1 > and Aj = < (Mjbj)* b;-bj .

Thus, the map M 4 can be rewritten as

where

Ma(x) = (IMix+bul,.... [M;x+byl3)
— (AR, .. tr(AnER)),
For {(My,b1),...,(My,by,)} € C™4x7) 5 €™ we define the map T : C@+)*x(d+1) _, cm
by
(3-3) T(Q) := (tr(A1Q), ..., tr(4;,Q)) -

Lemma 3.8. Suppose that r € Z>1. Then A = {(Mi,b1),...,(My,by,)} € R™UAXT) 5 RTF
is not generalized affine phase retrievable if and only if there exists nonzero Q € R(d+1)x(d+1)

satisfies

QT = Q7 Qd-i—l,d-i—l = 07 rank(Q) < 27
=1.

(3:4) T(Q) =0, Q%,d—l—l +ot Qg,d+1

Proof. Assume that A is not generalized affine phase retrievable, and then there exist x,y €

R? with x # y such that M 4(x) = M4(y). It implies that

T(xx' —-yy')=0,

(1) a-(1)

Take Q := A(xx" — yy') where A = 1/||x —y||3 € R is a constant. Then @ is a nonzero

where

matrix which satisfies (3.4).

We next assume there exists a nonzero @) satisfies (3.4). According to the spectral

decomposition theorem, we have
Qo = \ua' — \pvv !

where A\, A2 € R and @, v are normalized orthogonal vectors in R, Since (Qo0)d+1,d+1 = 0,
which gives that

)‘171?[—1—1 - )‘21~)c2l+1 = 0.
Thus A; and Ay have the same sign. We claim that A\yAy # 0 and 4419411 # 0. Indeed,

if Ao = 0, then u41; = 0. Hence, we obtain (Qo)i14+1 = -+ = (Q0)d+1,d+1 = 0 which
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contradicts with (3.4). So, Ao # 0. Similarly, we can show \; # 0, 4441 # 0 and U441 # 0.
We take X := 0/Ug11 and y := v /0441, and then @ can be rewritten as

9 T 9 T ST =sT
Qo = Mg XX — MaT3,,1 ¥y =c(xx' -3y ")

where ¢ = A\, = Ao03,, € R is a constant. Since T(Qy) = 0, it gives that T(xx') =
T(yy"). We write x = (x,1)" and ¥ = (y,1)" and then M 4(x) = M4(y) which implies

that A is not generalized affine phase retrievable. O

Proof of Theorem 3.7 . We use Gy, 4, to denote the subset of
(M1,b1, ..., My, by, Q) € CT x CT x -+ x CT x C" x CldrD>(d+1),

which satisfies the following property:

QT - Qa Qd-l—l,d—l—l - 07 rank(Q) S 27
TQ) =0, QF 1+ +Qi 4 =1

The Gy, 4 is a well defined complex affine variety because the defining equations are poly-

nomials in each set of variables. We next consider the dimension of the complex affine

variety G, q4,. To this end, let 71 be projections on the first 2m coordinates of G, 4., i.e.,
T (M1, by, ..., My, by, Q) = (My, by, ..., My, by,).
Similarly, we can define mo by
mo(My, by, ..., My, by, Q) = Q.

We claim that m3(Gpya,r) = L4 where

Lg:={Q e CtV*@) . QT = Q, Qui1.441 = 0, rank(Q) < 2, Qlat+ +Qii1am =1}

Indeed, for any fixed Q' € Ly, there exist {(M},b’)}7, € C¥" x C" satisfying T(Q') = 0,
because for each j the equation tr((A})*Q’) = 0 is a polynomial for the variables (M, b’).
This implies that (M{,b},...,M),. bl Q") € Gy 4, and ma(M, b}, ..., M), . b Q") = Q'
Thus we have m2(Gp 4,r) = Lq. Note that L4 C Cld+1)x(d+1) i3 an affine variety with

dimension 2d — 1 and hence dim(m3 (G ar)) = 2d — 1.

We next consider the dimension of the preimage 7, ' (Qo) € C¥" x C" x - - - x C¥*" x C" for
a fixed nonzero Qg € Ly. For each pair (M;,b;) € C¥" x C" , the equation tr(A;Qo) =0

defines a hypersurface of dimension dr 4+ r — 1 in C?*" x C". Hence, the preimage m, 1(Qo)
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has dimension m(dr +r — 1). Then, according to [12, Cor.11.13]

dim(Gmar) = dim(ma(Gm.ar)) + dim(my H(Qo))
= m(dr+r—1)+2d—1.

If m > 2d, then
dim(7m1 (G ar)) < dim(Gp ) = m(dr +r—1)+2d — 1 < m(dr + 7).
Hence,
dimg (71 (Gm,d.r))&) < dim(m1(Gm,a.r)) < m(dr + 1) = dim(R™7) 5 R™),

which implies that (71(Gp4,))r lies in a sub-manifold of R™dx7) 5 R™" . Here, the first
inequality follows from [7]. However, Lemma 3.8 implies that (m1(Gy, 4,))r contains pre-
cisely these {(My,b1),..., (M, b,,)} which is not generalized affine phase retrieval for R

Hence, we arrive at conclusion. ]

4. GENERALIZED AFFINE PHASE RETRIEVAL FOR COMPLEX SIGNALS

We consider the complex case in this section. Then for any x,y € C?, we have
(4.1) |M*x +b||3 — |M*y + b|j3 = 4R (w*MM*v + (Mb)*v)
where u = 3(x+y) and v = 3(x — y).
Theorem 4.1. Suppose that v € Z>1. Let A = {(M;,b;)}]; C C¥™ x C". Then the

followings are equivalent:

(1) A has the generalize affine phase retrieval for C.
(2) For any u,v € C? and v # 0, there exists a j with 1 < j < m such that

%(u*M]—ij + (Mjbj)*v) 75 0.
(3) Viewing M4 as a map R*® — R™, the real Jacobian of M 4(x) has rank 2d for all
x € R%,
Proof. (1)<(2). We first shows that (2) = (1). We assume that (1) does not hold. Then
there exist x # y in C? such that M 4(x) = M 4(y). From (4.1) for all j we have

1M + by 3 — (| M}y + by |3 = 493(u” M; M v + (M;b)*v) = 0.
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Note that v # 0, then we conclude a contradiction with (2), which implies (1) holds. The

converse also follows from the similar argument.

(2)<(3). Note that M;M7 is a Hermitian matrix and we can write M;M; = B; +iC}
with Bj,C; € R4 and BjT = B]-,CjT = —Cj. Let
n=(8 %)

Then for any u = up + iu; € C%, we have

|Mju+b;|3 =10 Fja+2¢ a+blb;.
where b

_ u - b,

u= [ u}; ] and ¢; = [ ((]\jjbjj))}; ]
We can calculate the real Jacobian J(u) of the map M4 at u € C? is exactly

J(u) =2[F1a+¢y,...,Fpua+ ¢y

For any v = v +ivy € C%, we have
(4.2) 2R(u"M;M;v + (Mjbj)*v) = [V%,V}F]Jj(u),
where J;(u) denotes the j-column of J(u), vg and v denote the real and image part of v,

respectively. Thus it is clear that (2) and (3) are equivalent. O

Corollary 4.2. Let r € Z>1 and A = {(M;,b;)}], C C¥" x C". If A has generalized
affine phase retrievable property for C* then m > 2d + |d/r].

Proof. To this end, we just need show that A does not have generalized affine phase re-
trievable property for C¢ provided m < 2d + |d/r| — 1. A simple observation is that there
exists a uy € C% such that Miug +b; =0 forall j =1,...,[d/r]. Fix ug, the following

system are homogeneous linear equations for the variable vg,v; € R%:
(4.3) R((M;M;ug+ M;bj)*v) =0, j=[d/r|+1,...,m.

Note that those equations have 2d real variables vy, vy, but the number of equations is
at most 2d — 1. It means that (4.3) must have a nontrivial solution vy # 0. Hence, if

m < 2d + |d/r| — 1, then there exist ug, vo € C? with vy # 0 so that
R(ugM;M;vo + (M;b;)*vo) =0, forallj=1,...,m

which contradicts with (2) in Theorem 4.1. O
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Lemma 4.3. Let z1,zo € C" and suppose that by, ... ,bo.11 € C" satisfy
(4.4) spanR{bg — bl, N ,b2r+1 — bl} =C".

Then z; =z if ||z1 + bjll2 = [|z2 + bj|2 for all j =1,...,2r + 1.

Proof. We set zp := z1gp — Zor € R, 21 := 211 — 29y € R" and t := (||z1]3 — ||z2]13)/2.

Then |z1 + bj|l2 = ||z2 + bj||2 implies that b;':RZR —I—b}:IZ[ +t=0forall j=1,...,2r+1.

The (4.4) implies that the rank of the matrix

bl bi; 1

A= : :
b;—r—i-l,R b;—r—i-lJ 1

is 2r+1. And hence A[zg, z}r, #]T = 0 has only zero solution which means that z; = zy. [

Next, we will show that the bound m > 2d + [d/r] is tight provided r | d.

Theorem 4.4. Suppose that m > 2d + |d/r| + €4, where €5, = 0 if d/r € Z and 1 if
d/r & Z. There exists A = {(M;,b;)}T; C C*" x C" which has generalized affine phase

retrieval property for C¢.

Proof. We set

and

Moo= {r 2] #100a).

We first consider the case where d/r is an integer with T [4]41 = (). Similarly to the real
case, for x € C?, set x7, := XI7, where I, denotes the indicator function of the set 7;. Let
(M;)1, € C™" denote a submatrix of M; € C¥" with row indexes in T;. We assume that

(Mj,bj),7 =1,...,m, satisfy the following conditions:

(i) The matrix (M;)7, = I, and M; \ (M;)7, is a zero matrix for j = (t — 1)(2r + 1) +
1,...,t(2r+1)and t =1,...,|d/r|, where I, is r X r the identity matrix.
(ii) Set by—1y@2rp1y4k = by fork =1,...,2r+1,t =1,...,[d/r]. Thevectors bl,..., b, | €

C" satisfy spang{b) — b}, b5 —bl,... . b, | — b} =C".
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Then based on Lemma 4.3, foreach ¢ = 1,..., |d/r], we can recover xr, from [|[M;x + bj|l2, j =
(t=1)(2r+1)+1,...,¢(2r+1). Hence, when d/r € Z, we can recover X = X7, +++X1,,, )
from ||M;x + bjll2,j = 1,...,m where m = (2r + 1) [d/r] = 2d + |d/r|.

When d/r is not an integer, we need consider the recovery of XTa/r)11- Note that
#T4jrj+1 = d —r|d/r]. Similar as before, we can construct matrix M; € C**", and
b; € C",j=|d/r] (2r+1)+1,...,|d/r] (2r+1)+2d—2r [d/r|+1 so that one can recover
XTg/p 1 Tom [M7x+bjlla,j = [d/r] (2r+1)+1,...,[d/r] (2r + 1) +2d —2r [d/r| + 1.
Combining the measurement matrices above, we obtain the measurement number m =
|d/r| (2r+1)+2d—2r |d/r] +1=2d+ |d/r] + 1 is sufficient to recover x provided d/r is

not an integer. O

Similar to the real case, the set of A € C™@*") x C™ which can do generalized affine

phase retrieval is not an open set.

Theorem 4.5. Let r € Z>1 and m > 2d + LgJ + €q, where €, = 0 if d/r € Z and 1

if d/r ¢ Z. Then the set of generalized affine phase retrieval {(Mi,b1),...,(My,by)} €

Cm(dxr) s« C™" s not an open set.

Proof. We only need to find a measurement set {(My,by),..., (M, by,)} € C™@xT) 5 cmr
which has generalized affine phase retrieval property for C?¢, but for any € > 0 there exists
a small perturbation measurement set {(My,by), ..., (Mp,bp)} € C™@*7) x C™ with

| M; — J\AJJH r < e which is not generalized affine phase retrievable.

We first consider the case where r = d. Without loss of generality we only need to
consider the case m = 2d+ 1 (for the case where m > 2d+ 1, we just take (M;,b;) = (0,0)
for j =2d+2,...,m). Set M; :=14,5=1,...,2d+ 1, and

ie; j=1,....d

(4.5) bj=1¢ e j=d+1,...,2d ,

0 j=2d+1
where {e1,...,eq} is the canonical basis vectors in C¢, i.e. the jth entry of e; is 1 and other
entries are 0. A simple observation is that that by, ..., bag 1 € C? satisfy

spang{by — by,..., by — b1} = C%

has generalized affine phase

According to Lemma 3.3, the measurement set {(M;, bj)}gd;l

retrievable property for C%.
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We perturb M; to ]\71 = I;+1i0FE15 —i0E9, where Fqo denotes the matrix with (1,2)-th
entry being 1 and all other entries being 0 and § > 0. Furthermore, we let ]\Ajj = M;
for j = 2,...,2d + 1. Then {(]\Ajj,bj)};”zl C C¥" x C" is not generalized affine phase
retrievable. To see this, we let x = (i, —%,0,...,0)T and y = (—z’,—2—16,0,...,0)T. It is

easy to check that

IMyx +bjlle = |Mjy + byl j=1,...,2d+1.
By taking 0 sufficiently small, we will have ||M; — ]\AJ]H r < €, which complete the proof for
the case where r = d.

We next consider the case where r < d — 1. Using the notations in Theorem 4.4, we set

To={(t—1)r+1,... tr}, t:l,..,,H

M= {r 2] #100a).

For m = 2d + | 4] + €4, we require that {(}M;, b;)}jL, satisfy the conditions (i) and (ii) in

and

the proof of Theorem 4.4, i.e.,

(i) The matrix (M;)p, = I, and M; \ (M;)7, is a zero matrix for j = (¢t — 1)(2r + 1) +
1,...,t(2r+1)and t =1,...,|d/r|, where I, is r X r the identity matrix.
(ii) Set bu_1y@r41)4k = b fork=1,...,2r+1,t =1,...,|d/r]. Thevectors bi,... by

C" satisfy spang{b) — b}, b5 — b/, ..., b, | — b} =C".

Particularly, we require that b},..., b5, € C" are similarly defined by (4.5). Note that
(M), = I,. Similar as before, we perturb (Mj)7, to (Ml)Tl = I, +10F15 — i0Fy; and
]\AJ/J- = Mj,j =2,...,m. Then {(]\Ajj,bj)}gnzl does not have affine phase retrieval property
but we will have ||AM; — Mj||r < € by taking ¢ sufficiently small, which completes the proof
forr <d-—1.

O

Theorem 4.6. Let r € Z>; and m > 4d — 1. Then a generic {(Mi,b1),...,(My,by,)} €

Cmdxr) 5 €™ has generalized affine phase retrieval property for C%.

To this end, we introduce some lemmas.
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Lemma 4.7. Suppose that r € Zsy. Then A= {(My,by),...,(My,by)} € C™ExT) x Cmr
is not generalized affine phase retrievable if and only if there exists nonzero Q € Cld+1)x(d+1)

satisfies

(4 6) Q* = Q7 Qd-i—l,d-i—l = 07 rank(Q) < 27 T(Q) = 07
' Qrav1 - Qa1+ +Qaay1 - Qat1,a =1,
where the linear operator T is defined in (3.3).

The proof of Lemma 4.7 is similar with one of Lemma 3.8. We omit the detail here. To
(Cdxd

state conveniently, we use Cgi to denote the set of symmetric complex d x d matrices and

use C‘Sikxeflv to denote the set of skew-symmetric complex d x d matrices.

Definition 4.8. Let G,, 4, denote the set of (Ui, c1,Vi,di,...,Un, cm, Vi, dim, X, Y') where
U;,V; € (Cd”,cj,dj eC, X e C§g$l)x(d+l),Y € Cgijwl)x(dﬂ) which satisfy the following
properties:

Xat1,d+1 =0, rank(X +4Y) <2, (4;, X +iY)=0, j=1,...,m

(Xt,d+1 + Y1,0401) (X1 +Yap1) + -+ (Xaar1 +Yaa+1) (Xap1,0 + Yar10) = 1,
where

M;M! Mb;
4.7 Aj = e bh. >
(“4.7) ! ( (Mjb;)*  bib;

Mj :UJ—FZ‘/j and bj :Cj+idj.

Recall that rank(X +¢Y") < 2 is equivalent to the vanishing to all 3 x 3 minors of X +4Y".
Hence, we can view G, 4, as a complex affine variety. Next, we consider the dimension of

gm,d,r-

Lemma 4.9. The complex affine variety G, 4., has dimension (2dr + 2r — 1)m + 4d — 2.

!

Proof. Let G, ;. be the set of (Ur,c1,Vi,di, ..., Un, e,y Vi, di, Q) where U;, V; € Ccaxr, cj,d; €
Cr, Q e Cl+)x(d+1) which satisfy

Qd—l—l,d—l—l = 07 rank(Q) < 27 <A]7 Q> = 07] = 17 AL
Qrav1- Qa1+ +Qady1 - Qat1,a =1,

where matrices A; are defined by (4.7). Note that g is a well defined complex affine

m,d,r
variety because the defining equations are polynomials in each set of variables. It is clear
that gm7d7r and G
the map (X,Y) — X +1Y = Q. Indeed, any complex matrix ) can be uniquely written as

Q= X +14Y where X = (Q +Q")/2 is a complex symmetric matrix and Y = (Q —Q")/2i

!

are linear isomorphic since we can identify C4%% x C4*¢ with C4*4 by

m,d,r Ssym skew
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is a complex skew-symmetric matrix. Hence, to this end, it is sufficient to consider the
dimension of Q;n dr
We let w1 and 7o be projections on the first 4m coordinates and the last coordinate of

g;n 4.0 Tespectively, i.e.,
7T1(U17c17 ‘/17(117 R} UTTL?CWTJ VM7dm7Q) = (U17c17 ‘/iadla ey Umycma Vmadm)

and
772(U17C17‘/17d17' . '7Um7cm7Vm7dm7Q) = Q

We claim that m2(Gy,.qr) = Lg Where

Lg:={Q € CUTD . Q)1 441 =0, rank(Q) < 2, Q1411 Qa1+ +Qadi1-Qar1,a = 1}.

Indeed, for any fixed Q' € L4, there exists {(Uj’-,c;,Vj’,d;) € CI*T x C" x C™*" x CT
satisfying (A}, Q") = 0,5 = 1,...,m. Tt is because that for each j the equation (A%, Q") =0
is a polynomial which only contain variables (U}, ¢}, V/,d}). Thus we have m2(G,, ;,.) =
L4. Note that £4 ¢ CUTDx(d+1) g an affine variety with dimension 4d — 2 and hence

dim(ma(G!, , ) = 4d — 2.

m,d,r

We next consider the dimension of the preimage 7, 1(Qo) for a fixed nonzero Qo € L.
For each pair (Uj, c;, V},d;) , the equation (A;, Qo) = 0 defines a hypersurface of dimension
2dr + 2r — 1 in C™" x C" x C¥" x C". Hence, the preimage Ty 1(Q0) has dimension
m(2dr 4+ 2r — 1). Then, according to [12, Cor.11.13]

dim(Gm,a,) = dim(G), 4,) = dim(m2(G), 4,)) + dim(m;, " (Qo))
— m(2dr+2r — 1) +4d — 2.

O

Proof of Theorem 4.6 . For each (M;,b;) € CH*™ x C", we use U;,V; and cj,d; to denote
the real and imaginary part of M; and bj, respectively. By Lemma 4.7, a tuple of real
matrices {(Uj, ¢j, Vj,d;)}]L, for which the corresponding {(M;,b;)}7"; does not have gen-
eralized affine phase retrieval property gives a point {(Uj,c;, Vj,d;)}i2; € m1((Gm,ar)r) C
(71(Gm,d.r))r- A simple observation is that, if m > 4d — 1, then

dim(m1 (Gm,a,r)) < dAim(Gpyar) = m(2dr + 2r — 1) +4d — 2 < m(2dr + 2r).
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Hence,
dimg (71 (Gom.d.r))R) < dim(71 (Grar)) < m(2dr + 2r) = dim(R>" x R” x R*" x R").
This implies that the set

{(Mj,b;)7L, € CHrxC" = (M;, b;)7., does not have generalized affine phase retrieval property}

corresponds to a set {(Uj, ¢j, Vj,d;)}L; which lies in a sub-manifold of R x R” x RXT x

R". Hence, we arrive at conclusion.
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