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Abstract

Let K/Q be a finite Galois extension. Let xi1,...,x, be r > 1
distinct characters of the Galois group with the associated Artin L-
functions L(s, x1),.-.,L(s, xr). Let m > 0. We prove that the deriva-
tives L(k)(s, Xj), 1 <j<r, 0<k<m,are linearly independent over
the field of meromorphic functions of order < 1. From this it follows
that the L-functions corresponding to the irreducible characters are
algebraically independent over the field of meromorphic functions of
order < 1.
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Introduction

Let K/Q be a finite Galois extension. For the character y of a representation
of the Galois group G := Gal(K/Q) on a finite dimensional complex vector
space, let L(s, x, K/Q) be the corresponding Artin L-function ([2], P. 296).
It was proved in [6l, Theorem 1] that the derivatives of any order of Artin
L-functions to finitely many distinct characters of G are linearly independent
over C. A more general result concerning linear independence over C of func-
tions in a class which contains the Artin L-functions was proved in [4]. In
[5] it was proved the independence of any family of suitable L-functions (in-
cluding Artin L-functions) with respect to a ring generated by a slow varying
function.
For € > 0 let
Fo={f:(1+2,400) > C},
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B.={f€eF. : Ya>0 lim e *|f(o) =0},

o—400

V.=A{fe€F. :Ja>0 lim e|f(o)| =0}.

o—+00

The main result of this paper is

Theorem 7. Let K/Q be a finite Galois extension, and let x1,..., X, be
distinct characters of the Galois group with the associated Artin L-functions
L(s,x1),.--,L(s,x,). Let e > 0. Let A. C B. be a C-vector space with

A.NV. = {0}

Let m > 0. If the functions Gjx(0) € A, satisfy

T m

YN Gil0) LW (o, x;) =0, 0 > 1 +e,

j=1 k=0

then Gjrp =0,1<j<r,0<k<m.

As a consequence we have

Corollary 8. The functions L(k)(s,xj), 1<j<r, 0<k<mare linearly
independent over the field of meromorphic functions of order < 1.

Since the Artin L-functions are meromorphic of order 1 this result is best
possible when we look for linear dependence with coefficients meromorphic
functions. This extends the main result of [6]. Let x4, . .., x» be the irreducible
characters of the Galois group Gal(K/Q). In [6, Corollary 4] it was proved
that the Artin L-functions L(s, x1),. .., L(s, xn) are algebraically indepen-
dent over C. This extended Artin’s result [I, Satz 5, P. 106] that L(s, x1), . .-
, L(s,xn) are multiplicatively independent. In Corollary 9 we prove that
L(s,x1),--.,L(s,xn) are algebraically independent over the field of mero-
morphic functions of order < 1.

1. Arithmetic Functions and Dirichlet Series

In this section we present some properties of Dirichlet series which are needed
for the proof of the results on Artin L-functions in section 2.

Lemma 1. Let (a,(0))n>1 be a sequence of functions in (F.\ V-)U{0} such
that there exists a function M : (1 + e, +00) — [0,400) with the properties:

(i) n~%lan(0)| < M(0), Vn =2 1,0 > 1+,

(11) For all a > 0 it holds that lim,_, 1 e~ M(c) = 0.



Then

(1) The series of functions F(c) :=> 7, “’;(f) is absolutely convergent on
(1+¢€,400).

(2) If F (o) is identically zero then a, (o) is identically zero for anyn > 1.

Proof. (1) Let 0 > 1+¢. By (4), it holds that

an (o) < M (O’)'
O-n - nU—E
Since the series ) | —— is convergent, it follows that the series >~ “’;(U")

is absolutely convergent.

(2) We show inductively that a, is identically zero for any n > 1. Suppose
that £k =1 or that k£ > 1 and, for induction, a4, ..., a;_1 are identically zero.
For ¢ > 1 + ¢ we have that

_ e N (o) — |an(o) |k
(o) = k7 32 < 3o 1 o
n=k+1 n=k+1
= k° . =1
(1) SM(U) Z no—=¢ =k M(U) Z (ﬁ)cr—s'
n=k+1 n=k+1 ‘k

We choose § > €. Let 0 > 1+ 4. From (1) it follows that

o0

(o) < kM(o) S —o ]

no (7) 2 (F) 2

IN

2) < KM(0) ( S ) ()1

Let 0 < a < 3(log(k + 1) —log k). From (2) it follows that

oo

Z ;{H e(a_ 10g(k:+12)710gk)0_M(0_)'
2

n=k+1 (%)

From (3) and hypothesis (i¢) it follows that

(3) elan(o)] <k (k+1)F

Jim_elay(o)] =0,

so ag € V.. Since, by hypothesis, ax € (F.\V-)U{0} it follows that a = 0. O



Let € > 0. If f(n) is an arithmetic function of order O(n®), i.e. there exists
C' > 0 such that | f(n)| < Cn® for every n > 1, then the associated Dirichlet
series

defines a holomorphic function in the half plane Re(s) > 1 + . The k-th
arithmetic derivative of f(n) is

fB(n) = (=1)*f(n) log* n.

It holds that the k-th derivative of F(s) is the Dirichlet series

F®)(s) = i f(k)gn)‘

n

Theorem 2. Let € > 0. Let fi(n),..., fr(n) be arithmetic functions of or-
der O(n®) linearly independent over C with the associated Dirichlet series
Fi(s),..., F.(s). Let A. C B. be a C-vector space with

A.nV. = {0},

Let G4(0),...,G,(0) € A. such that

(4) ET:G]-(U)FJ-(U) =0,0>1+e¢.

i=1

Then Gy =--- =G, =0.

Proof. Let 0 > 1+ €. From (4) it follows that

(5) > (Z Gj(U)fj(”)> n~?=0.

J=1

For n > 1 let

T

(6) an(0) ==Y G(0) f;(n).

J=1

The functions a,(c) are contained in the space A.. Since the functions f;(n)
have order O(n?), there exists a constant C' > 0 such that

(7) max{|f;(n)] : 1 <j<r}<Cn° Vn>1



Let
0 M(e) = CY |6G,(0)]

From (6), (7) and (8) it follows that
9) la,(0)| < M(o)n®, ¥n > 1.
Also, since G; € B., from (6) and (9) it follows that

lim e M(o) =0, Ya >0,

o—400

hence the conditions of the Lemma 1 are satisfied. From (5) and Lemma 1 it
follows that

(10) a,(o) =0, Vn > 1.
Since the functions fi(n), ..., f.(n) are linearly independent over C, from (6)
and (10) it follows that G;(0) =0, 1 < j <r, as required. O

An arithmetic function f(n) is called multiplicative, if f(1) =1 and
f(nm) = f(n)f(m), n,m € Nwith ged(n,m) = 1.

Two multiplicative arithmetical functions f(n) and g(n) are called equivalent
(see [3]) if f(p?) = g(p’) for all integers j > 1 and all but finitely many primes
p. Let e(n) be the identity function, defined by e(1) = 1 and e(n) = 0 for
n > 2. We recall the following result of Kaczorowski, Molteni and Perelli [4].

Lemma 3. (|4, Lemma 1]) Let fi(n),..., f.(n) be multiplicative functions
such that e(n), fi(n),..., fr-(n) are pairwise non-equivalent, and let m be a
non-negative integer. Then the functions

OO ), 00, ), SO ), S )
are linearly independent over C.

Corollary 4. Let € > 0. Let fi(n),..., fr(n) be multiplicative functions of
order O(n®) such that e(n), fi( fr(n) are pairwise non-equivalent. Let
) )

fi(n
n

S

n),.
F;(s) Z ,J=1,...,m
n=1
be the associated Dirichlet series. Let A, C B, be a C-vector space with

A.NV. = {0}.



Let m > 0. If the functions G;,(0) € A. satisfy

ZZGM JFM(0) =0, 0> 1+¢,

7j=1 k=0
then Gjp =0,1<j<r,0<k<m.

Proof. If follows from Lemma 3 and Theorem 2. 0

Proposition 5. Let f : C — C be an entire function of order p < 1 which
is not identically zero. Let € > 0. Then f|te1o0) € Be \ V.

Proof. Let p < A < 1. There exists a constant C' > 0 such that
1f(s)| < Ce*l, s e C.

Let a > 0 and o > 1 4 €. We have that
| f(0)] < Cemor

SO
lim e *|f(o)| =0,

o—+00

hence f|(14¢,400) € Be. If f is polynomial then
lim e*|f(o)| = +o0, Ya > 0,

o—400

SO flate400) & Ve. If f is not polynomial, then by Hadamard’s Theorem,
there exists A # 0 such that

n

(11) f(s)=As" [~ 2),sec,

where m is the multiplicity of s = 0 as zero of f, and s, ss,... are the
non-zero zeros of f. Let

[e.e]

E(s):= ] - i).

It is known (see [7, Ch. 5, Corollary 5.4]) that there exists a stricly increasing
sequence (ry)g>1 of positive numbers with limy_, o 7 = +00 and a constant
B > 0 such that

(12) E(ry)| > e, k> 1.
Let a > 0. From (11) and (12) it follows that
e (rg)] = e AW B(ry)| > [Alrrems =Bt s oo,

hence f|(1+a,+oo) ¢ Ve. ]



Corollary 6. With the assumptions of Corollary 4, the holomorphic func-
tions Fj(k)(s), 1 <5 <r, 0<k<m are linearly independent over the field
of meromorphic functions of order < 1.

Proof. Suppose that there exists a linear combination

ZZQW F(k )=0, Res > 1+,

7=1 k=0

where () are meromorphic functions of order < 1. It is known that a mero-
morphic function of order < 1 is a quotient of entire functions of order < 1.
So we may suppose that ();; are entire functions of order < 1. Let o > 1 +e.

We have that
Z Z Qin(0)FM (o) = 0.

7j=1 k=0

From Proposition 5 and Corollary 4 it follows that
Qjr(0) =0, 0 > 1+,
hence
Qjr(s) =0, s € C,
by the identity principle for holomorphic functions. O

2. Artin L-functions

Let K/Q be a finite Galois extension. It was proved in [0, Theorem 1] that
the derivatives of any order of Artin L-functions to finitely many distinct
characters of the Galois group are linearly independent over C. In our main
result we extend this:

Theorem 7. Let K/Q be a finite Galois extension, and let x1,...,x, be
distinct characters of the Galois group with the associated Artin L-functions
L(s,x1),---,L(s,x,). Let e > 0. Let A. C B. be a C-vector space with

A.NV. = {0},

Let m > 0. If the functions Gjx(0) € A, satisfy

T m

ZZGJk VLW (0, x;) =0, 0 > 1 +¢,

7=1 k=0

then Gjp =0,1<j<r,0<k<m.



Proof. Let

L(S,Xj)zz Jés)7 j=1,...,r
n=1

be the Dirichlet series expansion of L(s, x;) in the half-plane Res > 1. Since
in Res > 1 the function L(s, x;) is defined by an Euler product, the arith-
metic function f;(n) is multiplicative. It is well known that for Artin L-
functions, the function f;(n) is O(n?) for any & > 0, hence O(n¢). We show
that e(n), fi(n), ..., f-(n) are pairwise non-equivalent. For a prime number p
which is not ramified in K, the value f;(p) equals the value of the character
X; on the Frobenius class associated to p. For distinct characters x; and xj
there are, by Chebotarev’s density theorem, infinitely many primes p such
that f;(p) # fx(p), so the arithmetic functions f; and fj, are not equivalent
in the sense of section 1. Also, e(p) = 0 for any prime p, while there exist
infinitely many non-ramified primes p with f;(p) = x;(1) # 0, hence the
arithmetic functions e and f; are not equivalent. We apply Corollary 4. [

Corollary 8. Let K/Q be a finite Galois extension. Let x1,...,x, be r > 1
distinct characters of the Galois group with the associated Artin L-functions
L(s,X1), .-, L(s,Xr). Let m > 0. The meromorphic functions L® (s, ;),
1< 7 <r, 0<Ek<m are linearly independent over the field of meromorphic
functions of order < 1.

Proof. Apply Theorem 7 and Corollary 6. 0

Let x1, ..., x» be the irreducible characters of the Galois group. In [6l Corol-
lary 4] it was proved that the Artin L-functions L(s, x1),..., L(s, x») are
algebraically independent over C. This extended Artin’s result [I, Satz 5, P.
106] that L(s,x1),..., L(s,xn) are multiplicatively independent. Now we
can prove more:

Corollary 9. Let K/Q be a finite Galois extension, and let x1,...,xn be
the irreducible characters of the Galois group. Then the Artin L-functions
L(s,x1),--.,L(s,xn) are algebraically independent over the field of mero-
morphic functions of order < 1.

Proof. This follows from Corollary 8 and the fundamental property

L(s,x1)™ -+ L(s, xn)"™ = L(s,n1x1 + - - + N Xn)-



Corollary 10. Let K1/Q, ..., K, /Q ber > 1 distinct finite Galois extensions
with the Dedekind zeta-functions (g, ...,Ck,. Let m > 0. The functions

0 m 0 m 0 m
Cf({l)”"74-1((1)74—[((2)7’”74-1((2)7"'74-(37”’74—[((,,,)

are linearly independent over the field of meromorphic functions of order < 1.

Proof. As in the proof of [0, Corollary 5], it holds that

Ck,(s) = L(s,x;, K/Q), j=1,...,r,

where K := K - - - K, is the compositum of the fields K1, ..., K, and x1, ..., x»
are distinct characters of the Galois group of K. We apply Corollary 8. [
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