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Abstract

The massive ODE/IM correspondence is a relation between the linear problem
associated with modified affine Toda field equations and two-dimensional massive
integrable models. We study the massive ODE/IM correspondence for the Agl)-type
modified affine Toda field equations. Based on the 1-system satisfied by the solu-
tions of the linear problem, we derive the Bethe ansatz equations and determine
the asymptotic behavior of the @-functions for large value of the spectral parame-
ter. We derive the non-linear integral equations for the Q)-functions from the Bethe
ansatz equations. We compute the effective central charge in the UV limit, which is
identified with the one of the non-unitary W A, minimal models when the solution
has trivial monodromy around the origin of the complex plane.
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1 Introduction

The ODE/IM correspondence proposed in [IL2] describes a relation between the spectral
analysis of ordinary differential equation (ODE), and the “functional relations” approach
to 2d quantum integrable model (IM). This correspondence provides an example of non-
trivial relations between classical and quantum integrable models, which plays an impor-
tant role in studying strong coupling physics of supersymmetric gauge theories [3HI3].
In order to understand this non-trivial correspondence, it is important to identify the
integrable models from the ODEs.

A basic strategy of identifying the quantum integrable model is to obtain the functional
relations from the ODE, from which we can study the energy spectrum of the integrable
model. In particular, starting from the solutions to the ODE, one can derive the functional
relations, such as the T-Q relations, the Bethe ansatz equations and the T-/Y-systems
(see [14] for a review). Furthermore, the functional relations are converted to the non-
linear integral equations. In the UV and IR limit, one obtains the effective central charge
of the quantum integrable model.

From the ODEs, one obtains the massless integrable models or conformal field theories
[15H30]. Recently, the ODE/IM correspondence has been generalized to the case of massive
integrable models ﬂBII—Bﬂ In this massive ODE/IM correspondence, the ODE is replaced
to the linear problem associated with the modified affine Toda field equation based on the
Langlands dual of an affine Lie algebra g. Taking the light-cone limit, the linear problem
reduces to the ODE, from which one obtains the Bethe ansatz equations associated with
the affine Lie algebra g.

A powerful method to study the Bethe ansatz equations on a space of finite length is
the non-linear integral equations (NLIEs) [47H49], which are more easily to evaluate and
can be solved numerically. The NLIE for the quantum sine-Gordon model was studied
in [49-53]. It has been generalized to the complex affine Toda models associated to simply
laced algebras [54]. In [I7] the NLIEs for the A,-type have been derived from the (r+1)-th
order ODE, where the NLIEs are the massless limit of those in [54]. More recently, the

1See [38}146] for the correspondences to the integrable non-linear sigma models and the affine Gaudin
models.



massive NLIE of the quantum sine-Gordon model has been directly derived from the Agl)—
type modified Toda field equation. The purpose of this paper is to construct the massive
NLIEs for modified affine Toda field equations and to identify the quantum integrable
models in the UV limit. In the present work we will discuss the Agl)-type modified affine
Toda field equations as a non-trivial generalization.

This paper is organized as follows: In sect. 2, we discuss the A&l)—type modified affine
Toda field equations and their associated linear problem. We study the asymptotics of the
solution to the linear problem, and introduce the Q-functions. In sect. B, we derive the
Bethe ansatz equations for Q-functions from the -system satisfied by the solutions to the
linear problems. In sect. [d] we study the analytic properties of the Q-functions by taking
the light-cone limit of the linear problem. In sec. B we derive the non-linear integral
equations from the Bethe ansatz equations of Q-functions. We then study the UV limit
of the associated massive integrable model, and obtain the effective central charge. Sec.
contains conclusions and discussions. In appendix [A] the detailed form of the NLIEs for

the A,-type complex affine Toda model is presented.

2 Modified affine Toda field equation and Q-function

In this section we introduce the linear problem associated with the Agl)-type modified

affine Toda field equations and study the asymptotic behavior of the solutions [3335].

2.1 Lie algebra A,

We begin with some definitions of the Lie algebra g = A, with rank r. The generators
are denoted by {H* E,}(a = 1,--- ,r,a € A). Here A is a set of roots, normalized
such that the squared length is 2. The simple root o, and the fundamental weights w,
(a=1,---,r) of g satisty a, - = Cop, g - Wy = ap. Here Cupy = 204 — dgpr1 — dap—1
is the Cartan matrix of A,. The affine Lie algebra g = AW s given by adding the root
ap = —0 to g, where 6 := oy + - - - + @, is the highest root. The Weyl vector p is defined
by p=w; + -+ w,.

Let V(@ be the basic g—module associated with the highest weight w,. We denote

(a)

the orthonormal basis of V(® as e; (j = 1,---,dimV @), which are the eigenvectors



of the Cartan generator H® with eigenvalue (hga))b. hg-a) is the weight vector of V(.
For example, V) is the (7 + 1)-dimensional fundamental representation with the highest

weight wy, whose matrix representation is given by
an = €r4+1,15 Eaa = ea’a+1, a = 1, e, T (1)

where e,;, denotes the matrix with non-zero components (€,4)cd = 0acObd- E—ays E—a, and

H® (a=1,...,r) are defined by E_o, = E] and E_,, = E] and a, - H = [E,,, E_,,).

The weight vectors A" .- h{)| of VO satisfy h{") = w; and
r+1
WY =l = o, YORY =0, (2)
a=1

2.2 Aﬁl)-type modified affine Toda field equation

Let ¢ = (¢1, ¢2,- -+ , @) be the r-component scalar field on the (z, Z) complex plane. The
Ag)—type modified affine Toda field equations are defined by

m2

0,050 —
°= 5

3" awexplfon - 6] + p(=)p(Z)a explBag - 6] | = 0 Q
a=1
where [ is a dimensionless coupling parameter and m a mass parameter. p(z) and p(z)

in (@) are defined by

plz) = M — M, p(z) = 2 g 4

for a complex parameter s and a positive real number M > . Here h = r + 1 is the

1
h—1
Coxeter number of A,. Eq.(3) is regarded as the compatibility condition of the linear
problem

(0, +A,)VU =0, (0;+ A5V =0, (5)
where A, and A; are defined by

A, = g ¢ - H + me {Z E,, exp(g% - @) + p(2) Eag eXp(gao : ¢)} ] (6)

a=1

AZ = —g 5(;5 -H + me‘A {; E—aa exp(gaa : (b) +ﬁ(Z)E—a0 exp(gozo ' ¢)} :

Here we have introduced a spectral parameter .
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2.3 Asymptotic behaviors and symmetries

We study a class of solutions ¢(z, Z) of eq.(3]) satisfying the periodic condition ¢(]|z|, 0 +

379)

21) = ¢(|2|, 0) where we have introduced the polar coordinate z = |z]e’’. They are also

required to satisfy the boundary conditions at |z| = co and 0, which are given by

. Mp _
¢(z,2) = Flog(%) +o (lz] = 00), (7)
) = gl = (0) 5 - Ca(Q) Z\¢a(g)+1 . 0
¢(z,2) = glog(22) + ¢ (9) + (2, 2,9) + > —+5(27) +oo (2] = 0),
— (calg) +1)

(8)
where g is a r-component vector satisfying Sy, - g+ 1> 0 form =0,1,---,7. ¢©(g) is
a constant vector. (z, z, g) is given by

Yz 2,9) =Y () (ZMMF 4 MK 9)
k=1
with some coefficients v;(g). Other coefficients are given by ¢, = Sa,-g, Cy = — %204[1650‘“"1’(0) (9)

and Cp = %Z(SE)hMaoeﬁao"z’(o)(g).
In the following, we regard z and Z as independent variables. The linear problem ()
are invariant under the Symanzik roation ), with integer k, which is defined by

2mki
Z —r Z€hM

Qk = s — seTr (10)

2rki
A— A — 57

which acts on the function with arguments 2,z and A. It is also invariant under the

transformation II defined by

) A= A—2 -
II : (A27A2) — S(AZ,AE)S_l s S = exXp (TPV . H) . (11)
U — Sv

2.4 Asymptotic behaviors of solutions to linear problem

We now study the solution ¥ to the linear problem ([f]). In the large |z| region, we obtain
the asymptotic solution of the linear problem by using the WKB analysis [35]. In the



module V(@ | the fastest decaying asymptotic solution along the positive part of the real

axis for large |z| is

(@ 2‘Z|M+1
—p
M +1

Z@(|2],0) ~ CWe M H oy ( m cosh|\ + 0 (M + 1)]) e~ OMpH fi(a)

(12)

where C'@ is a constant. (@ is the eigenvectors of A = E,, +>,_, E,, with the largest

(h+1)m
h(M+1)

is the subdominant one in the Stokes sector Sy where the sector S; (k € Z) is defined by

real eigenvalue p(® in V@, This WKB solution is valid in the range of || < , and

21k < T
h(M+1)"  h(M+1)

Sp: |0— (13)

There are r 4+ 1 independent solutions in each Stokes sector. We denote the subdominant
solution in &y as s(()a), which is uniquely defined. The asymptotic behavior for large |z|
of séa) is given by Z@. We introduce the subdominant solution in Sj as s,(fa), which is

obtained from s(()a) by the Symanzik rotation
s\ = Qs (14)

The asymptotics of s,(ﬁa) is determined by Q_ =@,

In the small |z| region, the asymptotic solution is given by
X = B (g)e 08 L O(|2]), i=1,---,dim V', (15)

where B (¢) is a constant. X* (i = 1,---,dimV®) form an orthonormal basis of the

solution to linear problem. They are invariant under the Symanzik rotation.

We expand s(()a) in terms of the basis Xi(a)

dim V(@)
stz )= > QWM (2). (16)
=1

As we will see later, the coefficients become the Q-functions of the integrable model. From

Q_11lsg = sg, one finds a quasi-periodic condition

21 21

Q0= T ) e (<220 400 00 Q0. an



3 Bethe ansatz equations

In this section, we derive the Bethe ansatz equations for an)()\) by using the y—system
[22,25,28,[35]. We also derive the T-Q relations, which are obtained from the relations
among the determinants of the Q-functions. We then discuss their relations to the Bethe

ansatz equations.

3.1 -system and Bethe ansatz equations

The subdominant solutions ¥(® to the linear problem in a different module V(@ are
not independent of each other. They obey the relations called the -system, which is
defined by the inclusion maps ¢ from the antisymmetric representation V(@ A V(@ to the

representation V(@1 @ V(e+1) [25]:
L (V(“) A V(“)) =y bgyeth  g=1... (18)

where V() = V1) = C. By comparing the asymptotic behaviors of the solutions of the
linear problem for large |z|, one finds

D) = v eue, (19)

where W = 1 = W0+, The subscript [k] implies that fiy(z,\) == Quf(2,\) (k € Z
or Z + %) Substituting (@) to the ¢-system (I9) and comparing the top components in

both sides, we obtain
(a) (a) (@) ~(a) _ la=1) Hla+1)
@y ~ @y =@ @ (20)

where Qg()% = Y;l) — 1. Letting the zeros of Q\”(\) be )\ga) (j € Z), one obtains the
equations

|

Q1" (A" = Capzzz)

b=1 J bhM
where Cy, is the Cartan matrix of A,. This set of equations (2I) provides the Bethe

(21)

ansatz equations for the massive integrable models [34,[35]. In section B, we will study

the analytic properties of Q\”()).



3.2 T-Q relations and Bethe ansatz equations

We consider the solutions of the linear problem in the whole complex plane. We intro-

(1)

duce a skew-symmetric product of the solutions s;’ in the fundamental (r + 1)-matrix

representation V| which is defined by
H @ 1) 1 1
<8§1)78§2)"” ’SZ( +1> det ( 11)7 52)7'” ’Sl('w)rl> ) <22>

This is independent of z. Using the asymptotic behaviors of sl(-i), one can compute this

product explicitly. The normalization constant C") in ([[2) is determined to satisfy

1 1 1
<S§ )a Sg-i-)l’ e 752('4-)7’> =L (23)

Note that V® for p = 1,...,7 + 1 is obtained as the exterior product of VM ie.
A’ VO, In the exterior product 52(11) A 52(21) A A 8 e NP VW the coefficient of the
highest weight vector Xl(l) A XQ(I) ARERWAN Xlgl) is expressed as the determinant of the p x p
matrix, whose (k, ¢) element is given by Q,(:[)_ZZ]()\) We define

WP (V=det Q1 (N). (24)

11,82,..0p

For p = 1, we have Wll ( ) = Ql ()\—|— '127”) For p = 2 with ¢, = % and iy = —%7
W£21) L (A) = ng()\), where we used (20). In general, for p=1,...,7, we express Qg (\)
272
as
(p) _w®
T A=W e (V). (25)
2 )

o T g

For p = r + 1, using the normalization condition ([23)), we find

-1

W'(T—'i_l) ceirtr T |:det <X1(1)> e aXr(i)l)] ) (26)

11,01 +1,

which imposes the constraints for the Q-functions.

Note that the determinants (24]) satisfy the Pliicker relations

W oW e e ety ) g (a7)

20,22, p*l 11,22, ,p 11,22, 5 p 20,22, ,p 22, 77/p 177/P 20,21, 5tp—1
For (7’0’7’17 e ’Zp—1>zp) = (Oa ]-7 Y 2 1ap)7 (m) leads to

W(p) B le W2m m+1W(m+1
(m+1)
W(p) Wl WL ,m+1

m=0
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where W,go) = 1 for any k. Setting p = r + 1 and shifting the spectral parameter by
A — A — 2 ([28) leads to

DR
T m—1 r+1
r+1) j m m 1
L (NS of | N SRS | e
m=0 \ j=0 j=m-+2
(29)
This is the T-Q relation in [17], where Wﬁ?l”r is regarded as the T-function.
Let Ag-a) (j € Z) be the zeros of W(](ﬁ{___ﬂ_l()\), (29)) leads to
a—1 a a+1
L U L -
—1= =y o) D , o a=1,---,m (30)
Wl,--- ,a—lW—l,--- ,a—2W0,--- ,a )\:A;a)

From (25) and identifying )\g A(a + 127 [@30) becomes the Bethe ansatz equations
e,

As shown in (23, an)(k) is expressed as the Wronskian of QZ(-I)()\). One finds a
similar Wronskian representation for an)()\). This follows by the identity between the

determinants
ACTIACD g g 411, a+1] = AD[a+1]a+1]AD [a]1] =A@ [a+1[1]AD [ala+1]. (31)

Here A®*Y is the determinant of an (a+1) x (a-+1)-matrix. A@[p;|q] is the determinant
of the a x a matrix with p; row and ¢ column removed from the matrix of A1),
A=D1 polqu, o] is the determinant of the (a—1) x (a— 1) matrix obtained by removing

P12 Tows and ¢ » columns of the matrix of ATV, Using (B1), we find

SN =WE L aalala+ 1V, (32)

2

We have mentioned that in (29) the determinant W TH , 1s the T-function. Here we

present the relation to the T-function more precisely. Choosmg the basis of the solutions

to the lincar problem in V) as {s") 1o s(_12+2, e ,sg-l), E sél), 51 "}, we expand sk as
s = (1 T + Z Tk (33)
where
Tim = (s (12+1’ 3(12+2a o S((]1)> Sglﬁ[_m} (34)
Tim = (sl e s sl s s h) =20 (39)

8



Here the superscript [k] means the shift of spectral parameter A, fIA()\) := f(\ + é%)
We find that W£q+1l) , in [29) can be written as

W det(xM, - 20 = (1T (36)

,—r—2°

For the Agl) case with ¢ = 0, T,,(\) := Tl[,;l” satisfy the (A1, Aops—1)-type T-system.
For g # 0, the T-system changes from the (A, Agp—1)-type due to the monodromy of the
solutions around the origin [31]. Here we have considered the case of M being integer or
half-integer. For generic non-rational M, the T-system becomes semi-infinite (A, Ay).

For the A" (r > 2) case with ¢ = 0, we can define the T-functions from 7,,, (a =
1,--+,7). For generic non-rational M, the T-system is of the type (A,, A). For the
case with hM being integer, the T-system truncates to the (A,, Apy—1)-type. For the
g # 0 case, the T-system becomes more complicated due to the monodromy, where we
have studied a similar problem for the Bél) case [55]. We note that for Agl) it includes
the constant solution of [56].

Choosing other pairs of (ig,41, - ,4,-1,%,) in the Pliicker relations, we can obtain
various T-Q relations. Taking the conformal limit, which will be discussed in the next
section, we can obtain the T-Q relations which were found in [57] for the W3 algebra.
Substituting (I4]) and (I6]) into (B3], and taking the conformal limit, we obtain the Baxter
T-Q relations in for the W, algebra.

4 Light-cone limit of Bethe ansatz equations

To clarify the analytical properties of Q@ ()), we study the light-cone limit of the linear
problem. In this limit the massive ODE/IM correspondence reduces to the “massless”
ODE/IM correspondence. In the representation V()| we express the solution of the first
order holomorphic equation of the linear problem () in terms of the top component of W

as 5, (1)
ez Py

B (1) ~
v mleketh .¢D(h§1))¢1 | )

(—25)res e D(hY) - D(A{M)ihy



where D(a) := 0. + fa-0,¢ [33]. The linear problem then reduces to the (r+ 1)-th order

differential equation for
D))+ D)y = (=me*)"p(z)ihn. (38)

We now consider the holomorphic light-cone limit. We first take the limit z — 0, and

then z ~ s — 0, A — oo with fixed
y = (me’\)ﬁz, E = shM(me’\)lef—lfl. (39)

In this limit, ([B8) reduces to

1 1 1) R 5
(C1y (m%) (ay+ v th g) (ay+ m’ly 9) 1 )+ —E)in(y) =

(40)

From a solution ¢, (y) of (B8), one finds the solution ¥ of the holomorphic linear problem

by [B7). As y — oo, the fastest decaying solution along the positive part of the real axis

behaves as
M+1

Ui(y) ~y ™M exp (—]\yJ - 1) (y — 00), (41)

for M > +25. As y — 0, one obtains a set of the basis YWiy) = y‘ﬁh@('l)'g“_l + (1=
(1) )

,~ such that it corresponds to Xi(l in the holomor-

- - 1y .
phic light-cone limit. In fact we can choose 1, such that ¢; = a;(g, m)eﬂjﬁl (=Bh; '9“‘1);(5”

1,2,--+,r+1), where we have chosen y

gives U = Xi(l) for some nozero coefficients a;(g, m). We then expand the solution (@I in

terms of the basis Xgl)(y)
r+1

Uiy, B) = 3 Di(B)x (). (42)

i=1
Note that D;(F) is a function of E = shM(meA)l%Il. Since the solution (42) corresponds

to s(()l) in ([I6]), we find

P = ! Di(B). 43
@ ai(g>m)e%(—5h§1)'9+i‘l) () 42)
Then Qg[lzj]()\) is represented as
1 Wz
Qi) = = Di—j(E), (44)

(1) .
ai(g, m)e s o oy
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where w = thzVﬂU and
Di[—j}(E)ij(_ﬁh@('l)'gﬂ_l)*%Di(wjhE). (45)

Substituting (@3] into ([24)), Wl(lp is....i,(A) is proportional to the determinant of the a x a
(E)

matrix, whose (7, ¢)-element is Dj[_;,]

DY (E)=detDi_;,(E), (46)

[i1,92,.. ia]

which has been introduced in [I7] from the Wronskians of the solutions to the ODE. In

particular, we find that in the holomorphic light-cone limit
a H(Zl: a’i_lw_% a
Wi ot () = (_—] Do) (E) (47)

where 8, = i- o(— ﬁhﬁl g+j) —ag. Note that the pre-factor of the r.h.s. of ([&T) does
not effect the zeros of the both sides in ([{@T). For a zero A(a) (j >0) of I/Vo(a1 a_1(N), we
(E) as F(a) hM(meAga))léﬂl Since the

zeros of the Wronskian are classified by those corresponding to the two light-cone limits,

introduce the corresponding zero of D[(& )17.“@_1}
we label 7 > 0 for the zeros in the holomorphic light-cone limit and ;7 < —1 for those in
the anti-holomorphic light cone limit.

We define A@ (wh*z E)= D(a (E). Then (B0) leads to the Bethe ansatz equa-

tions in the holomorphic hght—cone limit

A(b w g abE(a)
H CabBb ( ) =—1, (48)
b=1 AP (w “bE )

7a_1]

where

(@) _, hazt a(a)
Ej =w J

are the zeros of A(E). The Bethe ansatz equations (@) can be solved by using the
massless NLIEs [17], from which one obtains the asymptotic value of the zeros EJ@.
We next consider the solution of the anti-holomorphic part of the linear problem,

which is expressed in terms of the bottom component of ¥ as [33]
. By = = =
(— )€™ D(=hy") - D(= 1)

L s p_p G
—mex€2" D (=hy )P
O
e2hria Q/’Jrl

11



Then the linear problem reduces to the (r 4+ 1)-th order ODE with respect to z:
D(=1i") - DI s = (=me™) (2} (50)

with D(a) = 0: + Ba - d:¢. We consider the anti-holomorphic light-cone limit. We first
take z — 0, and then we consider the limit z ~ s — 0, A\ — —o0 with keeping

1

= (me™) s
fixed. In this limit, (50) becomes

1) 1) I
(-1t <6‘g—5 hlﬂ g) <6‘g—5 h} g)(@ v h’“; g) Grr () (™M = By () = 0

(52)

From a solution 1Zr+1(gj) of (B2)), one finds the solution ¥ of the anti-holomorphic linear

z, E=s"™(me )i (51)

problem by ([#9)). As § — oo, the fastest decaying solution along the positive part of the

real axis behaves as
SN +1

M+1

&Hmm~ymwm(— ) (5 - o0). (53)

As 77 — 0, one obtains a set of basis 5@(1) = gjﬁhz('l)

P (=12, ). g =
(1) ;
di(g’m)e_)‘#il(ﬁhil .g+h—z)>~<'£1) corresponds to U = Xi(l) for some coefficients a;(g, m). We

then expand the solution (B3)) in terms of the basis )Zl(-l)(yj).

7vbr—l—l Z (54>

Since (B54) corresponds to s(()l) in ([I6l), we find

QN = . Dy(B). (55)

&) )
du(g, m)e™ s (ot

Then QZ[ j(A) is represented as

M () = wi B (B »
QZ[—J}() (g, m)e 2 (6hD g +h—i) i) (£), (56)

where
Dy (B)=w O oth=0=5 Py, (=i 7). (57)

12



Substituting (B5)) into (24), W, “7227 ., (A) is proportional to the determinant

DI . o y(E)=det Dig_iy (E). (58)

We find that in the anti-holomorphic light-cone limit

H? a; wzz (a n
Wi s () = (1— D[(Ol),---,a—l}(E)7 (59)

e M1 [Batas]

where 3, = > s (6h(+1 g+h—j—1)—a5. Note that the pre-factor of the r.h.s. of (59)
does not effect the zeros of the two sides in (59). For a zero A(a) (j < —1)of W(](ﬁ{___ﬂ_l()\),
ay(B) as B = 5" (me~ Py

We introduce A (w=" E) =D\ (E). Then (B0) thus lead to the Bethe ansatz

[0717 7a 1]
equations for anti-holomorphic light-cone limit

we introduce the zero of D(a)

A(b)( __C“bE( ))
Hw Cavfy =1, (60)
A0) (w3 abE(a))

where

are the zeros of A (E). Note that the Bethe ansatz equations (B0) and the zeros E](-a)

can be obtained from the the Bethe ansatz equations ([A8]) and the zeros E](-a)

respectively
by replacing E — E and B, — Bom.

We can also introduce D[(&)l,... a1 (E) and D[(&)l,... ,a—l](E) from the Wronskian of 91 (y)
and v, 1(7) respectively. Using the Pliicker relation of the Wronskians, the Bethe Ansatz
equations (8) and (60) are obtained.

In summary, the zeros of the Q-functions come from those the D-function obtained in

the two light-cone limits of the linear problems. In the next section we will determine the

analytical structure of the Q-functions using the structure of zeros.

5 Non-linear integral equations

In this section we derive the non-linear integral equations from the Bethe ansatz equations
(21). First we discuss analytic properties of the Q-function, which are determined by their

asymptotic properties and zeros. Then we introduce the counting functions, and derive

13



the non-linear integral equations satisfied by the counting functions. These equations

provide a basic tool to investigate the massive ODE/IM correspondence.

5.1 Asymptotic behavior of Q@(A) at large ||

We study the asymptotic behavior of Q\* () at large |A|. Since Q{”()) do not depend
on the coordinates z, z, one can use the solutions of the linear problem around z = 0 to
evaluate them. In particular, le)()\) is evaluated as

QW) = (s, 20 - xD)Y = lim g POHOem” (61)

|z]—0

where 1y is the first component of s((]l).

The asymptotic behavior of the solution ; to ([B8) at Re(\) — oo can be obtained by
the WKB method. The result is

1 ~ exp [me)‘/ da’ (696/(6th, — §MMyx — e(M+1)x'>} , Re(\) »oo.  (62)
1

og z

Then substituting (62)) to (&1]), and taking the limit log 2 — —o0, we obtain
log QW (\) = (—E)mr k(hM,h)  for Re(\) — oo, |arg(—E)| <, (63)

where E' is defined in [B9). x(a,b) is

T(1+ HI(1+ 1) sin(
L(1+1+3)sin(Z +

)
)

For Re(A\) — —oo, from the WKB solution @ZH to the anti-holomorphic ODE (B0,
we calculate the behavior of the first component of ([#J). The asymptotic behavior Q™ (\)

(0, b) = /0 ezt 4+ 1) — g0 — (64)

SHERISHTE

at Re(\) — —oo is then evaluated by using (Gl as

~  (M+1)

log QVV(N\) = (=E) mr k(hM,h),  Re(\) = —oco, |arg(—E)|<nm  (65)

where E is defined in (IBII)H QZ(.I)(A) at Re(A\) — oo and Re(\) — —oo are the same as
([63) and (GH) respectively at the leading order.

2We have assumed that s is real.
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Using the ¢-system (20), the Wronskian of an)()\) 23) and ([B2), we determine the
asymptotics of Q\" (1) as

<

=
~—~
=[5
~—r

(M+1)

(—E) ™ k(hM,h), Re(\) = oo, |arg(—FE)| <m, (66)

=13
N—

<

=
~—~
=I5
~—r

~ (M+1)

(—E) " k(hM,h), Re()\) = —oo, |arg(—E)| <. (67)

log Q1 () —

sin(

=13
N—

5.2 Zeros of QW()\)

In the previous section, we have studied the zeros of an)()\). We considered the holo-

morphic light-cone limit, in which case Q! ()\) reduces to A@(E), whose zeros are
a j(@) . . . a

EJ( ) = ghM (me® ). As observed in the previous section, Qg )()\) and the A (E) have

the same asymptotic value of zeros, i.e. )\ga) — 5\§a) in the holomorphic light-cone limit.

For large E, the asymptotic value of E](-a) tends to 5]@, which is defined by [17]:

h M

E@ 5 £= {:1?((?) 607;4& 2+ 1+ da(g)]}MH o oo, (68)
where .
by = 2sin <7r(j\/f[L;;[1)> k(hM,h), M, = msMH%. (69)
The parameter &,(g) is defined as
Gulg) = 3 B (70)

We consider the anti-holomorphic light-cone limit, in which case an)()\) reduces to

AW (E), whose zeros are labeled by E](-a) = shM(me_;\;a)). Q' (\) and the A@(E) have

the same asymptotic values of zeros, i.e. A% — 5\5»[1) in this limit. At large E, EJ(»“) tends

j
to éj(a) [17], where

s

~ ~ ] AhT{\fl
E](a) ENON { sin(7) E[Q(—j 1D +1-— @a(g)]} . j — —o0. (71)

J sin(™*) bo

Thus we can read off the zeros of an)()\) by using the ones of A®@(E) or A®(E),
which is obtained in the light-cone limit. This limit means the parameter s should be

small, where )\§a) — j\ga)(j\ga)) in the light-cone limit. As the value of zeros )\ga) changes

15



with increasing s, no additional zeros can be generated because the asymptotic formulas
([66) and (67) are valid for any s.

For M > 7L the order 221 of the functions Q' ()) in (G0) and (G7) is less than one.
The Hadamard factorization theorem leads to

0o —1
hM hM

QW (N) = GO (g)exlittn® TT(1 - e31OA") TT (1 — e #OXD) - (72)

7=0 j=—00

where G@(g) is a constant.

5.3 Non-linear Integral Equations

Let us introduce the counting function a(®(\)

al® (A =

T (b))\ 7riC
HQl( * b), a=1,2-r (73)

b=1 %1 (>‘__ ab)

The function satisfies a(“)()\(-a)) = —1 for zeros )\§a) of an)()\). Then we use ([[2)) and the

J

procedure in [49,50] to rewrite (T3] as

T . r
s

log a(\) = Z T + 1>Cab07b(9) + Z

b=1

/ AN Ey(X — Ny log(1 +a® (X)),  (74)
C

where the integral contour C encircles all the zeros anti-clockwise, and the kernel Fy;(\)
is defined by

By =1 sinh[; 1\%{1)‘ ;A’Z%C b) -
ab( )_Og inhlL-2M N WZMC ( )
sinhl[; M1 T 2t b)

Here we assume all the zeros of an)()\) are real as observed in the analysis of the ODE,
which corresponds to the ground state of the Bethe ansatz equations [I7]. Then the
definition of a(®()) leads to (a®(\))* = (a®(A\*))~!. Then integrating by parts and

taking the Fourier transformation F[f](k) = [*2_ f(A)e ™ dA, we obtain

;(%b—fmab])}_[log a] = LZ:; ﬁaﬂ,ab ] 216 (k 221}" o) F [Imlog[1 + a(b)]}
(76)
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where Rap(A—N) = 5=0x_x Fop(A— X). Applying the inverse matrix of (1 —F[R]) to this

equation and taking the inverse Fourier transformation, we obtain the NLIEs:

loga@(\) = —2ibyM, sinh A + imy, + Z/ AN @ap(X — N log[1 + a®](X)
— Jo

_Z/C dN pap(A — X) log {1 + 1()\,)} : (77)

where C; (Cy) runs from —oo — 0 (0o 4 10) to oo — 0 (0o 4 ¢0) and

pa(N) = F1-(1-F[R)y] =-F " [(1 - FIR]), FlRa] (78)
i?T’}/a = Z./_"_l [((5ac - .F[Rac]>_1mccbééb2ﬂ'5(k):| . (79)

The driving term —2ibyM, sinh A is due to the zeros modes of (1 — F[R](k))™! at k = 1,
by and M, are defined in ([69). From (75), we obtain the non-vanishing F[R.]|(k)

sinh[ 75 (M — 1)8ap + Oaps1 + 0o 1)]
sinh(2t forr)

FlRap] (k) = (80)

Then it is easy to find v, = &,. To evaluate @u,(A), we introduce the generalized Cartan

matrix [54]
1

Cab(k) - 25ab - OST[W_]C]((Sa,b—l + 6a,b+1) (81)
C@l(k) _ Cz;ll(k‘) _ coth(7k) smhs[i;iz;{:)a)k] sinh|[7 ] (0> 1) (2)

Then (78) can be written as

1

O [5ab_ sinh[Z(1 + €)1

%
k] sinh[} ]

=t Ca (k)] (33)

In Appendix A, the NLIEs (77) are shown to be equivalent to those in [54].

5.4 UV limit

For convenience, we introduce other counting functions Z,(\) and Q,(\) (a =1,2,--- ,r)

as
' 5 1 14+ 62'Za()\+i0)
—iZaN = (@) _1
A=), Q=g 84



The NLIEs (77) are written in terms of Z,(\) and Q,(\) as [@7) in Appendix [Al In
the UV limit 2byM; — 0, the corresponding massive integrable model flows to its UV
fixed point. In this limit, the NLIEs split into three types of equations corresponding to
two asymptotic regions and one intermediate region, where two asymptotic regions are
separated by the distance log b()LMl In the intermediate region, Z,(\) is flat. In the two

asymptotic regions which are in both sides, the two decoupled counting functions

ZEN= lim  Zy(A£] (=L og L
aW=,lim ZaAFlogy om), Qr(N=7log = — e (85)
are defined. Then the NLIEs become
ZE\) = —mh, £ Mo pin XT:X b QFE(N) (86)
’ M b=1 ’ v
The asymptotic behaviors of ZF(\) and QF()\) for A = £o0 are
ZE(+00) = 200, QF(xo0) = 0. (87)

At A\ = Foo, [BE) leads to the constraints on ZX(Foo)
Z;t(:FOO> = _Wé‘a + Z[Xab * @b](:FOO) = _ﬂ-OA‘a + Z Qb(:FOO>Xab(OO)7 (88>
b=1 =1
where xa(00) = [°7 dAXap(A) = 6ap — (M +1)C' (k = 0). Solving these constraints, we

obtain the constant solution of Q*(Foo)

o _ 7 - N :
Qa (:FOO)— M_'_l;Cabab— h(M+1)(1+Bg aa)v (89>

where Cy;, is the Cartan matrix and «, is the simple root.

The effective central charge is given as
Cops (2boMy) = ——26, 57 M, [ / d\sinh Am log(1 + a(“)()\))] | (90)
T c
a=1

In the UV limit, the effective central charge becomes

cers(0) = 2 z el alaw- [T ot tew]. e

—00
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Using the multi-component generalization [54] of the lemma in sec.VIII of [51] and the
constant Q¥ (Foo) in (8Y), we obtain

cers(0) = 1= g7 2o (Ca)Cyl(Ca
a,b=1
e N (1,4 By )O3 (L + g ) (92)
- r h,2(1 _'_ M) — a g O[a ab b g O[b 9

where 1, = 1. (@2)) is simplified to

12
Cer(0) =71 — m(ﬂv + B9)?%, (93)
where p¥ is the co-Weyl vector of A, algebra. For ¢ = 0, we find
_ 3 r(r+2) (h+1)h
g=0
0)=r— =h-1)(1—-—"— 94
A0 =1 = gy = (=) (1= EEDR), (o)

which coincides with the effective central charge of non-unitary CFT W AP with p =
r+1=hand ¢g=h(M+1) [59H6]].

Let us comment on the Thermodynamic Bethe Ansatz (TBA) equations from the
modified affine Toda field equation for g # 0. For the simplest case, i.e. the Agl)—
type modified affine Toda field equation, one obtains D-type Y-system [31] for an integer
2M. We find the periodic condition of the Y —function from the quasi-periodic condition
of le)(k). Especially for the case where M is an integer, the periodic condition and
the shift of the spectral parameter of Y-functions coincide with those of Dy q-type Y-
system [62/[63]. We can derive the TBA equations from the Y-system and compute the
effective central charge in the UV limit. This effective central charge coincides with the
one obtained from the NLIE approach. For a half integer M, both the shift of the spectral
parameter in the Y-function and the periodic condition do not coincide with the those of

the usual D-type Y-system. It is interesting to derive the TBA equation in this case.

6 Conclusions and discussions

In this paper, we have studied the massive ODE/IM correspondence between the A,(nl)-type

modified affine Toda field equations and the two-dimensional massive integrable models.
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The Q-functions are introduced from the solutions of the linear problems associated with
the modified affine Toda field equations. The 1-system satisfied by the solutions leads to
the Bethe ansatz equations. The asymptotics of the Q)-functions for large A, the spectral
parameter, is obtained by the WKB solutions and with the help of the 1-system. We then
have derived the Bethe ansatz equations of the massive integrable models. In the light-
cone limit, we found that the correspondence reduces to the relation between the ODE and
the massless integrable model, where the Q-functions are represented as the Wronskians
of the basic Q-functions. From the Bethe ansatz equations and the asymtotics of the
Q-functions, we have derived the non-linear integral equations of Agl)-type, which agree
with the ones obtained in [54]. Based on the NLIEs, we derived the effective central
charge in the UV limit, which depends on the monodoromy parameter g of the solutions
of the linear problem around the origin. At g = 0, the effective central charge at UV limit
coincides with the effective central charge of non-unitary CFT WAP? with p =r+1=h
and ¢ = h(M +1).

In the present paper we have worked out in the case of Agl)-type affine Toda field
equations as a typical example of affine Lie algebras. It would be possible to generalize to
the affine Lie algebra of gV, from which we obtain the Bethe ansatz equations associaed
with the affine Lie algebra g [35] and the non-unitary W g-minimal model in the UV-limit.
These will be presented in a separate paper.

These Wg-models also appear in the context of the correspondence between the
Argyres-Douglas theories of (Aj, g)-type and two-dimensional conformal field theories,
which are observed in [64H66]. In a previous paper [I3], we have observed this 2d/4d-
correspondence from the viewpoint of quantum Seiberg-Witten curve of the Argyres-
Douglas theories. It would be interesting to study the relation between the quantum
integrable models and superconformal field theories in four dimensions.

It is also interesting to derive the T-/Y-system and the TBA equations for the AM
type modified affine Toda field equations. The monodromy parameter g leads to the
non-trivial boundary conditions as observed in [6lBT5556L67]. From the TBA equations,
one also obtain the effective central charge at UV limit from, which should coincides with
the one derived from the NLIEs. For Agl) case with M being positive integer, we can

confirm that both calculations agree with each other. But for higher rank case, it is a

20



non-trivial problem, which should be investigated.
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A Connection with the NLIEs of A, -type complex affine
Toda model

In section Bl we derived the NLIEs from the Bethe ansatz equations. In this appendix,
we rewrite these equations and show their relations with the ones obtained in [54]. Under

the identifies

e” 2N G D(N), mgL < 20y M,, (95)
T M

([77) becomes

Zy=meLsinh A — wé, + Y Xopx Qs (97)
b=1
where
/ ADNTX () = Gy — R i (98)

¢ “  sinh k(5 — 1) coshr ab

Calw) = coth St 1= aw) sinh(br)
“ sinh((n + 1)k)
~ 1 1 12y (x+40)
Qufw) = ~log——
It is easy to check Xyp(A) = @ap(A). ([@7) is the twisted NLIEs studied in [54] without hole,

special root or complex root. Note that (O7) is derived for a class of integrable models

= Cy' () (99)

1 1 o—iZo(@—i0)" (100)

associated with the quantum group U,(g). More precisely, (@7) are the NLIEs for A,-type

complex affine Toda models.
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