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Abstract: We construct a family of quantum scalar fields over a p—adic space-
time which satisfy p—adic analogues of the Garding—Wightman axioms. Most
of the axioms can be formulated the same way in both, the Archimedean and
non-Archimedean frameworks; however, the axioms depending on the ordering
of the background field must be reformulated, reflecting the acausality of p—adic
spacetime. The p—adic scalar fields satisfy certain p—adic Klein-Gordon pseudo-
differential equations. The second quantization of the solutions of these Klein-
Gordon equations corresponds exactly to the scalar fields introduced here.
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1. Introduction

Ever since the advent of Quantum Mechanics, the question of its compatibility
with Special Relativity was raised. The occurrence of non-locality in the quantum
world and its implications regarding the relativistic causal structure was the
central theme in the well-known works by Einstein, Podolsky and Rosen, and
Bell. These issues are still debated today, but there is a increasing amount of
research pointing towards the fact that quantum mechanics is incompatible at
a fundamental level not only with the causal structure furnished by Special
Relativity (through light cones), but with any other possible causal orderingl. In
[6], it is concluded that the description of non-localities requires fine-tuning of the
system’s parameters, thus violating a basic principle of any causal model. In [40],
quantum correlations incompatible with a definite causal order are constructed
(although they prove that a causal order emerges in the classical limit), and
the experimental existence of these correlations is reported in [47]. See also
[45] for the incompatibility of Quantum Mechanics with some non-local causal
models. Applications of the absence of a predefined causal structure to quantum
computations are given in [7].

Motivated by these considerations, one could wonder whether it is possible to
construct a quantum field theory (QFT) on a spacetime devoid of any a priori
causal structure. The notions of spacelike and timelike intervals which, from an
operational point of view, characterize the causal structure, are intimately tied
to the existence of a total order on the field number R compatible with the al-
gebraic field operations, so a possibility is to start from a non-ordered number
field. Leaving aside the case of finite fields, the most obvious choice is to consider
the non-Archimedean field of p—adic numbers @Q,,. The corresponding spacetime
would be @;. In this way, (p—adic) time no longer acts as an ordering param-
eter. While this is completely consistent with the requirement of covariance, it
raises some questions about its meaning in Quantum Mechanics; for some theo-
retical points of view about the possibility of quantum processes without a time
parameter see [6440].

The spacetime Qf) is acausal in the broad sense of lacking a causal structure,
but also in the particular, technical, sense that for any pair of points on it,

1 Notice that we emphasize the causal character. There are other possible orderings (chrono-
logical, horismos) that will be not considered here, although they are related, see [30].
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there exists no causal curve connecting them (which, in particular, also implies
that it is achronal). The question of the intrinsic (a)causality of spacetime has
been studied sometime ago [31], and is a topic of obligated discussion when
dealing with the possibility of ‘travels in time’ [34l[54]. Acausal (portions of)
spacetimes appears often in relation with wormholes in General Relativity [38].
There have been problems in constructing the S matrix for interacting massive
scalar fields in this setting [I4], but it should be stressed that these are due
to the interaction along closed timelike curves, which do not exist at all in the
framework of a globally acausal spacetime such as the one presented here, where
the very notion of ‘timelike’ does not make sense.

A problem present in any acausal theory is the characterization of micro-
causality or local commutativity, that is, the vanishing of the commutator of field
operator-valued distributions when the test functions have support in spacelike
separated regions. It is not clear a priori that a theory without a causal struc-
ture will allow for vanishing commutators even restricting the domain of the
involved operators, but we will show below that a similar property holds when
the test functions are supported in the p—adic unit ball. Thus, there is no room
for phenomena arising in the non-Archimedean case, such as the connection of
spacelike regions by large timelike loops. It is also reasonable to expect that
the consideration of p—adics numbers could also cure the divergences in 1—loop
effective Lagrangians that appear in the real Euclidean case [5], although no
attempt is made here to pursue this direction of research.

Another, different, kind of motivation for studying quantum field theory in
the p—adic setting comes from the conjecture of Vladimirov and Volovich stating
that spacetime has a non-Archimedean nature at the Planck scale, [61], see also
[55]. The existence of the Planck scale implies that below it the very notion of
measurement as well as the idea of ‘infinitesimal length’ become meaningless,
and this fact translates into the mathematical statement that the Archimedean
axiom is no longer valid. Before Volovich, some authors explored the possibility
of constructing theories of the spacetime using background fields different from
R and C; for instance, in [12] Everett and Ulam study the Lorentz group over
Qp in the hope that ‘spaces of this sort might be useful in some future models
of nuclear or subnuclear theories’, see also [55], [56, Chapter 6] and references
therein. Volovich’s conjecture propelled a wide variety of investigations in cos-
mology, quantum mechanics, string theory, QTF, etc., and the influence of this
conjecture is still relevant nowadays, see e.g. [I], [4]-[I1], [I0], [9], [18]-[19], [28]-
37, [57)-[61], [65], [67]. In a completely different framework, that of the physics
of complex systems, the paradigm asserting that the space of states of several
complex systems has an ultrametric structure has also originated a large amount
of research, see [42], [27] and references therein. These two ideas are the main
motivations driving the development of p—adic mathematical physics. In par-
ticular, during the last thirty years p—adic QFT has been studied intensively, a
topic whose importance has been highlighted by Varadarajan in [56].

In this article we present a second-quantization, based on Segal’s formal-
ism, for p—adic free scalar fields whose evolution is described by a certain class
of Klein-Gordon type pseudo-differential operators. In order to guarantee that
the resulting theory has some physical content, we show that the correspond-
ing quantum non-Archimedean scalar fields satisfy p—adic versions of Garding—
Wightman’s axioms. Most of them can be formulated in a way valid in both the
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Archimedean and non-Archimedean cases, but some of them must be appropri-
ately re-formulated in the p—adic setting by introducing new mathematical ideas
and re-interpreting some classical constructions that are not directly available in
the p—adic context. For instance, the absence of an ordering in the background
number field implies some profound modifications in the usual interpretation of
notions such as the timelike or spacelike character of p—adic spacetime events,
and the introduction of new mathematical objects such as the p—adic restricted
Lorentz group, that we will discuss below. As another example, our p—adic spec-
tral condition does not provide a definition of energy and momentum operators,
because this would require a theory of semigroups, with p—adic time, for oper-
ators acting on complex-valued functions, and such a theory does not exist at
the moment. However, the outcomes of our analysis are consistent with the re-
quirement that the mathematical description of physical reality must not depend
on the background number field, see [62]. This property is due to the particu-
lar nature of the Klein-Gordon field, notice that the same is not true for the
Schrédinger equation, as the number ¢ does not have an analog in an arbitrary
field.

Thus, the main conclusion is that there seems to be no obstruction to the
existence of a mathematically rigorous quantum field theory (QFT) for free fields
in the p—adic framework, based on an acausal spacetime. It must be remarked
that we deal with free fields, omitting interactions. The reason for this is that,
due to Haag’s theorem, interactions require a more technical treatment, but
having a consistent theory for the free case is the first step towards a complete
p—adic QFT.

We have remarked some features derived from the fact that the spacetime is
p—adic. Let us now make some comment about those originated in the configu-
ration space of the fields. A key fact is that we work with complex-valued fields.
This allow us to use the tools from classical functional analysis, in particular Se-
gal quantization. On the other hand, it is also possible to work with p—adic val-
ued fields. In this setting, Khrennikov developed a theory of Gaussian integration
of non-Archimedean-valued functions on infinite-dimensional non-Archimedean
spaces and a calculus of pseudo-differential operators which is suitable for the
second-quantization representation in non-Archimedean quantum field theory,
see [23]-[25] and references therein. Mathematically speaking, this is a completely
different setting from ours: for instance, p—adic Hilbert spaces are radically dif-
ferent to their complex counterparts.

The construction of a quantum field theory over a p—adic spacetime raises
the question about the physical meaning of the prime p. Once a choice for p
is made, we can construct (@; (endowed with the maximum norm) and then
give it a geometric structure through a quadratic form q. The geometry of the
resulting spacetime, the quadratic space (Qé, q), depends crucially on both, p
and q. We choose the simplest case in which the quadratic form is the unique
elliptic form of dimension four and a prime number p = 1 mod 4. The first choice
is motivated by the need for ellipticity when doing the explicit computation of
the fundamental solutions (and the corresponding propagators) of the Klein-
Gordon equation. Notice that the naive choice q(k) = k3 — (k% + k3 + k3) is
excluded because it is not elliptic. It is possible to develop a theory based on
this form, but at the cost of facing greater technical difficulties. However, as
we will see, our choice for q retains all the essential features of a relativistic
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theory, so it is justifiable from a physical point of view. Regarding the choice of
p, the quantum fields introduced here will strongly depend on the geometry of
the hypersurface V = {k € Qé; q(k) = 1}, and if we pick p = 1mod4, then we
can guarantee that \/w(k) # 0 for any k € U, where U, C (@13) is a certain open
and compact subset (depending on ) that will be defined later on. Notice that,
due to these choices, we are actually defining a family of quantizations, a fact
that could be viewed as an advantage over the rigidity of the classical case.

Thus, given a prime number p = 1 mod 4 and a p—adic elliptic quadratic form
q of dimension 4, we will denote by O(q) the orthogonal group of q. As stated,
the p—adic Minkowski spacetime is, by definition, the quadratic space (Qé, q),
so the Lorentz group of spacetime is O(q). In this article, ‘time’ is a p—adic
variable, so the notions of past and future are not clearly defined. However, the
p—adic implicit function theorem allows us to determine ko, from q (ko, k) = 1,
as ko = £y/w (k), where y/w (k) is a p—adic analytic function defined in Uy,
and in this way we can define the mass shells:

V= {(ko,k) €QpxQiko =+\/w(k), ke Uq} .

In the p—adic setting the usual geometric notion of cone does not make sense,
because it depends on the fact that the real numbers form an ordered field. There-
fore, the notion of closed forward light cone is replace by the notion of ‘closed
forward semigroup’, which is the topological closure of the additive semigroup
generated by V*. This notion allow us to construct a spectral measure attached
to a strongly continuous unitary representation of the p—adic Poincaré group
as in the classical case, see Theorem

We will denote by F the Fourier transform operator associated to the quadra-
tic form q. The p—adic Klein-Gordon operator attached to q with unit mass is
defined as

R (R

where ¢ is a test function and « is a fixed positive number.

In conventional QFT there have been some studies devoted to the optimal
choice of the space of test functions. In [22], Jaffe discussed this topic (see also
[52] and [33]); his conclusion was that, rather than an optimal choice, there
exists a set of conditions that must be satisfied by the candidate space, and any
class of test functions with these properties should be considered as valid. The
main condition is that the space of test functions must be a nuclear countable
Hilbert one. In this article, we use the following Gel’fand triple: Ho (K) C
L% C HZ, (K), where K = R, C. This triple was introduced in [65]. The space
Hoo (K) is a nuclear countable Hilbert space, which is invariant under the action
of a large class of pseudo-differential operators. This space can be considered
the ‘true’ non-Archimedean analogue of the classical Schwartz space, as we will
repeatedly justify in what follows. In fact, our results could be summarized by
saying that the Garding-Wightman axioms make sense in the p—adic context if
we replace the Schwartz space of the classical framework by Heo (C).

The p—adic Klein-Gordon equation

Oq,au (t,x) =0 (1)
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admits solutions of plane wave type, more precisely, the functions
exp 271 {tEi — sx1ly — pxals + snglg}p ,

where {-} denotes the p—adic fractional part, 1 = (l1,l2,13) € @;37 is a fixed
vector, and E* = 4+/w (1) (here \/w (k) is the p—adic dispersion) are weak
solutions of (), see Theorem[Bl The general solution of (), up to multiplication
by a non-zero complex constant, is

d*k
Xp | —Vwk)t+k-x)a(k)+x wk)t—k-x)a'(-k)) ———,
U/q( p( ) p( ) ) ’\/m’p
(2)
where X, () = exp (27m' {~}p) is the standard additive character of Q,, Uy C Q3

is an open and compact subset, k - x denotes a suitable bilinear form, and a (k),
a’ (=k) are test functions, see Theorem Bl The solutions () can be quantized
using the techniques described below, and the corresponding Klein-Gordon fields
satisfy the corresponding Wightman axioms, see Theorem

The p—adic Klein-Gordon equations in the form used in this article were
introduced by the third author, see [67, Chapter 6] and references therein, where
also the problem of the second quantization of their solutions was posed [67,
Chapter 7]. The resulting field theory has a strong number-theoretic flavor. For
instance, the calculation of the Green functions is related to the meromorphic
continuation of Igusa’s local zeta functions, see Theorem [I] and the references
[21], [27, Chapter 10], [67, Chapter 5].

Finally, let us remark that there are a lot of open questions related to p—adic
quantum fields and their underlying mathematical techniques that remain to
be studied within the present framework. Among them, probably the most im-
portant one is the reconstruction theorem, which depends on an appropriate
definition of Wightman distributions, and, of course, the inclusion of non-trivial
interactions, that will be discussed elsewhere. The corresponding theory for non-
elliptic quadratic forms q, though much more difficult, is also of interest.

2. Preliminaries

Along this article p will denote a prime number different from 2. Due to physical
considerations we will formulate all our results in dimension 4, however, many
of our results are still valid in arbitrary dimension.

2.1. The field of p—adic numbers. In this section we summarize the essential
aspects and basic results on p—adic analysis that we will use through the article.
For a detailed exposition of p—adic analysis the reader may consult [2,53160].
The field of p—adic numbers Q,, is defined as the completion of the field of
rational numbers Q with respect to the p—adic norm ||, which in turn is defined

as
0 ifz=0
ele =5 if:c:pv%,
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where a and b are integers coprime with p. The integer v := ord(z), with
ord(0) := +oo, is called the p—adic order of x. Any p—adic number x # 0
has a unique expansion of the form

w=p N (3)
§=0
where z; € {0,...,p — 1} and x¢ # 0. Any non-zero p—adic number z can be

written uniquely as x = p°"®ac (x), with |ac (z)]
angular component of x.

By using expansion (B]), we define the fractional part of z € Q,, denoted
{z}p, as the rational number

, = 1, ac (x) is called the

(2} 0 ifx=0orord(z) >0
x = .
P e M i ord(x) < 0.

As a topological space Q, is homeomorphic to a Cantor-like subset of the real
line, see e.g. [2l60]. The balls and spheres are compact subsets.
We extend the p—adic norm to (@;‘, by taking

l|z||p == Jnax, [, for © = (2o, 21, T2, 23) € Qfg.

We define ord(z) = ming<;<3{ord(z;)}, then ||z||, = p~°"4®). The metric space

(Qp, 11+ [Ip) is a complete ultrametric space. Thus (@, ||-[|,) is a locally compact
topological space.

For | € Z, denote by B/'(a) = {z € Q) : ||z — al|, < p'} the ball of radius
p! with center at a = (ag,a1,az,a3) € (@;‘), and take B}(0) := Bj'. Note that
Bf(a) = Bi(ag) x -++ x By(as), where Bj(a;) == {x € Q, : |z — ai|, < p'} is
the one-dimensional ball of radius p' with center at a; € Q,-. The ball Bf equals
the product of four copies of By := Z,, the ring of p—adic integers. For | € Z,
denote by S}(a) = {z € Qy : ||z — all, = p'} the sphere of radius p' with center
at a € Qy, and take S}(0) := S}'.

Remark 1. The natural map Z, — Z,/pZ, ~ F,, where I, is the finite field
with p elements, is called the reduction modulo p, denoted as *. We will identify
F, ={0,1,...,p— 1}, where the addition and multiplication are defined modulo
p. We will distinguish between {0,1,...,p — 1} C Z, and F,. Later on, we will
also use the symbol ~” to mean conjugation of complex numbers, but it will clear
from the context which case it is being used.

Note 1. Let us collect here some conventions.

(i) We denote by £2(||z]|,,) the characteristic function of Bj. For more general
sets, say Borel sets, we use 14 (2) to denote the characteristic function of
A.

(ii) From now on, we denote by d*z the Haar measure of the locally compact

group ( fj, —|—) normalized so that the volume of Zf) is one.

(iii) We will use the notation x = (z¢, 1,2, 23) = (z0, ) € Q, x Q} from now
up to Section
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2.2. Some function spaces.

2.2.1. The Bruhat-Schwartz space. We take K to mean R or C. A K-valued
function ¢ defined on Qf) is called locally constant, if for any x € Qf) there exists
an integer [(z) € Z such that

p(z+a') = p(x) for 2’ € By, (4)

A function ¢ : (@; — Kis called a Bruhat-Schwartz function (or a test function),
if it is locally constant with compact support. The K-vector space of Bruhat-
Schwartz functions is denoted by Dg(Qj) := Dk. Let Dﬁg(@;ﬁ) := Dy denote the

space of all continuous functionals (distributions) on Dk. The space D]/K coincides
with the algebraic dual of Dk, i.e. any linear functional on Dk is continuous. For
an in-depth discussion the reader may consult [2], [53], [60].

Remark 2. Most of the time we will work in dimension four, with spaces like
DK(Q;*)) and D]/K(@f)), in these cases we will use the abbreviated notation Dy,
Dk. In a few occasions we will work in dimensions different from 4, then we will
use the notation Dy (Q}), Dk (Qp). A similar rule will be used for other function
spaces.

2.2.2. The spaces L". Given r € [1,+00), we denote by L (Qp, d*z) := L, the
K-vector space of all the K-valued functions g satisfying f@‘* lg (z)|" d*z < oo.

2.3. Fourier transform. Set x,(y) = exp(2mi{y},) for y € Q,. The map x,(-) is
an additive character on Q,, i.e. a continuous map from Q,, into the unit circle

satisfying xp,(yo + y1) = Xp(¥0)Xp (Y1), Yo, y1 € Qp.
We set

B (z,y) = Toyo — ST1Y1 — PT2Y2 + SPT3Y3,
where s € Z is a quadratic non-residue module p, i.e. the congruence x> = s

mod p does not have solution. Then B (z,y) is a symmetric non-degenerate
Qp—bilinear form on Q; x Qj, and

q(z) := B (z,z) = 3 — sz} — paj + spr3, © € Q)

is a non-degenerate quadratic form on Qé. In addition, q(z) is the unique (up to
linear equivalence) elliptic quadratic form in dimension four, here elliptic means
that q(z) = 0 < x = 0 (notice that this is not equivalent to the non-degeneracy
of B, as the equation q(xz) = 0 could have its own solutions, not coming from
vectors orthogonal to all the vectors in Q;).

We identify the Q,—vector space Q;ﬁ with its algebraic dual ((@;ﬁ)* by means
of B (-, ). We now identify the dual group (i.e. the Pontryagin dual) of ( ;1,, +)
with (Qé)* by taking z* (z) = x, (B (x, 2*)). The Fourier transform is defined
by

(Fo)(k) = / 0() xp (B (2, k) du (z) , for g € L,
Q3
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where dpu (x) is a Haar measure on Qfg. Let £ (@g) be the space of complex-
valued continuous functions g in L{ whose Fourier transform Fg is integrable.
The measure dyu (x) can be normalized uniquely in such manner that

(F(Fg))(z) = g(—=z) for every g belonging to £ (@;‘;) )

We say that du (x) is a self-dual measure relative to x, (B (-, -)). Notice that
dp (r) = C(q)d*z where C(q) is a positive constant and d*x is the normalized
Haar measure on @g. For further details about the material presented in this
section the reader may consult [63].

We will also use the notation F,_¢g and g for the Fourier transform of g.
The Fourier transform F [T] of a distribution 7' € D(/C is defined by

(F[T],¢) = (T, Fyp) for all p € D¢.

The Fourier transform T — F [T is a linear isomorphism from D(/c onto itself.
Furthermore, T (§) = F [F [T] (=£)].

Note 2. Along this article we will use the notation q(z) = 2% — qo(x), where
qo(x) = sx? + px3 — spa? is an elliptic quadratic form. The bilinear form corre-
sponding to qo will be denoted By (-, -). Then B (z,y) = zoyo — Bo(z, y).

2.4. The p—adic Minkowski space. Take q(x) as before, and define

10 00
0-s 0 0
G = 00 —po0
00 0 sp

Then q(z) = 2" Gz, where T denotes the transpose of a matrix, and z is identi-

fied with the column vector [z, 21, z2, ng]T. The orthogonal group of q is defined
as

O(q) = {A € GL4(Qyp); B (Ax, Ay) = B (z,y)}
={A€GL4(Q,); ATGA=G}.

Notice that any A € O(q) satisfies det A = +1. We call the quadratic space
( f,,q) the p-adic Minkowski space, and we define the p-adic Lorentz group to
be O(q). Later on, we will introduce the p—adic restricted Lorentz group and
the p—adic restricted Poincaré group.

Remark 3. Special relativity in the p—adic framework was discussed in [12], how-
ever, our definitions of Lorentz group and ‘light cones’ are completely different
to the ones used in this article. In [57]-[58], the authors investigated the rep-
resentations of the p—adic Poincaré group, our notion of Lorentz group agrees
with the one used in these works.
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2.5. The Dirac distribution supported on a hypersurface. Takef € Q, [xo, x1, T2, %3]
to be a non-constant polynomial. The hypersurface attached to f is the set

H:=H(f) = {z € Qp;f(x) =0}.
We say that H is a non-singular hypersurface, if
V§(x) # 0 for any = € H. (5)

By using the p—adic implicit function theorem, see e.g. [21], [48], one shows,
like in the case R*, that H is a p—adic manifold embedded in Q;‘). More exactly,
H is a closed submanifold of Q¢ (which is a p—adic manifold of dimension 4)
of codimension 1. For further details about p—adic manifolds the reader may
consult [21], [48].

The condition (B]) implies the existence of a 3-form A (whose restriction to H
is unique) satisfying

dzo A dzy Adxo Adxs = df A A (6)

Usually A is called a Gel’fand-Leray form for H. We denote by d\ the measure
induced by A on H. For the details about the construction of dA, the reader may
consult [21, Chapter 7]. This construction is similar to one done in the real case,
[15, Chapter II1].

The linear functional

DK—) K
o = (0m, ) = [ (x)d)
H

gives rise to a distribution Dy, which is called the Dirac distribution 6y sup-
ported on H.
Denote Q, = Qp — {0}. For t € Q), we set

Vi :=Vi(q) = {z € Qa(z) = t}.

Then V; is a non-singular hypersurface in Qf). The orthogonal group O(q) acts
transitively on V;. On each non-empty orbit V; there is a non-zero, positive
measure which is invariant under O(q) and unique up to multiplication by a
positive constant, see [41], Proposition 2-2].

For each t € Q), let du; be a measure on V; invariant under O(q). Since
V4 is closed in (@f,, it is possible to consider du; as a measure on Q;ﬁ supported
on V4, and by the using the Caratheodory theorem, we can identify du; with a
positive distribution, i.e. if ¢ is a non-negative function, then (du¢, @) > 0. The
Rallis-Schiffman result above mentioned can be reformulated as follows: on each
non-empty orbit V; there is a non-zero, positive distribution which is invariant
under O(q) and unique up to multiplication by a positive constant.

Now, since dy, is invariant under O(q), see [67, Lemma 156] for a similar
calculation, we conclude that du: agrees (up to a positive constant) with dy;.
From now on we identify dy, with dp.

Note 3. From now on, we will use J (f) to denote the Dirac distribution supported
on the non-singular hypersurface attached to the polynomial §.
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2.6. The spaces Ho. The Bruhat-Schwartz space Dx is not invariant under the
action of pseudodifferential operators. In [65], see also [27], Chapter 10], the third
author introduced a class of nuclear countably Hilbert spaces which are invariant
under the action of a large class of pseudo-differential operators. In this section,
we review some basic results about these spaces that we will use in the remaining
sections.

Note 4. We set Ry := {z € R: z > 0}, [£], := max(1, ||]|,) and consider N to
be the set of non-negative integers.

We define for f, g € Dk, with K = R, C, the following scalar product:
o= | I FOF@

for I € N, where the bar denotes the complex conjugate. We also set | f||? =
(f, [)1- Notice that ||-[|; < [|-[|m for I < m. Let denote by H;(Qj,K) =: #;(K) the
completion of Dk with respect to (-,-);. Then H,,(K) — H;(K) is a continuous
embedding for [ < m. We set

Moo(Q, K) 1= Hoo(K) = [ Hu(K).

P
leN

Notice that Ho(K) = L% and that Hoo(K) C LZ. With the topology induced by
the family of seminorms || - ||;, Hoo (K) becomes a locally convex space, which is
metrizable. Indeed,

£ —gll
L+ [1f = glls

is a metric for the topology of the convex topological space Hoo(K). A sequence
{fitieny € (Hoo(K), d) converges to f € Hoo(K), if and only if, {f;}ien converges
to f in the norm || - ||; for all I € N. From this observation it follows that the
topology of Hoo(K) coincides with the projective limit topology 7p. An open
neighborhood base at zero of 7p is given by the choice of € > 0 and [ € N, and
the sets

d(f,g) := max {2‘1

leN

}, for f, g € Hoo(K),

U= {f € Hoo(K) : [ fl1 < €}

The space Hoo(K) endowed with the topology 7p is a countably Hilbert space in
the sense of Gel’fand and Vilenkin, see e.g. [I6, Chapter I, Section 3.1] or [39]
Section 1.2]. Furthermore (Ho(K),7p) is metrizable and complete and hence
a Fréchet space, cf. [65, Lemma 3.3]. In addition, the completion of the metric
space (Dx(Qp),d) is (Hoo(K), d), and this space is a nuclear countably Hilbert
space, see [65, Lemma 3.4, Theorem 3.6] or [27, Chapter 10].

For m € N and T € Dy, we set

I, = [ TR

Then H_p(K) := H_n(Qy, K) = {T € D; || T||?,,, < oo} is a Hilbert space over

K. Denote by H}, (K) the strong dual space of H,, (K). It is useful to suppress
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the correspondence between H, (K) and H,, (K) given by the Riesz theorem.
Instead we identify H?, (K) and H_,, (K) by associating T € H_,, (K) with the
functional on H., (K) given by

o= [ TEmeate 7

P

Notice that |[T, g]| < [|T||-=ml|g]lm- Now by a well-known result in the theory of
countable Hilbert spaces, see [16], H§ (K) C H (K) C ... C H), (K) C ... and

H: (K) = U H_m (K) ={T € Di; ||T||-; < oo, for some | € N}  (8)

meN
as vector spaces. Since Ho (K) is a nuclear space, the weak and strong conver-
gence are equivalent in >, (K), see e.g. [16]. We consider %, (K) endowed with

the strong topology. On the other hand, let B : H’ (K) x Hoo (K) = K be a
bilinear functional. Then B is continuous in each of its arguments if and only if

there exist norms || - |5 in 2, (K) and | - [|” in #; (K) such that |B(T, g)| <
M|\T||£ﬁ)||g|\l(b) with M a positive constant independent of T" and g, see e.g. [16].

This implies that () is a continuous bilinear form on H?*_ (K) X Hoo (K), which
we will use as a paring between H} (K) and Ho (K).

Remark 4. The spaces Hoo (K) C LE C HZ (K) form a Gel'fand triple (also

called a rigged Hilbert space), i.e. Hoo (K) is a nuclear space which is densely

and continuously embedded in L and [|g||3, = [g,g]. This Gel'fald triple was
K

introduced in [63].
The following result will be used later on:

Lemma 1. With the above notation, the following assertions hold:

(i) Ho(K) = {f € Lig; | fll: < 0o} ={T € Dy; |7 < oo}
(ii) Hoo (K) = {f € Lg; || fll; < oo, for any 1 € N};
(i) Hoo(K) ={T € Di; | Tl < o0, for any | € N}.

For the proof the reader may consult ([66, Lemma 3.2]) or [27, Lemma 10.8].

3. Fundamental Solutions for Pseudo-differential Operators of
Klein-Gordon Type

3.1. Some preliminary results. For a > 0, m € Q
the following pseudo-differential operator:

> and q as before, we define

Oa.em =F " olg—m?[FoF, (9)

where |q — m2|g denotes the multiplication operator by the function |q — m2|g.
We call operators of type @), p-adic Klein-Gordon pseudo-differential operators.
These operators were introduced by Zuniga-Galindo, see [67, Chapter 6] and the
references therein.

In this section, we consider operators [y o, with domain

Dom(Oq,a,m) ={T € D¢ : |q — m2|g‘.7:T € D¢}
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Remark 5. Notice that
Oq,a,m (T (ma)) = |m|127°‘ (Oq,0,1T) (mz) for any T' € Dom(Oq,a,m)-

Consequently, we may normalize the mass m to one. From now on we assume
that m = 1, and we use the notation g . instead of Uy o 1.

Definition 1. We say that Eq .o € D¢ is a fundamental solution for
Dq,au =¥, (10)
if u= Eq % ¢ is a solution of {I0) in D¢, for any ¢ € Dc.

From now on, by an abuse of language, we will say that F o is a fundamental
solution of [y 4.

Lemma 2. E , is a fundamental solution of Ug o if and only if
g — 1|5 F(Eqa) =1 (11)

in Dg.
Proof. If Eq  is a fundamental solution of [g ., then

(ls =13 F(Bqa) — 1) - Fp =0,
for any test function in D¢, which implies (IIl). Now, if (1)) holds, by using
the fact that the product of two distributions, if it exists, is commutative and
associative (see e.g. [53], p. 127. Theorem 3.19]), we get that

(la =15 Fp) - F(Ega) = Fo

for any test function ¢.

3.2. The p—adic submanifold V. Since q(k) = ki — sk? — pk3 + spk3, where
s € Z; = Z, — {0} a quadratic non-residue mod p, is an elliptic quadratic form
(i.e. q(k) = 0 < k = 0), we have

a0l > (_int ol ) 1412 12)

see e.g. [67, Lemma 25]. Set
V= {k = (ko,k) € Q, x Qpq(k) = 1}.
By using ([2), and the fact that inf |q(z)|, = p~', we get that V C Z;, which
z€Sg

implies that V' is a compact submanifold of Z;‘) of codimension 1. Let us empha-

size that V is bounded (in contrast to the classical case). Given (ko, k) € V with
ko # 0, by applying the p—adic implicit function theorem, see e.g. [21], there exist
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open and compact subsets Uj0 C Zyp, Uj1 - Zg such that (EO, %) ceU; = UJ(J X Ujl,
and a p—adic analytic function h;(z) : Uj — U} such that

VnU; = {(ko,k) € Ujs ko = hj(k)} .

Notice that kg = —hj(k) is also a ‘local parametrization’ of V. By using the
compactness of V, there exists a finite number of analytic functions +h;(k) :
Uj = +UJ, j=1,...,N such that

V= |_| {(ko, k) € UY x U} s ko = hj(k)}u

N
|_| {(ko, k) € =U? x U} ko = —hy;(k)} |_|W,

Jj=1

N

where W = {(0,k) : qo(k) = 1}. We set Uy := || U; C Z}. We now define in
j=1

Uy, two analytic functions as follows:

Ug — Qp

k — /1 + sk} + pk3 — spk3 =: £1/w (k),

where +4/w (k) |Uj1: +h;(k).

3.2.1. A notion of positivity. We set F = [F;L_U [F;]_, where [IF;L_ =

{T,...,Z;l} and [F)]_ = {Z;l,...,pf 1}. We define the elements of [IF;LF

as positive and the elements of [F;} _ as negative. Notice that since p # 2,

Fl, = [F]
y — —ymodp
is a bijection. Now, we say that a non-zero p—adic number
a=p Y(ag+ap+...), with L € Z and ag # 0,

is positive (denoted as a > 0) if ag € [Fm b otherwise we say that a is negative
(denoted as a < 0). This is a well-defined and useful notion of ‘positivity’ in Q,
however, this notion of positivity is not compatible with the field operations,
consequently, this notion does not give rise to an order in Q5. We also recall
that in the case p # 2, the equation z? = a has two solutions in Q,, if an only L

is even and the congruence z2 = @y mod p has two solutions, one in [Fzﬂ N and
the other in [F)] _, we denote them as +./ag € F,. Then

x=p % (Vao + bip + bap® + ... ,
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where the b’s are recursively determined by ./ag, ie. by = fi (‘/ao), by =
f2 (\/%; bl) 3o and

NS

—r=—p" (\/%—l—blp—i—bgpQ—i—...)

=p 3 (p—vVao+p—1-b)p+(p—1-b)p°+...).
We now define

v ={ ko, k) € Viko > 0 and iy = Vi (k) }
Vo= {(ko,k:) € Viko < 0and kg = — w(k)}.

We call VT the positive mass shell and V'~ the negative mass shell. Therefore

V=Vt |v | |w.

Consequently, W has d\-measure zero, so fW pdA =0 for any ¢ € Dc.

3.8. The distributions oy «+.

Remark 6. Set q(ko, k) := k3 — qo(k), then
W = {(ko, k) € Zp;q(0,k) =1} = {k € Z}; —qo(k) = 1} .
A necessary and sufficient condition to have W # () is that
—qo(k) =1 mod p ie —sk?=1mod p. (13)

The sufficiency of condition (I3) follows from the Hensel-Newton lemma, see
e.g. [I7, Lemma 1]. The existence of solutions for congruence ([I3]) requires the
computation of the following Legendre symbol:

<51> {1 if congruence ([I3)) has a solution,

p —1 if congruence (I3) has no solution.
By using the fact that the Legendre symbol is a multiplicative function and that
S

5) = —1, we get that

(—5_1) —lifp=1lmodd W =10
P ) |lifp=3modde W £0.

Taking these results into account, we will set p = 1mod 4 from now on, so W = ().
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We set 0y = § (q — 1) as before. The characteristic functions 1y,+ are locally
constant functions, so the product distributions 1y+6 (q — 1) are well-defined.
We set dy+ := 11+ (q — 1). Then

5V = 5v+ + 5\/— in D(IC

In the open subset of (@;1) defined by ko # 0, the 3-form A satisfying (@) (with
f=gq) is given by
A= dk1 N dka N dks3
2ko ’

therefore the corresponding measure is

o dadkadhy Pl
oly V]| it a0k,

If p=1 mod 4, then \/w (k) # 0 or any k € Uy, and

(Oy=,p) = /U © (i\/m, k) ﬁ for any ¢ € Dc.

for k € U,.

Remark 7. Take a € IF?; satisfying q(@) = 1 mod p. Since Vq(a) # 0 mod p, by
the Hensel-Newton lemma, see e.g. [I7, Lemma 1], there exists b € Zg such that

q(b) = 1 and b = @ mod p. This b is not unique. We now define the following
tubular neighborhood of V:

4
By= || b+pz,
Ee]F;
q(@a)=1 mod p

where implicitly we are choosing for each @ € Fﬁ a point b in V. Notice that
Eyv # 0. Indeed, the solution set of the equation k3 — sk = 1 mod p contains

the set A := {(1,0,%,v);w,v € F,}, and the gradient satisfies the condition
Vq(y) # 0 mod p, for any 7 in A.
Lemma 3. Let b = (bo, b1, b2, b3) € V, with by € Z,; . Then

(0(a(k) = 1), (k) L2(pl[k = bllp)) =

p_g/ ¢(b0 +pf(0) Ul,UQ,Ug), bl +pU1; b2 +pU2, b3 +pu3)du1du2du3)
Zy

where f(0,u1,us,u3) is a p—adic analytic function on the ball Zg.

Proof. Recall that

lath) = b, e el =l = /Vﬁ(bJr 74) (b(k)%
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Now, by changing variables as k = b + pz,

(6(a(k) — 1), 6(k) 2(p[lk — bll,)) = p~° /{ e AP, (1)
q(b+pz)=1}NZ}

where we are assuming that zg is an analytic function of the variables z1, 2o, z3.

We set
qb+pz)—1

p
Then Jacr(2) = 2by+2pzo = by # 0 mod p, by [21], Lemma 7.4.3], F gives rise to
an analytic isomorphism from Zf) into itself which preserves the Haar measure,
in this coordinate system {q(b+pz) = 1} NZ; becomes {ug = 0} x Z2, and ({I4)
takes the form

u= F(z), with ug = ,u; = z; for i =1,2,3. (15)

(6(a(k) = 1), o(k)2(pllk = bllp)) = (16)

pfg/ é(bo + pf(0,u1, u2, uz), by + pui, ba + pua, bz + pusz)duidusdus,
3

where f(0,u1,ug,us) : Zg — Zy, is a p—adic analytic function.

Remark 8. Let us comment about some related results.

(i) In the case by € pZ,, by € Z, , a calculation similar to the one done in the
proof of Lemma [3] shows that

(0(a(k) — 1), 6(k)2(pllk = bllp)) =

p3 [ ¢(bo + puo, b1 + pg(uo, 0, uz, us), ba + pus, bs + pus)dugdusdus,
z3

where g(uo, 0, ug, us) : Zg — Zyp is a p—adic analytic function.
(ii) In the case by € pZy, b1 € pZy, ba € ), we have

{a(k) = 1} N [pZy x pZy % [by + pZp] X [b3 + pZyp)] =
{p (pk§ — spki — k3 + sk3) = 1} N [Zy X Zy X [by + pZy) X [b3 + pZp]] = 0.

A similar result is valid in the cases where by € pZy, b1 € pZy,ba € pZy,
by € Z,;, and where by € pZy, b1 € pZy,bz € pZy, bz € pZy.

3.4. Fundamental solutions. The existence of fundamental solutions for opera-
tors g o is closely related to the meromorphic continuation of the Igusa local
zeta function attached to the polynomial q — 1, which is the distribution defined
as

(la—1[3,0) = /(@4\‘/ lq(z) — 1[30(z)d*x for Re(s) >0, and 6 € Dc.  (17)

Here we use that for a > 0 and s € C, a® = e*!"%. Integrals of type ([7) admit
meromorphic continuations to the whole complex plane as rational functions of
p~*%, see [21] Theorem 8.2.1].
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For further calculations, we rewrite (7)) as

(la() — 15.6(z)) = /Q ILCRCS / la(z) — 120(x)d"

=:(Ip(s),0) + (I1 (s),0).

A fundamental solution E, . for operator U, is obtained by computing the
Laurent expansion of the local zeta function |q—1[; at s = —a, see [67, Theorem
134]. Indeed, if

lg—1]; = Z cj(s + ), where ¢; € D, with — jo € Z, (18)
J==Jo
then qua = ¢cp.

Note 5. Given two subsets A, B in (@;‘;, we denote the distance between them as

dist(A,B):= _inf |lz—y],.

r€A, yeB

Lemma 4. For any 6 € D¢, the function (Iy (s),0) is holomorphic in the whole
complex plane.

Proof. The result follows, by using a well-known result about the analyticity of
integrals depending on a complex parameter, see [2I, Lemma 5.3.1], from the
fact that there exists a positive constant € = € (q), such that

lq(z) — 1|, > ¢ for anyzG@f,\Ev. (19)

If ([9) is false, there exists a sequence {yn },,cy in @)\ By such that [q(y,)—1], —
0 as n — oo, which means that

dist (V,Q, \ Ey) =0, (20)
because, since V' is compact, there exists o € V such that

o (VO ) = =l =t 900

The assertion 20) is not true. Indeed, since V' is compact and Qy \ Ey is
closed (because By is open and closed), we have dist (V,Qj \ Ev) > 0.

Remark 9. Notice the following computation:

= z) — 120(x)d*z = z) — 1120(z)d*z
(11(s),0) = /E )~ 10 3 /W;m() 136(x)d

beF?
q(b)=1 mod p

Y / la(b+ pz) — 1200 + pz)d*

- Z
~ beFs P
q(b)=1 mod p

=p Y (I(s).0). (21)

beF4
q(®)=1 mod p
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Lemma 5. With the above notations and setting

Iy(s) = Z cj (Iy, @) (s + @), where cj (I, o) € D,
j=0

forb € Fé, q(b) = 1 mod p, the coefficient co € D¢, in expansion {I8) is given by

@mm:iéAE 9@) —15°0@)d s+ S (eo (Ina),6).

beFs
q(P)=1 mod p

Proof. The formula follows from Lemma [ and Remark

We now compute the coefficients ¢q (I, ) for some bs, the calculation of the
missing cases is similar to the one presented here.

Lemma 6. Assume that by Z 0 mod p. If o # 1, then

(co (Ip, ) ,0) = p‘l/z |u0|;a(@b(u0) — 6,(0))dug + %@AO),

where Oy = T1, o (0) € Dc(Qp), and Ty, o is a linear operator from De (Qp)
into Dc (Qp), and

0, (0) = p*(3(a(k) — 1), 0(k)2(pllk — bl],))-

In addition,
pr(l—p7 ")

(1VCO (Iba a) 79) = 1— p_1+a

65(0). (22)
If a =1, then

(c0 (11).0) = | ol (€1(u0) = O4(0))tus ~ L5=64(0).

Moreover,

(veo (I, 1),0) = ~2264(0). (23)

Proof. By changing variables as u = F(z), see ([IH), we get

(1,0) = [ la+p2) =100 0+ p2)a
=p° /Z4 |u0|;9(b0 +pf(uo,...,us), b1+ puy, ba +pug, bz + pus)dugdui duadus
where f(ug,...,us) is a p—adic analytic function on Zﬁ. Set

Op(ug) =

/ 0(bo + pf(uo, ..., us), b1 + pui, by + pua, bz + pus)duidusdus,
Z3\D
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where D = {by + pf(uo,...,us) = 0}. Then Oy(ug) € D¢ (Q,) and 6,(0) =
p3(2(pllk — bl|,)d(q(k) — 1),0(k)), see (IB). Notice that for ug given, the set
{bo + pf(ug,...,us) = 0} has measure zero, and that by + pf(uo,...,us) is
locally constant in ug on Zg \ D, this last fact is verified by using the p—adic
Taylor expansion, see e.g. [48]. Therefore

—s(]

(1(60.0) = 7 [ Tuolg(@ntu0) — €0 + LT Do) (2

If a # 1, then (co (Ip, @) , 0) is obtained by replacing s = —« in (24)). In the case
a = 1, the computation of (¢ (Iy,1),0) is achieved by computing the Laurent
expansion of (I;(s),8) around (s + 1), which follows from the formula:

psﬂ—pl):(p—l) 1 p-1

1—p-i-s Inp ) s+1 2

+O0(s + 1),

where O(s+1) denotes a holomorphic function. Finally formulae (22)-(23) follow
from the fact that in the coordinate system (uo, . . ., us), up = 0 is a local equation
of V.

Remark 10. Lemma [0l is valid for general b, but there are small variations in
the formulae for the cg (I, a)s. In the case by = 0 mod p, by # 0 mod p, the
statement of Lemma [l and the corresponding proof are similar to ones presented
here, see Remark[8 We outline the calculations for the case by = 0 mod p, by =0
mod p, by # 0 mod p. In this case, we use the following change of variables:

b -1
u= G(z) with ug = 29, U1 = 21, us = %, U3z = 23.
p
Then
1 0 0 0
0 1 0 0 1 Ou
Jacg(z) =det | 1 guy 1 0w 1 dus 1 dus | = _2—2 = =2 (b2 + p22),

p2 0zp p2 Oz1 p2? Oz p2 Oz3 p 0z

0 0 0 1

and thus Jacg(z) = —2by = by # 0 mod p, and by Lemma 7.4.3 in [21], G
gives rise to an analytic isomorphism from Zﬁ to itself which preserves the Haar
measure. By changing variables in integral (I,(s),0), we get that

(Ib(s)a 9) =

p—28 / |uQ|;9(bo + pzo, b1 + puq, ba —l—ph(uo, .., u3),bs +pU3)dU0dU1dU2dU3.
Zy

Now the calculations proceed as in the proof of Lemma [d] .

Remark 11. Set &;(z) := p* Q(p*||z||,). We recall the definition of the product
of two distributions: given F,G € D¢, their product is defined as (F - G,¢) =
limg 00 (G, (F %35 ) ), if the limit exist for all ¢ € De. If the product F'- G exists
then the product G - F' exists and they are equal.
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Lemma 7. (|q — 1|56(q — 1),9) = 0 for any ¢ € Dc and for any a > 0.

1]\-_’Iroof. By Remark [Tl (|q —1|50(q —1),9) = limg 00 (6(q — 1), (lg — 1|5 * 6x)1).
ow

(=113 =60 =™ [ Jat) - 13"y
x+prZ2

Since V' C Zﬁ has measure zero, we may assume without loss of generality that
x ¢ V. Now, if z € Z} then q(z + p*z) — 1 = q(z) — 1+ p* A, with A € Z,, and
q(x) — 1 # 0, then by taking k sufficiently large, we have |q(z 4 p*z) — 1% =
lg(z) — 1[5}, consequently (|q — 1[5 * dx)(z) = |q(z) — 1[5 for k sufficiently large.
Finally, (Jq—1[56(q—1),%) = (6(q4—1),|q—1[5¢) = 0 because supp §(q—1) = V.
Remark 12. For any locally constant function £, it holds that hlqg—1[5d(q—1) €
D¢, see e.g. [53, p. 126, Proposition 3.16]. Then (hlq — 1[50(q — 1),%) = (|q —
130(a — 1), hp) = (6(a — 1), [q — 1[7hep) = 0 for any ¢ € De.

Remark 13. Let us make some comments about orthogonal invariance in this

setting.
(i) Let ¢ € D¢ and let T' € Di.. We define the action of A € O (q), by putting

(Ap) (z) = ¢ (A7 ),
and the action of A on T, by putting

(AT, p) = (T, /1_1<p) .

We say that T is invariant under O (q), if AT =T for any A € O (q).

(ii) T is invariant under O (q) < T is invariant under O (q). We first notice
that by using B (A~y, A7'k) = B(y, k) for any A € O (q), we have

(1755) k) = /@ o (B ) (A7) () )
— [ (B (n)du@) = [ o (B4 47 (40)) 0 () du ()
Qs Q3

P

— [ X (B AR) o ) du(0) = B (4R).

ie. (m) = A7'%. Now, assuming that AT = T for any A € O (q), we

have

(AT.0) = (T.4719) = (T.477%) = (T.4719) = (AT, §)

=(T,9) = (T,9).

Here, it is worth to mention that our definition of Fourier transform using

the bilinear form B plays a crucial role.

(iii) By a result of Rallis-Schiffman, the distribution §(q—1) is the unique (up to

multiplication by complex constants) distribution supported on V invariant
under O (q), [41].



22 M. L. Mendoza-Martinez, J. A. Vallejo, W. A. Zuniga-Galindo

Theorem 1. There exist fundamental solutions Ey . for operators g . which
are invariant under the action of O (q). Furthermore, the distributions Fqq
satisfy the following:

()

F(Bga) = F(Eqq) +Co(a - 1), (25)
where C is a non-zero complex constant and F(EY ), 6(q — 1) are distri-
butions invariant under O(q).

(i)
1y F(Eq,a) = Co(q—1). (26)
In particular, the restriction of F(Eq,a) to V is unique up to multiplication
for a non-zero complex constant.

Proof. The existence of fundamental solutions for operators Lg  is guaranteed
by Theorem 134 in [67]. If Ega is a fundamental solution for O o, then, by

Lemmas 2, [} EY ,+CF~"[6(q — 1)] is also a fundamental solution for any non-
zero complex constant C. Therefore, the Fourier transform of any fundamental
solution may be written as

FEqol = F[Eq.] +Co(q—1), (27)

for some fundamental solution Eg@ and some non-zero complex constant C.

Remark 14. In fact, if there is another fundamental solution Eéw of g,a, in-
variant under O (q), satisfying
FEqal = F [E} ] +Cd(qa—1), (28)

then from 27) and (28) we get that F [E] , — Ef .| is a distribution supported

on V and invariant under O (q), and consequently F [E[La — Eg,a] =Cho(q—1),
for some constant Cp.

By Lemmas [B Bl and Remark [I0, there exists a fundamental solution E°

4,0
such that F [Eg,a] is a linear combination of distributions of any of the types

/ la(z) — 1;°0(z) d'z or p° / ol (4 (o) — ©5(0)) duo,
Qi\Ev Z

D

with Op(ug) defined as in Lemma [ In addition, we have
1y F [E] ] =0 in D:(Q)).

The rest of assertions announced follows from Remark [[3] by the following as-
sertion:
Claim. The distribution E9

4.0 18 invariant under O (q).
We first note that

Alg — 1], = |qg — 1|, for any A € O (q), and Re(s) >0, (29)
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because q (A_ly) = q(y) for any A € O (q), and any y € Qfg. Now, we rewrite

) s
(la—105,47 ) = (Jla—1[3,¢) for A€ O(q), ¢ € Dc, and Re(s) > 0,

and use that A1y € D¢ for ¢ € D¢, and that the distribution |q — 1], admits a
meromorphic continuation to the whole complex plane to conclude that (29]) is
valid for any s. We now recall that F [Ef;,a} = co € D, where

(|q - 1|;a(p) = Z (C_j,(P) (S + a)j = (/1|C| - 1|Za (,0) = (|q - 1|Z’A_1(‘0)
Jj=—Jo
S (e A7) st o
Jj=—Jo

then (co, ) = (CO,A_lga), which implies that ¢g is invariant under O (q), and
consequently, Ey , is invariant under O (q).

4. Klein-Gordon type operators acting on H,

Lemma 8. Let f(k) € Qplko, k1, k2, k3] be a non-constant homogeneous polyno-
mial of degree e and o > 0. Then there exists a positive constant A = A(f, )
such that

I§(k) — 1[5 < A[R]s™ for k € Q.

Proof. We first note that [f(k) — 1] < [max{|f(k)|p,1}r. We now use that
f(k)]p < C(f) [K]¢ for k € Qy, to obtain

[§(k) — 115 < [max{C () []5, 1}]” < [max{C (), 1}]* [max [[k]5, 1]]"
= A[K]5®.
Remark 15. For a € R, we set [a] := min{y € Z;y > «}, the ceiling function.
Lemma 9. The mapping
Oga t Hoo(K) — Hoo(K)
h o = Ogah

is a well-defined continuous linear operator between locally conver spaces.

Proof. Take K = C. Let us first prove that [,  is a well-defined linear operator.
Let h € Hi414a7(C), then by the Lemma B with e = 2, we have

Ot = [ 651 CochPa'h = [ iehjat) ~ 13Tk

sc/
Q

€l n(k)Pd 'k < C/@4 €It e n(k) Pk = CIAIIZ, o

4
P P
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By Lemma [I}(i), Oq,oh € Hi(C), i.e. Oy o is a well-defined, linear, and continu-
ous operator from Hy 1447(C) into H;(C) for any [ € N. In turn, this implies that
Oq,q is a well-defined linear operator from Ho (C) into Hoo (C). To establish the
continuity, we use the fact that (H(C),d) is a metric space. Take a sequence

{©n}tnen C Hoo(C) such that @, A ©, with ¢ € Hoo(C), which is equivalent to
say that ¢, Il @, for all r € N. Take [ € N and ¢, ¢, € Hj414a7(C), then by
the continuity of Ug o : Hiy4a1(C) — Hi(C), we have Og an 1 Og,a¢, and

since [ is arbitrary in N, we conclude that [ o¢n 4 Ug,atp-

We know turn to the case K = R. Since (Og,a¢)(z) = ({q,0¢)(z) for ¢ €
Hoo(R), the statement is also valid in Hoo (R).

Remark 16. The preceding lemma remains valid if we replace |q(k) — 1[5 by
g ([klp)la(k) — 1[5, where g : Ry — C is any continuous function.

Remark 17. We recall that V is a p—adic compact submanifold of Zé; of codi-
mension one. We denote by dA the measure corresponding to the distribution
d(q—1) as before. Then (V,B(V),d)\) is a measure space, where B(V) is the
Borel g-algebra generated by the open compact subsets of V', and thus the space
LZ (V,d)) is well-defined.

Proposition 1. The mapping
R:H(C) — L& (V*,dN)

o= fly
determines a well-defined operator satisfying

HR(f)HLg(V+,d>\) <C Hf”l (30)

for any 1 € N. Consequently, R induces a continuous operator from Hoo(C) into
LZ (VT d)N).

Proof. Since D¢ is dense in H;(C) for any I € N, in order to prove (B0) we may

assume without loss of generality that f € D¢ and that fA |+ is not the constant
function zero. Notice that

||R(f)||ig(v+,d,\) /U ’f( w(k),k)fm

; (31)

p

where ’ w (k)‘ # 0, cf. Remark [6l For m € Q,', we set
p

Vin = {(ko, k) € Qp;q (ko, k) =m} .

We recall that q (ko, k) = k3 —qo (k). Then V,, is a p—adic compact submanifold
of Q) of codimension one. In the case in which V;, # 0, we denote by dX (m)

the measure on V;, induced by the Gel’fand-Leray form on V;,. Then dkod®k =
dX (m) dm, where dm is the normalized Haar measure of Q.
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Claim C. For f (ko, k) € D¢, the R-valued function defined by

/X/ (ko, k d)\ (m)dm

is in Dr (Qp) and
1£1l5 = / } (ko, k) dk0d3k_/x/ (ko, k d)\(m)dm. (32)

This claim is a very particular version of a general theorem on integration over
the fibers in the framework of p—adic manifolds, see [2I] Theorem 7.6.1].
Claim D. There exists a positive constant Cy such that

115> o [ |7 (vetmE)] L (33)

] w(k)’p

Estimation (30) follows from (BI)-(33). The fact that operator R extends to
Hoo(C) follows from (B0), by using a classical argument based on convergence
of sequences due to the fact that the topology of Ho.(C) is metrizable.

Proof of Claim D. In order to prove the Claim we proceed as follows. We
set Gy == 1+ pMZp, for M > 1. Then Gy is a multiplicative subgroup of
the group of squares of Q. This is a compact subgroup so its Haar measure,
denoted as vol(G ), is finite. Now, we notice that

// (ko, k)| @A (m dm>// (ko, k d)\(m)dm

~ 2 d3kdm
[ ] |ftm. kz)\ S
Gyv SV

- (34)
Im + qo (k:)IE

We now use the fact that
Claim E. The mapping
\/T: GM — G]M
m — vm

and its inverse are p—adic analytic functions, for M sufﬁmently large.
We change variables in the last integral in (4] as yo = \/—, y = \/—, then

dkod® k = dyod®y and

-~ 2 AP kdm
/GM / | tm) m + g0 ()|

= [ [ [ . i) [
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Finally since fis locally constant and /m is a unit for every m € Gy, we have
for M sufficiently large that

~ 2 ddydm ~ 2 ddydm
J T Ny e
G]y[ 1% GZ\/I 1%
2 d3y

11+ qo (y)|2 11+ g0 (y)|2

> vol (G /

v+

’f(y()vy)‘ m

Proof of Claim E. )
We first notice that (1 +pMZp) =1+ 2pMZp =1+ pMZp for M > 2, see
Lemma 8.4.1 in [21]. This means that the mapping

Gy — G
. o (35)

is well-defined and surjective. Then for any m € Gy, the equation 22 = m

has a solution y/m in G ;. Notice that there is another solution —y/m = —1 4
(higher order terms) which does not belong to Gjs. Consequently the mapping

GM—)GM

m — /m (36)

is well-defined. The fact that the mappings ([B3)-(B8]) are p—adic analytic follows
from the implicit function theorem.

Remark 18. The preceding Proposition remains valid if we replace R(f) = flv+
by R(f)(k) = g ([k]p) f(k)|y/+, where g is any continuous function ¢ : Ry — C.

Lemma 10. There exist a positive constant C' such that

1

— < C forany k € Q3.
11+ aq0(k)l, g

Proof. The hypothesis p = 1 mod 4 implies W = {k € 7314 qo(k) = 0} =0,
see Remark

Claim A. |1+ qo(k)|, > C1 for any C1 € (0,p) and for any [|k|, > p.

We recall that qo(k) and q(ko, k) are elliptic quadratic forms and that

[90(K)|, = [a(0, k)|, = ( inf, IUI(O,w)Ip) 1E[l; = p~|[K|l} for any k € Qp, (37)
TEOH

see ([2). Now, p~'|k[|2 > 1 if and only if ||k, > p, and by applying the
ultrametric property of the norm || - ||, we get from [B7), that for ||k, > p,

1+ qo(k)], = max {1,q0(k)} > p~"[[l; > p > C; for any C € (0,p).

Claim B. There exist a constant Co such that infxezz [1 + qo(k)[, = Co > 0.

This assertion follows from the fact that |1 + qo(k)|, > 0 for any k € Z3. The
statement of the lemma is a consequence of Claims A and B.
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Lemma 11. The mapping
R: L (Q3,d%x) — LE (V*',d))
g e
satisfies | R(g)| 2 v+ any < C ||g||L%(Q3 @z)" Here g (k) denotes the 3-dimensional

Fourier transform is defined with respect to the bilinear form —9Bo (x,y) =
—ST1Y1 — PT2Y2 + SPT3Y3-

Proof. The results follows from Lemma [I0] by using that [kol, = ’\/w (kz)‘
P
11+ qo(k)|? for k € Uy

Remark 19. Some observations about the functional spaces involved here:

(i) Let X be alocally compact totally disconnected space. We denote by D¢ (X)
the C-vector space of locally constant functions with compact support. We
recall that V' C @} is an open and compact subset, then Q3 \ V™ is open

and closed subset, and thus V* and Qj \ VT are locally compact totally
disconnected spaces. The following exact sequence holds:

0 — Dc(VT) = De(Q,) — De(Q, \ V) =0, (38)

see e.g. [21] p. 99].
(ii) It is well-known that the C-space of finite-valued simple functions is dense

in LZ (V*,d)). By using the fact that d\ = ‘dﬁ is an inner regular

measure, one can show that any finite-valued simple function can be approx-
imated in the LZ (VT d))- norm by an element of D¢(VT). i.e. De(V'T) is
dense in LZ (V1,d\).

(iii) The mapping

LE (Qq,d'k) B LE(V*,d))

f — .]?|V+

is a well-defined continuous mapping, more precisely,

17 1v+]

<o

. . Clfllz(gsamy-  (39)
Indeed, ([B9) holds when fe Dc(Qj) and f |y+€ Dc(VT), see Claim D,
then (B9) follows by the fact that De(VT) is dense in L2 (V+,d)\) and that
Dc(Q}) is dense in LE (Q, d*k).

Remark 20. Regarding the spaces of integrable functions introduced in the pre-
ceding Remark, we note the following.
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(i) We have the following sequence:

L2 (VhdN) < L2 (Uy,d*k) — L2(Q%d%k),

where ‘—’ denotes an isometry. The mapping J is defined as
5 k)R

[ w(k) k) S DEELT
Vem,

ke U,.

Since Uy C Qg is open and compact, any function f : U; — C can be
extended to (@13) by putting f | @U, = 0. It is known that L% ( f’),dg’k)
admits a countable wavelet basis, see e.g. [2] Theorem 8.12.1], consequently

LZ (V*,d)) is separable.
(i) Since LZ (Qp,d*k) and LZ (V*,d)) are separable spaces, we have

n
2 4 4 12 4 4
Q12 (') =12 (0fr [T ).
j=1
and

QLE (VT,an) =Lz | (V)" T]dN |

j=1 j=1

where each d'x; denotes a copy of normalized Haar measure of @;, an

each d)\; denotes a copy of the measure d\.

(iii) Take 6"V (y, 21, ..., @,) € L2 (Q4, d*y) Q L2 ( an, 1‘[1 d4:cj>, then
e

2 n
/ /’9(n+1) (yazla"'v:rn) dA (y)Hd4z] <

Qin vV Jj=1
2 n 2
n+1 4 4 n+1
c//]m D (y2r,.. )| dy [ d :Ej:CHG( + >‘L2 ot
Qi Q} =t i=t

This result follows from Claim D, by using Fubini’s theorem.

Lemma 12. For f € LZ (V*,d)), we define Ty+ (f) € Dg by

(Tv+ (f),9) = | f@)p(x)dA(z) for ¢ € De.

V+

Then we have the following sequence of continuous mappings:

Hoo (C) B L2 (V*,dN) Y 9 (),

where the map R is defined as in Proposition [

N
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Proof. The support of Ty + (f) is compact since it is contained in V', which is
a compact subset of Qé. The Fourier transform of Ty + (f) in D¢ is the locally
constant function

Fo) = [ 3Bk faanta).

for a similar calculation the reader may see, for instance, [2, Theorem 4.9.3].
Now, identifying f with the induced distribution Ty +f on V*, by using the
definition of H%, (C) (see (8)), the Cauchy-Schwartz inequality, and the fact
that [, (k] d*k < oo for I > 5, we have

2

I9120= [ o7t Fo atk = [ 7 [ e B r@an @)

<) [ 1#@Pdr @) = OO 12 v

which implies that Ty + (f) € Hi, (C).

5. Free non-Archimedean quantum fields

5.1. The Segal quantization. We start by reviewing some well-known fact about
quantization. For an in-depth discussion the reader may consult [511[44], see also
[BT3B3.52] for more physically-oriented approaches. Our presentation follows
closely the book of Reed and Simon [44]. In particular, our notation mimics the
one used in that book. We set H = L2 (V,d\) and denote by (-,-) the inner
product of H. We assume that (f,ag) = a{(f,g), for « € C, and f, g € H.
We define the Fock space over H as F(H) = @22 H™, where H(W = Qp_H,
by definition H(®) = C. We denote by S,, : H(™) — SH™, the symmetrization
operator, and define S = &5 ,S,,, see [43] Section II.4]. The symmetric Fock
space over H (also called the boson Fock space over H) is defined as Fs(H) =
@ZO:OHEM, where Hﬁ") = S, H™ . We call H§”> the n-particle subspace of Fs(H).
We use the same symbol (-, -) to denote the inner product of F(H).

We now fix a vector f in H. For the vectors of the form n = ¢ ® ... ® ¥,
we define a map b= (f) : H™ = HO=D by b= () (n) = (f,h1) 2 @ ... @ Uy.
Then b~ (f) extends to a bounded map (of norm || f||;,) of ™ in to H"~1. In
the case n = 0, we define b= (f) : H(®) — 0. The adjoint b+ (f) : H(™) — H(+1)
of b= (f) is defined as bT (f) (Y1 ® ...®Yy) = f @Y1 ® ... ® 1. The map
f — bt (f) is linear, but f — b~ (f) is anti-linear.

The boson Fock space is invariant under b~ (f) but not under b (f). A vector
S {w(")}neN € §s(H) is called a finite particle vector if ¢, = 0 for all but
finitely many n. The set of all finite vectors is denoted as Fy. We set the vector
Yo =(1,0,0,...) to be the vacuum.

Let A be a self-adjoint operator on ‘H with domain of essential self-adjointness
D.Let Dy = {w € Fy; 9™ ¢ ®p_1 D for each n} We define the operator I" (A4)

(the second quantization of A) on Dy N H§”> as

ARI® - QI+IRA® - @I+ +1IRI®---Q A,
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where I is the identity operator. The operator I' (A) is essentially self-adjoint
on Dy. In the case A = I, the second quantization N = I' (A) (the number

operator) is essentially self-adjoint on Fy and for ¢ € Hg"), N¢ =neo.
The annihilation operator a™(f) on §s(H) with domain Fp is given by

a (f)=vN+1b (f).
For ¢, n in Fy,
(VNFTb(H,n) = (0, 56" (VN + 1),
which implies that
(@™ ()" Ir= ST (HVN +1,

where ‘+” denotes the adjoint operator. The operator (a~(f))" is called the cre-
ation operator. Both a=(f) and (a=(f))" [, are closable, the corresponding
closures are denoted as a™ (f) and as a= (f)*

Definition 2. For f € H, the Segal quantum field operator ®s on Fy is defined

Bs(f) = %[a’(f) +a(f)"]. (40)

The mapping from H into the self-adjoint operators on §(#) given by f —
P(f) is called the Segal quantization over H. Notice that the Segal quantization
is a real linear map.

Remark 21. By using the fundamental properties of the Segal quantization, see
[44] Theorem X.41 |, we obtain the following facts (among others):

(i) For each f € H, Ps(f) is essentially self-adjoint on Fp.
(ii) The commutation relations: for each ¢ € Fy, and f, g € H,

Bs(f)Ps(9)v — Ps(9)Ps(f)v = V—1Im ((f, 9)) ), (41)

that is, [®s(f), ®s(g)] = v=TIm ((f, g)) I, on Fy.

5.1.1. The free Hermitian field of unit mass. We define for each f € Hoo (R),
() = Bs(RS),
with R defined as in Lemma [[1] and for each g € Ho (C),
P(g) = P(Reg) + vV—1&(Imyg). (42)
We call the mapping g — ®(g) the free Hermitian scalar field of unit mass.

Remark 22. By extending the mapping R as in Remark [I§ the field f — &(f)
remains well-defined. We emphasize that the presence of R (in any of its forms)
means that we are working on-shell.
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5.1.2. The p-adic restricted Poincaré group. As we do not have the structure of
light cones available, we must choose a substitute for them. Here we will base
our treatment on the mass shells V*.

We define the p-adic restricted Lorentz group as

£l ={Ae0(q;A(VE) =V*}.

This group is non trivial since transformations of the form
10
{%F}EOMﬁFeomw}

belong to El. A further justification for choosing V* as a replacement for the
light cones comes from the fact that the distributions 61 (q — 1) are invariant

under [,1, see [67, Lemma 163].
We define the p-adic restricted Poincaré group 7)1 as the set of pairs (a, A),
where a € Qf) and A € El, with the group operation

(a, Al) (b, AQ) = (a + Alb, A1A2> .

The group ’Pl acts naturally on (@; by setting (a,A)x = Az 4+ a. With
the topology inherited from (@;‘), H-||p), El and 7)1 become locally compact
topological groups.

On LZ (V*,d)), we define the following projective representation of the re-
stricted Poincaré group:

(U (a, 4)9) (k) = xp (B(a, k) ¢ (A7'K) . (43)

5.2. The p-adic Wightman azioms. We present here a p-adic counterpart of the
classical Wightman axioms, see e.g. [51144], and references therein. We use units
where the rationalized Planck’s constant and the speed of light are equal to one.
We take H = F,(LE (VT,dN)), = I (U (-,-)), with U (-,-) being defined as in
@3), @ as in {@2), and D = Fy. A p-adic Hermitian scalar quantum field theory
is a quadruple {H, 4, ®, D} which satisfies the following properties:
Relativistic invariance of states. H is a separable Hilbert space and L (-, -)
is a strongly continuous unitary representation on H of the p-adic restricted
Poincaré group.

Spectral condition. We define the closed forward semigroup S(V*) as the
topological closure of the additive semigroup generated by the vectors of V.
Notice that since V* C Z?}, S(V+) is a compact subset of Zy. Furthermore, since

£ (Vt) =Vt we have £1 (S(Vﬂ) = S(V*). The p-adic counterpart of the
spectral condition is the following: there exists a projection-valued measure Ey +
on Qﬁ corresponding to (a, I') having support in S(V ).

Remark 23. In the classical case by using a Stone type theorem, see [43] Theorem
VIII.12], one shows the existence of four commuting operators Py, Py, P, Ps,

on a suitable Hilbert space so that {(a,I) = ¢*2%7%5 In the p-adic case, we
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do not have a complete theory of semigroups, with p-adic time, for operators
acting on complex-valued functions. For this reason, at the moment, we do not
have a definition for the p-adic counterparts of the operators Py, P;, P>, Ps, and
consequently, we do not know their spectra.

Existence and uniqueness of the vacuum. There exists a unique vector
Yo € H such that U (a,I)Ty = Tp for all a € Qé, this vector is called the
vacuum.

Invariant domains for fields. There exists a dense subspace D C H and a
map from Ho (C) to the unbounded operators on H such that:

(i) For each f € Mo (C), we have that D C Dom (® (f)), D C Dom (@ (f)"),
and @ (f)" | D= (f) | D.
(ii) 7o € D, and @ (f)D C D for any f € Heo (C).
(iii) For a fixed ¢ € D, the map f — @ (f) ¢ is linear.

Regularity of the field. For any 1 and 5 in D, the map
f= W@ (f)v)y

is an element of H (C). In the Archimedean case this is just a tempered dis-
tribution, here it turns out to be an element of H% (C), providing yet another
argument to consider this space as the correct replacement in the p—adic frame-
work of the Schwartz space S.

Poincaré invariance of the field. For each (a, A) € 771, U(a, A)D C D, and
for all f € Hoo (C), ¢ € D,

U(a, A) D (f)8(a, 4)" ¢ =B ((a,4) )2,

where
(a,4) f(x) = f (47" (z = a)).

Local commutativity. The p-adic local commutativity property states that if
f. g are in D¢ (Z), then

(@(f), @ (9 = ((f)@ (9) — @ (9) (/) ¥ =0,

for all ¥ € D. In the Archimedean case, the commutator vanishes whenever the
test functions f,g are supported on two respective spacelike-separated subsets,
that is, f(x)g(y) = 0 whenever x — y does not belong to the interior of the light
cone. This subset can be characterized as the ‘ball of radius 0’ of Minkowski
spacetime in the sense of the theory of indefinite quadratic forms (see, e.g., [20]
and references therein). Our result can be seen as the equivalent statement in
the p—adic case, with the unit ball playing this role.

Cyeclicity of the vacuum. The set Dy of finite linear combinations of vectors
of the form @ (f1)--- D (fn) Yo is dense in H.

Theorem 2. The following hold true:
(i) The quadruple
{SS(L?C (VJF, d>‘))7 r (U ('7 )) ) @, FO}

satisfies the p-adic Wightman azxioms.
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(i1) For each f € Hoo (C),
® (Oq,0f) =0.

Proof. In the proof of the first part (), we use the notation
Fs = Fs(LE (VH,dN)) = @22 o HM.

Relativistic invariance of states. We first note that §s is separable because
LZ (V*,d)) is separable, see Remark 20 (i). On the other hand, since V7T is
invariant under 51, U (-,-) is a strongly continuous unitary representation of
771 on L (VT d)), see [@3). By definition I" (U) is the unitary operator on §s
given on #(™) by ®%_,U (-,-), consequently I" (U) : H™ 5 1™ determines a
strongly continuous unitary representation of 7)1 on H{™. Notice that I’ (U) is
strongly continuous in Fp, and since Fy is dense in §s we conclude that I" (U) is
a strongly continuous unitary representation of 7)1 on §s.

Spectral condition. We show that the four parameter group I' (U (a, I)) has as-

sociated a projection-valued measure supported on S(V+). The argument needed
is exactly the classical one, see [44] p. 213]. The notion of closed forward semi-
group, which is the p—adic counterpart of the closed forward light cone, allows
us to carry out the calculations as in the classical case. We first notice that
L% (V*,d)) is already a spectral representation of U(a, I) since

(0. U@, 1)6) 2 s an) = / Xo (B (a, 1)) |0 (k) A (k). (44)

v+

Notice that if we define for ¢, § € L2 (V,d)), the set function

B—>/ B (a,k)) 0 (k) dX (k),

B being a Borel set in VT, and denote the corresponding projection-valued
measure as d(, Frp), in the case ¢ = 6, then (@4) can be rewritten as

(U@ D) e 0 = [ 0 (B (@) dlo, En)
v+

Now, since I' (U (a, I)) | H{™ = =Q®;_,U(a, D), if o™ € #{" with n > 0, then

< ),U(a,I )%

>
/V+ X (%( )) ‘@m) k)
)

/ Xp % al duw(n)()
14

‘
A) = ) (k k ’
/%(")( ) / .k.i. /‘@ V(ki,.. . kn)

2ﬁd)\(k):
k=1

n

[Tar)

k=1
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A being a Borel set in S(V1). Since A is supported on V* C S(V+) and S(VT)
is an additive semigroup, then p,m) is supported on S(V+), for any o™ € Hi”’

We now take ¥ = {W(”)}%N in §s and denote by ug the spectral measure so
that

@, I (U (a, 1)) 7) = / Xo (B (a, ) dpy (K)

then pig = Y 0" oy since I' (U(a, I)) : H™ — HM.

Existence and uniqueness of the vacuum. The argument in the p-adic case
is the same as the Archimedean one, see [44] p. 213].

Invariant domains for fields. By Proposition [ we have

Hoo(C) B L2 (V' dN) = Fy = Fo(L2 (VT dN)), (45)

where all the arrows denote continuous mappings. By using sequence (B8],
D@(VJr) C Dc(@g), and since D@(@g) C Hoo ((C), f(D@) = D¢, and D@(VJr) is
dense in L2 (V*,d)), we conclude that R(Hoo(C)) is dense in LZ (V+,d)), and
hence 52 (S, (®nR(Hoo(C))) in Fs(LE(VT,dN)).

If f is real-valued, we use that @g(f) is essentially self-adjoint on Fp, the fact
that @5(f) : Fo — Fp, and sequence ([@3)), jointly with the density of R(H.o(C))
to obtain that @(f) g, is essentially self-adjoint, and ®(f) : Fo — Fy. If f
is complex-valued, the results follows from the previous discussion by using the
definition of @(f).

Regularity of the field. Suppose that 91, 12 € Fy and that f,, — f € Hoo(C)

(i.e. fn — Il f for any | € N), with f,, real-valued. Then (B0) implies that

~ L2(v+,d>\) —~
fn |VJr ‘ — flV*a

ie. R(fn) — R(f) in §s, see sequence ([@h]). Now by using Segal’s quantization, cf.
Theorem X.41-(d) in [44], we have @ (f,) 1 — @ (f) ¢ for all ¢ in Fp, therefore

(1, D (fn) 2) = (Y1, P (f) 12) -

By treating the real and imaginary parts of f separately, we obtain that (i1, P (f) 1)2)
is a complex-valued bilinear form in Fy x Fp, and that

(41, @ (f) da)| < llioal[ |8 () Pl - (46)

We now estimate ||@ (f) 12||. By the definition of @ (f), it is sufficient to consider

that f is real-valued. By taking o = { é")} , Ty € @f) for i € {1,...,n},
nenN

y € VT, and using that

T

n+1

V2

(@ (f) )™ (21, ,20) = f( F) ™ (g, 21, ) dA (y)

(" 1) ~
xlv"' y Ly vt azn)v

mzf
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where T; means that x; is omitted, we have

|@ e, =
H
n+1 = (n 2 n
g V" =1
1 n 2 5
% / Z (‘rl) énil) (.’L'1,"' agia"' ,ZCn) Hd4xj =: Iy + I1.
=1 ol

To estimate Iy, we use the Cauchy-Schwartz inequality, estimation (B0), and
Remark 20 (iii) to get:

et

f/@rdk(y)} X

2 n
/ / §"+1) (yv'rla' o ,In) dA (y> Hd41']
v+ I
Qi J
2 n
<} [ [o5 weane on)| aty [T s,
Qi Q@ =t
2
n+1
<) IFIE |0

for any [ € N. For I, we have

2

1 . 2 o
o CLE sl oy R e

Hgnfl) 7—12"’1) :

Consequently,
16 (f) 2]l < V21If 1 [¥2] for any I € N,
which implies that

f = (Y1,D(f)12) is an element of H: (C),
see (8.

Poincaré invariance of the field. The proof is identical to that of Theorem
X.42 in [44).

Cyclicity of the vacuum. The cyclicity of the vacuum for @ (-) follows from
Theorem X. 41 (parts (b) and (d)) in [44], by using the fact that the mapping

R: DC(Qf;) — L& (V*,d)\)
R (47)
f — [ v+

has a dense range. Indeed, by using that Dc(V™) is dense in LZ (VT d)),
see Remark M3, and the sequence [38), we conclude that Dc(Qj) is dense in

L2 (V*,d)). Finally, @) follows from the fact that F(Dc(Qy)) = De(Qy).
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Local commutativity. Segal’s quantization can be performed on the field &( f),
f € Heo (C), see [44] Theorem X.41]. Local commutativity in this context means

that

(@ (f),@(@v=2(f)P(9)v -2 (9)P(f)y =0, (48)
for any f, ¢ € Heo (C) with support on an appropriate domain, and for all
¥ € Fy. Without loss of generality we may suppose that f and g in ({@8]) are real-
valued since @ is linear. Since the range of R : D¢ — LZ (V*,d)) is dense in
LZ (V*,d)\), we may assume that f, g belong to D, cf. [44, Theorem X.41-(d)].
By using the Segal quantization, cf. [44, Theorem X.41-(c) ], we have

@(f), (9= \/Tllm (Rf, R9>L%(V+7d,\) P

—31 [ {Fwae - FwFm}arce v
v+

Now, we define

Afz) = /{Xp (=B (x, k) = xp (B (x,k))} dA (k) , (49)
v+

which is a well-defined function in Qﬁ because VT is open and compact. Then

1
2. 2@ =31 [ [Aw-nf@awdady v 60
Qi Qf
Therefore, the study of the local commutativity in the p—adic quantum field
theory of a scalar field becomes the study of the vanishing of A(x) as a distribu-

tion on D¢ (Qy) x Dc(Qj). It is then enough to observe that A (z) = 0 if z € Zj,
because XP|Zp =1

Finally, to prove the second part (i) notice that, since g @ Hoo (C) —
Moo (C), see Lemma @, @ (Hg0f), f € Hoo (C), is well-defined, and since
Hoo (C) C LZ (Qp, d*k), we have F (Og.of) = [q— 13 F(f), so R(Og,af) = 0,
and consequently @ (0, o f) =0, for all f € H (C).

5.3. Conjugated fields. We take H = LZ (V+,d)) as before. Recall that (ko, k) €
V* if and only if (ko, —k) € V. By using this fact, we define

C: H — H

f(kOak) — f (kOa _k)
Then C' induces a conjugation on H, i.e. C gives an antilinear isometry satisfying
C? =1 Weset Ho :={f e H;:Cf = f}.
We recall that w (k) : Uy — @Q, is a non-vanishing analytic function. We

define
lw(k)|, ifkel,,

k) =
H) {0 if k € Q3\U,.
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Then 1 (k) € Dr(Q}).
We now define the canonical fields corresponding to C' as follows:

o (f) = % {(a= (RF))" +a™ (CRN)}, for | € Hoe(C), and
w ()= {0 kA~ 0 CuRN} . for £ € Her(©).

We call f — o (f) the canonical free field over Heo of mass 1, and f — = (f)
the canonical conjugate momentum over He of mass 1. These maps are complex
linear and ¢ (f), = (f) are self-adjoint if and only if Rf € He.

The distribution § (zg — to) g (x) is defined as the direct product of the dis-
tributions 6 (zg — t9) and g (x):

0 (xo —to) x g(x) : Dc(Qp) X Dc(Qg) — C

225 i (20) 0s (&) — 325 6 (o) Jos 9 (=) b () &,

see e.g. [60]. If g € L2 (Q3, d*x), then the Fourier transform of the distribution
§ (zo — to) g () is xp (koto) § (k), where g (k) € L (Q3, d*k) is the 3—dimensional
Fourier transform with respect to the bilinear form —9Bg (x, k). By using Lemma
[IT, we can extend the projection R to the distributions of the form § (zg — to) g (),
g € L (@3, d*x), and thus we extend the class of functions on which ¢ (-) and
7 () are defined to include these distributions.

In the case ty = 0, with g real-valued, we have

(CRg) (ko, k) = Rig (ko, —k) = RG (ko, —k) = 5(—K)) =5 (k) = R (39)

Consequently, R (dg) and pR (dg) are in He, and ¢ (dg), w (dg) are self-adjoint
if g € LZ (Q},d%x) is real. We call the maps g — ¢ (0g) and g — m (dg) the
time-zero fields.

From now on, we will only use ‘test functions’ of the form dg with g €
L2 (Q3,d*x) in ¢ (-) and m (-), and write ¢ (g) and 7 (g) instead of ¢ (dg) and
7 (6g). If f and g are functions from L§ (Q3,d3x), by using Theorem X.43-(c),
we have

o). (@) w=v=T3 [ TR0 N § v, forall v e o (51

5.4. Transferring fields from §s (L(% (V+, d/\)) to §s (L% (Uq, dgkz)). We use the

notation

at (f)=(a"(f)", a(f)=(a (CS)).
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As we already mentioned, each function f(k) = f ( w(k), k) € L& (VT,d)) is
a function on U;. We take
f(VeT)k)
(Jf) (ko, k) = ———7=

Ve[

as before. Then J is a unitary isometry of L(% (V*,d)) onto L% (Uq, d3k). The
annihilation and creation operators on §, (L2 (Uq,d?k)), a(:), a' (-) are related
to a(-) and a' (-) by the formulas:

a(Jf)y=rI(J)a(f)I(J)",
at(Jf)y=r(D)d" (f)H)r)".

By using the unitary map I" (J), we carry the quantum fields over § (L% (Uq, d?’k))
as follows:

(f)=rneNrut=—-dale—LL | ia| HL

;) \vem

1
2
p

for f € Hoo(R), and

G =T (NI )" = da| LU | g | BT

2N vewl)  \jvew

for f € L2(Q?,d*x), where C = I' (J) CT'(J)~" acts by (ég) (k) = g(—k).

We drop the tilde ~, and from now on, we work with fields on § (L% (Uq, d3k)) ,
for f, g real-valued. Then, formula (&Il becomes

1
2
p

1
2
p

o (f),m(f)] = V-1 ; f(@)g(z)d’x,

which is the canonical commutation relation in L2 (Uq, dx).

5.5. Some classical calculations. In this section, we discuss in a p—adic frame
the annihilation and creation operators introduced above, to show that they
conform to the common usage in the Physics literature. We start by defining

Dy = {w;w € Fy, v € De(UZ") for all n}

and for each | € @} (we do not use bold letters for 3-dimensional vectors) an
operator a (1) on Fs (L(% (Uq, d?’ac)) = 69%0:07-[2") with domain Dy by

(a()p)™ (k... kn) =V + 100 (Lky, . k), n>0.
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The formal adjoint of a (1) is given by

(a(Z)W)(n) (kiy. o k) = %éé(l—kj)z/}("_l) (k;liéjkn)

(n)
for n > 1, and by definition (a o 1/;) (ki,...,kn) = 0 for n = 0. This
operator is a well-defined quadratic form on Dy x Dg: if 1y = {wén)} N
ne

P = { g")} € Fpy, then the quadratic form
neN

<7/)2,a(l)T 1/11> = i < ) (a () ¢1)(n)> —

n=1 Hgn)
o] 1 n -
Z—nz / O (kyy o kya, Lk, k)X
n=1 j=1

Y (ks kg K k) [ @k
i

is well-defined. The formulas

a(g)z/U

hold for all g (k) € Dc(Uyg), if the equalities are understood in the sense of
quadratic forms, i.e.

(k) g(—k) Pk and af (g) = / ot () g (k) d*k,  (52)

q Uq

(2,0 (9) Y1) :/U (o, a (k) 1) g (—k) d®k
and
nca(g)n) = [ (mat () g ().

On the other hand, since a (1) : Dy — Dy, the powers of a (1) are well-defined on
Do. Then

(o1, (1) 2) = (@ @)" ¥r,02) .

for each n, where the equality is to be understood in the sense of quadratic

forms, and
<w1,< IT o (u—)) (Ha(m) w2>
i=Ni+1 i=1
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is a well-defined quadratic form on Dy x Dy. In addition, if f; € Dc(Uy), then
the following expressions are well-defined as quadratic forms: The product

< ]___[ al (fz)) <Ha(fi)> =
i=Ni+1 i=1

/ < ]:2[ aT (k/’l)> <1_]:a (—kz)> <1_i: fi (kz)> d3k/’1 s 'dgk/’N2 5
N2 i=Ni1+1 i=1 =1

q

the number operator
N:/aT(k)a(k)d3k,
Uq
and the free Hamiltonian of unit mass,
Hy :/u(k)aT (k) a (k) dk.
Uq

Finally, by using quadratic forms on Dy we can express the free scalar field
and the time zero fields in terms of af (k) and a (k) (i.e. by using (52) with ¢
real-valued):

\/_/ \/—t—%okx) +xp( \/—t-i-%okx) ()}
A3k
|vew

d3k

- 1>
2

/{xp By (k, ) at (k) + xp (Bo (k, 2)) a (k) }

wo) = U/ o (B0 (k,2))  (8) — x (B (1,2)

5.6. A p-adic Klein-Gordon equation. In this section, we consider the inhomo-
geneous p—adic Klein-Gordon equation:

Oq,au (t,x) = h(t,x), (53)

where (£,x) € Q, x Q) and h(t,x) € Dc(Q, x Q). We use the techniques
and results of [67, Chapter 6]. By a solution (or weak solution) we understand
a distribution from Dg(Q, x Q3) satisfying (53). We denote by Ej (t,x), the
fundamental solution of (B3) obtained in Theorem [II
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Theorem 3. The following hold true:

(i) The equation
Ogau(t,x) =0 (54)

admits plane waves, this means that if (E*,k) € VT, that is, they form a

fized pair of solutions to E* = +\/w (k), then x, {—B((t,x), (E*, k))} is
a weak solution of (54).
(i) The distributions

[ {8 (w0, (Vom.x)) ﬁ+
[rofeem: (-vom) e

are the unique weak solutions of (B4l) (up to the multiplication by a non-zero

complex constant) which are invariant under El.
(111) The distributions

u(t,x; A, B,C) = Eg (t,x) *x h(t,x) +

c/ {Xp (ﬂ/w (K)t + By (k,x)) AK) + Xy (\/w k)t + By (k, x)) B (k)}

Uq
d*k

X —

|V )

P
where C is a non-zero complex number, and A (k), B (k) € Dc(Q}), are
weak solutions of (23).

Proof.
(i) Since Fi. ', (0 (ko — E* k — k) = x, {—B((E*, k), (t,x))}, the condition

k—x
E* = 4+,/w (k) implies that kT = ++/w (k), so & (kg — E*,k — k) is sup-
ported on V* C V. The result follows from the fact that the weak solutions
of (54) are exactly the distributions from D (Q, x Q3) whose Fourier trans-
form is supported on V, see [67, Lemma 169].

(ii) The distributions of the form Cdy, for C € C*, are the unique solutions of
(B4) which are invariant under O(q), see [67, Lemma 169] and [41], Propo-
sition 2-2.]. By writing Céy = Cdy+ +Céy - in Di(Q, x Q3) and using the
fact that 6+ are invariant under £} = {4 € O(q); A (V¥) = VF}, see [67]
Lemma 163], we conclude that Céy + + Cdy, - are the unique weak solutions
of (54) which are invariant under El. The announced formula follows by
computing the inverse Fourier transform of §y, .

(iii) The result follows from the second part by using Theorem [
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Remark 24. Notice that ’\/w (k)’ A (k),
P
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Vw (k)’ B (k), are test functions, and
P

also

p

&k
:U/qxp (Ve ()t — Bo (k%)) B (k) W

’
p

so the unique weak solution of Oy 4u (¢,x) = 0 (with C = 1/1/2) invariant under
EI_ corresponds to the free scalar field @ (¢,x), with a (k) = ’\/w (k)‘pA k),

a/T

(k) = ‘\/w(k)} B (k). As we have seen, these solutions can be quantized
P

using the machinery of the second quantization in such a way that Wightman
axioms are satisfied.
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