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ABSTRACT. In the article we discuss an approach to cohomological invariants of
algebraic groups based on the Morava K-theories.

We show that the second Morava K-theory detects the triviality of the Rost
invariant and, more generally, relate the triviality of cohomological invariants and
the splitting of Morava motives.

We compute the Morava K-theory of generalized Rost motives and of some affine
varieties and characterize the powers of the fundamental ideal of the Witt ring with
the help of the Morava K-theory. Besides, we obtain new estimates on torsion in Chow
groups of quadrics and investigate torsion in Chow groups of K (n)-split varieties. An
important role in the proofs is played by the gamma filtration on Morava K-theories,
which gives a conceptual explanation of the nature of the torsion.

Furthermore, we show that under some conditions if the K (n)-motive of a smooth
projective variety splits, then its K (m)-motive splits for all m < n.
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1. INTRODUCTION

The present article is devoted to applications of the Morava K-theory to
cohomological invariants of algebraic groups and to computations of the Chow groups
of quadrics.

1.1 (Cohomological invariants). In his celebrated article on irreducible representations
[Ti71] Jacques Tits introduced the notion of a Tits algebra, which is an example of
cohomological invariants of algebraic groups of degree 2. This invariant of a linear
algebraic group G plays a crucial role in the computation of the K-theory of twisted
flag varieties by Panin [Pa94] and in the index reduction formulas by Merkurjev, Panin
and Wadsworth [MPWO96]. Tt has important applications to the classification of linear
algebraic groups and to the study of associated homogeneous varieties.

The idea to use cohomological invariants in the classification of algebraic groups goes
back to Jean-Pierre Serre. In particular, Serre conjectured the existence of an invariant
of degree 3 for groups of type F, and Eg. This invariant was later constructed by
Markus Rost for all G-torsors, where G is a simple simply-connected algebraic group,
and is now called the Rost invariant (see [GMSO03]).

Moreover, the Serre-Rost conjecture for groups of type F, says that the map

He(FFa) = Hy(F,Z/2) ® Hy(F,Z/3) © He(F,Z/2)

induced by the invariants f3, g3 and f5 described in [KMRT, §40] (f3 and g3 are the
modulo 2 and modulo 3 components of the Rost invariant), is injective. The validity
of the Serre-Rost conjecture would imply that one can exchange the study of the
set HL(F,F;) of isomorphism classes of groups of type F; over F (equivalently of
isomorphism classes of Fy-torsors or of isomorphism classes of Albert algebras) by the
study of the abelian group H3(F,Z/2) & H3(F,Z/3) ® HZ(F,Z/2).

In the same spirit one can formulate the Serre conjecture 11, saying in particular that
HL(F, Eg) = 1 if the field F has cohomological dimension 2. Namely, for such fields
H"(F,M) =0 for all n > 3 and all torsion modules M. In particular, for groups over
F there are no invariants of degree > 3, and the Serre conjecture II predicts that the
groups of type Eg over F' themselves are split.

Furthermore, the Milnor conjecture on quadratic forms (proven by Orlov, Vishik and
Voevodsky) together with the Milnor conjecture on the étale cohomology (proven by
Voevodsky) provides a classification of quadratic forms over fields in terms of the Galois
cohomology, i.e., in terms of cohomological invariants.

In the present article we will relate the Morava K-theory with some cohomological
invariants of algebraic groups.

1.2 (Morava K-theory and Morava motives). Let n be a positive integer and let p be a
prime. The Morava K-theory K (n)* is a free oriented cohomology theory in the sense of
Levine-Morel [LMO07] whose coeflicient ring is Z,), whose formal group law has height
n modulo p, and the logarithm is of the type

ap n
log(n)(®) =7 + " 4
p p

with a; € Z(Xp). If n =1 and all a; are equal to 1, then the theory K (1)* is isomorphic

CLQ 2n
_21.]) 4+ ...

to Grothendieck’s K° ® Z,) as a presheaf of rings. Moreover, there is some kind of
analogy between Morava K-theory in general and K°.
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More conceptually, algebraic cobordism of Levine-Morel can be considered as a
functor to the category of comodules over the Hopf algebroid (IL,LB), where L is the
Lazard ring and LB = L[by, by, ...]. This Hopf algebroid parametrizes the groupoid
of formal group laws with strict isomorphisms between them, and the category of
comodules over it can be identified with the category of quasi-coherent sheaves over
the stack of formal groups My,. This stack modulo p has a descending filtration by
closed substacks M?g" which classify the formal group laws of height > n. Moreover,

/\/l?gn \ /\/l?; *1 has an essentially unique geometric point which corresponds to the

Morava K-theory K (n)* @ F,. This chromatic picture puts K (n)* into an intermediate
position between K° and CH*.

We remark also that Levine and Tripathi construct in [LT15] a higher Morava K-
theory in algebraic geometry.

1.3 (Morava K-theories, split motives and vanishing of cohomological invariants).
There are three different types of results in this article which fit into the following
guiding principle. The leading idea of this principle has been probably well understood
already by Voevodsky, since he considered the Morava K-theory in his program on the
proof of the Bloch-Kato conjecture in [Vo95].

Guiding principle. Let X be a projective homogeneous variety, let p be a prime
number and let K(n)* denote the corresponding Morava K -theory.

Then vanishing of cohomological invariants of X with p-torsion coefficients in degrees
no greater than n + 1 should correspond to the splitting of the K (n)*-motive of X.

First of all, due to the Milnor conjecture the associated graded ring of the Witt
ring W (F') of a field F' of characteristic not 2 is canonically isomorphic to the étale
cohomology of the base field with Z/2-coefficients: H™(F,Z/2) ~ I"/I""' where
I denotes the fundamental ideal of W (F'). Therefore, the projective quadric which
corresponds to a quadratic form ¢ € I"™ has a canonical cohomological invariant of
degree n. The guiding principle suggests that the K (n)*-motive of an even-dimensional
projective quadric is split if and only if the class of the corresponding quadratic form in
the Witt ring lies in the ideal I™"2. Indeed, we prove this statement in Proposition [6.18]

Secondly, we relate cohomological invariants of simple algebraic groups to Morava K-
theories. We show in Section [0 that for a simple simply-connected group G with trivial
Tits algebras the Morava K-theory K (2)* detects the triviality of the Rost invariant
of G. Note that in a similar spirit Panin showed in [Pa94] that the Grothendieck’s K°
detects the triviality of Tits algebras. Moreover, for a group G of type Eg the Morava
K-theory K(4)* for p = 2 detects the splitting of the variety of Borel subgroups of G
over a field extension of odd degree (Theorem [0.1]). All these results agree with the
guiding principle.

Thirdly, we relate the property of being split with respect to Morava K-theories
K (n)* for different n. Namely, we prove in Proposition [Z.I0] that if a smooth projective
geometrically cellular variety X over a field F' of characteristic 0 satisfies the Rost
nilpotence principle for Morava K-theories and has a split K (n)*-motive, then it has
a split K'(m)*-motive for all m < n. In particular, Morava motives provide a linearly
ordered series of obstructions for a projective homogeneous variety to be isotropic over
a base field extension of a prime-to-p degree.
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1.4 (Operations in Morava K-theories and applications to Chow groups). The study
of cohomological invariants of algebraic groups is partially motivated by the interest in
Chow groups of torsors. Whenever some cohomological invariants vanish, one may ask
whether this yields any restrictions on the structure of Chow groups, e.g. existence,
order or cardinality of torsion in certain codimensions. We approach this question by
studying projective homogeneous (or, more generally, geometrically cellular) varieties
X for which the K (n)*-motive is split. In order to obtain information about Chow
groups from Morava K-theories we use operations.

The first author constructed in [S18a] and [S18c| generators of all (not necessarily
additive) operations from the Morava K-theory to CH* ®Z(,) and from the Morava
K-theory to itself. The latter allows one to define the gamma filtration on the Morava
K-theory, and it turns out that its i-th graded factor maps surjectively onto CH’ ®Zp)
for all ¢ < p™. These operations and various their properties are constructed using the
classification of operations given in a series of articles by Vishik (see [Vil2], [Vil4]).

Let X be a smooth geometrically cellular variety such that the pullback map from
K(n)*(X) to K(n)*(Xg) is an isomorphism, where Xz = X xp E is the base change
to a field E for which Xz becomes cellular. The operations above as well as symmetric
operations of Vishik allow us to show that there is no p-torsion in Chow groups of X in
codimensions up to % (Theorem [7.19). Moreover, we prove that p-torsion is finitely
generated in Chow groups of codimension up to p", and we provide a combinatorial
method to estimate this torsion (Theorem [7.23)).

For quadratic forms from the ideal I™*2 of the Witt ring of a field F' of characteristic
zero the K (m)*-motive of the corresponding quadric is split as mentioned above. Thus,
we obtain that there is no torsion in Chow groups of codimensions less than 2™ and we
also calculate uniform finite upper bounds on the torsion in CH?" which do not depend
on the quadric (see Theorem B.14]). In this way Morava K-theory provides a conceptual
explanation of the nature of this torsion.

These results fit well in the quite established history of estimates on torsion of
quadrics obtained among others by Karpenko, Merkurjev and Vishik. In particular,
Karpenko conjectured in [Ka91l, Conjecture 0.1] that for every integer [ the Chow
group CH! of an n-dimensional quadric over F is torsion-free whenever n is bigger than
some constant which depends only on /. This was confirmed only for [ < 4. Recall
that by the Arason—Pfister Hauptsatz every anisotropic non-zero quadratic form from
I™ has dimension at least 2™ and therefore, the absence of torsion in Chow groups of
small codimensions of corresponding quadrics can be considered as an instance of the
Karpenko conjecture. Note also that there are examples of quadrics from I™*+? having
non-trivial torsion in CH?".

Finally, we discuss an approach to cohomological invariants which uses an exact
sequence (B3.6) of Voevodsky (see below). This exact sequence involves motivic
cohomology of some simplicial varieties. For example, this sequence was used in [Sem16]
to construct an invariant of degree 5 modulo 2 for groups of type Eg with trivial Rost
invariant and to solve a problem posed by Serre.

Acknowledgements. We are sincerely grateful to Alexander Vishik for
encouragement and interest in the development of results related to quadrics and
for useful comments on the relation between Morava K-theories and cohomological
invariants.
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2. DEFINITIONS AND NOTATION

In the present article we assume that F' is a field of characteristic 0. By Fy, we
denote a separable closure of F'.

Let G be a semisimple linear algebraic group over a field F' (see [Spr], [KMRT]).
A G-torsor over F' is an algebraic variety P equipped with an action of G such that
P(Fyp) # 0 and the action of G(Fiep) on P(Fyep) is simply transitive.

The set of isomorphism classes of G-torsors over F' is a pointed set (with the base
point given by the trivial G-torsor G) which is in natural one-to-one correspondence
with the (non-abelian) Galois cohomology set HL (F,G).

Let A be some algebraic structure over F' (e.g. an algebra or quadratic space) such
that Aut(A) is an algebraic group over F. Then an algebraic structure B is called a
twisted form of A, if over a separable closure of F' the structures A and B are isomorphic.
There is a natural bijection between HL (F, Aut(A)) and the set of isomorphism classes
of the twisted forms of A.

For example, if A is an octonion algebra over F', then Aut(A) is a group of type Go
and HZL(F,Aut(A)) is in 1-to-1 correspondence with the twisted forms of A, i.e., with
the octonion algebras over F' (since any two octonion algebras over F' are isomorphic
over a separable closure of I’ and since any algebra, which is isomorphic to an octonion
algebra over a separable closure of F', is an octonion algebra).

By Q/Z(n) we denote the Galois-module colim u{”" taken over all [ (see [KMRT)
p. 431]).

In the article we use notions from the theory of quadratic forms over fields (e.g.
Pfister-forms, Witt-ring). We follow [KMRT], [Lam], and [EKMOS|]. Further, we use
the notion of motives; see [Ma6§|, [EKMOS].

3. GEOMETRIC CONSTRUCTIONS OF COHOMOLOGICAL INVARIANTS

First, we describe several geometric constructions of cohomological invariants of
torsors of degree 2 and 3.

Let G be a semisimple algebraic group over a field F. In general, a cohomological
invariant of G-torsors of degree n with values in a Galois-module M is a transformation
of functors HY(—,G) — H%(—, M) from the category of field extensions of F' to the
category of pointed sets (see [KMRT, 31.B]).

3.1 (Tits algebras and the Picard group). In his celebrated article [Ti71] Jacques Tits
introduced invariants of degree 2, called nowadays the Tits algebras.

There exists a construction of Tits algebras based on the Hochschild—Serre spectral
sequence. For a smooth variety X over F' one has

HY(T, HE (Xsep, G)) = HE(X,G)
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where I' is the absolute Galois group, Xep = X X Fy, and G is an étale sheaf. The
induced 5-term exact sequence is

0 — H'(T, Hy(Xsep, G)) = Heo(X,G) = HY(T, Hey(Xoep, G)) = H* (T, Hy(Xoep, G))
Let G = G,, and let X be a smooth projective geometrically irreducible variety. Then
H' T, HY (Xseps G)) = HY(D, F5 ) = 0

sep

by Hilbert’s Theorem 90, HL(X,G,,) = Pic(X), HY (T, H:(Xsep, Gn)) = (Pic Xeep)',
and H?(T', HS (Xeep, Gin)) = H*(T, F.X,) = Br(F'). Thus, we obtain an exact sequence

sep
(3.2) 0 — Pic X — (Pic Xup)" L Br(F)

The map Pic X — (Pic Xyp)" is the restriction map and the homomorphism

(Pic Xuop)" L Br(F)

was described by Merkurjev and Tignol in [MT95, Section 2]. If X is the variety of
Borel subgroups of a semisimple algebraic group G, then the Picard group of Xgep
can be identified with the free abelian group with basis wq,...,w, consisting of the
fundamental weights, i.e. Pic Xi, = A, where A denotes the weight lattice. If w; is
[-invariant (e.g. if G is of inner type), then f(w;) = [4;] is the Brauer class of the
Tits algebra of G corresponding to the (fundamental) representation with the highest
weight w; (see [MT95] for a general description of the homomorphism f).
Moreover, one can continue the exact sequence (B.2]), namely, the sequence

(3.3) 0 — Pic X — (Pic Xup)" L Br(F) — Br(F(X))
is exact, where the last map is the restriction homomorphism (see [MT95]).

3.4 (Tits algebras and K). There is another interpretation of the Tits algebras related
to Grothendieck’s K° functor. Let G be a semisimple algebraic group over F of inner
type and let X be the variety of Borel subgroups of G. By Panin [Pa94] the K°-motive
of X is isomorphic to a direct sum of |W| motives, where W denotes the Weyl group
of GG. Denote these motives by L., w € W.

For w € W consider

P = Z w™Hwy) € A,
{arelllw(ay)ePd}

where II is the set of simple roots, ®~ is the set of negative roots, and A is the weight
lattice.
Let A, be the root lattice and

B: AJA, — Br(F)

be the Tits homomorphism, which sends a fundamental weight w; to [A4;] (see [Ti71]). In
particular, the homomorphism f is essentially the homomorphism f from Section 3.1l
Then over a splitting field K of G, the motive (L, )x is isomorphic to a Tate motive
and the restriction homomorphism

K*(Ly) = K°((Lu)x) = Z

is an injection Z — 7Z given by the multiplication by ind A,,, where [A,] = B(py). In
particular, different motives L,, can be parametrized by the Tits algebras.
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Moreover, if all Tits algebras of G are split, then the K%-motive of X is a direct sum
of Tate motives over F.

3.5 (Tits algebras and simplicial varieties). Let Y be a smooth irreducible variety over
F. Consider the Cech simplicial scheme Xy associated with Y, i.e. the simplicial
scheme

YEYXYEY XY XY -

Then for all n > 2 there is a long exact sequence of cohomology groups (see [Ro07,
Corollary 2.2] and [Volll, Proof of Lemma 6.5)):

(3.6) 00— Hy' '(&,Q/Z) % HL(F,Q/Z(n — 1)) — HL(F(Y),Q/Z(n — 1)),

where H/’Ct"_l is the motivic cohomology and the homomorphism ¢ is induced by the
change of topology from Nisnevich to étale (note that by [Vo03, Lemma 7.3] Xy is
contractible in the étale topology).

Let n = 2 and let Y be the variety of Borel subgroups of a semisimple algebraic group
G of inner type. Then H2(F,Q/Z(1)) = Br(F) and we have a long exact sequence

0— Hy (Xy) L Br(F) — Br(F(Y))

Thus, combining this exact sequence with exact sequence (3.3) and using explicit
description of the homomorphism f from Section 3.1l we obtain that Hi;ll()(y) =A/N,
where A’ denotes the kernel of f. Note also that A, C A’. Thus, the Tits homomorphism
B factors through Hi;ll()(y) by means of the homomorphism g. This gives one more
interpretation of the Tits algebras via a change of topology.

3.7 (Rost invariant). If G is a simple simply connected algebraic group, then there
exists an invariant

Hy(=, G) — Hy (=, Q/Z(2))

of degree 3 of G-torsors which is called the Rost invariant (see [GMS03]). In a particular
case when G is the spinor group, this invariant is called the Arason invariant.

If G is of inner type, the Rost invariant can be constructed as follows. Let Y be a
G-torsor. Then there is a long exact sequence (see [GMS03), Section 9])

(3.8) 0 — ANY, Ky) — A (Yyep, Koo)'
% Ker (H(F,Q/2(2)) — H4(F(Y),Q/Z(2))) — CH(Y)

where A'(—, K3) is the K-cohomology group (see [Ro96], [GMS03, Section 4]), T is
the absolute Galois group, and Y, = Y Xg Fip. Moreover, A'(Yiep, K2)' = Z and
CH?*(Y) = 0. The Rost invariant of Y is the image of 1 € AY(Yiep, K2)' under the
homomorphism h. We remark that sequence (B.8)) for the Rost invariant is analogous
to the sequence (B.3) for the Tits algebras arising from the Hochschild-Serre spectral
sequence.

We remark also that if G is a group of inner type with trivial Tits algebras (simply-
connected or not), then there is a well-defined Rost invariant of G itself (not of G-
torsors); see [GP07, Section 2].
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4. ORIENTED COHOMOLOGY THEORIES AND THE MORAVA K-THEORY

In this section we will introduce a cohomology theory — the Morava K-theory.
We will prove later that it detects the triviality of some cohomological invariants (in
particular, of the Rost invariant) of algebraic groups.

4.1 (Characteristic numbers). Let X be a smooth projective irreducible variety over a
field F'. Given a partition J = (Iy,...,[,) of length r > 0 with {; >l > ... > 1, > 0
one can associate with it a characteristic class

cs(X) € CHYI(X) (/] :le’)

i>1
of X as follows. Let Pj(x1,...,x,) be the smallest symmetric polynomial (i.e., with a
minimal number of non-zero coefficients) containing the monomial z%' ...z, We can
express P; as a polynomial on the standard symmetric functions oy, ..., 0, as

PJ(ZIZ’l,...,[L’T):QJ(O'l,...,O'r)

for some polynomial Q. Let ¢; = ¢;(—Tx) denote the i-th Chern class of the virtual
normal bundle of X. Then

CJ(X) = QJ(Cl,...,CT»).

For |J| = dim(X), the degrees of the characteristic classes are called the characteristic
numbers.

If J =(1,...,1) (i times), then ¢;(X) = ¢;(—Tx) is the usual Chern class. If
dim X = p"” — 1 and J = (p"—1) for some prime number p, we write c;(X) = Spn_1(X).
The degree of the class Sgim x(X) is always divisible by p and we set

de Sim X
Saimx(X) = gd#?f()

and call it the Milnor number of X (see [LMO7, Section 4.4.4], [Sem16| Section 2]).

Definition 4.2. Let p be a prime. A smooth projective variety X is called a v,-
variety if dim X = p" — 1, all characteristic numbers of X are divisible by p and

SdimX(X) % 0 mod b.

4.3 (Oriented cohomology theories and Borel-Moore homology theories). In this article
we consider oriented cohomology theories A* in the sense of Levine-Morel (see [LMOT7,
Definition 1.1.2]). By a variety we always mean a quasi-projective variety.

For a smooth variety X over F with the irreducible components Xi,...,X; we
set A, (X) = @l AMmXi=*(X;). Then the assignment X + A,(X) defines an
oriented Borel-Moore homology theory in the sense of Levine-Morel (see [LMOT7,
Definition 5.1.3]).  Moreover, by [LMO7, Proposition 5.2.1] this gives a one-to-
one correspondence between oriented cohomology theories and oriented Borel-Moore
homology theories on the category of smooth varieties over F'.

Given an oriented Borel-Moore homology theory on the category of smooth varieties
over F' we extend it to all separated schemes of finite type over F' via

A, (Y) := colimy _y A, (V)>

where the colimit runs over all projective morphisms V' — Y, where V' are smooth
varieties over F', and with push-forward maps as transition maps.
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For an oriented Borel-Moore homology theory A, we say that it satisfies the
localization axiom, if for every quasi-projective F-scheme X and a closed F-embedding
j: Z — X with the open complement ¢: U — X the sequence

A(Z) 2 A(X) S A(U) =0
1s exact.

4.4 (Free theories). Consider the algebraic cobordism Q* of Levine-Morel (see [LMO07]).
By |[LMOT, Theorem 1.2.6] the algebraic cobordism is a universal oriented cohomology
theory, i.e. there is a (unique) morphism of theories Q* — A* for every oriented
cohomology theory A* in the sense of Levine-Morel.

Each oriented cohomology theory A* is equipped with a 1-dimensional commutative
formal group law F4. For * the respective formal group law Fg is the universal one,
and the canonical morphism L. — Q*(Spec F) from the Lazard ring is an isomorphism
(see [LMOT, Theorem 1.2.7]).

In this article, when necessary, we consider our oriented cohomology theories as Borel—
Moore homology theories and extend them to all separated schemes of finite type over
F as in Section 4.3l Conversely, every oriented Borel-Moore homology theory restricted
to the category of smooth varieties gives an oriented cohomology theory.

Definition 4.5 (Levine-Morel, [LM07, Remark 2.4.14(2)]). Let R be a commutative
ring, let Fr be a formal group law over R, and let . — R be the respective ring
morphism. Then 2, ®1, R is an oriented Borel-Moore homology theory which is called
a free theory. Its ring of coefficients is R, and its associated formal group law is Fg.

For example, the Chow theory is a free theory with the additive formal group law
and with the coefficient ring Z (see [LMO7, Theorem 1.2.19]). In this article K stands
for a free theory with the multiplicative formal group law and with the coefficient ring
Z. If X is a smooth variety over F', then K°(X) is Grothendieck’s K%theory of locally
free coherent sheaves on X (see [LMO7, Theorem 1.2.18]).

By [LMOT, Corollary 4.4.3] every free theory A, is generically constant, i.e. for every
integral scheme X over F' the canonical map

A,(Spec F') — A,.(Spec F(X)) := colimyc x Autdimx (U)

is an isomorphism, where the colimit is taken over all non-empty open subschemes of X.

By [LMO7, Theorem 3.2.7] the algebraic cobordism theory satisfies the localization
axiom. Hence, every free theory satisfies the localization axiom as well.

In [Vil2| Definition 4.1] Vishik defines theories of rational type in geometric terms
and proves in [Vil2, Proposition 4.7] that the generically constant theories of rational
type are precisely the free theories. Vishik’s definition allows to describe efficiently the
sets of operations between such theories and Riemann—Roch type results for them.

4.6 (Brown—Peterson cohomology and Morava K-theories). For a prime number p and
a positive integer n we consider the n-th Morava K-theory K(n)* with respect to p.
Note that we do not include p in the notation. We define this theory as a free theory
with the coefficient ring Z ) [v,, v, ] where deg v, = —(p™ — 1) and with a formal group
law which we will describe below.

The variable v, as it is invertible, does not play an important role in computations

with Morava K-theories, and sometimes we will prefer to set it to be equal to 1. It
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will be always clear from the context which n-th Morava K-theory we use, i.e. with
Ly, v 1]~ or Zgy)-coefficients.

We follow [Ha78] and [Ra04]. There exists a universal p-typical formal group law
Fpp over a ring BP. The latter ring is non-canonically isomorphic to the ring

Zp)[v1, vz, .. .], and from now on we choose the isomorphism defined by Hazewinkel
(see [Ra04, Appendix 2]). The canonical morphism from Fq over L) = L ® Z, to
Fip over the ring Zy)[v1, Vs, . . .] defines a multiplicative projector on Qz‘p) =0 ® Ly,

whose image is the Brown—Peterson cohomology BP*.
The logarithm of the formal group law of the Brown—Peterson theory equals

()= mit",
i>0
where my = 1 and the remaining variables m; are related to v; following Hazewinkel as
follows:

1 =t
mj; = b (v; + Zmivf_,-),
=1

see e.g. [Ra04, Appendix 2.2.1]. Let e(t) be the compositional inverse of [(t). Then
the Brown-Peterson formal group law is given by e(l(z) 4+ I(y)). We remark that the
coefficients of the logarithm [(¢) lie in Q[vq, vy, ...], but the coefficient ring of BP* is
BP = Z[v1, va, .. .]. Note also that degv; = —(p' — 1).

We define an n-th Morava K-theory K (n)* as a free theory with a p"-typical formal
group law F over Zg|v,, v, '] (or over Z,)) such that the height of 7 modulo p is n (see
[S18c, Definition 3.9]). Thus, even for a fixed prime p and a fixed height n there exist
non-isomorphic n-th Morava K-theories (which are though isomorphic as presheaves of
abelian groups, see [S18c, Theorem 5.3)).

As in topology we denote by K (0)* the theory CH* ®Q (independently of a prime p).

In the classical construction of the n-th Morava formal group law one takes the BP
formal group law and sends all v; with j # n to zero. Modulo the ideal J generated by

p, 2", yP" the formal group law for the n-th Morava K-theory equals then
p—1 1
]:K(n) (fEa y) =x+Y— U, Z - (p) xip7“1y(p—z’)p"*1 mod J
— p \ 1
i=1
and the logarithm of the corresponding particular n-th Morava K-theory equals

in_q

logK(n) (t) = Z ];ny ! tp .
=0

More generally, every n-th Morava K-theory is obtained from BP* by sending all v,
with n{j to zero, but v; with n|j are sent to some multiples of the corresponding powers
of v, (and the set of all thus obtained theories is independent of the choice of variables
Uj).

For a variety X over F' one has

K(n)*(X) = Q*(X) QL Z(p) [vn,vgl],

and v, is a v,-element in the Lazard ring L.
We remark that classically in topology one considers the Morava K-theory with the
coefficient ring F,[v,, v, '], but in the present article it is crucial that we consider an
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integral version. Note also that as was mentioned above two n-th Morava K-theories
are additively isomorphic, but are in general not multiplicatively isomorphic.

If n = 1, for a particular choice of K(1)* there exists a functorial (with respect to
pullbacks) isomorphism of algebras K(1)*(X)/(v; — 1) ~ K°(X) ® Z,), which can
be obtained with the help of the Artin—Hasse exponent (for the latter see [Rob00,
Chapter 7, Section 2]).

4.7 (Euler characteristic). The Euler characteristic of a smooth projective irreducible
variety X with respect to an oriented cohomology theory A* (A*-Euler characteristic)
is defined as the push-forward

72(1x) € A*(Spec F)

of the structural morphism 7: X — SpecF. E.g., for A* = K° ® Z[v;,v;!] with
push-forwards defined as in [LMO7, Example 1.1.5] the Euler characteristic of X equals

dim X Z )'dim H'(X, Ox),

see [Ful98, Ch. 15]. If X is geometrically irreducible and geometrically cellular, then
this element equals v{™¥ (see [Zal(, Example 3.6]).

For the Morava K theory K(n)* and a smooth projective irreducible variety X of
dimension d = p" — 1 the Euler characteristic modulo p equals the element v, - u - s4 for
some u € ¥, where s, is the Milnor number of X (see [LMQ7, Proposition 4.4.22(3)]).
In particular, it is invertible, if X is a v,-variety. If dim X is not divisible by p" —1, then
the Euler characteristic of X equals zero, since the target graded ring has non-trivial
components only in degrees divisible by p™ — 1.

8 (Motives). For a theory A* we consider the category of A*-motives over F', which
is defined in the same way as the category of Grothendieck’s Chow motives with CH*
replaced by A* (see [Ma68], [EKMOS]). Namely, the morphisms between two smooth
projective irreducible varieties X and Y over F are given by AM™Y (X x V).

By T(l), I > 0, we denote the Tate motives in the category of A*-motives. They are
defined in the same way as the Tate motives in the category of Chow motives. Namely,
the A*-motive of the projective line splits as a direct sum of the A*-motive of Spec F,
which we denote by T, and another motive, which we denote by T(1). Then T(I) is
defined as T(1)® for [ > 0.

Definition 4.9. For an oriented cohomology theory A* and a motive M in the category
of A*-motives over F' we say that M is split, if it is a finite direct sum of Tate motives
over F'.

Note that this property depends on the theory A*, i.e., there exist smooth projective
varieties whose motives are split for some oriented cohomology theories, but not for all
oriented cohomology theories. For example, it follows from Proposition below that
the n-th Morava K-theory K (n)* for p = 2 of an anisotropic m-fold Pfister quadric
over F is split, if n < m — 1. On the other hand, the Chow motive of an anisotropic
Pfister quadric is never split.

4.10 (Rost nilpotence for oriented cohomology theories). Let A* be an oriented
cohomology theory and consider the category of A*-motives over F. Let M be an
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A*-motive over F. We say that the Rost nilpotence principle holds for M, if the kernel
of the restriction homomorphism

End(M) — End(Mg)

consists of nilpotent correspondences for all field extensions E/F.

By [CGMO05|, Section 8] Rost nilpotence holds for Chow motives of all twisted flag
varieties.

Rost nilpotence is a tool which allows to descend motivic decompositions over £ to
motivic decompositions over the base field F'. E.g., assume that Rost nilpotence holds
for M and that we are given a decomposition Mg ~ @M, over E into a finite direct sum.
The motives M and M; are defined as pairs (X, p) and (Xg, p;), where X is a smooth
projective variety over F, p € A*(X x X) and p; € A*(Xg x Xg) are some projectors.
Assume further that all p; are defined over F', i.e. there exist n; € A*(X x X) such that
(n:)e = pi- We would like to modify 7; to make it a projector, while at the moment we
only know that the difference 79? — n; is in the kernel of the map to A*(Xg x Xg) and,
thus, is nilpotent. In fact, considering a commutative subring of A*(X x X)) generated
by n; for a particular index ¢, one can show that some power of the element n; is a
projector. It follows then that M ~ @®N; for some motives N; over I, and the scalar
extension (V;) g is isomorphic to M; for every ¢ (for more details see [CGMO5| Section 8],
[PSZ08, Section 2]).

Let M be a Chow motive. By [ViY07, Section 2] there is a unique lift of the motive
M to the category of (2*-motives and, since €2* is the universal oriented cohomology
theory, there is a respective motive in the category of A*-motives for every oriented
cohomology theory A*. We denote this A*-motive by M.

By [GV18, Corollary 4.5] if M = (X, 7) is a direct summand of the Chow motive of a
twisted flag variety, then Rost nilpotence holds for M4 for every oriented cohomology
theory obtained from Q* by a change of coefficients.

4.11 (Generalized Riemann—Roch theorem). We follow [Vil4]. Let A* be a theory of
rational type, let B* be an oriented cohomology theory and let ¢: A* — B* be an
operation (which does not necessarily preserve the grading and does not have to be
additive).

For a smooth variety Z over a field F' and any ¢ > 0 denote by G¢, the composition

¢Z><(1P’°°)><C
—

ANZ) = AN, ... 2]

»~e
A A
Qo 2y 2

where we have identified A*(2)[[2{, ..., 24]] with A*(Z x (P>)*¢) and similarly for B*,
i.e. z is the first Chern class of the pullback along the projection of the canonical line
bundle O(1) over the i-th product component of (P>°)*.

Note that by the so-called “continuity of operations” ([Vil4, Proposition 5.3|) for
every ¢ and Z the series G (1) is divisible by 27 - - - 28, We denote the quotient by F§
and set '° = F5(1) € B[[27, ..., 2]]] (we denote B = B*(pt)). We write G%()l.p_,,

BY(2)[[F,. .., 5]

» e

when we plug in nilpotent elements y; € B*(Z) in this series (similarly, for F§; and F°).
Finally, denote by w? € Bl[[t]]dt the canonical invariant 1-form of the formal group
law Fp such that w?(0) = dt (see [Vil2 Section 7.1]).
The following proposition is a particular case of a general form of Riemann—Roch
type theorems [Vil4l, Theorem 5.19].
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Proposition 4.12 (Vishik). Let X be a smooth variety over a field F. Leti: Z — X
be a closed embedding of a smooth subvariety of codimension c. Let a € A*(Z) and
denote by puy, ..., pe the B-roots of the normal bundle Ny x.

Let k > 0 and let L; be line bundles over Z for 1 < i < k. Denote by x; = c¢i*(L;),
y; = cP(L;) their first Chern classes.

Then

. u . G?k(o‘)|z?=t+3m,15igc, 28 =y 1<i<k g
o | i H x;) | = i.Res;—o - wy.
i1 t-ITici (t 45 )

We will need only the following instance of this proposition.
Corollary 4.13. We have ¢(ixlz) = i.(7*(F°)|.5_,,), where
7. B[[2P,..., 28] = B*(2)[[zF, ..., 2P

is induced by the pullback of the structure map m: Z — Spec F.
In particular, the right-hand side depends only on the action of operation ¢ on
products of projective spaces and the B-Chern classes of the normal bundle of Z.

Proof. Indeed, 1 = 7*(1) and G4(7*(1)) = ¢(m*(1)2 - 24) = 7*(p(2f - - 22)) =
TG (1). It follows that F5(1,) = m*F5 (1) = m*F*.
We can rewrite the formula in Proposition 4.12] as
B
. . . w
¢(Z*1Z) = Z*ReStZOFZ(lZ”zi:t—i—BmTt H

7

t+p
t+p i

Since wP(0) = dt, we get the required formula. O

4.14 (Topological filtration on free theories). For a free theory A* and a smooth
variety X we define the topological filtration (sometimes referred to as a filtration by
codimension of support) as the kernel of the restriction maps to open subvarieties which
have a complement of codimension bounded below:

(4.15) TAY(X) = U Ker(A*(X) — A*(U)).

UCX:codimyx (X\U)>i

Since the restriction maps commute with pullbacks, it is clear that 7¢A* is a subpresheaf
of A*.

We denote by A* := 7'A* the subpresheaf consisting of all elements which
vanish in the generic points of varieties. Note that since A* is generically constant,
for every irreducible variety X we have a canonical splitting of abelian groups:
A*(X) = A® A*(X), where A stands for A*(Spec F).

One shows using the localization axiom for free theories ([LMO7, Theorem 3.2.7]) that
this definition is equivalent to the one given using images of push-forwards as in [LM07,
Section 4.5.2] (cf. [S18d, Proposition 1.17(1)] for a relation between the topological
filtration on Q* and on free theories).

There exists a canonical surjective map of L-modules po: CH' QL — 7/Q*/77+1Q*
(see [LMO7, Corollary 4.5.8]), and we denote by ps: CH' ®@p A — 7°A* /771 A* the map
of A-modules obtained by the change of coefficients of pg from L to A.

Besides, we denote gri A7 := 77 A7 /7t1 A where 7 A7 is defined as in formula (@17
with A* replaced by A7.
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5. GAMMA FILTRATION ON MORAVA K-THEORIES

5.1 (Operations from Morava K-theories). In article [S18¢] the first author classified all
operations from the n-th Morava K-theory to the so called p"-typical oriented theories
whose coefficient ring is a free Z,-module.

We will exploit these operations only when the target theory is either the n-th
Morava K-theory itself or the Chow theory with p-local coefficients. There exist certain

generators of the algebra of all operations constructed in [S18c| which in these cases
are denoted by CZK(") and ¢ respectively, and we summarize their properties in this
section.

In this section we consider Morava K-theories with Z,-coefficients, i.e. we set v,, = 1.
This agrees with [S18al [S18¢c]. This reduction to Zy)-coefficients does not break the

grading completely. Namely, one can show the following proposition.

Proposition 5.2 ([S18al, Proposition 4.1.5] & [S18c, Proposition 3.15]).

(1) Morava K-theories K(n)* are Z/(p" — 1)-graded as presheaves of rings.

(2) The grading is compatible with push-forwards, i.e. for a projective morphism
f: X — Y of codimension c the push-forward map increases the grading in
Morava K -theories by c: f,.: K(n)/(X) — K(n)™(Y).

In particular, the first Chern class of any line bundle L over a smooth variety
X lies in K(n)'(X).

(8) The topological filtration on the graded component of the n-th Morava K -theory

changes only every p" — 1 steps, i.e. we have

Tj+5(pn_1)+1k(n)j _ Tj+5(pn_1)+2]:~<(n)j = ... = Tj+(s+1)(p”_l)f((n)j7

where j € [1,p" — 1], s > 0. i
In particular, gri K (n)* = K(n) /774" 1K (n) forj: 1<j <p*—1.

We denote the graded components of K(n)* as K(n)', K(n)? ..., K(n)?"~! and
freely use the notation K(n)’, K(n)® ™o4?"~1 K (n)™*"®"=1 to denote the component
K(n)? where j=i modp" —1,1<j<p"—1.

Theorem 5.3 ([S18a, Theorem 4.2.1}, [S18c, Theorem 3.16]). There ezist operations
ciK("): K(n)? medp"=1 K (n)? medp"=1 gng CH: K(n)' — CH’ QL) for i € Z7°
satisfying the following properties (we omit the index K(n) resp. CH in the notation of
¢i, since the index is always clear from the context):

(1) For any smooth variety X and for every pair of elements x,y € K(n)*(X) the
modified Cartan’s formula holds:

Ctot(I + y) = fK(n)(Ctot(x)a Ctot(y))a

where Fi (n) is the formal group law for the Morava K -theory, ¢y = Y oy ¢it', t
is a formal variable and we naturally consider each operation c; to be defined on
the whole group K (n)* via the composition with the natural projection to K(n).
The equality takes place in K(n)*(X) ®z,, Zy)[[t]] or CH*(X) & Z)|[[t]]-

(2) Every operation from the presheaf K(n)* to the corresponding target theory can
be uniquely expressed as a formal power series in c;’s with Z)-coefficients.
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5.4 (The gamma filtration). The above operations from the n-th Morava K-theory to
itself allow to define the gamma filtration verbatim as for the K-theory. We recall first
the classical picture, since the situation with Morava K-theories is very similar.

Recall that for K° the Chern classes ¢;: K — CH® can be restricted to additive
maps

i grt K — CHY,

where gr’ KV stand for the graded components of the topological filtration 7* on K°.

There is also a canonical map (pg,);: CH' — gri K° which sends a cycle Z to the class
of the coherent sheaf [Oz]. The compositions (pg,); © ¢;, ¢; © (pk,): are multiplications
by (=1)71(i — 1)!. In particular, ¢; is surjective if one inverts (i — 1)!.

The gamma filtration v* for K is an approximation of the topological filtration. One
has ' C 7* for all 4, and 7 = 7¢ for 7+ < 2. Moreover, the induced map

grt K¥ — grt K° = CH'

is surjective for ¢ < 2.
A similar picture holds for the Morava K-theories. The canonical additive map

(pK(n))i : CHZ ®Z(p) — TiK(n)*/THlK(n)*

is defined using [LMOT7, Corollary 4.5.8]. It is possible to calculate the compositions

(prm))i o £, ™ o (pkm))i, and they turn out to be isomorphisms in a bigger range

compared to K°.
Proposition 5.5 ([S18c, Proposition 6.2]). The canonical map
(prny))i: CH ®Zy — 7' K(n)* /7T K (n)*
is an isomorphism for 0 < i < p", and the map ¢ is its inverse for 1 <i < p™.

In general, it is hard to calculate the topological filtration for K(n)*(X) even if X
is a geometrically cellular variety and K(n)*-motive of X is split. The problem is
that the topological filtration is not strictly respected by the base change restrictions
like K(n)*(X) — K(n)*(X). The gamma filtration which we will now describe is a
computable approximation to the topological filtration which lacks such “handicap”.

Definition 5.6 ([S18c, Definition 6.1]). Define the gamma filtration on K(n)* of a
smooth variety X by the following formulas:

VK (n) (X) = K(n)"(X),

YUK (n)"(X) = (e on) e Do) | Y iy > mui; > 1k > 1 ay € K(n)* (X)),

J

where the (,)-brackets denote the generation as Z)-modules and m > 1.
It is clear from the definition that 4™ K (n)* is an ideal subpresheaf of K (n)*.

Theorem 5.7 ([S18c, Proposition 6.2]). The gamma filtration and the topological
filtration satisfy the following properties:

i) ' C 1% for all i;

ZZ) CiCH|Ti+1K(n)* = 0, CZ'CH|fyi+1K(n)* = 0,’



APPLICATIONS OF THE MORAVA K-THEORY TO ALGEBRAIC GROUPS 16

i) the operation cS¥ is additive when restricted to 'K (n)* or 'K (n)* and the map

M @idg: gr!f K(n)* @z, Q — CH' &Q
s an isomorphism;
w) ¢ induces an additive isomorphism between griK(n)* and CH'®Z, for
v) M restricted to v K (n)* is surjective for 1 < i < p;
vi) grt K(n)* = grl K (n)’ mod?"~1,

In section [§ we will use the Riemann-Roch formula (Proposition 412 Corollary A.13])
to perform computations with the gamma filtration. Let us sketch how it applies.

We follow the notation of Section [4.11l Let ¢: A* — B* be an operation, let X be a
smooth variety, and let 7: Z < X be its smooth closed subvariety of codimension c.

It follows from the Riemann-Roch formula that the value ¢ (i lz) is equal to b- 1z
modulo (¢ + 1)-st part of the topological filtration, where b € B is the coefficient of
2P ... 2B in the series ¢(z{'---21). The following technical statements describe this
coefficient for some operations for the Morava K-theory.

Proposition 5.8 ([S18c, Proposition 6.11]). Let cﬁ(") be the respective operation from
K(n)! to v*" K (n)*.
Denote by e;, j > 0, the coefficient of the monomial z1 - - zi4jpr—1) 11 the series
e (21 21 jrony) € K (n)H((P=) <167 -D),
Then for all primes p and for all j > 1 we have e; € Z(Xp).
Proposition 5.9 ([S18c, Proposition 6.13] for p = 2). Let j > 0.
There exist operations x,1 : K(n)' — ¥ =LK (n)* which satisfy the following.
Denote by g;, f; € Ly, the coefficients of the monomial 2y - - - z14jn—1y in the series
X(z1 Zijen—1))s (21 21jen—ny) € K(n)Y(P®)IHI@"=D) " respectively. Then
1) we have g; = f; =0 for j =0, 1.
Let 7 > 2.
2) We have g; € 2th(X2) where t; = vo(j — 1) +2 if j is odd, and t; = 1 if j is even.
Here vy denotes the 2-adic valuation on integers.

3) We have f; € 22" L.

6. SOME COMPUTATIONS OF THE MORAVA K-THEORY

Definition 6.1. Let m > 2 and let a € HJ(F, u3™) be a non-zero pure symbol. A
motive R,, = (X, 7) in the category of Chow motives with Z,)-coefficients is called the
(generalized) Rost motive for «, if it is indecomposable, splits as a sum of Tate motives
over F(X) and for every field extension K/F the following conditions are equivalent:

(1) (Rm)x is decomposable;

(2) (Ru)ic = @1 Zigy (b i) with b = P

(3) ax =0€ HF(K,pu™).

The fields K from this definition are called splitting fields of R,,.

The Rost motives were constructed by Rost and Voevodsky (see [Ro07], [Voll]).
Namely, for all pure symbols « there exists a smooth geometrically irreducible projective
Vm—1-variety X (depending on «) over F' such that the Chow motive of X has a direct
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summand isomorphic to R,, and for every field extension K/F the motive (R,,)x is
decomposable iff X has a 0-cycle of degree coprime to p. The variety X is called a
norm variety of . Moreover, it follows from [Y12, Lemma 9.2] that for a given « the
respective Rost motive is unique.

Eg,if p=2and a = (a1) U...U (ay) with a; € F*, then one can take for
X the projective quadric given by the equation {(ay,...,am-1)) L (—a,) = 0, where
{a1,...,am—1)) denotes the Pfister form. (We use the standard notation from the
quadratic form theory as in [KMRT] and [EKMO0S].)

As in Section A.10 using [ViY07, Section 2] one finds a unique lift of the Rost motive
R,, to the category of A*-motives for every oriented cohomology theory A*. We will
denote this A*-motive by the same letter R,,, since A* will be always clear from the
context. Recall that by T(l), I > 0, we denote the Tate motives in the category of
A*-motives. If A* = CH* ®Z), we keep the usual notation T(l) = Z ().

Moreover, it follows from [GV18| Lemma 4.2] that Rost nilpotence holds for R, with
respect to every free theory A*, since R,, splits over the residue fields of all points of
X.

Proposition 6.2. Let p be a prime number, let n > 0 and m > 2 be integers and
b= ”;;7111 For a non-zero pure symbol a € H}(F, u?m) consider the respective Rost
motive R,,. Then
(1) If n < m—1, then the K (n)*-motive R,, is a sum of p Tate motives ®'—y T(b-1).
(2) If n =m — 1, then the K(n)*-motive R, is a sum of the Tate motive T and an
indecomposable motive L such that

(6.3) K(n)'(L) ~ (Z27™) @ (Z/p)*20) @ Ziy o, v; ).

For a field extension K/F' the motive Lk is isomorphic to a direct sum of Tate
motives iff the symbol ax = 0. If p > 2, then this is additionally equivalent to
the condition that the motive Lg is decomposable.

(3) If n > m — 1, then the K(n)*-motive R,, is indecomposable and K (n)*(R,,) is
1somorphic to the group

(6.4)  CH"(Rp) ® Ly [vn, v, "] = (Z() @ (Z/p)* " D07Y) @ Ly [vn, v, ).
For a field extension K/F the motive (R,,)k is decomposable iff ax = 0. In

this case (Ry,)k 1s a sum of p Tate motives.

Proof. Let X be a norm variety of dimension p™~! — 1 for a.. Denote by R,, the scalar
extension of R, to its splitting field. By [Y12, Theorem 10.6] (cf. [ViY07, Theorem 3.5,
Proposition 4.4]) the restriction map for the Brown—Peterson theory BP*

(6.5) res: BP*(R,,) — BP*(R,,) = BP®"
is injective, and the image equals
(6.6) BP*(R,,) ~ BP @ I(m — 1)®®~Y,

where I(m — 1) is the ideal in the ring BP = Zy)[v1, va, . . .| generated by the elements
{vo,v1,...,Vm_o} where v9 = p. We remark that the article [Y12, Theorem 10.6]
deals with the bigraded version of the Brown Peterson cohomology theory ABP** .
Nevertheless, due to Levine’s comparison result [L09] Yagita identifies ABP?*** with
BP*.
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The projectors for the motive R,, lie in the group K(n)’" '~'(R, ® R,), and
by [LMO7, Theorem 4.4.7) the elements of K(n)"" 'R, ® R,) are Zg)-linear
combinations of elements of the form

(6.7) vy = X xX], sez,

where Y is a resolution of singularities of a closed irreducible subvariety of X x X, and
—s(p" —1) + codimY = p™~! — 1.

(1) Assume first that n < m — 1. Since the ideal I(m — 1) contains v,, for n < m —1
and v, is invertible in K (n), we immediately get that all elements in K (n)*(R,,) are
rational, i.e., are defined over the base field.

Therefore, since the motive R,, is geometrically split, all elements in K (n)*(R,,®R,,)
are rational, and hence by Rost nilpotence for R,, this gives the first statement of the
proposition.

(3) Let n > m — 1. First of all, taking the tensor product — ®pp(spec 7y K (n) with
formula (6.5) and using (6.6) one immediately gets formula (6.4) for K (n)*(R,,) and
CH*(R).

We have dim X = p™ ! —1 < p" — 1 = —degu,.

Since every projector in K (n)?" (R, ® R,,) is a linear combination of elements
of the form (6.7) and dim(X x X) = 2(p™~! —1), we must have s = 0 in all summands.
Therefore, every projector pin K (n)?" ' ~Y(R,@R,,) comes from the connective Morava
K-theory CK(n)* (the connective Morava K-theory is a free oriented cohomology
theory with the same formal group law as the Morava K-theory, but with the coefficient
ring Zy)[vy]). Thus, we have the following commutative diagram

CK(n)*(Rm ® Ry) —— CK(n)*(Ry @ Ry,)

| |

K(n)*(Rpym ® Ry) —— K(n)"(R,, ® R,,)

and the rational projector p comes from some rational projector 7 € CK (n)*(R,,®R,,).
Note that the right vertical arrow is injective, since R,, is a direct sum of Tate motives.

By [ViYO0T7, Section 2] the C'K(n)*-motive R,, is indecomposable, since so is the
respective Chow motive. Therefore 7 is either zero or the identity projector. Therefore,
so is p and, hence, by Rost nilpotence for R,, so is the projector p. Therefore, the
K (n)*-motive R,, is indecomposable.

(2) Assume now that n = m—1. Since the K (n)*-Euler characteristic of X equals u-v,,
for some u € Zj;, (see Section EL.T), the element v, ' - u™ (1 x 1) € K(n)*(Ry ® Ry,) is
a projector defining the Tate motive T where 1 x 1 € K(n)°(X x X). Note that this
projector lies in K(n)*(R,, ® R,,), since this is true over a splitting field of R,, and
since 1 x 1 is a rational element. Thus, we get the decomposition R,, ~ T & L for some
motive L.

Taking the tensor product — ®pp(spec 7y K (n) with formula (6.5) and using (6.6) one
immediately gets formula (€3] for K (n)*(L).

We claim now that L is indecomposable. If p = 2, then this is clear, since in this
case L over a splitting field of R, is a Tate motive. So, we assume that p > 2.
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We have dim X = p™~! — 1 = p" — 1. Since every projector in K(n)?" (R, ® R,,)
is a linear combination of elements of the form (6.7) and dim(X x X) =2(p" — 1), we
must have s =0, 1 or —1 in all summands.

If a projector contains a summand with s = —1, then by dimensional reasons this
summand is up to a scalar of the form v, !(1 x 1). Subtracting this summand we obtain
a rational element, say &, in K (n)?"~'(R,, ® R,,) which comes from a rational element
in CK(n)?" (R, ® R,,). To prove indecomposability of L it is sufficient to prove its
indecomposability modulo p.

We denote by Ch* the Chow theory modulo p. The Chow motive R,, is a direct sum of
Tate motives with pairwise distinct twists, the Chow motive R,, is indecomposable over
F and some power of any rational cycle in End(R,,) is a rational projector. Therefore,
one can see that the only rational cycles in Ch*"~'(R,, ® R,,) are scalar multiples of
the diagonal.

Thus, by dimensional reasons & is of the form aA + bv,(pt x pt), where a,b € Z/p,
Ay is the diagonal of R,, and pt x pt is the class of a rational point on X x X.

Therefore, the original rational projector in K (n)*(R,, ® R,,) is modulo p of the form
alAg + bu,(pt x pt) + cv, ' (1 x 1)
for some ¢ € Z/p. Composing this elements with itself and using that
(pt x pt)o (1 x 1) =1 x pt,
(I x1)o(pt xpt)=ptxl1,
(pt x pt) o (pt x pt) =0,
(Ix1)o(lx1)=u-v,(1x1),

we obtain that this element is a projector only if (a,b,c) = (0,0,0) (the
trivial projector), (a,b,c) = (1,0,0) (the diagonal), (a,b,c) = (0,0,u~') (the
projector vt - w7t (1 x 1)), or (a,b,c) = (1,0,—u~"') (the complementary projector
Ap —wv,t-u”!(1 x 1)). Thus, the motive L is indecomposable. O

Remark 6.8. Recall that some generalized Rost motives appear as direct summands
of motives of some twisted flag varieties (e.g. Pfister quadrics for p = 2 or varieties of
type Fy for (m,p) = (3,3) or (5,2) or of type Eg for (m,p) = (3,5); see [Ro07], [NSZ09],
[Mac09], [PSZ08|, Section 7]). The above proposition demonstrates a difference between
K" and the Morava K (n)-theory, when n > 1. By [Pa94] K° of all twisted flag varieties
is Z-torsion-free. This is not the case for K(n)*, n > 1.

Moreover, the same arguments as in the proof of the proposition show that the
connective K-theory CK(1)* (see [Cai08]) of Rost motives R,, for m > 2 contains
non-trivial Z-torsion.

Remark 6.9. The same proof shows that the Johnson—-Wilson theory E(n)* of the Rost
motive R, is split, if n < m — 1. By definition, the coefficient ring of the Johnson—
Wilson theory E(n)* equals Zg[v1, ..., v, v, .

Remark 6.10. The Chow groups of the Rost motives are known; see [Ro90,
Theorem 5], [KM02, Theorem 8.1}, [KM13| Theorem RM.10], [Y12, Corollary 10.8],
[Vi07, Section 4.1].

The proof of the following proposition is close to [A12l Section 8].
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Proposition 6.11. Let A* be an oriented generically constant cohomology theory in the
sense of Levine—Morel satisfying the localization axiom. Let Z be a smooth variety over
a field F. Assume that there exists a smooth projective variety Y with invertible Fuler
characteristic with respect to A* and such that for every point y € Y (not necessarily
closed) the natural pullback

AY(F(y) = A (Zrw))

s an 1somorphism.
Then the pullback of the structural morphism Z = Spec F' induces an isomorphism

AY(F) = A*(2).
Before proving this proposition we prove the following lemma.

Lemma 6.12. Let X be a variety over I, let Z be a smooth variety over F' and let A*
be as in Proposition [6.11. Assume that the natural pullback A*(F(x)) = A*(Zp()) is
an isomorphism for every point x € X. Then the pullback A*(X) — A*(Z x X)) of the
projection 15 surjective.

Proof. We use the Borel-Moore homology theory associated with A* as explained in
Section .3l

Let X1, ..., X; be the irreducible components of X with generic points 1, ..., ;. We
have the following commutative diagram

Dy colim A, (X') ——— AL(X) —— Bl A(F(r:)) — 0

| | |

Dy olim A (Z % X) —— A(Z x X) —— @iy Au(Zr(ey) — 0

where the vertical arrows are pullbacks of the respective projections, the colimits are
taken over all closed codimension > 1 subvarieties of irreducible components of X, and
the rows are exact by the localization property.

By the assumptions the right vertical arrow is an isomorphism. Note that every closed
subvariety X’ of X satisfies the assumption of the lemma. Therefore, we can argue by
induction on the dimension of varieties X’ that the left vertical arrow is surjective. It
follows by a diagram chase that the middle vertical arrow is surjective as well. 0

Proof of Proposition[6.11. We omit gradings in the proof.
Let a: Y — Spec F be the structural morphism, let b: ZxY — Y andc: ZxY — 7
be the projections. Consider now the following commutative diagram:

12
B
=
B

N

X
>

R
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By Lemma applied to the variety Y the homomorphism b* is surjective. The left
and the right vertical arrows are isomorphisms, since they are multiplications by the
A*-Euler characteristic of Y which is invertible.

Therefore, by a diagram chase the bottom horizontal arrow is surjective. But A(F)
is a direct summand of A(Z) because the theory A* is generically constant. Therefore,

the bottom arrow is an isomorphism. O]
Let (a;) U...U (an) € HY(F,Z/2) be a pure symbol, a; € F*. The quadratic
form g = (a1, ...,am_1)) L (—a,,) is called a norm form and the respective projective

quadric given by ¢ = 0 is called a (projective) norm quadric. The respective affine norm
quadric is an open subvariety of the projective norm quadric given by the equation

{at, ..., am_1) = Gm,
i.e. setting the last coordinate to 1.

Corollary 6.13. Let 0 <n <m — 1 and set p = 2. Consider the affine norm quadric
Xt of dimension 2™~1 — 1 corresponding to a pure symbol in H™(F,Z/2). Then the
pullback of the structural morphism X* 5 Spec F' induces an isomorphism

K(n) (X™) = K(n)"(F).

Proof. Let o := (ay) U ... U (am) € HI(F,Z/2) be our pure symbol, a; € F*, ¢ the

norm form for «, and @) the respective projective norm quadric given by ¢ = 0. Let Y

be the projective norm quadric of dimension 2" — 1 corresponding to the subsymbol
() U...U(ans1) € HYY(F,Z)2).

We need to check the conditions of Proposition [6.11l By the choice of Y it is a
vp-variety (see e.g. [Seml6, Section 2]). Therefore, by Section A7 its K(n)*-Euler
characteristic is invertible.

Moreover, the quadratic form ¢ is split completely over F(y) for any point y of
Y. In particular, X ?,f(fy) is a split odd-dimensional affine quadric. The complement
Q' = Q\ X is the projective Pfister quadric (ai, . .., am_1)) = 0 of dimension 2™~ 1 -2,
and both @ and @’ are split over F(y).

Let W be a split affine quadric of odd dimension 2k—1 > 1. Then it is well known that
W is given by the equation Zle 2;y; = 1 in the affine space A¥ x A¥, and the projection
W — A*\ {0}, (2,9) — v, is a rank (k — 1) affine bundle over A*\ {0}. Therefore,
by homotopy invariance K (n)*(X(,)) = K(n)*(W) = K(n)*(A*\{0}) = K(n)*(F(y))
with k = 2™m~2. We are done. O

Remark 6.14. In the proof of Corollary the motive of W in the category DM
of Voevodsky (see [MVW, Lecture 14]) is isomorphic by homotopy invariance to the
motive of A*\ {0}. The Gysin exact triangle [MVW, 14.5.5] immediately implies that
the motive of A\ {0} is isomorphic to Z @ Z(k)[2k — 1]. In particular, the motive of
X in the category DM of motives of Voevodsky is not a Tate motive even if the base
field is algebraically closed.

Let now B be a central simple F-algebra of a prime degree p and ¢ € F*. Consider
the Merkurjev—Suslin variety

MS(B,c) = {a € B | Nrd(a) = c},

where Nrd stands for the reduced norm on B.
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Corollary 6.15. In the above notation the structural morphism induces an
isomorphism

A*(MS(B, ¢)) = A*(F),
when A is Grothendieck’s K° or the first Morava K -theory with respect to the prime p.

Proof. Let Y = SB(B) denote the Severi-Brauer variety of B. We need to check the
conditions of Proposition [6.1T] The variety Y is a geometrically cellular v-variety (see
[Me03|, Section 7.2]). Thus, by Section .7 its A*-Euler characteristic is invertible.

Over a point y € Y the variety MS(B,c) is isomorphic to SL,, since MS(B,c)
over F(y) is an SL,-torsor over F(y) and HJ(F(y),SL,) is trivial. Since GL, is an
open subvariety in AP’ by the localization sequence *(GL,) = L. Moreover, GL, is
isomorphic as a variety (not as a group scheme) to SL, xG,, with the isomorphism
sending a matrix « to the pair (3, det o) where [ is obtained from « by dividing its
first row by det . The composite morphism

SL, < GL, = SL, xG,, — SL,,

where the first morphism is the natural embedding and the last morphism is the
projection, is the identity. Taking pullbacks in this sequence, one gets that Q*(SL,) = L
and, hence, A*(SL,) = A*(F(y)) for A* as in the statement of the present corollary.
We are done. O

Let J be an Albert algebra over F' (see [KMRT) Chapter IX]) and N, denote the
cubic norm form on J. For d € F* consider the variety

Z={aeJ|Nya)=d.

The group G of isometries of N is a group of type 'Eg and it acts on Z geometrically
transitively. Note also that Z is in general anisotropic.

Corollary 6.16. In the above notation the natural map K°(F) — K% Z) is an
isomorphism.

Proof. Let Y be the variety of Borel subgroups of the group G. We need to check the
conditions of Proposition The K°-Euler characteristic of Y is invertible, since Y’
is geometrically cellular.

Let y € Y be a point. Then G splits over F(y), the variety Z has a rational point
over F'(y) and its stabilizer is the split group of type Fy, i.e., Z is isomorphic to Eg/F,
over F(y), where Eg and F, stand for the split groups of the respective Dynkin types.
Finally, by [Yal6, Theorem 2] K°(Eq/F4) ~ K°(F(y)). We are done. O

Remark 6.17. In [Yal6] Yakerson computes the whole higher K-theory of twisted
forms of Eg/F4 by means of cocycles from Z'(F,F,). Note that such twisted forms are
isotropic.

Consider the Witt-ring of the field F' and denote by I its fundamental ideal.

Proposition 6.18. Let m > 2 and set p = 2. A non-degenerate even-dimensional
quadratic form q belongs to I™ iff the K(n)*-motive of the respective projective quadric
s split for all0 <n <m — 1.

Remark 6.19. Note that by Proposition [[.I0 below the K(m — 2)*-motive of the
respective quadric splits iff its K (n)*-motive is split for all 0 <n < m — 1. We do not
use this in the proof of Proposition [6.18
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Proof of Proposition[6.18. Note that the statement of the proposition is clear for m = 2,
since K (0)* is defined as CH ®Q and I? consists of all non-degenerate even-dimensional
quadratic forms with trivial discriminant. Therefore, ¢ belongs to I iff the K(0)*-
motive of the respective projective quadric is split. So, we assume that m > 2. It is
also clear that it suffices to proof the proposition for 0 < n < m — 1.

Assume that ¢ does not belong to I™. Let 1 < s < m be the maximal integer with
q € I*, and assume that the K(s — 1)*-motive of the respective quadric is split. If
s = 1, then as was mentioned above its K (0)*-motive is not split. So, we can assume
that s > 1.

By [OVVO0T7, Theorem 2.10] there exists a field extension K of F' such that the
anisotropic part of gx is similar to an anisotropic s-fold Pfister form, say ¢’. Thus, ¢k
is isomorphic to an orthogonal sum of ¢’ (up to a scalar multiple) and a hyperbolic
form. Let @ and @’ be the projective quadrics over K associated with gz and ¢’ resp.
By [R098| Proposition 2] the Chow motive of ) is isomorphic to a sum of Tate motives
and a Tate twist of the motive of @)'. Therefore, by Vishik—Yagita [ViY07, Section 2]
the same decomposition holds for the cobordism motives and, hence, for the Morava
motives. But by Proposition the K (s — 1)*-motive of @' and, hence, of @ is not
split. Contradiction.

Conversely, assume that g belongs to I"™ and let () be the respective projective
quadric. Let 1 < m < m — 1. Then we can present ¢ as a finite sum of (up to
proportionality) m-fold Pfister forms. We prove our statement using induction on the
length of such a presentation in the Witt-ring. If the length is zero, i.e., if ¢ is a split
form, then the K (n)*-motive of @ is split for all n.

Let o be an m-fold Pfister form in the decomposition of ¢. Let X*¥ be the affine norm
quadric of dimension 2"*! — 1 corresponding to a subsymbol of « from H!"(F,7/2)
(note that n +2 < m). Then the length of q over F(X?T) is strictly smaller than the
length of q over F.

Applying Lemma to the varieties X = Q x @Q and Z = X* and using
Corollary we obtain that the pullback of the natural projection

En)'(@Qx Q) = K(n)'(X™ xQ x Q)

is surjective.
But by the localization sequence

Kn)" (X x Q x Q) = K(n)"((Q x Q) p(xam))
is surjective. By the induction hypothesis on the length of ¢, the restriction
homomorphism

K(n)"((Q X Q)p(xam)) = K(n)"((Q x Q)5)

to a splitting field F of Qp(x=) is surjective. Therefore, the restriction homomorphism

K(n)"(Q@ x Q) — K(n)"((Q x Q)f)
is surjective. In particular, since the projectors for the Morava motive of @) lie in

K(n)*(Q x Q), it follows from Rost nilpotence that the K (n)*-motive of @) over F' is
split. ([l

Remark 6.20. The same statement with a similar proof holds for the variety of totally
isotropic subspaces of dimension k for all 1 < k < (dim¢)/2. Note that in the case of
a Pfister form, the motive of such a variety is still a direct sum of Rost motives.
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The same proof also shows the following proposition.

Proposition 6.21. If g € I"™ for some m > 2 and ¢’ = q L {c) for some ¢ € F*, then
the K (n)*-motive of the respective projective quadric ¢ = 0 is split for all0 < n < m—1.

Conversely, if ¢' is an odd-dimensional quadratic form such that the K(n)*-motive
of the respective projective quadric ¢ = 0 is split for some n > 0, then in the Witt ring
qd =q L {c) for some q € I"? and c € F*.

Proof. The proof is almost verbatim as of Proposition[6.18 For the reader’s convenience
we sketch the proof of the second part of the proposition.

Set ¢ = ¢ L (—disc(q’)) in the Witt ring. Then ¢ € I"*2. Indeed, otherwise as in
the proof of Proposition over some field extension K of F' the anisotropic part of
the form qx will be similar to an anisotropic s-fold Pfister form with 2 < s < n + 2.
Then the motive of the respective Pfister quadric is a direct sum of Tate twists of Rost
motives Rs. But by Proposition 6.2 the K (n)*-motive Ry is not split. Besides, it follows
from [Ro98, Theorem 17] that the motive of the quadric ¢ = 0 contains over K a Tate
twist of Rs. Hence, the K (n)*-motive of the projective quadric ¢' = 0 is not split over
K and, hence, is not split over F'. 0J

7. K(n)-SPLIT VARIETIES AND p-TORSION IN CHOW GROUPS

In this section we obtain several general results concerning Morava K-theories. First,
with the help of the Landweber—Novikov operations we prove that if a projective
homogeneous variety is split with respect to K(n)*, then it is split with respect to
K(m)* for m: 1 < m < n (Corollary [ TT]). Recall that by results of [ViY0T7] if the
motive of a smooth projective variety X is split with respect to the Chow theory, then
it is split for every oriented theory.

Thus, to prove the non-splitting of the p-local Chow motive of a projective
homogeneous variety one could consecutively check the splitting of the Morava motives
Mgy, Mg, etc. If one of these motives is non-split, then the p-local Chow motive
is non-split as well. Conversely, if all Morava motives are split, then the p-local Chow
motive is split as well. In fact, by Corollary below it suffices to consider the n-th
Morava K-theory such that p" is greater than or equal to the dimension of the variety.
In this sense one could interpret CH* ®Z,) as a Morava K-theory of an infinite height.

Secondly, we investigate properties of smooth projective geometrically cellular
varieties X for which the pullback restriction map K(n)*(X) — K(n)*(X) is an
isomorphism. Using symmetric operations we show in Theorem that CH'(X)

n_1

has no p-torsion for such varieties where i < ppTl. Finally, in Theorem [7.23] we use

the gamma filtration on K (n)* to prove finiteness of p-torsion in Chow groups of such
varieties in codimensions up to p”.

7.1 (Landweber—Novikov operations and split K (n)*-motives). As was mentioned in
Section [£.4] every formal group law (R, Fg) yields a free theory Q* @, R. It is natural to
ask about relationships between free theories corresponding to isomorphic formal group
laws. For simplicity, taking an isomorphism between formal group laws (R, Fg) and
(R, Fg) which is the identity on R (i.e., it is a change of the “parameter” of the formal
group law), one obtains an isomorphism of the presheaves of rings of corresponding
free theories. Moreover, a considerable part of such isomorphisms can be obtained via
the specialization of the total Landweber—Novikov operations on the level of algebraic
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cobordism. These operations put severe constraints on the structure of the algebraic
cobordism as an L-module, and we will use this in the study of the Morava K-theories
of K(n)*-split varieties.

Recall that there exists a graded Hopf algebroid (L, LB) which represents the formal
group laws and strict isomorphisms between them (see e.g. [Ra04, Appendix 1.1.1,
Appendix 2.1.16]), where LB = L[by, bs, . ..]. The total Landweber—Novikov operation

St O = O @ LB
is a multiplicative operation which in some sense corresponds to the universal strict
isomorphism of formal group laws, see [Vil2, Example 3.9].

Proposition 7.2 ([S18b, Proposition 2.10]). The action of the Landweber—Novikov
operations makes * into a functor to the graded comodules over the Hopf algebroid
(L,LB).

In particular, . = Q*(Spec F') is canonically a comodule over (L,LB), and its
subcomodules are the same as the ideals which are invariant with respect to the
Landweber—Novikov operations. The only non-zero prime ideals among them are
I(p,m) = (p,v1,...,0m_1) and I(p) = U,I(p,m), where p is a prime number and
v;’s are v;-elements ([La76, Theorem 2.2]).

The situation with BP* is very similar with Q*. For every smooth variety X the BP-
module BP*(X) is a direct summand of Q*(X) ®Z,) (see e.g. [S18b, Proposition 2.4]),
and one can restrict the action of the Landweber—Novikov operations to BP*(X) which
makes it a graded comodule over the Hopf algebroid (BP, BP,BP) (for the latter
see [Ra04, Appendix 2.1.27]). In particular, there is an action of the Landweber—
Novikov operations on BP and the only non-zero invariant prime ideals are of the form
I(k) = (p,v1,...,vk_1) ([LaT6, Theorem 2.25p]).

The abelian category of comodules over (L,LB) (or over (BP,BP.BP)) was
extensively studied by topologists. Note also that (L,LLB) is canonically isomorphic
to (MU,, MU,(MU)), and the latter notation is often used in the literature.

Proposition 7.3 (|[La73, Theorem 3.3|, [La76, Theorem 2.2, 2.3, 2.25p, 2.3pp]). Let M
be a graded comodule over (L,ILB) (over (BP, BP,BP), respectively) which is finitely
presented as an L-module (as a BP-module, respectively). Then M has a filtration

M=MyD>DM D...OM;=0

such that for every i the module M;/M;,y is isomorphic to L/1(p;,n;) or L (BP/I(m;)
or BP, respectively) after a shift of grading, where p; is a prime number and n; is a
positive integer (m; is a positive integer, respectively).

Corollary 7.4. Fiz a prime p and for s > 1 denote by K(s) = Zy[vs, v, '] the L-algebra
corresponding to a choice of a formal group law for a Morava K-theory K(s)*. If for
M as in Proposition[7.3 we have M @, K(n) = 0 for somen > 1, then M ®1, K(m) =0

forallm:1<m <n.

Proof. We call by a filtration of an (L,LB)-comodule M just any filtration from
Proposition [T.3] We will prove a stronger statement by induction on the minimal
length d of a filtration of M. Namely, if M ®@p K (n) = 0, then Tory'(M, K(m)) = 0 for
all > 0 and m < n, and the graded factors of the filtration on M can be only of the
form IL/I(q, k) with ¢ # p or with g =p and n < k — 1.
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For the base of induction d = 1 we just need to check the statement for modules
IL/I(q, k). In both cases (if ¢ # p or if g = p and n < k — 1) Tor;"(IL/I(q, k), K(m)) = 0
because it is naturally both a K (m)-module and an L./I (g, k)-module (compatible with
the structure of an L-module). If ¢ # p, then ¢ is invertible in K (m) = Zy) [vm, v;,'].
If ¢ =pand m < k— 1, then v, is invertible in K(m) and is zero in L/I(q, k).
Therefore, Tor*(IL/I(q, k), K(m)) = 0 for all i > 0. Clearly, if ¢ = p and n > k — 1,
then IL/1(q, k) ®, K(n) # 0.

For the induction step suppose that M has a filtration of length d + 1, which means
that there exists a short exact sequence of (L, LB)-comodules:

0—-N—>M-—L/I(¢qgk)—0,

where N has a filtration of length d. Tensoring this sequence with K(n), we see
from the above that either ¢ # p or ¢ = p and n < k — 1. Tensoring with K (m),
1 <m < n, we obtain that N ® K(n) = 0 and Tory (N, K(m)) ~ Tory (M, K(m)) for
all 2 > 0 and 1 < m <n. We then apply the induction hypothesis to N to conclude
that Tory (M, K(m)) =0 for all i > 0 and all m, 1 < m < n. O

Remark 7.5. Let CH(, denote the coefficient ring of CH* ®Z,) and let M be as in
Corollary [7.4l Analogously one can show that if M @1, CH) = 0, then M ®p K(m) =0
for all m > 1.

Remark 7.6. The language of stacks might provide a more geometric view on the
statement above. Indeed, the category of comodules over the Hopf algebroid (L, LB)
can be identified with the category of quasi-coherent sheaves over the stack of formal
groups My, (see e.g. [NaO7]). Working modulo p this stack has an exhaustive
descending filtration by closed substacks where the n-th piece of it ./\/l?: classifies
formal groups of height bigger than or equal to n. Moreover, these substacks are the

. R >n+1 . - .. .
only irreducible closed (reduced) substacks, and /\/1]7;”r is in some sense a divisor in

M?g" whose complement has a unique geometric point which corresponds to the n-th
Morava K-theory.

The support of a coherent sheaf G over My, is closed, and therefore the reduced
support is the closed substack /\/l?gm for some m. In particular, the fibre of G over the
points corresponding to the n-th Morava K-theory is zero if n < m and non-zero if
m > n. This gives a vague explanation of Corollary [7.4]

Corollary 7.7. Let C be a finitely presented BP-module endowed with the structure of
a (BP, BP,BP)-comodule.
If C ®@pp K(n) =0, then C @pp BP[v,'] = 0.

Proof. By Proposition the BP-module C has a filtration with the graded factors
BP/I(k;). The same proof as of Corollary [Z.4] in which one replaces L with BP and
I(p, k) with I(k) shows that if C ®pp K(n) = 0, then for the graded factors of the
filtration above for all i we have n < k; — 1, i.e. v, € I(k;). The claim follows. O

The following lemma is straight-forward.

Lemma 7.8. Let X be a geometrically cellular smooth projective variety over a field
F and let A* be a free oriented cohomology theory. Assume that the A*-motive M4(X)
satisfies the Rost nilpotence property. Denote X = X xp F. Then the following
statements are equivalent:
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(1) Ms(X) is split;

(2) the restriction map A*(X x X) — A*(X x7 X) is an isomorphism;
(8) the restriction map A*(X x ) — A*(X x5 X) is a surjection;

(4) the restriction map A*(X) — A*(X) is an isomorphism;

(5) the restriction map A*(X) — A*(X) is a surjection.

Proof. To prove the implication (5) = (3) note_that_y is cellular, its motive is split
and all elements in A*(X) and, therefore, in A*(X X X) are rational. The implication
(3) = (1) follows from Rost nilpotence. O

Corollary 7.9. Assume that two free theories A* and B* are isomorphic as presheaves
of sets, and the motives M4(X) and Mp(X) satisfy the Rost nilpotence property. Then
Ma(X) 1s split iff M(X) is split.

Proof. Indeed, an isomorphism between A* and B* commutes with the change of the
base field. Thus, whenever one of the maps A*(X) — A*(X), B*(X) — B*(X) is
surjective, so is the other one. 0

In particular, it follows from the above corollary and [GV18, Corollary 4.5] that for
a fixed prime p, a fixed integer n and a projective homogeneous variety X there is a
well-defined property for Mg, (X) to be split which does not depend on the choice of
an n-th Morava K-theory.

Proposition 7.10. Let 1 < m < n, and let X be a smooth projective geometrically
cellular variety such that My (X) satisfies the Rost nilpotency property.
If Mgn)(X) is split, then Mg (X) is split.

Proof. By Lemma [T it is sufficient to prove that the map K(m)*(X) — K(m)*(X) is
surjective, whenever K (n)*(X) — K(n)*(X) is so.
Consider the following short exact sequence of (L, LB)-comodules:
QX)L (X)) = C—o.

Clearly, the map p®p K (m) is surjective iff C@p K (m) = 0. However, C ®1, K(n) =0
by the assumption, and C is a coherent L-module by [SI8b, Proposition 2.21,
Remark 2.24]. Therefore, Corollary [.4] applies. 0J

Corollary 7.11. If X is a projective homogeneous variety such that My y(X) is split,
then My (my(X) is split for all 1 <m < n.

Proof. By [GV18, Corollary 4.5] for every free theory A* the motive M4(X) satisfies
the Rost nilpotence property. O]

Corollary 7.12. Let X be a projective homogeneous variety with dim X < p™. Then
the Chow motive of X with Z,)-coefficients is split if and only if the K (n)*-motive of
X s split.

Proof. If the Chow motive of X with Z)-coefficients is split, then obviously the K (n)*-
motive of X is split as well.
Assume now that the K (n)*-motive of X is split. The operations

M K(n)*(X) — CHY(X) ® Zgy)

are surjective for ¢ < p™ and commute with extensions of scalars (see Theorem [5.7)).
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Therefore, condition (5) of Lemma [7.8is satisfied for A* = CH* ®Zy). This implies
the corollary. O

7.13 (Symmetric operations of Vishik and K (n)*-split varieties). We have used above
the Landweber—Novikov operations which are stable ([Vil2, Definition 3.4]) and provide
constraints on the structure of cobordism which do not “see” the grading. Being
interested in the Chow groups and in the topological filtration of small codimension we
employ more subtle unstable operations, among which the most powerful are symmetric
operations.

Recall that Vishik has defined symmetric operations in algebraic cobordism first for
p = 2 in [Vi07] using elaborate and elegant constructions and then for all primes in
[Vil6] using [Vil2, [Vil4l Theorems 5.1] classifying all operations. We follow the latter
approach and explain several properties of these operations.

Fix a set of integers i = {i; | 0 < j < p} of all representatives of non-zero integers
modulo p, and denote i = H?;i ;. There exists a Quillen-type Steenrod operation in
algebraic cobordism

St(i): @ — Q[ (][],
which induces a morphism of formal group laws uniquely defined by the power series
y(z) == Hf;%(:c +qi; o t). We will sometimes drop 4 from the notation of St.

Theorem 7.14 (Vishik, [Vil6, Theorem 7.1]).
There exists a unique operation ®(i): Q — Q*[i7Y[t7Y], called the symmetric
operation, such that

(7.15) (@ - St(i) - 2 : Lo 0F = L,

where [P is the p-power operation.

It is convenient to use “slices” of the symmetric operation ®(i) defined as the
coefficients of the monomials # for | < 0. We will denote these operations as ®;(i) = ®;.

Fix a prime p and for simplicity we will work p-locally, in particular, using BP*
instead of 2*. Recall that there exists a multiplicative projector on 0* ® Z,) making
BP* a direct summand of Q*®Z,). This allows one to restrict the symmetric operation
to BP* even though it is non-additive (see [Vil5l Section 3]).

Recall that following Hazewinkel we have chosen the generators v, of the ring BP
(see Section [4.6]). Symmetric operations ®; allow to “divide” certain elements of BP*
by elements v,, as was observed e.g. in [S18b| Section 3.2]. The following is an instance
of this property.

Proposition 7.16. Let k > 0 and let « € BP~*?"~1) such that a = v* mod I(n).

Then (I)—k(p—l)(p"—l)—(pn—l)(a) = —Uﬁ_l mod I(n)

Proof. By the definition of the symmetric operation we have the following identity in
the ring BP[[t]][t™!] in the coefficients of ¢=:

‘gpt
(7.17) o = St(a) =" [p] - ®(a), o) = T2

Recall that St is a generalized specialization of the total Landweber—Novikov
operation ([Vil5, p. 977]), i.e. it can be obtained from the unstable total Landweber—

Novikov operation Q* — Q* @ L[bE", by, by, ...] defined by the inverse Todd genus
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Yoo bit'. Therefore, it is an (infinite) BP-linear combination of the Landweber—
Novikov operations (see [Vil5l Section 3] for more details). In particular, St preserves
the ideals I(n), hence St(a) = St(v¥) mod I(n).

It follows from the Riemann—-Roch theorem for multiplicative operations (see e.g.
[S18b, Lemma 2.16]) that

St(vy) = v,t =PV =D mod I(n).

The series [p| appearing above is graded of degree 0 where we take degt = 1.
Moreover, it starts with p, and therefore modulo /(n) the smallest power of ¢ appearing
in it is equal to p™ — 1 and its coefficient is proportional to v,,. The choice of Hazewinkel
implies that it is exactly v, ([Ra04, A2.2.4]), i.e. [p] = v,t*"~* + higher degree terms.

Combining all this together, equation (7.I7) modulo /(n) looks as:

ol — kRN 1) =820 () "1 4 higher degree terms)® (o) mod I(n),

from which the statement follows using [S18b, Lemma 3.3] and the fact that BP/I(n)
is an integral domain. O

The previous proposition can be used to study rational elements in the BP*-theory
as the following lemma shows. It will be a crucial step in the proof of Theorem
below.

For an element z € BP"(X) we write degz = r.

Lemma 7.18. Let f: X — Y be a morphism of smooth quasi-projective varieties. Let
z € BP"(X). Assume that r > % and for some k > 0 the element v¥z belongs to the
image of BP*(Y') under the map f*.

Then there exists a homogeneous element B € BP such that the element Bz belongs
to the image of f* modulo 7' BP*(X) and

e 3= mod I(n) for some b > 0;

o deg(Bz)=r—>0b(p"—1) > %.
Proof. Let * € BP*(Y) be such that f*(x) = vfz. We will apply the symmetric
operation ® to x several times producing the needed element y € BP*(Y') such that
f*(y) = Bz mod T BP*(X) for 3 as in the statement of the proposition. Since all
operations commute with pullbacks, we just have to calculate how the operation ® acts
on v¥z.

Moreover, all operations preserve the topological filtration, and by [Vil6]

Proposition 7.14] there is a simple description of the action of the symmetric operation
on gry BP*. Namely, for any A € BP and z as above we have

dA\2) =i - """V b, y(N)z mod T BPY(X),

where ®<_,(,_1)(\) is the part of the polynomial ®(\) € BP[t™!] with the degree of ¢
no greater than —r(p — 1).

Thus, to be able to use Proposition and “divide” v¥z by v,, we need that k > 0
(if £ = 0 we do not have to do anything) and

—k(p-D)@"-1)-@"-1) <-r(p-1).
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1
continue this process until we get the desired element 3z modulo 7" ™! BP*(X) where

deg(fz) =7 —b(p" — 1) > Z=L, O

p—1
Theorem 7.19. Let X be a smooth projective geometrically cellular variety such that
the pullback map f*: K(n)*(X) — K(n)*(X) is an isomorphism, where X = X xp F.
Then the pullback maps

Equivalently, (r — k(p" — 1))(p — 1) < p" — 1 or deg(vFz) < ’%. We can

(7.20) gr’ K(n)*(X) = grl K (n)*(X), CH'(X)® Zg) — CH'(X) ® Z,
are isomorphisms for r < pn%ll.
p

In particular, CH" (X)) has no p-torsion for all r < ”;%11.

Proof. For a smooth projective cellular variety Y and a free theory A* the A-module
A*(Y) is free, generated by chosen classes of desingularizations of (closed) cells. We
will call these elements classes of cells, and the codimension of the class of a cell is
the codimension of the corresponding cell. Moreover, the r-th part of the topological
filtration on A*(Y') is generated by the cells of codimension no less than r.

It follows that CH"(X) ®Z,) is torsion-free, and the last claim of the theorem follows
from claim (Z.20]).

For simplicity of notation we switch now from Morava K-theories with Z) vy, v;,']-
coefficients to Morava K-theories with Z,)-coefficients by sending v, to 1. Clearly, this
does not affect neither assumptions, nor conclusions of the theorem.

Under the assumptions of the theorem the pullback map from grl K(n)*(X) to

grr K (n)*(X) is surjective for r: 0 < r < p" — 1 since
(7.21) gr" K(n)* = K(n)" /7" """ 71K (n)"

in this range of r by Proposition[5.2(3). On the other hand, gr’ K(n)*(X) is a free Z,)-
module generated by the classes of cells of codimension r. Thus, to prove the theorem it
is sufficient to show that preimages under f* of classes of all cells of codimension greater

than % lie in 7'>1;7:11K(n)*(X). Indeed, this would imply that f* is an isomorphism

between 77" 1K (n)"(X) and 7" 71K (n)"(X) for r < %, and therefore f* is also

an isomorphism on gr” K (n)" by formula (Z21).

For the class z of a cell in BP"(X) denote by zx(n) its image in K(n)*(X). Also
abusing notation we denote the preimage of this element in K (n)*(X) under f* by the
same letter.

We now argue by decreasing induction on r from dim X + 1 to % + 1 that

p"—1
Zr(my € T K (n)*(X).
Base of induction is trivial for r = dim X + 1, since BP"(X) = 0.

Induction step. Assume that for all classes z, of cells in BP>"(X) the classes 25 k()
lie in 77T T K (n)* (X).

Denote by C' the cokernel of the map BP*(X) — BP*(X). It is a finitely presented
BP-module with the structure of a comodule over the Hopf algebroid (BP, BP,BP)
([S18bl Proposition 2.21, Remark 2.24]). Moreover, C' ® K (n) = 0 by the assumptions
of the theorem, and, therefore, by Corollary [[.7] the pullback map

BP*(X)[v,"] = BP*(X)[v,]

n
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is surjective. In particular, for every class of a cell z € BP"(X) of codimension r there
exists £ > 0 suc_h that v,’iz is a rational element.
If z € BP"(X) is the class of a cell of codimension r > %, then by Lemma [[.T§

applied to f : X — X we obtain that the element 3z + >, a5z, € BPI(X) is rational

n__

for some j > ’;Tll, as, f € BP such that § maps to 1 in K(n) and z, are classes of cells

of bigger codimension (recall that 7" 71 BP*(X) is generated by cells of codimension at
least r + 1).

Let y be an element of BP?(X) which maps to 8z + Y, a2 € BPY(X) under the
pullback map. Then y € 79 BP’(X), since BP? = 79 BP? (the last formula holds by the
definition of the topological filtration and by the fact that BP contains no elements of
strictly positive degree). Therefore, the image of y in K (n)*(X) also lies in 77/ K (n)*(X),
and at the same time its image in K (n)*(X) has the form Zic(n) F D[] K (n) Zs, K (n) Where
(5] K (ny 1 the image of a; under the canonical morphism BP — K(n) = Z,. However,
by the induction assumption the preimages under the isomorphism f* of the elements

25, K (n) already lie in T%—HK(?’L)*(X), hence the claim.

As explained above it follows that the pullback map gri K (n)*(X) — gri K(n)*(X)
is an isomorphism for ¢ < ’g%f. The operation ¢ gr! K (n)* — CH' ®Z,) commutes
with pullbacks by definition and induces an isomorphism for ¢ < p™ by Theorem 5.7 [iv]).
It follows that the map CH'(X) ® Z(,) — CH'(X) ® Z, is also an isomorphism for

. n_
i< Pzt O
p—1

7.22 (Finiteness of torsion in Chow groups via the gamma filtration). We consider the
Morava K-theory K(n)* with v, set to be 1.
Above we have used the topological filtration on Morava K-theories to show that there
pr—1

is no p-torsion in Chow groups of certain varieties up to codimension - However,

calculating graded factors of the topological filtration gr’ K'(n)* in the range between
’g%f + 1 and p" is a very complicated task even though it would still yield CH* ®ZLp)
by Theorem [B.7l Yet another approach to estimate p-torsion in Chow groups is to use
the gamma filtration instead of the topological filtration.

Theorem 7.23. Fix a prime p and let K(n)* be the corresponding n-th Morava K-
theory. Assume that X is a geometrically cellular smooth projective variety such that
the restriction map K(n)*(X) — K(n)*(X) is an isomorphism, where X = X xp F.
Then the p-torsion in CH?(X) is a quotient of the p-torsion in griK(n)*(Y) for
J=p"
In particular, the p-torsion in the Chow groups of X is finite in codimensions up to
p" and it can be bounded based on the variety X only.

Proof. As the gamma filtration is defined using the operations which commute with
pullbacks by definition, the gamma filtrations on K (n)*(X) and K (n)*(X) coincide via
the change of the base field. Therefore, the graded pieces of the gamma filtration of X
depend only on X.

Note that as X is cellular, its Chow motive is of Tate type, i.e. is split, and, therefore,

its algebraic cobordism motive is of Tate type as well. Therefore, K (n)*(X) is a finitely
generated free Z)-module generated by the classes of desingularizations of the closed
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cells. This proves that the graded pieces of the gamma filtration (on both K(n)*(X)

and K(n)*(X)) are finitely generated, and thus have finite torsion.
By Theorem 5.7 m) and [l we have surjective additive maps

T gr! K(n)*(X) = CH/(X) ® Zg,)

for j < p”, which are isomorphisms rationally. Therefore, CH?(X) has finite torsion for
every j < p" which is bounded above by the torsion of gr@K (n)*(X). O

An advantage of this approach is that the calculations are of a purely combinatorial
nature and are often amenable as we will show in the case of quadrics in the next section.
However, the bounds obtained by the gamma filtration are not exact in general (see

Remark B.15]).

8. BOUNDS ON TORSION IN CHOW GROUPS VIA MORAVA K-THEORY

In this section we will provide some bounds on torsion in Chow groups of quadrics.
Before doing this we would like to summarize known results in this direction. We
apologize in advance in case we forgot to mention some contributions.

8.1 (Karpenko’s bounds in small codimensions).

Proposition 8.2 (Karpenko). Let Q) be a smooth projective anisotropic quadric of
dimension D defined over a field of characterstic not 2.

e [Ka90, Theorem 6.1]: Tors CH*(Q) = 0 for D > 6;
e [Ka95, Theorem 6.1]: Tors CH*(Q) = 0 for D > 10;
e [Ka95, Theorem 8.5]: Tors CH*(Q) = 0 for D > 22;

When dimension of a quadric is smaller than in the above proposition, Karpenko
gives some bounds for the torsion in CH® and CH* and explicitly computes CH? (see
[Ka90, Theorem 6.1], [Ka96]).

We remark at this point that there are examples of quadrics having infinite torsion
in CH* (see [KM90]).

8.3 (Rost motives and excellent quadrics). The Chow groups of Pfister quadrics and
more generally of excellent quadrics are explicitely known. This was computed by Rost
in [Ro90, Theorem 5|, see also [KM02, Theorem 7.1, Theorem 8.1]. More generally,
Yagita computed the multiplicative structure of the Chow rings of excellent quadrics
(see [YO0S]).

In particular, the following result holds.

Proposition 8.4 (Rost). Let Q),, be the Pfister quadric corresponding to a pure non-zero
symbol o« € H,(F,7Z/2), n > 3.
Then Tors CH (Q,) = 0 for i < 2"=2 and Tors CH?" " (Q.) = Z/2.

8.5 (Vishik’s calculation for generalized Albert’s forms). Consider a generalized Albert
form of dimension 6 - 2" over F, i.e. a form of the type p ® ¢, where p is an Albert
form, i.e. p = (a,b,—ab,—c,—d, cd) for some a,b,c,d € F*, and ¢ is an r-fold Pfister
form. Note that by [Vi00, Lemma 1.4] there exist anisotropic generalized Albert forms
of dimension 6 - 2" over suitable fields.

For a quadratic form ¢ denote by ) the respective projective quadric.
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Proposition 8.6 (Vishik, [Vi00, Main Theorem|). If a generalized Albert forms q of
dimension 6 - 2" with r > 1 is anisotropic, then Tors CH* T(Q) # 0.

Below we will show that there is no torsion in CH?(Q) for j < 2"+ 1 (Corollary B.I6]).

Finally, there are numerous results with computations of the Chow groups of generic
quadrics and generic orthogonal Grassmannians (see [Kal8§], [P16], [SV14]).

8.7 (The gamma and the topological filtration on Morava K-theories of quadrics). In
this section p = 2. Denote by @ a split quadric of dimension D and assume that
D> 22— 3

Denote by d := [D/2] the dimension of the maximal isotropic projective space inside
Q@ and by ¢: P — @ the corresponding inclusion map. Denote by h € K(n)*(Q) the
first Chern class of the canonical line bundle O(1). Abusing notation we will denote by
the same letter the pullbacks of this class along restrictions to open subsets of Q.

The following proposition is well-known. We consider the Morava K-theory K(n)*
with v,, set to be 1.

Proposition 8.8. The natural linear projection map b: Q\ P! — P? induces an
isomorphism b*: K(n)*(PY) — K(n)*(Q \ P?).
Moreover, there is a short (split) exact sequence of abelian groups:

0= &% Zols = K(n) (Q) = K(n)*(P%) — 0,

where the map © is a morphism of rings compatible with the gamma filtration and I
is the class of a linear projective space inside () of dimension s.

Proof. Since the statement of the proposition is well-known, we only sketch the proof.

Let (V,q) be the quadratic space of dimension D + 2 with a split quadratic form q.
Let W C V be the maximal totally isotropic subspace of V. Then dim W = d+ 1. The
map ., is the push-forward of the embedding ¢: P4 = P(W) — Q.

The quadratic form ¢ induces a natural linear map V' — W?*. This map induces a
morphism b: Q\P(W) — P(V)\P(W) — P(W*) = P? which is an affine bundle of rank
D — d. Therefore, by homotopy invariance the homomorphism b* is an isomorphism.

Let 6: Q \ P(W) < @ be the open embedding. Then by the localization axiom the
sequence

K(n)"(BY) = K(n)*(@) > K(n)"(@\P*) =0
is exact. Now the homomorphism 7* is defined as (b*)~! o #*. Using the fact that all

objects here are free Z)-modules of suitable ranks one can check that the resulting
exact sequence is exact on the left and is split. ([l

Note that 7* in Proposition 8.8 induces surjective maps of abelian groups
gl K (n)"(Q) — gt K (n)*(P?)
for 7 > 0. A direct calculation shows that gr” K (n)*(P?) has no torsion for all r, i.e. it
equals Z) for 0 <r < d and 0 for r > d. Thus, we have

h" €y K(n)"(@) \ Y K(n)"(Q)
for 0 < r < d (one could also see this using rational comparisons of Theorem [5.7)).

We claim that the torsion in gr! K (n)*(Q) is generated by elements of Im .. Indeed,

take an element « from 7" K (n)*(Q)). By Proposition 8.8 one can express « as a linear
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combination of elements from Im ¢, and elements h* with k¥ > r. Taking o modulo
71K (n)*(Q) we may assume that it is a linear combination of elements from Im ¢,
and the element h", say, with a coefficient a.

If o gives a torsion element in gr’ K (n)*(Q), then it maps to a torsion element in
gr’ K (n)*(P?), hence to 0. But it maps to ah” where £ is the first Chern class of O(1)
on P¢. Therefore, a = 0.

We recall the multiplication structure in K (n)*(Q).

Proposition 8.9. (1) We have h - l; = l;_1 where we denote |_1 = 0.
(2) If the dimension of the quadric is odd, then ht' = 2l; mod (I; | 0 < j < d).
Moreover, h®1 is expressible in terms of l; with j =d mod 2" — 1.

Proof. To prove (1) note that h can be represented by a general hyperplane section of
@, so that it intersects transversally the linear subspace representing the class ;. The
product h - [; is represented by their intersection, which is then a linear subspace of
dimension one less.

Part (2)) follows from the well-known multiplication in the Chow ring of Q. U

For simplicity of notation set [, = 0 for » < 0.

Let D—d=1+j mod 2" — 1 where j € [0,2" — 2].

From now on we consider a non-split smooth projective quadric ) of positive
dimension such that the restriction map

(8.10) K(n)"(Q) — K(n)"(Q)
to a splitting field of @ is an isomorphism. Note that in this case dim @Q > 2"*+2 — 3.
Indeed, in view of Lemma [7.8] if dim () is even, this follows from Proposition and
the Arason—Pfister Hauptsatz. If dim @ is odd, then by Proposition the respective
quadratic form is of the type f L {c) for some anisotropic form f € I"™2 and c € F’*.
Therefore, since the dimension of the anisotropic part of f L (c¢) is at least dim f — 1,
it follows from the Arason-Pfister Hauptsatz that dim Q > 272 — 3.

Abusing notation we will consider the elements h,l; of K(n)*(Q) defined above also
as the corresponding elements of K (n)*(Q)) with respect to the isomorphism (8.10).

Lemma 8.11. Let k € [0,d]. Assume that the element [y lies in
Y K(n)"(Q) mod @y Zyls

(resp. in 7" K(n)* (Q) mod @y Zls) for somer > 1.
Then for every u > 0 the element l,_,, lies iny" K (n)*(Q) (resp. in 7" K(n)*(Q)).

Proof. The proof is the same for the gamma and for the topological filtration and
exploits only its multiplicativity. We confine ourselves to the case of the gamma
filtration. By our assumptions we have I+ _, a,l, € 7" K(n)*(Q) for some a, € Z).
We prove the statement by decreasing induction starting with the highest v = k + 1.
In this case {_; = 0 and the claim is trivial.
By Proposition 8.9 we have

R (D ad) =leut+ Y agley
s<k u<s<k

The left-hand side lies in 7" T K(n)*(Q) by the multiplicativity of the gamma
filtration and the fact that h € 'K (n)*(Q), while the “tail” of the right-hand
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side lies in ™" K(n)*(Q) by the induction assumption. Therefore, we have
lh—u € YK (n)"(Q). O

Denote by H the first Chern class of the canonical line bundle O(1) on @ in the
Brown-Peterson cohomology. Again abusing notation, denote by the same letter the

corresponding class in BP*(Q). Denote by L, € BP*(Q) the class of a linear subspace
inside @) of dimension r. Note that the canonical map of theories

TK (n) - BP*(Q) — K(n)*(Q)
sends H to h and L, to [,.
Lemma 8.12. I; € 7t K(n)*(Q).

Proof. One could argue as in the proof of Theorem to show that l; € 7" K (n)*(Q).

A more direct approach of the use of Theorem is the following. Let 7 be the
maximal positive integer such that I € 7K (n)*(Q). If i < 2", then l; defines a non-
trivial element of the group gri K(n)*(Q). However, this group maps isomorphically
to gri K(n)*(Q) where the class of Iy is zero. Contradiction and, therefore, i > 2", i.e.

ly € " K(n)*(Q).

However, l; € K(®)'(Q) and 7' K(n)'(Q) = 7T"K(n)'™(Q) by
Proposition [5.2(3). This implies the claim. O

Proposition 8.13. In the notation of this section we have

(1) griK(n)"(Q) = Zy for 1 <s < 2" —1;

(2) if j #0, then gr2" K (n)*(Q) = Z);

(8) if 7 =0, and the dimension of the quadric is odd, then the torsion subgroup of
gr2" K (n)*(Q) is at most Z/2;

(4) if 3 = 0 and the dimension of the quadric is even, let d = 1 + r(2" — 1)
for somdl v > 2. If r is even, then the torsion in gr?" K(n)*(Q) is at most
ZJ2. If r is odd, then the torsion in gr2" K(n)*(Q) is at most Z/2°, where
s = min(ve(r — 1) + 2,2"). Here we denote by vy the 2-adic valuation.

Proof. (1) This follows from Theorem [Z.19

(2) If j # 0, then by Lemma 812l the element [, lies in 72" T K (n)*(Q) and therefore,
by Lemma B.IT] the same holds for I, s < d. Thus, the graded factors gri K'(n)*(Q) for
s < 2™ have to be generated by some power of h and have no torsion.

(3, 4) If j = 0, then we will show now that Iy € Y K(n)*(Q) C 7" K(n)*(Q).
Let ¢: P? — () be the inclusion of the maximal isotropic linear subspace. In order

to calculate cgi(")(ld) = Cgi(n)(b*].]pd) we apply the generalized Riemann—Roch formula

(Corollary [A.13]). Using Proposition 5.8 we have C;fl(n)(l/*l]pd) is equal to
67’ld + Z bsld—s(2”—1)
5>0
with by € Zz), where r is such that d = 1+ 7(2" — 1) and e, € Z,. This element lies

in 2" K (n)*(Q) by the definition of the gamma filtration.
By Lemma [BIT] we obtain that all other elements I, s < d, lie in the higher parts of
the gamma filtration. It follows that the torsion in the group gr2" K (n)*(Q) is generated

by ld.

IThe case r = 2 is the well-known case of a Pfister quadric.
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(only 3) If the dimension of the quadric is odd, then by Proposition we have
Y = 20y + 3 o Bsla—sn—1y for some B, € Zz). By the multiplicativity of the
gamma filtration this element lies in 71K (n)*(Q). Recall that d > 2"l — 2
by our assumptions, and therefore, d + 1 > 2"  Thus, by the results above
li—s@n—1) € Y T'K(n)*(Q) for s > 0, and we obtain that 2l; € ¥*"**K(n)*(Q). This
proves the claim.

(only 4) Let us consider the element x(Ig) € v2*" ~1K(n)'(Q) for the operation x
from Proposition (.91 Using the Riemann—Roch formula and Proposition 5.9, 2]) we
obtain that this element is equal to g,lg + Zs>0 bslg—s2n—1) for some b, € Z) (g, was
defined in Proposition F.J). Since the elements Iy s on_1y lie in v "1 K (n)*(Q), we
obtain that g,l; € 72n+1_1K(n)*(Q). If r is even, then g, € QZ(XQ). If r is odd, then
I/Q(gr) = Vg(’f’ - 1) + 2.

If we use the operation v from Proposition instead of x, we obtain that

221, € ¥ K (n)*(Q).
The result now follows. O

Combining this together with Theorem [5.7] and Propositions [6.18 and [6.21] we obtain
the following theorem.

Theorem 8.14. Let () be a smooth quadric of positive dimension over a field F such
that corresponding quadratic form q lies either in the ideal I"*2 or in the set {c) + "2
inside the Witt ring for some ¢ € F'*. Let D be the dimension of Q, d := [D/2], and
let j € [0,2" — 2] be such that D —d =1+ j mod 2" — 1.

Then CH'<*<?""Y(Q) = Z and

(1) if j # 0, then CH*" (Q) = Z.

(2) if j =0, and the dimension of the quadric is odd, then the torsion in CH* (Q)
is at most Z/2;

(8) if 7 = 0 and the dimension of the quadric is even, d = 1+ r(2" — 1), then the
torsion in CH*"(Q) is at most Z,/2° where s = 1, if r is even, and

s = min(ve(r — 1) +2,2")
otherwise. Here we denote by vy the 2-adic valuation.

Remark 8.15. One can show that the estimates one gets using just the gamma
filtration are not so strong if j # 0. Namely, if j # 0 one obtains Z/2 in the components
CH=7"!. This shows that the graded factors of the gamma filtration do not give exact
bounds for the topological filtration even in small codimensions.

Corollary 8.16. Let q be a generalized anisotropic Albert form of dimension 6 - 2".
Then Tors CH’(Q) = 0 for all j < 2" + 1.

Proof. Indeed, the Albert form lies in I?(F), and therefore, ¢ lies in I""?(F). Since
d=2 mod (2" — 1), Theorem RI4l implies the claim. O

Vishik has communicated to the authors that one can show the above corollary using
techniques of [SV14].
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9. MORAVA K-THEORY AND COHOMOLOGICAL INVARIANTS

In this section we relate the Morava K-theory with cohomological invariants of
algebraic group; see also Proposition

Theorem 9.1. Let p be a prime number. Let G be a simple algebraic group over F
and let X be the variety of Borel subgroups of G. Then
(1) G is of inner type iff the K(0)*-motive of X is split.
(2) (Panin). Assume that G is of inner type. All Tits algebras of G are split iff the
K%-motive with integral coefficients of X is split.
(8) Assume that G is of inner type and the p-components of the Tits algebras of
G are split. Then the p-component of the Rost invariant of G is zero iff the
K (2)*-motive of X 1is split.
(4) Let p = 2. Assume that G is of type Eg. Then G is split by an odd degree field
extension iff the K(m)*-motive of X is split for some m > 4 iff the K(m)*-
motive of X is split for all m > 4.

Proof. (1) Recall that K(0)* = CH*®Q by definition. If G is of inner type, then it
is well-known that the Chow motive of X with rational coefficients is split (e.g. this
follows from [Pa94], Theorems 2.2 and 4.2], since K° and CH* are isomorphic theories
with rational coefficients). On the other hand, if G is of outer type, then the absolute
Galois group of F' acts non-trivially on the Chow group of X, (see [MT935], Section 2.1]
for the description of the action on the Picard group of Xp,_ ). Therefore, the Chow
motive of X with any coefficients cannot be split in this case.

(2) Follows from [Pa94]; see also Section [3.4]

(3) First we make several standard reductions. Since all prime numbers coprime to p
are invertible in the coefficient ring of the Morava K-theory, by transfer argument we
are free to take finite field extensions of the base field of degree coprime to p. Hence
we can assume that not only the p-components of the Tits algebras are split, but that
the Tits algebras are completely split (and the same for the Rost invariant).

Types A and C. If G is a group of inner type A or C with trivial Tits algebras,
then G is split and the statement follows. Indeed, by [KMRT, §26] the group G is
isogenous to SL;(A) for a central simple algebra A or, respectively, to Sp(B, o) for a
central simple algebra B with a symplectic involution o. By [KMRT) §27.B] the algebra
A, respectively, the algebra B is a Tits algebra of GG. Therefore, if A, respectively, B is
split, then G is split, and the statement of the proposition is obvious.

Types B and D. If G is a group of inner type B or D, then G is isogenous
to Spin(V, q) or, respectively, to Spin(D,7) for an odd-dimensional quadratic space
(V,q) or, respectively, for an algebra D with an orthogonal involution 7 with trivial
discriminant. By [KMRT] §27.B] the even Clifford algebra Cy(V,q), respectively, the
algebra D and the Clifford algebras C*(D, ) are Tits algebras of G. Therefore, if the
Tits algebras of G are split, we are in the situation of quadratic forms.

Now the statement of the proposition follows from Proposition (in the even-
dimensional case) and from Proposition (in the odd-dimensional case). Indeed,
an even-dimensional quadratic form with trivial discriminant lies in I* (resp. an odd-
dimensional quadratic form lies in I* + (¢) for some ¢ € F*) iff its Clifford and its Rost
invariants are zero (see [KMRT) §31.B] for a description of the Rost invariant in the
case of quadratic forms).
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Exceptional types. Let now G be a group of an exceptional type. Taking coprime
to p field extensions we assume that our base field is p-special. Assume that the K (2)*-
motive of X is split, but the Rost invariant of G is not trivial.

There is a field extension K of F' such that the Rost invariant of Gi is a non-zero
pure symbol. Indeed, for groups of types Eg, Fy, Go, E; with p = 3 and Eg with p =5
this is already the case for K = F' (see [Ga09, Part II]).

If G is of type E; with p = 2, then by [PS10, Theorem 5.7] the variety Y of maximal
parabolic subgroups of G of type 6 (enumeration of simple roots follows Bourbaki) is
not generically split. Over its function field K = F(Y') the anisotropic kernel of G is
of type D4 and, thus, the Rost invariant of Gk is a non-zero pure symbol.

If G is of type Eg with p = 2, then by [PS10, Theorem 5.7] one can take K = F(Y),
where Y is the variety of maximal parabolic subgroups of G of type 6 (the anisotropic
kernel of G will be again of type Dy), and if G is of type Eg with p = 3, then one can
take K = F(Y'), where Y is the variety of maximal parabolic subgroups of G of type 7
(the anisotropic kernel of Gk will be of type Eg).

In all cases the motive of X is a direct sum of Rost motives corresponding to
this non-zero symbol of degree 3 (see [PSZ08]). This gives a contradiction with
Proposition [6.2]

Conversely, if the Rost invariant of GG is zero and G is not of type Eg with p = 2, then
by [Ga0ll Theorem 0.5] (for exceptional groups different from Eg), [C94] and [Ga09,
Proposition 15.5] (for Eg at the prime 5), [C10] and [GPS16l Section 10c] (for Eg at the
prime 3) the group G is split and the statement of the proposition follows.

Therefore, it remains to consider the case when G is a group of type Eg with trivial
Rost invariant. By [Sem16, Theorem 8.7] G has an invariant v € H3 (F,Z/2) such that
for every field extension K/F the invariant ux = 0 iff G splits over a field extension
of K of odd degree. Exactly as in the proof of Proposition (note that we can
represent u by a quadratic form from I°) we can pass to a splitting field F' of u such
that the restriction homomorphism K (2)*(X x X) — K(2)*((X x X)z) is surjective.
Therefore, by Rost nilpotence the K (2)*-motive of X is split.

(4) If G is split by an odd degree field extension, then the K (m)*-motives of X are
split for all m, since p = 2. Conversely, if G does not split over an odd degree field
extension of F' and the even component of the Rost invariant of G is non-trivial, then
by item (3) the K (2)*-motive of X is not split and, hence, by Proposition the
K (m)*-motives are not split for all m > 2.

Besides, if G does not split over an odd degree field extension of F' and the even
component of the Rost invariant of GG is trivial, then the invariant u is defined and is
non-zero. By J[OVV07, Theorem 2.10] there is field extension K of F' such that ux
is a non-zero pure symbol. Over K the motive of X is a direct sum of Rost motives
corresponding to ux. By Proposition the K(m)*-Rost motives for a symbol of
degree 5 are not split, if m > 4. ([l

Finally we remark that sequence (B.6) can be used to define the Rost invariant in
general, the invariant f5 for groups of type Fy (see [KMRT) §40]) and an invariant of
degree 5 for groups of type Eg with trivial Rost invariant (see [Sem16]). Namely, for
the Rost invariant let G be a simple simply-connected algebraic group over F. Let Y
be a G-torsor and set n = 3. Then sequence (3.6]) gives an exact sequence

0 — HY(Xy, Q/Z) — Ker (H3(F,Q/Z(2)) — H3(F(Y),Q/Z(2))) — 0
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But by sequence B) Ker (H3(F,Q/Z(2)) — H2(F(Y),Q/Z(2))) is a finite cyclic
group. Therefore, H/?{f()(y, Q/Z) is a finite cyclic group and the Rost invariant of Y is
the image of 1 € Hy (Xy,Q/Z) in H3(F,Q/Z(2)).

To construct invariants of degree 5 for F, (resp. for Eg) one takes n = 5 and Y to
be the variety of parabolic subgroups of type 4 for F, (the enumeration of simple roots
follows Bourbaki) and resp. the variety of parabolic subgroups of any type for Eg. In
both cases Hy, (Xy,Q/Z) is cyclic of order 2 and the invariant is the image of the only
non-zero element of Hy; (Xy, Q/Z) in HZ(F,Q/Z(4)); see [Seml6].

[A12)
[Cai08]

[C94]

[C10]

[CGMOS]
[EKMOS]
[Ful9s]
[Ga01]
[Ga09]
[GMS03]
[GPS16]
[GPOT]
[GV18]
[Ha78]
[Ka90]
[Ka91]
[Ka95]
[Ka96]
[Kalg]
[KM90]

[KM02]

[KM13]

REFERENCES

A. Ananyevskiy, On the algebraic K -theory of some homogeneous varieties, Doc. Math. 17
(2012) 167-193.

S. Cai, Algebraic connective K-theory and the niveau filtration, J. Pure Appl. Algebra 212
(2008), no. 7, 1695-1715.

V. Chernousov, A remark on the (mod 5)-invariant of Serre for groups of type Eg, Mat.
Zametki 56 (1994), no. 1, 116-121, 157; English translation: Math. Notes 56 (1994), no. 1-2,
730-733 (1995).

V. Chernousov, On the kernel of the Rost invariant for Eg modulo 3, in Quadratic forms,
linear algebraic groups, and cohomology, 199-214, Dev. Math. 18, Springer, New York,
2010.

V. Chernousov, S. Gille, A. Merkurjev, Motivic decomposition of isotropic projective
homogeneous varieties, Duke Math. J. 126 (2005), no. 1, 137-159.

R. Elman, N. Karpenko, A. Merkurjev, The algebraic and geometric theory of quadratic
forms, Colloquium Publications, vol. 56, American Mathematical Society, Providence, RI,
2008.

W. Fulton, Intersection theory, Springer-Verlag, 1998.

S. Garibaldi, The Rost invariant has trivial kernel for quasi-split groups of low rank, Comm.
Math. Helv. 76 (2001), no. 4, 684-711.

S. Garibaldi, Cohomological invariants: exceptional groups and Spin groups, with an
appendix by D. Hoffmann, Mem. Amer. Math. Soc. 200 (2009), no. 937.

S. Garibaldi, A. Merkurjev, J-P. Serre, Cohomological invariants in Galois cohomology,
AMS, Providence, RI, 2003.

S. Garibaldi, V. Petrov, N. Semenov, Shells of twisted flag varieties and the Rost invariant,
Duke Math. J. 165 (2016), no. 2, 285-339.

S. Garibaldi, H. Petersson, Groups of outer type Eg with trivial Tits algebras, Transformation
Groups 12 (2007), no. 3, 443-474.

S. Gille, A. Vishik, Rost nilpotence and free theories, Doc. Math. 23 (2018), 1635-1657.
M. Hazewinkel, Formal groups and applications, Academic Press, Inc. (London), 1978.

N. Karpenko, Algebro-geometric invariants of quadratic forms, Algebra i Analiz 2 (1990),
141-162; English translation: Leningrad Math. J. 2 (1991), no. 1, 119-138.

N. Karpenko, Chow groups of quadrics and the stabilization conjecture, Adv. Soviet Math.
4 (1991), 3-8.

N. Karpenko, Chow groups of quadrics and index reduction formula, Nova J. of Algebra and
Geometry 3 (1995), 357-379.

N. Karpenko, Order of torsion in CH* of quadrics, Doc. Math. 1 (1996), 57-65.

N. Karpenko, On generic quadratic forms, Pacific J. Math. 297 (2018), no. 2, 367-380.

N. Karpenko, A. Merkurjev, Chow groups of projective quadrics, Algebra i Analiz 2 (1990),
no. 3, 218-235; English translation: Leningrad Math. J. 2 (1991), no. 3, 655-671.

N. Karpenko, A. Merkurjev, Rost projectors and Steenrod operations, Doc. Math. 7 (2002),
481-493.

N. Karpenko, A. Merkurjev, On standard norm varieties, Ann. Sci. Ec. Norm. Supér. (4)
46 (2013), 175-214.



[KMRT]
[Lam]
[LaT73]
[La76]
[L09]
[LM07]
[LT15]

[Ma68]

[Mac09]

[MVW]

[Me03]
[MPW96]
[MT95]
[Na07]
[NSZ09]
[OVV07]
[Pa94]
[P16]
[PS10]
[PSZ08]
[Ra04]
[Rob00]
[Ro90]

[Ro96]
[Ro98]

[Ro07]

[S18a]

APPLICATIONS OF THE MORAVA K-THEORY TO ALGEBRAIC GROUPS 40

M-A. Knus, A. Merkurjev, M. Rost, J-P. Tignol, The book of involutions, Colloquium
Publications, vol. 44, AMS 1998.

T.Y. Lam, Introduction to quadratic forms over fields, Graduate Studies in Mathematics,
vol. 67, AMS, Providence, Rhode Island, 2005.

P.S. Landweber, Associated prime ideals and Hopf algebras, Journal of Pure and Applied
Algebra 3 (1973), issue 1, 43-58.

P.S. Landweber, Homological properties of comodules over MU*(MU) and BP*(BP),
American Journal of Mathematics 98 (1976), no. 3, 591-610.

M. Levine, Comparison of cobordism theories, J. Algebra 322 (2009), no. 9, 3291-3317.
M. Levine, F. Morel, Algebraic cobordism, Springer-Verlag, 2007.

M. Levine, G. Tripathi, Quotients of MGL, their slices and their geometric parts, Doc.
Math., Extra volume: Alexander S. Merkurjev’s Sixtieth Birthday (2015), 407—-442.

Y. Manin, Correspondences, motives and monoidal transformations, Matematicheskij
Sbornik 77 (119) (1968), no. 4, 475-507; English translation: Math. USSR-Sb. 6 (1968),
437-470.

M. MacDonald, Projective homogeneous wvarieties birational to quadrics, Doc. Math. 14
(2009), 47-66.

C. Mazza, V. Voevodsky, Ch. Weibel, Lecture notes on motivic cohomology, Clay
Mathematics Monographs, 2. American Mathematical Society, Providence, RI; Clay
Mathematics Institute, Cambridge, MA, 2006.

A. Merkurjev, Steenrod operations and degree formulas, J. reine angew. Math. 565 (2003),
13-26.

A. Merkurjev, I. Panin, A.R. Wadsworth, Index reduction formulas for twisted flag varieties.
I. K-Theory 10 (1996), 517-596.

A. Merkurjev, J-P. Tignol, The multipliers of similitudes and the Brauer group of
homogeneous varieties, J. reine angew. Math. 461 (1995), 13-47.

N. Naumann, The stack of formal groups in stable homotopy theory, Advances in
Mathematics 215 (2007), no. 2, 569—-600.

S. Nikolenko, N. Semenov, K. Zainoulline, Motivic decomposition of anisotropic varieties of
type F4 into generalized Rost motives, J. K-Theory 3 (2009), no. 1, 85-102.

D. Orlov, A. Vishik, V. Voevodsky, An ezact sequence for KM /2 with applications to
quadratic forms, Annals of Math. 165 (2007), 1-13.

I. Panin, On the algebraic K-theory of twisted flag varieties, K-Theory 8 (1994), no. 8,
541-585.

V. Petrov, Chow ring of generic mazximal orthogonal Grassmannians, Zap. Nauchn. Sem.
POMI 443 (2016), 147-150.

V. Petrov, N. Semenov, Generically split projective homogeneous varieties, Duke Math. J.
152 (2010), 155-173.

V. Petrov, N. Semenov, K. Zainoulline, J-invariant of linear algebraic groups, Ann. Sci. Ec.
Norm. Sup. (4) 41 (2008), 1023-1053.

D. Ravenel, Complex cobordism and stable homotopy groups of spheres, 2nd ed., Providence,
RI: AMS Chelsea Publishing 2004.

A. M. Robert, A course in p-adic analysis, Graduate Texts in Mathematics, 198, Springer—
Verlag, New York, 2000.

M. Rost, Some new results on the Chow groups of quadrics, Preprint 1990, available from
http://www.math.uni-bielefeld.de/ rost

M. Rost, Chow groups with coefficients, Doc. Math. 1 (1996), 319-393.

M. Rost, The motive of a Pfister form, Preprint 1998. Available from
http://www.math.uni-bielefeld.de/ rost

M. Rost, On the basic correspondence of a splitting variety, Preprint 2007. Available from
http://www.math.uni-bielefeld.de/ rost

P. Sechin, Chern classes from algebraic Morava K -theories to Chow groups, Int. Math. Res.
Not. IMRN 2018, no. 15, 4675-4721.


http://www.math.uni-bielefeld.de/~rost
http://www.math.uni-bielefeld.de/~rost
http://www.math.uni-bielefeld.de/~rost

APPLICATIONS OF THE MORAVA K-THEORY TO ALGEBRAIC GROUPS 41

P. Sechin, On the structure of algebraic cobordism, Advances in Mathematics 333 (2018),
314-349.

P. Sechin, Chern classes from Morava K -theories to p™-typical oriented theories, preprint
arXiv: 1805.09050 (2018), version 2.

N. Semenov, Motivic construction of cohomological invariants, Comm. Math. Helv. 91
(2016), issue 1, 163-202.

A. Smirnov, A. Vishik, Subtle characteristic classes, preprint larXiv:1401.6661 (2014).

T.A. Springer, Linear algebraic groups. Second Edition, Birkhduser Boston, 2009.

J. Tits, Représentations linéares irréductibles d’un groupe réductif sur un corps quelconque,
J. reine angew. Math. 247 (1971), 196-220.

A. Vishik, On torsion elements in the Chow groups of quadrics, Preprint of MPIM Bonn
(2000), available from https://www.mpim-bonn.mpg.de

A. Vishik, Symmetric operations in algebraic cobordisms, Adv. Math. 213 (2007), 489-552.
A. Vishik, Stable and unstable operations in algebraic cobordism, Ann. Sci. Ec. Norm. Supér.
(4) 52 (2019), no. 3, 561-630.

A. Vishik, Operations and poly-operations in algebraic cobordism, preprint larXiv:1409.0741
(2014), version 4.

A. Vishik, Algebraic cobordism as a module over the Lazard ring, Math. Ann. 363 (2015),
issue 3-4, 973-983.

A. Vishik, Symmetric operations for all primes and Steenrod operations in algebraic
cobordism, Compos. Math. 152 (2016), no. 5, 1052-1070.

A. Vishik, N. Yagita, Algebraic cobordism of a Pfister quadric, J. Lond. Math. Soc., II. Ser.
76 (2007), no. 3, 586—604.

V. Voevodsky, Bloch—Kato conjecture for Z/2-coefficients and algebraic Morava K -theories,
Preprint 1995, available from http://www.math.uiuc.edu/K-theory/0076/

V. Voevodsky, Motivic cohomology with Z/2-coefficients, Publ. Math. Inst. Hautes Etudes
Sci. 98 (2003), 59-104.

V. Voevodsky, On motivic cohomology with Z/1-coefficients, Annals of Math. 174 (2011),
401-438.

N. Yagita, Chow rings of excellent quadrics, Journal of Pure and Applied Algebra 212
(2008), issue 11, 2440-2449.

N. Yagita, Algebraic BP-theory and norm varieties, Hokkaido Math. J. 41, no. 2 (2012),
275-316.

M. Yakerson, Algebraic K -theory of the varieties SLa,, /Spa,,, E¢/F4 and their twisted forms,
Algebra i Analiz 28 (2016), no. 3, 174-189; English translation: St. Petersburg Math. J. 28
(2017), no. 3, 421-431.

K. Zainoulline, Degree formula for connective K -theory, Invent. Math. 179 (2010), no. 3,
507-522.

PAVEL SECHIN

MATHEMATISCHES INSTITUT, RUPRECHT-KARLS-UNIVERSITAT HEIDELBERG,
MATHEMATIKON, IM NEUENHEIMER FELD 205, 69120 HEIDELBERG, GERMANY;
NATIONAL RESEARCH UNIVERSITY HIGHER SCHOOL OF EcoNoMICcSs, MOSCOW,

Russia

psechin@mathi.uni-heidelberg.de

NIKITA SEMENOV

MATHEMATISCHES INSTITUT, LUDWIG-MAXIMILIANS-UNIVERSITAT MUNCHEN,
THERESIENSTR. 39, D-80333 MUNCHEN, GERMANY

semenov@math.lmu.de


http://arxiv.org/abs/1401.6661
http://arxiv.org/abs/1409.0741
http://www.math.uiuc.edu/K-theory/0076/

	1. Introduction
	2. Definitions and notation
	3. Geometric constructions of cohomological invariants
	4. Oriented cohomology theories and the Morava K-theory
	5. Gamma filtration on Morava K-theories
	6. Some computations of the Morava K-theory
	7. K(n)-split varieties and p-torsion in Chow groups
	8. Bounds on torsion in Chow groups via Morava K-theory
	9. Morava K-theory and cohomological invariants
	References

