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STOCHASTIC CANONICAL HEIGHTS

VIVIAN OLSIEWSKI HEALEY AND WADE HINDES

ABSTRACT. We construct height functions defined stochastically on projective varieties
equipped with endomorphisms, and we prove that these functions satisfy analogs of the
usual properties of canonical heights. Moreover, we give a dynamical interpretation of the
kernel of these stochastic height functions, and in the case of the projective line, we relate
the size of this kernel to the Julia sets of the original maps. Finally, as an application, we
establish the finiteness of some generalized Zsigmondy sets over global fields.

1. INTRODUCTION

The canonical height [3] associated to a smooth projective variety V' equipped with an
endomorphism ¢ : V' — V is an indispensable tool for studying the arithmetic properties of
the corresponding discrete dynamical system (V) ¢). However, many varieties of interest in
number theory (e.g. projective space) possess many such maps, and given that composition
is not commutative in general, the dynamical systems generated by a set of maps can differ
greatly from the dynamics of a single map. In this paper, we address this problem and
construct a new height function that measures the collective action of a set of maps on a
fixed variety.

To accurately characterize the dynamics of a set of maps, one must encode “how often”
to expect a particular map to appear at any stage of composition - a slight alteration in
the likelihood of applying a particular map can drastically change the overall dynamics.
Moreover, there is no intrinsic reason why all maps should be given equal weight. We
therefore use the language and tools of probability in our constructions. In so doing, we are
in essence analyzing a sort of random walk on the variety (formally a Markov chain), where
the stochastic motion is generated by random evaluation of maps in some fixed set.

Ezxample 1.1. To make this clear, the reader is encouraged to keep in mind the two maps and
a fair coin example: suppose that we have two maps S = {1, ¢2} on a variety ¢; : V — V.
Then for any given point P € V, we can flip a coin to determine whether to evaluate ¢, or
¢9 at P, assigning each outcome an equal probability of 1/2. Now repeat this process for
the new point ¢ (P) or ¢o(P) and continue inductively in this way, associating to an infinite
sequence of coin flips (a type) of orbit of P.

If V' is equipped with a height function, then we can ask how the height of P grows as
we move along a particular path. Even more broadly, we can ask about the height growth
distribution as we vary over all possible paths (each path weighted by its probability). To
make this idea precise, we fix some notation. Let K be a global field, let V/x be a smooth
projective variety over K, and let S be a (finite or infinite) set of endomorphisms on V
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defined over K. To define the orbits we will consider, let

(IDSm:liS and (I)S:f[ls

be the set of n-term (and infinite) sequences of elements of S respectively. Given an infinite
sequence v = (0,)n>1 € ®g and a positive integer m > 1, we let v, = (6;)", € ®g,, and
define an action of v,, on V' by

Ym P =(0pn00p_10---001)(P) for PeV.
In this way, we define the orbit of a point P € V with respect to a sequence v € ®g to be:
Orby(P) = {vm - P:m > 1}.

Finally, if 1 is a probability measure on S, then we define a probability measure v,,, on ®g,,
by the product

U (Ym) = [ [11(6:), for 7 = ()7
=1

That is, each v, € ®g,, is a sequence of m elements of S, and each component of v, is
chosen independently according to 1. Likewise, v; induces a probability measure v on the
set of infinite sequences ®g; see [16, Theorem 10.4]. We call (®g, F,v) the probability space
of i.i.d sequences of elements of S distributed according to vq; here F is the o-algebra of
v-measurable subsets of ®g.

Now for a brief discussion of the relevant material on canonical heights. Let n € Pic(V)®R

be a divisor class and let hy,, : V(K) — R be a corresponding Weil height function; see, for

instance, [17, §2-84]. To define the canonical height for a fixed map ¢ : V' — V, one requires
that n is an eigenclass for ¢; the key point in this case is that
(1) hvy 0 ¢ = aghyy + Ovpe(1)

for some o, € R. With this in mind, we let

C(V>777¢) ‘= Sup hV,n(¢(P)) - a¢hV,77(P)
pPeVv
be the smallest constant needed for the bound in (1). Then, in order to generalize the
construction of canonical heights for a single map to a collection of maps (equivalently, from
constant sequences to arbitrary sequences), we define the following fundamental notion.

Definition. A set of endomorphisms S on a projective variety V' is height controlled with
respect to a divisor class 7 € Pic(V) @ R if:

(1) For all ¢ € S, there exists oy such that: ¢*(n) = ayn and ;)IEIE‘ ap > 1.

(2) The corresponding height constants are bounded: sup C(V,n, ¢) is finite.
$es
These properties are easily satisfied for any projective space and any finite set S; however,
see Example 2.7 and Remark 2.8 for instances of infinite S. We now state our main con-
struction. In what follows, for a finite sequence v, = (6;)72, € ®g,,, we define the degree
deg, (ym) = []i~; ap,, in what we hope is a pardonable (and instructive) abuse of notation.
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Theorem 1.2. Let K be a global field, let V)i be a smooth projective variety over K, and
let S be a collection of endomorphisms on V' equipped with the following:

(1) A common eigendivisor class n € Pic(V) @ R such that S is height controlled with
respect to 1.

(2) A probability measure vy on S.

Let (®g, F,v) be the probability space of i.i.d sequences of elements of S distributed according
to vy, and let hy,, be a Weil height function corresponding ton. Then for all infinite sequences

v € &g and all points P € V(K), the canonical height,

» . hV ('Vn . P)
hy,p(y) = lim —1—"—=
! n—oo  deg, (V)
converges. Likewise, the expected canonical height at P for a random -,
By [ho)(P)i= [ () v
bs
converges. Let d,, be the (deterministic) constant given by

= (S aas)

peS

and let v} be the new probability measure on Qg induced by the pair (v1,m) and given by

ey () K
vi (k) = 7degn(%)<d”") :

Then the function E, [izvm] : V(K) — R satisfies the following properties:
(a) E, [hv,] = by + O(1).

(b) Eug |By (] (1 - P)| = (don)* By [y (P) for all k> 1 and all P € V(K).

Remark 1.3. The canonical heights hy., p(7), also denoted hy,,,(P) depending on whether
we vary the path v € ®g or the basepoint P € V', were also studied in [12], and Theorem 1.2
can be viewed as a generalization of [12, Proposition C] in two ways: we allow the generating
set of functions S to be infinite (under suitable conditions), and we allow arbitrary probability
measures on S.

There are several reasons why we believe that the expected canonical height E, [ilv,n} is
the right height function to study the collective dynamics of the maps in .S (by analogy with
the standard canonical height of Call-Silverman). The first reason is that E, [izvm} = ibv,mz:
whenever S = {¢} is a singleton with trivial probability measure. The second reason is that
E, Vlvm} satisfies a transformation law of similar shape to that of the standard canonical

height. The third reason is that E, [izvm} detects finite S-invariant subsets of V', an analog of
preperiodic points of a fixed map. In what follows, we say that a subset F' C V is S-stable if
¢(F) C F for all ¢ € S. Moreover, we say that the probability measure v is strictly positive
if v1(¢) >0 forall p € S.
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Corollary 1.4. Let (V,n,S,11) satisfy the conditions of Theorem 1.2. If n is an ample

divisor and vy is strictly positive, then for all P € V(K) the following are equivalent:
(1) There is a finite, S-stable subset Fp C V' containing P.
(2) v({y € ®s: Orb,(P) is finite }) = 1.
(3) Eylhyy)(P) = 0.

With this characterization of the kernel of E,,[ﬁv,n] in place, one expects that few points
(perhaps at most finitely many) have expected height zero unless the maps in S are dy-
namically dependent in some way. As an example of this heuristic, we note the following
application of [I, Theorem 1.2] and Corollary 1.4 for the projective line. In what follows,
given a rational function ¢ € Q(z), we let PrePer(¢) denote the set of preperiodic points of

¢ in PHQ).
Corollary 1.5. Let S be a collection of height controlled rational maps on P* defined over a

number field K, let vy be a strictly positive probability measure on S, and let h be the absolute
Weil height function on P1(Q). Then the following are equivalent:

(1) {P € PY(@Q) : E,[A](P) = 0} is infinite.

(2) ﬂ PrePer(¢) is infinite.

¢S
(3) PrePer(¢) = PrePer(y) for all ¢, € S.

In particular, if the set of points of expected height zero is infinite, then the Julia sets of all
of the maps in S coincide.

Remark 1.6. For example, if ¢, ¢o,...,c, € Q are distinct algebraic numbers and S is the
finite set of quadratic polynomials,

S={a*+¢:1<i<n},

equipped with any any strictly positive probability measure, then [2, §.4] and Corollary 1.5
imply that
{PePY(Q) : E,[h](P) =0}

is finite. On the other hand, it is tempting to guess that there are in fact no points of
expected height zero for the sets S above. However, this is not true in general, as the
example: S = {x? 2% — 1} and the point P = —1, shows. Therefore, given a generating set
S whose elements do not all share the same Julia set, it is perhaps an interesting problem to
determine the finitely many points (over Q) of expected height zero. Keep in mind that this
is not the same problem as studying the intersection of the preperiodic points of the maps
in S, as the example: S = {2? — 2, 2% + 2} and P = 0, shows.

Moreover, when V' = P! and S is finite, we show that the canonical and expected canonical
heights defined in Theorem 1.2 admit a decomposition into a sum of local heights:

! Z Ny EV [5\v,'~y,E:| ;

N deg(E) vEMg

@ b= S ndss  and B[]
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see Theorem 4.3 and Corollary 4.5 in Section 4. We note that similar local Green functions
to those we use in Section 4 seem to have first appeared in [12, §6], although we were unaware
of [12] until after the completion of Section 4. On the other hand, the local heights A, 5 &
and the decompositions in (2) do not appear in [12]. Furthermore, since we use j\m, £ and
(2) to pose some new questions in number theory from a probabilistic point of view, we carry
out our construction of Green functions, instead of just citing [12, §6].

Finally, as an application of canonical heights, we study the Zsigmondy sets of non-
deterministic dynamical systems. More precisely, let K be a global field, let V' = P!, and
let S be a finite set of endomorphisms of V. Given a sequence v € &g and a basepoint
P € PY(K), we say that a valuation v of K is a primitive prime divisor of v, - P if:

(a‘) U(VTLP>>07
(b) v(Ym - P)<Oforalll<m<n-—1.

As with deterministic dynamical systems (see [5, 6, 9, 11, 15]), one expects primitive prime
divisors to exist in orbits unless the maps in .S are special in some way. To test this heuristic,
we define the Zsigmondy set of a pair (v, P) € &g x P1(K) to be:

Z(v,P) :=={n: 7, - P has no primitive prime divisor}.

In particular, when K is a number field we use the abe-conjecture and ideas from [6] and [7]
to bound the size of the elements of Z(v, P) under certain mild conditions on the maps in S
and the basepoints P € P!(K). Specifically, we restrict our attention to (good) pairs (v, P)
in the following sense:

G = {(7, P) € dg x PY(K) : h,(P) > 0and 0,00 ¢ Orb. (P) U Orbv(())}.

Remark 1.7. Clearly, Z(v, P) is infinite whenever Orb.(P) is finite (i.e., h,(P) = 0); see
Remark 2.3. Moreover, certain technicalities arise in our argument when the orbits we
consider contain 0 or oo. However, it is possible that these latter conditions can be relaxed.

In what follows, CritVal(S) = [J g CritVal(¢) denotes the union of all critical values of
the maps ¢ € S; see [20, p.353]. Moreover,

PrePer(®g) := {Q € P/(K) : hy(Q) = 0 for some ¢ € P}
denotes the set of points with finite orbit for some sequence in ®g (a set of bounded height).

Theorem 1.8. Let K be a number field and suppose that S = {¢1, P2, ..., 05} is a set of
rational maps on P! of degree at least 2, defined over K, and satisfying:

(1) #6;'(0) > 4,
(2) 0 & CritVal(S).
Then the abc-congecture (3.1) implies that Z(v, P) is finite for all (v, P) € Gg.

We also examine the case of global function fields of prime characteristic. However, since
our methods are different in this context, the conditions we impose are also different. In
particular, we are confined to polynomial dynamics. On the other hand, the result we obtain
is unconditional. To formally state this result, let ¢ be an indeterminate, let p be an odd

prime, and let K/F,(t) be a finite separable extension. Extending the usual derivative <% on



6 VIVIAN O. HEALEY AND WADE HINDES

F,(t) to K via implicit differentiation, we let 5’ denote the derivative of § € K. Given a
polynomial ¢(x) € K[z] of degree d > 3, write
() = Agx? + Ayx® 4 L Ag_x + Ay, A €eK.

Then we have the following important quantities (c.f. [9, Theorem 1.1]) associated to ¢:

(1) 0y :=2dAgAs — (d — 1) A3,

(2) by := (dAZAL — (d — 1) Ag AL A} — dAgAL A + (d — 1) AT A}) /0

(3) fo = (d*AZA, — d(d — 1) AgA1 A} — d(d — 2) AgAs AL + (d(d — 2) + 1) A2AY) /b
Generalizing [9, Theorem 1.1] to dynamical systems generated by a finite set of maps, we
prove the following:
Theorem 1.9. Let K/F,(t) be a function field and suppose that S = {¢1, P2, ..., ¢s} is a
set of polynomials of degree at least 3, defined over K, and satisfying:

(1) deg(¢) deg(v)dsdy (bs — fi) # 0 for all ¢,4 € S,

(2) 0 & PrePer(®g).
Then Z(v, P) is finite for all (v, P) € Gg.

Remark 1.10. Theorem 1.9 is quite broadly applicable from the point of view of algebraic
geometry: let d = max{deg(¢) : ¢ € S} and view S as a point of (A?*1)* by associating to
each polynomial in S its (d + 1)-tuple of coefficients. Then the sets S satisfying condition
(1) of Theorem 1.9 are Zariski dense in (A%*1)*; compare to [J, Remark 1.1]. Moreover,
PrePer(®g) NP!(K) is finite; see Lemma 2.2 or [12, Corollary B].

Acknowledgments: We thank Patrick Ingram and Joseph Silverman for helpful conver-
sations and for making us aware of previous work on random canonical heights in [12].

2. EXPECTED CANONICAL HEIGHTS

To prove Theorem 1.2, we need a generalization of Tate’s telescoping argument for the
usual canonical height. To do this, we recall that the functoriality of heights implies that

h\/ﬂ7 o) ¢ = Oé¢hv7n + Ov#,(l) for gb €S.
In particular, we have the following bound for height controlled families:

Lemma 2.1. Let S be height controlled with respect to n, let C' := sup {OV,d)(l)}, and let
a = inf{ay}. If p, € ©, forr > 1, then

b0 (Q) c
W hV{Y(Q) S o — 1

for all Q € V(K). In particular, this bound is independent of p., v, and Q.

Proof. Suppose that p, = 6,00,_1---06; for ; € S, and let 6, to be the identity map on
V. Then define
pi=0;00,_1---06,060; for0<i<r.

Note, that pg = 6, is the identity map. In particular, inspired by Tate’s telescoping argument,
we rewrite
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hV,n(ﬂr(Q)) ) hV?y r— 2 o hV,n(pr—i—l(Q))‘
degn(pr) pr 2 degn(ﬂ?—i—l)
< Tz_i hV,n(pr—i(Q)) _ h\/m(pr—i—l(Q))'
| deg,(pr—i) deg, (pr—i-1)
1 [ (pri(@)) — deg, (O Vv (pr—i1(Q))
- . de r—1
3 pa 2, (pr—i)
r—1 C
S [ —
— deg, (pr—i)
. C
S22
=1 a
B A
ST a- 1
This completes the proof of Lemma 2.1. O

It now follows easily that the canonical height iLV% p(7) is well-defined and is uniformly
bounded (as we vary possible paths v € ®g) by the the Weil height:

Lemma 2.2. Let P € V(K) and let v € ®. Then the canonical height,

2 hvn(Yn - P)
h — Jim \dn )
var (1) 1= deg, (7n)

is well defined. Moreover, |hy., p(7) — hy.n(P)| < < for all P € V(K) and v € .

Proof. This is a simple application of Lemma 2.1. Let v = (0,);%,, and write
Yy =0.00,_1---06; forr>0.

Likewise, for n > m > 0, let p = (7, \ V) =0, 00,1 ...0,,11. In particular, we see that

by P) by P)| _ 1 |hvg(p: (- P)) |
(4) deg,(yn)  deg,(ym) ' ~deg,(ym)|  deg,(p) " - P))
<
~am(a—1)

Here we apply Lemma 2.1 to the map p and the basepoint @) := ~,, - P, and we use that
deg(vym) > a™. Letting m grow arbitrarily large, we see that the distance between the nth
and mth term of the sequence defining hy,, p(7) goes to zero. In particular, this sequence
is Cauchy and therefore converges. As for the bound |hy,, p(7) — hy,(P)] < 55, =0
and n — oo in (4). O
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Remark 2.3. As with the usual canonical height associated to ample divisors 7, we have that
hy,np(v) = 0 if and only if Orb,(P) is finite. This follows readily from Lemma 2.2 and the
simple identity

WP (Y N Ym) = deg(Ym) hvyp(7) for all v € &g and m > 1;

here, ¥\ v, := (0n)n>m+1 is the mth shift of v = (0,,)n,>1 € $g. In particular, if }A'LVW’P(’}/) =0
then ﬁv,n(vm - P) is absolutely bounded by Lemma 2.2. In particular, the dynamical orbit
Orb,(P) = {v - P : m > 1} is finite by Northcott’s Theorem when 7 is ample. On the other
hand, if Orb, (P) is finite, then ﬁv,n(vm - P) is bounded and }Alvm’p(’}/) = 0 as claimed.

We now study the expected value of these canonical height functions on the probability
space (®g, F,v) of i.i.d sequences of elements of S distributed according to vq; see [10,
Theorem 10.4]. In what follows, we suppress S and F in the notation and simply write ®
and v where appropriate.

(Proof of Theorem 1.2). Fix P € V(K) and consider the sequence of random variables
hvynp : ® = R defined by

hy, (Vn : P)
hv,n,p,n(v) = dZT(W).
77 n

It follows from the definition of (®,v) that each hy,, p, is v-measurable; see, for instance,
[16, Theorem 10.4]. On the other hand, the random variable hy,, p : & — R is the pointwise

hmlt Of the {h,VJLP’n}nZl:
i’Vm,P(’Y) = nh_)ﬂolo by, pn(7Y) for all v € ®.

Moreover, the functions {hv,, pn}n>1 are absolutely bounded; see Lemma 2.1. Hence, the

Lebegue dominated convergence theorem [16, Theorem 9.1] implies that }ALV,,% p is integrable
and that
) B[] (P)i= [ by = lin [ hugypa() o

) e Je

Hence, E, [ﬁv,n} (P) is well defined for every P € V(K). As for properties (a) and (b), note
that Lemma 2.2 and the triangle inequality (for integrals) imply that

E, [hvia] (P) = hv(P)| =

/ hym p () dv — Ty (P) - / 1dy
D [

= ‘/ ilv,n,P(W) — hyy(P) dv
®

a—1

< [ Jincar ) = by (P v <
P

Hence, E, [izvm] = hy, + O(1) as claimed. As for the transformation property in (b), we
have first that

E, (a0 P)] _ [ Elhvdon-P) <~ Elbvgl( P)
EV"{ deg, (Vn) }'_ / . deg, () dini= 2 deg, (7n)

Vn(Yn)

Yn cd,
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by definition. In particular, the Lebegue dominated convergence theorem [16, Theorem 9.1],
Fubini’s Theorem [16, Theorem 10.3], and [16, Corollary 10.2] together 1mply that

h\/n ’Vm' Tn P))

. dv,
E,,n[ ) O } :/ —> €8y (Ym) dv, (5) and [16, Corollary 10.2]
degn('yn) n degn(’yn)
h m - (Yn - P
= lim / / vy ) AV, dv, 16, Theorem 9.1]
m—00 ., deg, (v degn(%)

~ lim / / Ma(Omo ) P) )

m—00 deg, (Ym © Yn)
hvn(7n+m . P)

= lim AVt , Theorem 10.3
M= J®, 4 m degn(%wrm) i | |

= lim [ hyypaem(y)dv [16, Corollary 10.2]
m—o0 )

— [ (o) o )
@

= E[hv,](P).

On the other hand, v, (y,)/ deg,(yn) = (dv,5) ™" V(1) for all 4, € @, by definition of vj,.
Therefore, we deduce that

. E [hv.y) (Y0 - P Elhy.] (Y - P
Bliv.)(p) ~ B, | 2ale D] - 5o Bl Dy )
(6) e
= (dVLT?)_nZ E[EVW](%L P () = (dyy ) " Euy E[EVW](%L - P)

Yn€Pn

as claimed. This is the analog of the usual transformation property for canonical heights

defined by a fixed endomorphism. O
Remark 2.4. We note that if deg(¢) = d for all ¢ € S, then d,,, = d, v;; = v}, and we obtain
the transformation formula E,, [EV [hv,n} (v - P)} =d"'E, [hv,n] (P).

Remark 2.5. We note that for each P € V' the variance of the distribution of iLV% p(7y) as we
vary over sequences v € g is absolutely bounded by Lemma 2.2 and Popoviciu’s inequality:
. . 2C
2 -
OV, = [bs (hvvn,P - Eu[hv,n](P)> dv < 7 (a — 1)

Example 2.6 (Finite collections). Let V := PV, let S = {¢1,¢s,...,0s} be any finite col-
lection of endomorphisms of degree at least two, and let v; be any probability measure on
S. Then any divisor class n € Pic(PY) = Z satisfies ¢}(n) = deg(¢;)n for all 1 < i < s.
Moreover, there are constants O, ;(1) for each 1 < i < s such that

hpn ) 0 ¢ = deg(p;) by, + Oy4(1).
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Therefore, S is height controlled with respect to any divisor: C, := max{O, ;(1)} is finite.
In particular, one could take: V := P! S := {¢, ¢} to be any two rational maps in one-
variable (of degree at least 2), and v1(¢1) = 1/2 = v1(¢2): that is, we flip a fair coin to
determine which map to apply at every stage of composition.

Example 2.7 (Unicritical maps of bounded height). Let V := P!, let n = oo, let B > 0, and
consider the set of functions

Sp = {¢ac(z) = 2fcic€Z, | <B,d> 1}.
Then, [10, Lemma 12] implies that
(7) |hy(ba.c(P)) — dhy(P)| <log|2¢] <log|2B|  for all P € PY(Q)\ {n} = Q.

In particular, (for simplicity) we consider only rational basepoints. Hence, (7) implies that
Sp is height controlled with respect to 7. From here, we can take any probability measure v
we like on Sp (note that Sp is set theoretically just N22+1). For instance, one could consider
any of the following well-known probability measures:

Geometric: Let r € (0,1) and let vz, be the measure on (Sg,2°%) generated by
(1 —r)rd=2
2B +1

Then one checks via the summation formula for geometric series that > vp,1(¢4.) = 1. In
particular, the data (Pl (Q),n, Sg, VBml) satisfies the hypothesis of Theorem 1.2.

VBr1 ((bd,c) =

Poisson: Let A > 0 and let vp ) be the measure on (Sp,2°7) generated by
6—>\)\d—2
(2B +1)(d—2)!

Then one checks via the exponential summation formula that > vg 3 1(¢4.) = 1. In partic-
ular, the data (Pl(@), n, Sp, I/B,A71) satisfies the hypothesis of Theorem 1.2.

va1(Qac) =

Remark 2.8. Likewise, given any probability measure on the set of integers |c| < B, one can
twist the usual Geometric and Poisson distributions to form new probability measures on Sp
and study the corresponding expected canonical heights. Even more generally, for any finite
set of rational maps S, the set S = {¢poa? : ¢ € S,d > 2} is an infinite, height controlled
family (generalizing the unicritical maps of bounded height).

We now prove a dynamical application of the expected canonical height function (analo-
gous to the characterization of preperiodic points as the kernel of the usual canonical height).

(Proof of Corollary 1.4). If there exists a finite, S-stable subset Fp containing P, then
Orb,(P) is contained in Fp for all v € ®g; hence,

v({y € ®5: Orb,(P) is finite }) = 1.
Therefore, (1) = (2). On the other hand, if (2) holds, then we see immediately that
v({y e ®s: hmp(7) = 0}) =1.

In particular, the expected canonical height must vanish: Ey[ﬁv,n](P) = | B iLV% p(y)dv =0,
and (2) = (3). Finally, suppose that Ey[ﬁv,n](P) = 0. Then the transformation law in
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property (b) of Theorem 1.2 implies that

By [EV [}AZVW} (Ve - P)] = (du,n)kEu [ﬁv,n} (P)=0

for all k > 1. However, ®g, is countable, so that

) 0=Ey; [E,[iva) G- P)] = 3 Bl - P ().
TEPK
Moreover, since 7 is ample, [12, Theorem 2.3 (3)] implies that }ALV,,%Q is non-negative for all

Q € P'(K). Therefore, Ey[ﬁv’n] (7% - P) is non-negative for all v, € ®g; and all K > 1. On the
other hand, v} (vx) is positive, since deg, (%) is positive and v is a strictly positive measure.
Hence, (8) implies that E,[hy,]( - P) = 0 for all v, € ®gy and all & > 1. However,
E,[hv,) = hyy + O(1), so that

9) Fp:=|J |J(w-P) S V(E(P))

YEDg k>0
must be a set of bounded height (with respect to hy,); here K(P)/K is the field of definition
of P. In particular, Northcott’s theorem and the fact that n is ample imply that Fp is finite.
Moreover, Fp is S-stable. Therefore (3) = (1), completing the argument. O

Remark 2.9. To summarize, if n is an ample divisor, then we have defined a height function
E,[hy,] on V that characterizes the existence of a finite subset that is simultaneously stable
for all maps in S. In fact, we could formally define a map E,[hy,] : Fin(V) — R on the

set Fin(V) of finite subsets of V' given by E, [hy,|(F) = > per Eu[hyy](P), and note that
E, [hy.,|(F) = 0 if and only if F is S-stable.

Remark 2.10. Note that Corollary 1.4 does not depend on the probability measure v; on S.

(Proof of Corollary 1.5). If P € PY(Q) is such that E,[h](P) = 0, then Corollary 1.4 im-
plies that P € PrePer(¢) for all ¢ € S; however, note that the converse is false in general:
P=0and S = {z? —2,2% + 2}; In any case, if {P € PYQ) : E,[h](P) = 0} is infinite,
then [,cg PrePer(¢) is infinite, and (1) implies (2). On the other hand, if (s PrePer(¢)
is infinite, then PrePer(¢) N PrePer(1)) is infinite for all ¢,1 € S. Hence, we deduce that
PrePer(¢) = PrePer(v) for all ¢,1 € S by [I, Theorem 1.2]. Therefore, (2) implies (3). Fi-
nally, suppose that PrePer(¢) = PrePer(¢) for all ¢ € S, and take any point P € PrePer(¢).
Then
Fp:= | J J (- P) € PrePer(¢) N PY(K(P));
yedPs k>0

here we use that PrePer(v) is v-stable and that PrePer(¢) = PrePer(¢) for all ¢ € S.
However, PrePer(¢) is a set of bounded height by Northcott’s theorem. Therefore, Fp is a
finite set since [K(P) : K] is a finite extension. On the other hand, Fp is clearly S-stable,

~

so that Corollary 1.4 implies that E,[h](P) = 0. Hence, we have shown that
PrePer(¢) C {P € PY(Q) : E,[h](P) =0}.

In particular, since PrePer(¢) is an infinite set by [20, Exercise 1.18], we se that (3) implies
(1) as claimed. O
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3. PRIMITIVE PRIME DIVISORS IN GENERALIZED ORBITS

To begin this section, let K be a number field and let ox be the ring of integers of K.
Given a prime ideal p C og, we let k, := 0x /pog and N, := (log #k,)/[K : Q] be the residue
field and local (logarithmic) degree of p respectively, and define the Weil height [20, §3.1] of
a € K* by

h(a) = — Z min (v, (), 0) Ny, + m Z max(log |o(a)],0).
P o:K—C
In particular, it follows from the product formula [20, Proposition 3.3] that
(10) > w(a)N, <hla)  and = ()N, < h(a)
vp(a)>0 vp(a)<0
for all @ € K*. As in [0] and [8], the main tool we use to study the prime factors of elements

of orbits is the (Roth) abc-conjecture.

Conjecture 3.1 (abc-conjecture). Let K be a number field. Then for any € > 0, there exists
a constant Ck . such that for all a,b,c € K* satisfying a + b = ¢, we have that

h(a,b,c) < (1 + €)(rad(a,b,c)) + Ck..
Here rad(a,b,c) is a suitably defined radical of the tuple (a,b,c); see [0, §3].

In fact, the key idea we use here is that the abc-conjecture implies that polynomial values
are reasonably square-free in the following sense; see [0, Proposition 3.4]

Proposition 3.2. Let F(x) € ok|x] be a polynomial of degree at least 3 without repeated
factors. Then for all € > 0 there exists a constant Cy. such that:

>0

> N, > (deg(F) —2—e)h(z) + Cye forallz € K.
vp(F(2))

As a reminder, in our study of prime factors in dynamical orbits, we restrict our attention
to pairs (v, P) € ®5 x P}(K) in the following set:

Gy = {(7, P) € ®s x P(K) : h,(P) > 0and 0,00 & Orb, (P) U Orbv(())}.
Fy(x

(Proof of Theorem 1.8). For each ¢ € S, fix a representation ¢(x) = G‘Z((x)) for some coprime

polynomials Fy, Gy € ok|x], and let

5:={p : v(Res (Fy,Gy)) #0, ¢ € S};

here Res (F, G,) denotes the resultant of F, and G,. In particular, s is finite and ~,, has
good reduction at all p € s for all m > 1 and all v € ®g; see [20, Theorem 2.15]. To ease
notation, for a given sequences v = (6,,),>1, write F,, = Fp, and G, = Gy, for any n > 1.
Note that Proposition 3.2 implies that for all € > 0 there exists Cs. = min{CF, .} such that:

(11> (deg(Fn) —-2- €)h(7n—1 ’ P) + CS,E < Z Np .
Vp (Fn(vn—1-P))>0

Here we use assumptions (1) and (2) of Theorem 1.8 to deduce that F, is square-free and
has degree at least 3; see also Remark 3.3. Moreover, (11) holds for all P, v, and n.
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Now assume that n € Z(~, P). To study the prime ideals defining the right hand side of
(11), assume that v,(F,(vn—1 - P)) > 0. If in addition p & s and vy(7,—1 - P) > 0, then

(12) UP(% - P) = Up(Fn(Vn—l - P)) — Up(Gn(Vn—l - P)) = Up(Fn(Vn—l - P)) >0

by standard properties of the resultant; see [20, Theorem 2.15]. On the other hand, we have
assumed that n € Z(v, P), so that (12) implies that v,(y,, - P) > 0 for some 1 <m <n —1.

Moreover, [20, Exercise 2.12] implies that all possible compositional combinations of elements
of S have good reduction at p, so that that
(13) (Y \Ym) 0= (Y \VYm) - (Y - P) =y - P =0 (mod p);
see [20, Theorem 2.18]. Therefore, (10), (11) and (13) together imply that
I.%J n—1
(deg(Fn)_2_6>h(7n71'P)+CS,e < ZNp + ZNp + ZN;: + Z Np
m=1 m=(2] pes Up(Y—1-P)<0
(14) o Om B0 (V) 0)>0

L%J n—1

< h(m - P)+ D> (3 \Ym) - 0) + A(yn-1 - P) + Csa.

m=1 m=(3

This is similar to the bound in [7, (15)]. Moreover, it is here that we use that oo and 0
are not in the orbit of P and 0, in order to apply (10). Now we use properties of canonical
heights. Specifically, Lemma 2.2 and Remark 2.3 together imply that

A~

(15) (o - Q) = deg(p)hy(Q)] < Cs

for all 7 > 1, all p € ®g, and all Q € P!(K); here Cy is the height control constant from
Theorem 1.2. In particular, by letting e = 1/2 and using the fact that deg(F,) > 4, we
deduce from (14) and (15) that

5] n—1
deg(r)in, (P) < 2 (h7<P> S deg(r) + 3 degr\ vm>hm<o>)
m=1

m=_3]

(16)
+ 0573’/11 + 0574.
Therefore, after dividing both sides of (16) by deg(%_l)ﬁv(P) and noting that ﬁv\ym (0) < Cs

for all m, we achieve a bound of the form

L3] deg(ym) n—1 deg(yn\ym)
CS,S,%P ( Zm:l deg (V[ /2] )> N deg(9n) C’S,G,%P( Zm:L%J deg(Yn\Yn /2] )) CS,?,fy,P n CS,&'«/,P
deg (Yn-1\Vins2)) deg(Vin/2)) deg(Yn-1)  deg(Yn-1)

(17)
Cs9.4,P Cs,10,P Csrypm Csgq,p
~ deg (Vam1 \Yny2))  deg (Vinyz))  deg(yn-1)  deg(yn-1)

However, the right-hand side of (17) goes to zero as n grows. Hence, n is bounded and

Z(v, P) is finite as claimed. O
Remark 3.3. Conditions (1) and (2) of Theorem 1.8 are equivalent to writing ¢(x) = JGTZ((?)

with disc(F,) # 0 and deg(F,) > 4 for all ¢ € S.
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We now study dynamical Zsigmondy sets when K/F,(t) is a finite separable extension
and p is odd. To do this, we translate the proof of [9, Theorem 1.1] to the non-autonomous
setting and use properties of canonical heights from Section 2. For completeness, we remind
the reader of the definition of the Weil height in this setting. Given a valuation v on K with
residue field k, and local degree N, [21, Definition 1.1.14], we define the height of a € K*
to be

(18) h(a) == min{v(e),0}N, = Y max{v(a), 0} N,,

where the equality above follows from the fact that on a curve, the number of zeros of a
non-constant function equals the number of poles when counted with multiplicity; see, for
instance, [21, Theorem 1.4.11].

Before we begin our proof of Theorem 1.9, we record a few auxiliary results, including
Lemma 2.1 from [9] stated below. However, given the technical nature of the material that
follows, the reader is encouraged to keep in mind that our overall strategy (as in the proof
of [9, Theorem 1.1]) is to show that for any sufficiently long string ¢, € ®g,,, there exists
a root of v, that fails to satisfy a Riccati equation. Here a Riccati equation is a first order
differential equation of the form

y = ay® + by +c.
In what follows, K* denotes the separable closure of K.

Lemma 3.4. Let K/F,(t), let ¢(z) € K[z] have degree d > 3, and write
¢($) = AQZL’d + All’d_l + ... Ad_ll' + Ad.

If d € K* and the quantity
5¢) = 2dAOA2 - (d - 1)14%
is non-zero, then for all € KP such that 5 and ¢(B) both satisfy a Riccati equation, i.e.

(19) B'=af?+b8+c and ¢(B) =ep(8)’+ fo(8) +g
for some a,b,c,e, f,g € K, either
K(8) : K] <24,
or the coefficients in (19) are uniquely determined by ¢:
a=0, b= (dA2A, —(d—1)AgA A, — dAyAy Al + (d — 1)A2AL) /6,
(20) e=0, f=(d®AJA, —d(d—1)AgA1 A} — d(d — 2) AgAr Ay + (d(d — 2) + 1) ATA) /6,
Cc = (A()AlA/z - 214014214/1 + A1A2A6)/6¢, g = Ad,lc - Adf + Aii

We gather another result that uses our technical assumptions from Theorem 1.9. In
particular, we show that not all roots of sufficiently long strings of elements of S can satisfy
a Riccati equation over K. It is in this step especially where we encounter the subtlety of
iterating multiple maps.

Lemma 3.5. Let K/F,(t) be a function field and suppose that S = {¢p1, ¢, ..., ds} satisfies
the hypothesis of Theorem 1.9. Then there exists a constant M = M (S) such that for any
string Y = (0n)M., € ®g s of length M there is an integer 0 < my < 2 and a root 3 of the
substring (Yar \ ¥m,) = (0n)31 0,41 that satisfies:
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(a) B € K*P,
(b) [K(8) : K] > 2d,
(c) B does not satisfy a Riccati equation over K.

Proof. To find the pair my, and S, let d := max{deg(¢) : ¢ € S} and note that
Agléij(Qd) = inf { ﬁd,(a) : [K(a) : K] <2d, o & PrePer(®g), ¢ € (IDS}

is a positive number; this follows from Lemma 3.8 below. Now let m > 1 and suppose that
a € PY(K) is a root of a string ¢, € ®g,, and that [K(«) : K] < 2d. Extend 1), to some
infinite sequence ¢ € ®g, and note that Remark 2.3 implies that

(21) henim (0) = B, (Vi (@) = deg (V) Ty () > deg(¥) HE (2d).

Here we use our assumption that 0 ¢ PrePer(®g), so that a ¢ PrePer(®g) also. Now let
Cs be the height control constant from Theorem 1.2, and note that Lemma 2.2 implies that
B, (0) < Cs, independent of the extension 9 of t,,. Therefore, in light of (21), we define
the constant

(22) M :=logy (Cs/h%™(2d)) + 3|

where logd (2) = max{log;(z),0}. To see that M has the desired properties, let ¢y € ®g s
be any string. Note first that we may choose a separable root 5y, of ¥,: for if every root
of 1y is inseparable, then deg(iys) is divisible by char(K); see [1, §13.5 Proposition 38].
However, this contradicts assumption (1) of Theorem 1.9. Now write the string v,y = (6,)*L,
explicitly. Then we claim that (my, ) in Lemma 3.5 can be chosen to be one of the pairs
below:

(my, B) = (0, Bur), (1, 0:(Bu)) or (2, 02(01(Bwr))).

To see this, note that condition (a) of Lemma 3.5 is easily satisfied: since (3, is separable,
both 61(5y) and 02(01(Far)) are also separable. On the other hand, the relative degrees
[K(Bu) : K|, [K(61(Bu)) : K] and [K(65(61(Bar))) : K| are all at least 2d by (21) and
the definition of M in (22). Therefore, it remains to show that at least one of the algebraic
functions [, 01(Byr) or 02(01(5y)) does not satisfy a Riccati equation over K. Suppose, for
a contradiction, that all three satisfy a Riccati equation over K. Then Lemma 3.4 applied
separately to the point 8 = [); with the map ¢ = 6; and the point 8 = 60;(8)) with the
map ¢ = 5 implies that

By =biBu+c and  01(Bum) = f161(Bum) + o1,
01(Bar)" = b201(Bar) +c2 and  62(01(6))" = f202(61(8)) + g2
for the unique solutions (by, ¢y, fi,g1) € K* and (b, ca, f2,92) € K* in (20) corresponding
to ¢ = 61 and ¢ = 0, respectively. In particular, 0 = (by — f1)01(By) + (c2 — g1). But

[K(61(Bar)) = K] > 2d, so that (by — f1) = 0. However, this again contradicts condition (1)
of Theorem 1.9. O

(23)

The importance of Riccati equations to the arithmetic of function fields is partially ex-
plained by their ability to detect the isotriviality of hyperelliptic curves [9, Lemma 2.2].
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Lemma 3.6. Let K/F,(t) and suppose that p(z) € Klz] is an irreducible (and separable)
polynomial of degree d > 5. If B € K*P is such that p(8) = 0 and [ does not satisfy a
Riccati equation over K, 1i.e.

B #aB*+bB +c
for all a,b,c € K, then the hyperelliptic curve C : Y? = p(X) is non-isotrivial.

As a final preparation for the proof of Theorem 1.9, we replace Proposition 3.2 with
effective forms of the Mordell conjecture over global function fields [13, 18, 22].

Theorem 3.7. (Effective Mordell Conjecture) Let X be a non-isotrivial curve of genus at
least 2 defined over a function field K of characteristic p > 0. Then there are constants Bx

and By o depending on X such that for all Q € X (K),
hey (Q) < Bx1d(Q) + Bx 2;

here h, is a height function with respect to the canonical divisor kx of X and
2 genus(K (Q)) — 2
1) - ZEMSUE (@)
[K(Q) : K]
is the relative discriminant of the extension K(Q)/K.

Proof. Strictly speaking, the bounds in [13, 18, 22] are for curves with non-zero Kodaira-
Spencer class. However, the non-isotrivial case follows from this one; see [, Theorem 5| or
[23, Theorem 2|. For if X is a non-isotrivial curve, then there is an r (a power of p) and a
separable extension L/K such that X is defined over L and that the Kodaira-Spencer class
of X over L" is non-zero [23, Appendix]. Now, if we apply any of the bounds in [13, 18, 22]
to X over L", then we achieve the bound in Theorem 3.7. O

Having completed the requisite preparations, we can now prove the finiteness of some
polynomial Zsigmondy sets over global function fields.

(Proof of Theorem 1.9). Let v € ®g, let P € P'(K) be such that h,(P) > 0, and suppose
that n € Z(~, P). Without loss of generality, we may assume that n > M; see (22) for a
definition of M. Write 7, = (0,,)" _; so that

Yo = Unm(Y) © Ynen, Where ¢y (y) = (Qm)nm:n—MH and  y,_pr = (em)rrﬁ_:ﬂ{[-

Now since 1/(7) is a string of length M, Lemma 3.5 implies that 1 (7) = par(7) © ¥, (7),
where 1y, is a string of length 0, 1 or 2 and py(7) has a root 8 satisfying conditions (1)-(3)
of Lemma 3.5. In particular, the polynomial py;(y) has a factorization

pv(7) = fra (@) fyar2(@)? o fy (),
satisfying: the f,r,; € K[z] are distinct and irreducible, deg(f, 1) > 6, and f, 1 has
a separable root By~ that does not satisfy a Riccati equation over K. In particular, the
hyperelliptic curve
Copr Y2 = fraa(X)

is non-isotrivial by Lemma 3.6. Moreover, there are only finitely many such curves C, s to
consider since pps(y) € Pgpr—; for some 0 < ¢ < 2. In particular, there are uniform height
bound constants

Bs, = ggg?{chle} and  Bgp 1= A%%?{BCW,MQ}
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from Theorem 3.7. From here, the proof that n is bounded is (mutatis mutandis) the same
as the proof of [9, Theorem 1.1] and similar to the proof of Theorem 1.8 above. Specifically,
we consider the algebraic point

Qnivp = ((¥me (1) 0 1) (P /(a1 © (Winy (1) 0 1 a0 (P) ) € Gyt (B,
so that Theorem 3.7 implies that
hlic,y,M (Qn,'y,P) S BS,l d(Qn,%P) + 8372.
On the other hand, let z,, ,(P) = X(Qpn~p) and y, (P) = Y?(Q,,.p) respectively. Then
(24) oan(P) < Bsa 3 Mot > % )+ Bas

’U(yn’-\/(P))>0 v(yn 'y )<0

here we use [21, Proposition 3.7.3] to calculate d(Q,~,p) and use [19, Theorem II1.10.2] to
compare the two heights hy, (Qn~.p) and h(x,(P)). However, S is a set of polynomials,

so that v(y,(P)) < 0 can only occur when P, the coefficients of the polynomials in S, or
the coefficients of f, y/1 have negative valuations. Therefore, we deduce from (24) that

(25) h(zny(P)) < Bss Z Ny + Bs h(P) + Bs7;
vESP
V(yn,y (P))>0

here sp is the set valuations v satisfying the following:

e v(P) =0,
(26) e cevery polynomial ¢ € S has good reduction at v,

e f, a; has good reduction at v or all < and all v € ®g,

Now we use our assumption that n € Z(v, P). In particular, if v € sp and v(y,,(P)) > 0,
then v(y,(P)) > 0. Therefore, v(7y,,(P)) > 0 for some 1 < m < n — 1 by the definition
of the Zsigmondy set. However, as in (13), v(7,(P)) > 0 and v(~,,(P)) > 0 implies that
(Y N 7m)(0)) > 0. In particular we see that (18) and (25) imply that

n—1
h(zy, (P <BS5< ZN + ZN” >+Bs,6h(P)+BS,7
m=13]

o P)>0 (0 \ym)0)>0

15]

< B (th P+
m=1

compare to (14) over number fields. However, |h(p, - Q) — deg(pr)izp(@)} < Cgforalr>1,

all p € ®g, and all Q € P*(K), where Cy is the height control constant from Theorem 1.2;
see Lemma 2.2. Therefore,

n—1
S (e \ ) - 0) ) © Bag h(P) + B
m=2]

L—J n—1
deg(yo_si)hy (P) < Bss( P)> deslom) + 3 deg(%\vm)hv\m(o))
m=13

+ Bsghy(P) + Bsion + Bs;

(28)
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compare this to the estimate (16) in the number field setting. Here we use also the trivial
bound deg(vn-a) < deg((¥m, () © Ya—ar)), in an attempt to make the expressions less
cumbersome.

A~

Finally, Ay, (0) < Cg for all m by Lemma 2.2, and we deduce that n is bounded as in

A~

(17) over number fields. Namely, divide both sides of (28) by deg(v,)h,(P) and see that the
right hand goes to zero as n grows while the left hand side is bounded below by 1/d*, where
d = max{deg(¢) : ¢ € S}. This completes the proof of Theorem 1.9. O

We conclude this section by noting that there is an absolute (positive) lower bound on
the canonical height of all non-preperiodic points of bounded degree, a fact used to establish
Lemma 3.5.

Lemma 3.8. Let K be a global field and let S = {¢1, P2, ..., s} be a set of endomorphisms
on P! all defined over K and of degree at least 2. Then for all D > 0, the quantity

it (D) o= inf { hy(a) : [K(a): K] < D, a & PrePer(®g), ¥ € @ |

15 strictly positive.

Proof. Choose any @y € P! such that [K(Qp) : K] < D and Qy & PrePer(®g); this is
possible by Northcott’s Theorem and Lemma 2.2. Then for any p € @5, we have that

(29)  hyin (D) = inf { ho(@) © hy(a) < h(Qo), [K(a): K] <D, a ¢ PrePer(®s), ¢ € @S}.

On the other hand, if izw(a) < ﬁp(Qo), then h(a) < izp(Qo) + Cg by Lemma 2.2. Moreover,
the set of points

(30) Tp = {a e PY(EK) : [K(a): K] < D, h(a) < hy(Qo) + Cs, a ¢ PrePer(q)S)}
is finite by Northcott’s theorem. In particular, since

hin (D) > min inf {hy(a)}

a€Tp Yedg

by (29) and (30) above and T}, is finite, it suffices to show that infyeqs{hy(a)} is strictly

min

positive for any non-preperiodic o to prove that izq) (D) > 0: the minimum value of a
finite set of positive numbers is positive. To do this, we note first that

|ho() = ho()] < Cs A(y,9)  for all Q € P(K) and all 7,4 € @,

where A(vy, 1) = 27 ™ m#A¥n} gives a metric on ®g; this follows easily from Lemma 2.2 and
Remark 2.3 above. In particular, for any fixed o the canonical height map, h, : s — R>¢
given by v — h. (), is continuous; in fact, h, is uniformly continuous. In particular, since ®g

is compact (S is finite), h, must attain its minimum value somewhere on ® 5. In particular,
this minimum value must be positive when « ¢ PrePer(®g) by definition. O

Remark 3.9. In fact, for non-preperiodic basepoints, we have established uniform bounds on
Zsigmondy sets: assuming the hypothesis of Theorem’s 1.8 and 1.9, there exists an integer
N = N(S, K) such that if n € Z(v, P) for some (v, P) € Gg with P ¢ PrePer(®g), then
n < N. This follows from (16), (28), and Lemma 3.8.
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4. LocAL HEIGHT DECOMPOSITION

As with the usual canonical height (associated to a single endomorphism), the canonical
and expected canonical heights defined in Theorem 1.2 can be written as a sum of local
heights. To do this, we follow the construction given in [20, §5.9]. In particular, we assume
that V' = P! and that our generating set of self maps S = {¢1, ¢s, ..., ¢} is finite. Moreover,
since most of the results in this section are straightforward adaptations of Lemma 2.1, Lemma
2.2, and results in [20, §5.9], we simply provide an outline here.

First some notation. Let Mg be a complete set of absolute values on K. To each place
|- |, € Mk, we define a norm ||-||, on A%(K,) given by

Gz, y)llo = max{|zl,, [y[.},

where K, is the completion of K at |- [,; let n, be its local degree [20, §3.1]. Now choose
and fix a lift ¢; : A> — A? over K for each ¢; € S, and associate a “lift” to a sequence

v = (0p)n>1 € s by ¥ = (61)n>1- Then we define an associated Green function to 4 and
| - |, by analogy with the canonical height:

. log |7 (z, y)llv
(31) Gus(o.9) = Jim “ELIEI ) € n2i)

here A2(K,) = {(z,y) € A*(K,) : x #0 or y # 0}. We collect some facts about these
Green functions below; compare to [20, Proposition 5.58 and Theorem 5.59].

Proposition 4.1. The functions G, 5 are well defined and satisfy the following properties:
(1) Let (z,y) € AXK,). Then
Goz(,y) = log ||(z, )l + Ou(1)
for allv € Mg. Moreover, O,(1) =0 for all but finitely many v € M.
(2) Let (z,y) € A%2(K) be any representative of P = [x,y] € PY(K). Then

A~

()= 3" n,Gusla.y)

vEME

for any choice of lifts (over K) of the elements of S.

Proof. The argument that the limit defining G, 5 exists is, mutatis mutandis, the same as
that given to establish that h. is well defined: one uses Tate’s telescoping argument plus the
fact that S is finite (and thus height controlled). In particular, the key fact in this setting is
that there exist positive constants c;, such that

(32)

log [|és(x, y) | — deg(¢1) log [|(z, y)llu| < ¢i for all (z,y) € AZ(K);

see [20, Proposition 5.57(a)]. Hence, (32) and the adapted version of Tate’s telescoping
argument given in (3) and (4) imply that

max;{¢; ., }
~—am(a—1)

(33) 0<m<mn;

log [|¥n(z, y)llo  1og |Fm(@, y)llv
deg (:Yn) deg (:Vm)
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here a = min{deg(¢;)} > 2. Hence, the limit defining G, 5(x,y) is Cauchy and therefore
converges. Moreover, letting m = 0 and n — oo establishes statement (1). On the other
hand, if v € M satisfies:

(34) v is nonarchimedean, [|¢;]|, = 1, and |Res (¢;)], = 1,

then ¢;, = 0; see [20, Proposition 5.57(b)]. Hence, for all but finitely v € M, we have that
Gos(z,y) =log||(z,y)|, for all (z,y) € A2(K,); to see this, note that (34) holds for all i for
all but finitely many places (recall that we fix the lifts ¢; at the outset). This completes the
proof of statement (1). As for statement (2), we note first that if ¢ € K7, then

(35) Guslcr,cy) = Guz(x,y) +logcl;

the proof is identical to [20, (5.38) pp.289]. In particular, if ¢ € K*, then

(36) Z nvgv,’y(cza Cy) = Z nvgv,:y(x>y) for all (Zlf,y) € Ai(K)>
veEMK vEMj,

by the product formula [20, Proposition 3.3]. Hence, the right hand side of statement (2)
of Proposition 4.1 is independent of the choice of representative for P = [z,y]. Now fix
P € PY(K) and a representative (z,y), and note that the sum in (36) is a finite sum, since
Gvs(z,y) =log||(z,y)|l, = 0 for all but finitely many v € M; of course this time the finitely
many primes depend on (x,y). In fact, the stronger statement holds: there exists a finite
set 15 (z,y) C Mg, depending on 4 and (z,y), such that for all |- |, & 75 (2.4,

log [|Vn(z, y) o
gn,v,:y(l’ay) = gegg’? ))H

=log||(x,y)|l, =0 forall n > 1;

see (32) and (34) above. Hence,
Z Ny gv,’y (l’, y) = Z Ny gv,’y (l’, y) = Z Ny nh—golo gn,v,’y(x> y)

veMg VT (a,y) VET, (a,y)

= nh—>n;olo Z Ny gn,v,’y(xa y) = lim Z nvgn,vﬁ{(xu y)

n—o0
UET:;/ ’UGMK

H(z,y)
- Dvente Wlog (@ Yl (v, - P)
= lim — = lim ————=
n—00 deg(7n) n—oo deg(7n)
= hv(P)
as claimed. This completes the proof of Proposition 4.1. O

Remark 4.2. We note that G, 5 : A2(K) — R is continuous, since the sequence of continuous
functions G, , 5 converges uniformly to G, 5 by (33); compare to [20, Proposition 5.58(e)].

Following [20, §5.9], we use Green functions to define local canonical heights, which in some
sense measure the the v-adic distance from points to divisors. Moreover, these functions are
defined on Zariski open subsets of P! (the ambient space), unlike the Green functions.

To do this, let £ € K[z,y] be a homogenous polynomial of degree deg(E) = e (which
determines a divisor of P!). For a lift 5 of v € ®g, determined by fixed lifts of the elements
of S, we define the local canonical height at v associated to the pair (7, E') to be the function:

~

(37) )\v,’y,E([l’a y]) = egv,’y(x> y) - lOg |E($a y)|v
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for all [x,y] € P(K,) with E(z,y) # 0. We collect some properties of these local canonical
height functions below; compare to [20, Theorems 5.60, 5.61].

Theorem 4.3. Let E € K|x,y] be a homogenous polynomial of degree e and let 5 be a lift
of v € ®g. Then the following statements hold:

(1) Apqz: PYE,)\{E =0} = R is a well defined function.

(2) The function P — A,55(P) + log £ ”P” Plo extends to a bounded continuous function
on all of PY(K,).

(3) The canonical height has a decomposition as a sum of local canonical heights:

iL-y( deg Z )\v s E

vEM

for all P € PH(K)\ {E =0}.
Proof. The proof of statement (1) follows directly from (35). As for statement (2), note that

. E(P)|,
(P) +log T — 0(Gus(P) - log 1]

is bounded by Proposition 4.1 part (1). Moreover, both G, 5 and log ||-||, are continuous func-
tions on A%(K,), and hence their difference is also continuous on A?(K,). Furthermore, since
this difference is invariant under scaling, the map P — X, 5 p(P) + log Z&)e

12115
as claimed. Finally, if P = [z,y] € P/(K)\ {F = 0}, then

= 3 meslo) = 3 gt (bl + o8 1By

veEMj,

1S continuous

(39) = Qo 2 ) + gy 3 e o ()L

vEME

1 .
(P
deg(E) Z o Ao (P)

vEM g

as claimed; here, we use (37), Proposition 4.1 part (2), and the product formula, which

implies that > ), n,log |E(z,y)|, vanishes. O

We now fix the point P € P}(K) and vary its orbit in P! by varying v € ®g. In particular,
we consider the functions v — A\, g p(7) := Ay 5,5(P) for each v € M. As afirst observation,
note that we may interpret Theorem 4.3 part (3) as a way of writing the random variable

v — hp(7) as a sum of (local) random variables:
hp(y) = Z Ty 5\v,E,P(V)-
vEMg

Since it is often a useful technique in probability theory to decompose a complicated random
variable into a sum of independent random variables, we ask the following question:
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~

Question 4.4. For what points P € P1(K), is {)\vﬂp(fy)} a collection of independent
vEME

random variables on ®g?

Finally, we note that Ey[iL] : P! — R, a height function that in some sense packages
together the collective dynamics of the functions in S at the point P, also has a decomposition
into a sum of local pieces.

Corollary 4.5. Let K be a global field, let E € K|z,y] be a homogenous polynomial, and let
S ={¢1,¢2,...,0s} be a finite set of endomorphisms (over K) on P!, all of degree at least
2. Fiz lifts ¢; : A2 — A? for each ¢;, and extend these to lifts of each element in ®g. Then

(1) For all v € My, the local expected canonical height,
Eu [5\0,’%5}] (P) = / 5\v,E,P(fY) dVa
bs
is well defined for all P € P*(K,)\ {E = 0}.
(2) The expected canonical height has a decomposition as a sum local expected canonical
heights:

B[R] (P) = degl(E)

for all P € PY(K)\ {E = 0}.

> B [Auss] (P)

vEMK

Proof. The first statement follows from the Lebegue dominated convergence theorem: for
each n define the random variables A, g p,, : ®5 — R given by

log||Yn (2, y) v
deg(¥)
here (z,y) € A?(K,) is any representative of P. Then (33) implies that A, g p,, is a sequence
of uniformly bounded functions (take m = 0). Furthermore, j\u g.p is the pointwise limit of

>\U,E',P,n(f7) = deg(E> - IOg ‘E(SL’, y)|v7

the A, g pn. Hence, [16, Theorem 9.1] implies that 5\1,, g.p is integrable and
E,/ [5\v,'~y,E} (P) = / XU,E,P(’}/) dl/ = hm )\v,E,P,n('y) dl/.
b n—oo fg

Moreover, the decomposition in statement (2) follows directly from Theorem 4.3 part (3)
and the linearity of the integral: for any fixed P, the sum is in fact a finite sum; see (34). O

REFERENCES

[1] M. Baker and L. DeMarco, Preperiodic points and unlikely intersections, Duke Math. Journal 159.1
(2011): 1-29.

[2] A. F. Beardon, Symmetries of Julia sets, Bull. London Math. Soc., 22(6):576-582, 1990.

[3] G. Call and J. Silverman, Canonical heights on varieties with morphisms, Compositio Mathematica 89.2
(1993): 163-205.

[4] D. Dummit and R. Foote, Abstract algebra. Vol. 3. Hoboken: Wiley, 2004.

[5] X.Faber and A. Granville, Prime factors of dynamical sequences, J. reine angew. Math. (Crelles Journal)
2011.661 (2011): 189-214.

[6] C. Gratton, K. Nguyen, and T. Tucker, ABC implies primitive prime divisors in arithmetic dynamics,
Bull. Lond. Math. Soc. 45.6 (2013): 1194-1208.



STOCHASTIC CANONICAL HEIGHTS 23

[7] W. Hindes, Average Zsigmondy sets, dynamical Galois groups, and the Kodaira-Spencer map, Trans.
AMS, to appear, DOI: https://doi.org/10.1090/tran/7125.
[8] W. Hindes, Points on elliptic curves parametrizing dynamical Galois groups, Acta Arith. 159 (2013):
149-167.
. Hindes an . Jones, Riccati equations an olynomia. namics over function fields, preprint
[9] W. Hind d R.J , Ri i equati d poly ial dy i f ion fields, prepri
arXiv:1710.04332.
. Ingram, Lower bounds on the canonical height associated to the morphism ¢(z) = 2%+ ¢, Monatshette
10] P.1 L bound h ical heigh iated to th hi d M hef
fiir Mathematik 157.1 (2009): 69-89.
. Ingram and J. Silverman, Primitive divisors in arithmetic dynamics, Math. Proc. Cambridge Phil.
11] P. Ing d J. Sil Primitive divi i ithmetic dy ics, Math. P Cambridge Phil
Soc. Vol. 146. No. 2. Cambridge University Press, 2009.
[12] S. Kawaguchi, Canonical heights for random iterations in certain varieties, Int. Math. Res. Not., Article
ID rnm023, 2007.
[13] M. Kim, Geometric height inequalities and the Kodaira-Spencer map, Compositio Math. 105.1: 43-54
(1997).
[14] M. Kim, Height inequalities and canonical class inequalities, expository lecture, arXiv:math/0210330.
[15] H. Krieger, Primitive prime divisors in the critical orbit of 2% + ¢, Int. Math. Res. Not. 2013.23 (2012):
5498-5525.
. Jacod and P. Protter, Probability Essentials, second edition. Springer-Verlag, Berlin Heidelberg, .
16] J. Jacod and P. P Probability E ial d edition. Spri Verlag, Berlin Heidelb 2004
. Lang, Fundamentals of Diophantine Geometry, Springer-Verlag, .
17] S. Lang, Fund Is of Diophantine G Springer-Verlag, 1983
[18] A.Moriwaki, Geometric height inequality on varieties with ample cotangent bundles, J. Algebraic Geom.,
4.2 (1995): 385-396.
[19] J. Silverman, Advanced Topics in the Arithmetic of Elliptic Curves, Graduate Texts in Math. 151,
Springer (1994).
| J. Silverman, The Arithmetic of Dynamical Systems, Vol. 241, Springer GTM, 2007.
| H. Stichtenoth, Algebraic function fields and codes, Springer-Verlag, Vol. 254, 1993.
| L. Szpiro, Seminaire sur les pinceaux de courbes de genre au moins deux, Asterisque 86 (1981).
| J.-F. Voloch, Diophantine geometry in characteristic p: a survey, Arithmetic geometry (Cortona 1994),
Sympos. Math. XXXVII (Cambridge University Press, 1997) 260-278.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CHICAGO, 5734 S. UNIVERSITY AVE., CHICAGO, IL
60637.

E-mail address: vhealey@uchicago.edu

DEPARTMENT OF MATHEMATICS, THE GRADUATE CENTER, CITY UNIVERSITY OF NEW YORK (CUNY);
365 FIrTH AVENUE, NEW YORK, NY 10016, USA.
E-mail address: whindes@gc.cuny.edu


http://arxiv.org/abs/1710.04332
http://arxiv.org/abs/math/0210330

	1. Introduction
	2. Expected Canonical Heights
	3. Primitive prime divisors in generalized orbits
	4. Local Height Decomposition
	References

