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GETZLER RELATION AND VIRASORO CONJECTURE FOR
GENUS ONE

YIJIE LIN

ABSTRACT. We derive explicit universal equations for primary Gromov-Witten
invariants by applying Getzler’s genus one relation to quantum powers of Euler
vector field. As an application, we provide some evidences for the genus-1
Virasoro conjecture.

1. INTRODUCTION

The Virasoro conjecture of Eguchi-Hori-Xiong [5] predicts some mysterious re-
lations between Gromov-Witten invariants in all genera, that is, a sequence of
operators are conjectured to annihilate the generating functions of Gromov-Witten
invariants of smooth projective varieties. It is equivalent to Witten conjecture [19]
proved by Kontsevich [I1] when the underlying mainfold is one point. For mani-
folds with semisimple quantum product, this conjecture was proved in lower genera
8L [, [6] 12, 3] 16 7], and completely solved by Teleman [I8]. The genus-0 part
of the Virasoro conjecture has been proved firstly in [12] without assumption of
semisimplicity, and later by other authors [3 [6]. It is still open for the general case
of the genus-1 Virasoro conjecture.

In [13], it is proved that the genus-1 Virasoro conjecture can be reduced to some
simple equation derived by restricting the genus-1 Li-constraint on the small phase
space. This equation is motivated by using Getzler’s genus one relation [7] as follows

G(E"™, B, B*, B*) =0, (1)
where EF is k" quantum power of Euler vector field, and the definition of G is
presented in section 2. Furtherly, the author in [I5] shows that to prove the genus-
1 Virasoro conjecture, it is enough to prove the property that the derivative of
that simple equation along the direction of any vector field vanishes. Besides the

identity of the ordinary cohomology ring satisfying this property, he also find one
more vector field called quantum volume element by the computation of

ZG(E7E=’7a77a):Oa (2)

where v* and ~, belong to the space of cohomology classes.
In this paper, we will consider the following form

G(E", Ya,78:7) = 0. (3)

The explicit formula of equation (@) is computed in section 3 (cf. Theorem B,
which implies the explicit expressions (cf. TheoremsBI3and [316) for the following
two equations

G(E™M, E 74,75) = 0, (4)
1
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G(E™ E* E* ~,) =0. (5)

The explicit formula (Bl) generalizes equation (), and its equivalent result, i.e.,
Theorem [Tl implies some generalized version (cf. Corollaries 3] and [£4) of the
Virasoro type relation for {®;} in [I3]. And formula {) implies equation (), and
provides more evidences (cf. Theorem 6] for the genus-1 Virasoro conjecture by
computing

Z G(Ekl,Ek2,7H,7“ 079q) = 0.
o
These evidences give an alternative proof of the genus-1 Virasoro conjecture for any
manifold with semisimple quantum cohomology (cf. Corollary 7). We also derive
some new relation (cf. Theorem [Lg)) from the general equation (3.

An outline of this paper is as follows. In section 2, we recall some basic defini-
tions, present some known facts for the genus-1 Virasoro conjecture and recollect
universal equations for primary Gromov-Witten invariants which will be used later.
In section 3, we firstly obtain an explicit formula for the first derivative of ®;, and
then derive explicit universal equations from Getzler’s genus one relation involving
some quantum powers of Euler vector field. In section 4, we consider applications
to the genus-1 Virasoro conjecture.

Acknowledgements. The author would like to thank Professor Xiaobo Liu for
many helpful suggestions, and Professor Jian Zhou for his encouragement.

2. PRELIMINARIES

In this section, we recall Gromov-Witten invariants, quantum product, and some
known facts for the genus-1 Virasoro conjecture. We will also recollect some uni-
versal equations for primary Gromov-Witten invariants, and fix some notation.

1. Gromov-Witten invariants, quantum product and Virasoro conjec-
ture. Let X be a smooth projective variety of dimension d, and denote by N the
dimension of the space of cohomology classes H*(X, C). We assume H°%(X;C) =0
for simplicity, and fix a basis {v1,- -, yn} of H*(X,C). Let 71 be the identity of
the cohomology ring of X and v, € HP>% (X, C) for each a. Let o5 = fX Yo Ug
be the intersection form on H*(X C), and C = (C?) be the matrix satisfying

)UYa = Z Ca V8-

The symmetric matrices n = (1,8) and 7771 = (n®?) are used to lower and raise
indices. For example, v* = 37 7,n"*. Let bo = pa — $(d —1). It is easy to
verify that if n%# # 0 or 14 # 0, then b, = 1 —bg. For A € Hy(X,Z), let
M, (X, A) be the moduli space of stable map with [M (X, A)]""" as its virtual
fundamental class, and LL; the tautological line bundle over ﬂ%k(X ,A). Let 71, - -
7k € H*(X,C), the genus-g descendant Gromov-Witten invariants are defined by

<Tn1 (:\741) T Ty (ﬁk»(]
- ¥ (L™ Uevi (), (6)
A€Hs(X, z) M,k (X, A)]7r ':1

Where_qA is in Novikov ring with the product defined by ¢ ¢** = ¢™ 42, and
ev; : My (X,A) — X is the i-th evaluation map (C; 1, - -, zx; f) — f(z;). One



3

can refer [2] for more details. As in [I3], for any 7,, (7« ), one associates a parameter
t%, and call the space of all T = {t& : n € ZZ° o = 1,---, N} the big phase space and
its subspace spanned by {T'|t% = 0 if n > 0} the small phase space. For simplicity,
we identify 7, (7,) with tangent vector field 8%% on the big phase space, and on the
small phase space, we write t§ as t* and identify v, with 8%. If we restrict the
invariant (B) on the small phase space, i.e., setting n; = 0 for all 1 < ¢ < k, the
resulting invariants are called primary Gromov-Witten invariants.
The generating function of genus-g Gromov-Witten invariants is defined as

1 o «
FQ(T) = E E E tni o 'tn: <7'n1 (Fyal) T Tny (Fyak»g'
k>0 7 na,an,cng,ar

And the generating function for Gromov-Witten invariants involving all genera is
defined to be

Z(T; \) :=exp Z N2 (T).

920

As in [I7], we define k-point (correlation) function

ak
<<W1W2 .. Wk>><] = Z s oo 8talata2 . atak Fq
N1, Nk, Xk n1Ulng n

for vector fields W; = 3" fi -2 Let V be the covariant derivative defined by

o Jn,a 9t
VY = Z(an,a)Tn('Ya) (7)

for any vector fields W and V = Zn,a fr.a™ (Vo). It is simple to show that
WV, W] =VyW —VpV (8)

and
k
WY1 Vid)g = (WY1 Viddg + D (Vi (Vi) - Vi) (9)
i=1
for any vector fields V, W and V.
Next, as in [I7], we define the quantum product of any two vector fields ¥V and
W by

VoW =3 ((YW1")o7a.

Obviously, this product is commutative by definition and associative by the follow-
ing well known generalized WDVV equation

(({V1 0V} VsVi))o = (({V1 o Vs}VaVa))o. (10)
It follows easily from formula (@) that
Vu(VoW) = (VuV) o W+ Vo (VuW) + Y (UVYWY))0Va (11)

for any vector fields U, V, and W. Define
G(V) = Z(” + ba) fn,aTn(Va) (12)

n,o
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for any vector field V = > fn oTn(Va). We have the following easy observations

n,o

D {0V HV20 V509,V -+ Vi)

= > {{Viom Vo Va0 Va- - Vi),
= Y (V1o Vaort HVsomu Vi Vil (13)

and

Y (GO0 Ve o) (Va0 Va0, }Vs - - Vi))g

m

= D {GWioVsom){(VsoVion }Vs - Vi),

m

= > ((GV1oVaoVsoqy"){Vioy,}Vs - Vi)

m

= > ((GV1ov"){VaoVsoVioy,}Vs - Vi) (14)

m

for any vector fields V; (1 <i < k).
We recollect the following Virasoro operators defined in [12]

= 0 1 B

L,: = mE a:tm—at%—l + 52 ;ﬁnwtoto,
bt = S+ 3 g+ g SCastl
o artm oo p Mot L 2M? r af*0 0

+21_4<3;2CZX(X) - /Xcl(X) UCdl(X))a

and for n > 1,

m-+n
. 3o 0
Ln L= Z Z Agtj) (man)(cj)gtmatﬁi
m,a,3 7=0 m+n—j

+)‘_2 Z 5 i B(j)(k,n)(Cj)ﬂnwiL
2 @ «r o] atﬁ_k_l_j

n+1 aB
+W (€™ astito
B
where
. T(bo +m+n+1) N
A (m,n) = o 3 (H )
F(ba + m) m<l<la<--<lj<m+n “i=1 ba + i
. T(m+2—bo)T(n—m+by) M|
B = .
o (m.n) T(1— ba)T(ba) 2 15+

—m—1<l; <l2<---<[;<n—m—1 “i=1



These operators satisfy the following bracket relation
[Lyy L) = (m — ) Ly, (15)

for m,n > —1. The Virasoro conjecture is
Conjecture 2.1. L,Z =0 (called the L,,-constraint) for all n > —1.

It is well known that the L_;-constraint and the Lg-constraint hold for all mani-
folds. In fact, the L_-constraint is equivalent to the string equation, and LoZ = 0
is true by Hori [9]. Assume that

LnZ(T;\) = { > Qg,nvg—?}Z(T; A).
920
Then the L,-constraint is equivalent to ,, = 0 for all g > 0. As in [12], equation
Qg4 = 0 is called the genus-g L,-constraint, and the so called genus-g Virasoro
conjecture predicts that the genus-g L,-constraint is true for all n > —1.

We will concentrate on the study of the genus-1 Virasoro conjecture. As men-
tioned in Introduction, it suffices to consider some simple equation on the small
phase space. Therefore, in the rest of this paper, everything will be considered on
the small phase space. Notice that all the above definitions and results hold when
restricted on the small phase space. The notation ((- - -))4 is used again to denote
some correlation function on the small phase space which is written as ((---))g s in
[13]. We start with Euler vector field on the small phase space, which is defined by

E:=ci(X)+ ) (b1 +1—ba)t™.
It is showed in [12] that the following quasi-homogeneity equation holds

1 1
(E))g=@B-=d)(1—g)F;+ 56970 anﬂtatB - ﬂ(sml c1(X) U ca—1(X).
a,f3 X
And its derivatives are

((Bvr---vk))g
k

(1 G(vi) -+ v))g — (29 + k= 2) (b1 + 1){(v1 - - vk))g
1

1 «
+6,0V8 L (5 S Cast tﬂ) (16)
a,B

for any vector fields v; (1 < ¢ < k) on the small phase space. In particular, we have

Z<<EU1U270‘>>0%¢ = G(v1) ovg +v1 0 G(vg) — G(vy o vg) —byvy ovg.  (17)
It is shown in [I5] that
Vo,E = —-G(v)+ (b1 + 1)v. (18)
More generally, we have

Lemma 2.2. For all k > 0 and any vector field v on the small phase space, let E*
be the k" quantum power of E, we have
k k

V,EF = Z G(E™ Y ovo EF — Z GuoE* Yo E™l +kvo EF1.  (19)

i=1 =1
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Proof. We will prove this lemma by induction on k. By the definition (@) and
E® = ~, it holds for k¥ = 0 and also for k = 1 due to formula ([I¥). Assume
equation ([I9) holds for k < n. For k = n + 1, by equations (1)) and (), we have

VUEnJrl
= V,(EoE")
= (VoE)o E"+ Eo(V,E") + Y (EE™07"))o7a

= —GW)oE"4+ (by+1vo E™ + Z GE™ ) ovoEr it

i=1

—ZG(UOEn_i)OEi—l—’rL’UOEn-i-G(En) ov+ G(v)o E"
i=1
—G(E"ov) —bE"owv
n+1 . ) n+1 . .
= Z GE™ ovo Bt - Z GoE"™ o B 4+ (n+1)vo E™
i=1 i=1
The prooof is completed. O

Then by equations () and ([I9), we have
Corollary 2.3 (|38, 13]). For k,m >0,
[EF, E™] = (m — k)E™ L,

Secondly, functions @, are defined in terms of genus-0 data in [I3]. They are

o, = 0,

- —i [ a(®) Ve ()

P = —ikz_:lo Zﬁ: Do { (L E™ Y N o (Ve E* )0 (18777 )0
imz_ D tuballon " ollrs 1l
o S B e, (20)

o

for k > 2. It follows from the definitions of quantum product and G that

N

-1

240 = =) ((GENAE* " "))o— kY (E* 79"
=0
k—
163 S UGE 01160, (21)
=0 pu

where A =3%" 7% o0y, and k > 2.

Remark 2.4. It is easy to check that the expression Q) holds for k = 0. It also
holds for k =1 by the string equation 22)) and the following equality [1] derived by



Borisov
by +1 1
S bal1 = ba) = () =~ [ a(X) Ueaa(X).
o X

The same argument is applied in the proof of y1®o = 2®, in [I3]. Therefore, we
adopt equation Z0) or ZI) as the definition of @y, for all k > 0. And notice that
it is shown in [13] that ((E*)); = @, for k=0,1.

One important result is

Theorem 2.5 ([13]). For any manifold X, the genus-1 Virasoro conjecture holds
if and only if ((E?)); = ®,.

It is shown in [I4] that for any given k > 2, the genus-1 Virasoro conjecture holds
if and only if ((E*)); = ®. Due to the equation E(({E?)); — ®2) = ((E?)); — &9
proved in [13], this conjecture is reduced to prove that v(((E?)); — ®3) = 0 for
any v € H*(X,C). It is verified in [I3] that ~v;(((E?)); — ®3) = 0. And one more
evidence was discovered in the following

Theorem 2.6 ([I5]). For all smooth projective varieties, we have
A(((E*))1 — ®2) = 0.

We will find more evidences in Section 4. By the fact v, (((E¥)); — @) =
kE(((E*=1)); — ®}_1) proved in Lemma 6.3 of [I3], it is easy to show that for any
given k > 2, the genus-1 Virasoro conjecture holds if and only if v({({EF)); —®;) = 0
for any v € H*(X,C).

Remark 2.7. By the above argument, to prove the genus-1 Virasoro conjecture, it
is also reduced to verify that for any given k,1 > 2, vju;_1 - - v1 (({(EF)); — @) =0
holds for any v1,---,v; € H*(X,C). Notice that the computation in Section 3 only
yields the first derivative of {((E¥))1 — ®}, hence to derive its I-th derivative, one
may take derivatives of our results (cf. Remark[3.9) in section 3 or by applying the
pull-back of Getzler’s genus one relation to quantum powers of Euler vector field.

2.2. Universal equations for Gromov-Witten invariants. In this subsection,
we breifly recall some universal equations for primary Gromov-Witten invariants.
Firstly, the string equation on the small phase space shows that

Lemma 2.8 ([13]).

{(117278))0 = Tag; (22)
((MYar +* Yax))o =0 if k >3, (23)
{(MmYar = Yar))g =0 if g > 1 and k > 0. (24)

Next, the important universal equation for genus-0 primary Gromov-Witten in-
variants is the WDVV equation (I0), which is implicitly used for computation
throughout the paper. Its first derivative has the form

{({({v1 o v2}vsvavs))o
= ({{v1 o vz}vavavs))o + (({va 0 vstvrvsvs))o — (({vs o vstvrvavs))o. (25)
It is well known that equation (23) is the topological recursion relation derived from
Keel relation [10] on the moduli space of stable curves My 5. And it implies
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Lemma 2.9 ([I3]). For any vector field v on the small phase space, let v* be the
k" quantum power of v. Then for any o, B and p, we have

(VY870 = —Z (Va0 78 0 V' o))

+Z ova) (78 0 " uy))o-

It follows easily from Keel relation on ﬂoﬁ that
<<{U1 o ’Uz}’Ug’U4’U5’U6>>Q

= D ({v1suer”))o{(vpv2vavs))o + Y ((0103057°))o{(Vpv2vav6))o

+(({v2 0 vavi1vzVsVE) )0 + (({v1 0 V3}VLVLV5VE) )0

=Y ((v1v2067”))o{(Vpusavs))o — D ((0103057°))o ((Ypv3v406))0

—({{{vs o vajvrvausve))0, (26)

which is also derived from the second derivative of the WDVV equation (I0). We
will use the following lemma for the computation in Section 3.

Lemma 2.10. For any vector field v on the small phase space, let v* be the kth
quantum power of v. Then for any «, B8, 1, and o, we have

<<Uk'7a'76'7u’70>>

= - Z Z 0o ({1 7a {78 0 v o
- Z((U’“_i{% oy 00" e
- Z Z Yol (rpva{s 0 v Ie )0

3 S ol 0 v oo

=1 p

k—1
+ 530S U 0o (£ 0 v Fove) o

k
- Z<<{v’“‘i o YaHys 0 0" e ) o

Proof. As in the proof of Lemma 4.2 in [13], the proof follows by choosing v; = vF~1,

Vg = U, U3 = Ya, Us =8, Us = Yu, and vg = 7, in equation (20) and repeatedly
using the resulting formula. O

The essential universal equation for genus-1 primary Gromov-Witten invariants
is derived from Getzler’s genus one relation [7]. Adopting the presentation in [I3],



it has the following form (we call it Getzler’s genus one relation again)
G(v1,v2,v3,v4) = Go(v1,v2,v3,v4) + G1(v1,v2,V3,04) = 0, (27)
where

Go(v1,v2,v3,04)

1 (07
i Z{g““h(l)“h(@“h(sﬂ Nol(ravniay157”) o
heSy a,p

1
+ﬂ<<Uh(1)Uh(Z)Uh(B)Uh(4)7a>>0<<7a76'76>>0

1 «
_Z<<Uh(l)vh(2)7 ”Yﬂ>>o<<”Ya75vh(3)vh(4)>>o},
and

Gl(vla U2, U3, U4)

= 3> ({vna) o vn@ Hone) © vaa I

heSy
—4 > ({{vn) © Va@) © Un(@) For@))

heSy

- Z Z<<{Uh(l) o Uh(z)}vh(s)vh(z;ﬂa»o<<%¢>>1

heSy «

+2 3 > ((On1)Uh@ aE Y™ o{{{Va © Un )1,

heS, «

for any vector fields vy, va, vs,v4 on the small phase space.

Remark 2.11. By string equations 23) and [24)), we have G1(y1,v1,v2,v3) =0
and Go(y1,v1,v2,v3) = 0 for any vector fields vi,va,v3 on the small phase space.

For simplicity, we will use the following notational conventions: Repeated indices
are summed over their entire meaningful range unless otherwise indicated.

3. UNIVERSAL EQUATIONS FROM GETZLER’S GENUS ONE RELATION

In this section, we will derive an explicit formula for the first derivative of ®, and
then obtain an explicit universal equation, i.e., Theorem[B3.8] by computing Getzler’s
genus one relation (27) when one of vector fields is substituted by quantum power
of Euler vector field. With this theorem, we can derive other explicit universal
equations for the cases involving more quantum powers of Euler vector field. These
explicit universal equations from Getzler’s genus one relation will be called Getzler
equations. To see how much information of Getzler equations can be applied in the
genus-1 Virasoro conjecture, we always reduce higher k-point correlation functions
involving some quantum power of Euler vector field to lower l-point correlation
functions, and use the first derivative of ®; for possible simplification.

3.1. An explicit formula for the first derivative of ®;. The following lemma
is useful for reducing 4-point functions to 3-point functions.

Lemma 3.1. For all m > 0,

(E™ a8 Vu))0
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m

(GE™HET oqa 0vstyu))o — D_((G(E™ 050 078) E™ )0

1 i=1

(GE™ o) {E o ystuad)o + Y _((GE™ o) {E™ " 0 va}yud)o.
i=1
Proof. Using Lemma [2.9] equations (I6]) and (I0), we have

(E™ a8 Vu))0

I
M-

.
Il

+

IR

@
Il
A

m—1 —1

= =Y {GE™{E™ ova 0y} —

i

3

(G(E"" 050 098)E™ "vu))o

(]

Il
-

1

INgER

+Y (GE™ o) {E™  oqatyu)lo + D (GET! 0 y){E™ o va}vi))o
i=1 i=1
=Y {E e 01} + DB (0 0 351G o

+0r+ D{ S UE" w095 b3ddo = S UE™ a0 25h 0l -

i=1 =1
The proof follows by using the following equation (29)). O

In particular, it follows from Lemma [3.]] that

(E™ a7 )0V

= =) GE™ ) oE oyaos— Y G(E" oy,095) 0 E™
i=1 i=1

+ Z G(E™ on,)o B ong + Z G(E"™ ovyg) o E™ P ory,. (28)
i=1 i=1
The following lemma is useful for simplification.

Lemma 3.2. For any vector field v; (1 <i <4) on the small phase space, we have
((G(v1 0 v2)vzva))o = ((Viva{vs 0 va}))o — ((V1v2G (V3 © v4)))o, (29)
G(or 07") 07 = Glvn 07) 07 = zA 0w, (30)
((G(v1 0v2 0v309")G(yu)va))o = (({G(va 09") 0 G(y) 0 v1tv2vs))o,  (31)
({G(v1 09") 0 G(v2 0 vu) }vzva))o = ({G(v1 0o vz 09") 0 G(yu) bvsva))o.  (32)
Proof. As 14 # 0 requires that b, =1 — bg,
((G(v1 ov2)uzva))o = ba{(V1v27"))({(Vav3v4))o
= banas{{v1027*))o (¥ v304) )0
= (1 =0bp)nap((L1v27*))o{(v v304))0
= (1—bg){{viv2¥s))o{(¥ v304))o.

The equation ([29) follows. By the same argument, the equation ([BQ) also holds.
The equation (I follows from equations 29) and @0). The last equation can be
proved as follows

(({G(v109") 0 G(ug 07) uzva))o



baba (V17" 7*))0 (V2777 o ({({Va © V8 v3V4) )0

Now, an explicit formula for the first derivative of @y is presented below.

babs((v2{vr 07 1) o (({7a 0 Y5 }vsva))o
(({G(v1 0v2 09") 0 G(yy) uzva))o

Theorem 3.3. For all k > 0, and any «,

2y, ®), =

Proof. 1t is trivial for £ = 0, 1.

=) UGEHNE" ovalyuy Mo

N
=

N -

-2 (k=i D(H{G(E") o B2} Ava))o

~
Il
=]

k—2
+ Z —k + 2i + 2)((G(A o EF =) Eiyg))o

_ZZ Ek i-1 g )G(Ei_jowa)Ej_lﬁo
i=1 j=1
k-1 i

_ZZ {G(E* 1) 0o AYG(E"7 0 7o) EF~ 1))y
k-1

+12Zz {G(EF 1 o 4™) 0 G(y) LB Mya))o

—k(k = D((AE"?7a))o.

According to equation (20), using equations (@) and (23), we have

24704(1)16

k—1
_ _Z V Ez Ek i— 1A Z Ek i— 1G(E1)A'Ya>>
=0

_Z E’L {v’yaEk i— I}A

k—1

1=

—12) " bubs (B 0y )o((rs EF 1 ))o

=0
k—1

—12 " bubs(({Vra B3N o (s X190

=0

+2k((B* 17577 7a))o + 26{({ V1. B* " 171577 )o-
By equation (23], we have

({G(EY) o E* " }ya7677 )0

= ({E" " onarer GIE))o + ((B* 1070 {G(E") 01 1)

k—1
Z {G(E") o B* " 107577 ))o

11

It remains to prove this theorem when k > 2.
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—((B* 70 0 77} G(E)))o. (34)
Notice that
bubs (B ey ) (s EX 190
= bu(1 = ba) (B a8 oY EX 1))
= ({(B'"Gou{E* " oy }ra)o = (B'G(y)G(E " o )a))o (35)
and
bubs (({Va B3N o (s X719 ))o
= 1= (1 =b)I{G((Vr E) o) B* 1))
= GV BY) o) EM 7 19))0 = ({(G(Vo BY) 0 7u) EF 71 G(37)))0(36)
The proof follows by firstly substituting equations (34l), (B5) and (B6) into the

equality ([33), and secondly applying Lemma Bl and formula () to the resulting
equality, and then using Lemma for simplification. O

Therefore, we have an alternative direct proof of

Corollary 3.4 ([I3]). For any smooth projective variety X, we have
E*®,, — E™®) = (m — k)®pypm_1.

Proof. We only consider the cases for k+m > 2, since other cases are trivial. Using
Theorem B3] Lemma B.1] and Lemma [B.2] we have

24Em<1>;C

=S SEE T GE s B,
i=1 j=1
k+m—1 ) .
—by Z <<G(E171)AEk+mfzfl>>O
i=1
k—1k+m—i—1

+Z Z G(Ao EI-tphtm-izi=ly),

k4+m—2k+m—i—1

Z Z AOE] 1)Ek+m i—j— 1>>0

k—1

= Y@k m - 2= D((GE)AE )
o

+ Y @mtk =20 2((GEYAEFT ),

+6 Z(k - i)((G(Eifl o ’7#)G(7u)Ek+m7i71>>0

k+m—1

=6 Y (m—DUGE T 0GB )

1=m-+1
—(k = 1)(k + b1 - Sr2) ((E™ 291 ,)o.
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where if k£ > 2, then 6;>2 = 1, otherwise §5>2 = 0. Then it follows that
24E"®;, — 24E*®,,
k4+m—2 ) )
B { = Y (GEHAEF™ 7)) — (k +m — 1)((E™ T 24,))0
i=0

k+m—1

6y <<G<Ei-1ovﬂ)GmE’”m-i-wm} < (k —m).
=1

The proof is completed by equation (21). O

3.2. Getzler equation G(E* v,,7s,7,) = 0. We start with the computation of
the function Gj.

Lemma 3.5. For any «, 3,0,

Gl(Eka’YOnFYﬁa’YU)
= —24{7a 075 0 Yo }{{E")1 + 24k{{(E* 1 074 0y 0 Yo ))1

+12 Z <<{Ek O Ysg(1y }{’7@7(2) © Yegs) }>>1 —12 Z <<{Ek O Vsg(1y © Vsg(2) }’7§g(3)>>1

gESs3 gESs
k
+12 Z Z<<G(E%1 © Yoy © Ef o Vea@) © Voo N1
g€Ss3 i=1
k - .
—12 Z Z<<G(E%1 © Yegr) © Vogz) © B o Veg 1
geSs i=1

where k >0 and {s1,%2,53} = {a, B,0}.
Proof. By the definition of G1, we have

Gl(Eku/yaa’yBu/YU)
= 12 Z <<{Ek o 7§g(1)}{7§g(2) o 7§g(3)}>>1 —12 Z <<{Ek O Vsg(1y) © Vsg(2) }7§g(3)}>>1

o) el
—24({{7a 0 ¥8 0 Yo }E*))1 — 2 ; (({E" 0 Ye, 0 My Yeurny VD0 {1

-2 Zé; (B gy © Yoot }7<9<Z)“YZ>>0<<W>>1

+6 QZ;S<<E’“%g<l>%gm»om © Yoy 1

+12g<€<73a7mav“>>o<<w o EF))1. (37)

Firstly, it follows from equations (@) and (I9) that
(({va 078 0% } )1

E
—

{Ya 018 0 Yo }((E*))1 — . ((G(E") o E* " oyq 093 096 ))1

-
Il
=]

k
+> ({G(E¥ " 0qa075075) 0 B )1 — k{({(E¥! 094 095 0 76))1.(38)

=1
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Using equation (23]), we have

(Va8 (7 © B )11
({E* 07" }rav870 ) ol (vud)1
= <<Ek7€g<1>7€g<2> {7*o Veg(3) oy + <<{Ek O Vsg(1y }%g@)7c9<3)'7u>>0<<'7u>>1
~(({Vey1y © Vegisr FE Vg ¥ No{(rd)1
for any g € S3. Hence it is easy to show that

12<<’7a’73’70’7#>>0<<7ﬁ ° Ek>>l -2 Z <<{Ek O Ysg(1y }’7§g(2)’7§9(3)7#>>0<<7M>>1
gESs

= 2 Z <<Ek7<g(1)ch(2)7#>>0<<7# ° 7<g(3)>>1
gESs

—2 Z <<Ek{7§g(1) O Ysg(2) }7§g(3)7u>>0<</}/ﬂ>>1' (39)

gESs

By substituting equations (B8]) and ([B9) into equation [B), the proof is completed
by using Lemma [3.1] O

Remark 3.6. Although it is simple to show that there are other equivalent expres-
sions for G1(E*,va,v8,7-) by equations @) and @), for ezample,
Gl(Eka’Yaa’Yﬁa’YU)
= —24{7a 075 01 H{(E"))1 + 24k ((E* ! 070 095 0 10))1

+12 Z {F)/Cgu) © 7§g(2)}<<Ek © 7§g(3)>>1 —12 Z chg(l) <<Ek ° 7§g(2) ° 7§g(3)>>1
gESs gESs3

+72((Va 87V o (1 © B, (40)

we adopt the expression of G1 in Lemma which is useful for later applica-
tions in Section 3 and 4. Notice that equation Q) can not be used to derive
G1(E*,Ya,vs, E™) by substituting E™ into the position of v, directly.

By the definition of G, we have for any «, 3, o,
GO(Eku Yo, VB ’YU)

1
= ({(E*ya1870A))0 + B > UE ey 0y Yoy D0 (VYoo 107 V)0
gESs3

- Z <<Ek’7§g(l)7H7p>>0<<7M7p7§g(2)7§g(3) >>0
gESs

+UEF P ) o ((ViYa¥8Y0 )0 (41)

where k£ > 0 and {¢1,2,53} = {a, 3,0}. Since the computation is quite involved,
we put some intermediate results in Appendix A. With these preparation, we have
the following explicit formula.

Lemma 3.7. For any «, 5,0,

GO(Eka’YOnFYﬁa’YU)
= 24{74 075 075 }®s — 4k{{({A 0 E* " }vav570))0
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k i

L\:JI}—l

0 Ve )V Y LE ™ 0 Yey0) © Vegay 10

Ek ‘o Yegry © Vsgr2y )7#7#{E O Vsg(s) o

l\DI»—A

i M?r HM?r

k-1
GE™™ 07,0, © 1) Vso@) Voot Tu) )0

"2 25 2
EPr
5;

1 _
_Ek Z <<{Ek 'o Veg1y }/YMVM{W/Q;@) O Ysg(z) }>>O
gESs

k—1
+2 ) ) (k= 3)({G(E* " o, 09") © GO FE ™ H{ey ) © Yoy 10

geS3 1=1
1 k—1
=3 D0 YA 0 BTGB 05, 0%, )Ty )0
gES3 i=1
k—1
__ Z Z — ’L {A 9] El 1}G(Ek it o F)/Cgu)){FYCg(Z) 7§9(3)}>>
quS i=1

—4k Z((G(A o EF ") B iy, 015 076 H)o

+5k(k = D)({AE* {54 075 0 74 }))o,
where k >0 and {s1,%2,53} = {a, 8,0}
Proof. Firstly, by substituting Lemmas [A.5] [A6] [A.7 [A8 [A.9 into Lemma [AT]
and substituting Lemma [A17] into Lemma [A-2] and combining with Lemmas
and [A4] we obtain an expression for the function Gy by equation ({@I)). Then
subsituting Lemma [A.T0l to the resulting expression, and using Theorem and
Lemma for simplification, a tedious computation shows that

GO(Eka’Yavpyﬁa’YU)

= 24{’7& °qp o '70}(1)%: - (bl + k)<<{A o Ek_1}7a7ﬂ70>>0

k
-2 Z<<{G(E’H) o B 7" {Ya 0 18 0 o 1o

k
1 —i i
_5 Z Z<<G(Ek O Vsg(1y © Vsg(2) )7}17#{E o 7§g(3)}>>0
g€eSs 1=1

k
+ )0 (HGE 0v,0)) © ey 11V {E ™ 0 %60 o

geSs i=1

k
1 —i i—
5 2 LAHGE ) 0 B oMo,y 0% e )0

g€eSs 1=1

+= Z Z G(E* )M Vepy © Veury HVoay © Y HE " 0710

qESg i=1
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YIJIE LIN

+
Wl
-M??

({G(E*™") 0 B 0,0 © V* Py ) Yooty Y0

Q
m
0
X
>
,‘_.)—A

iNg

<<{A © Eiil}ﬁ)/(gu)ﬁkg(z) {G(Ekil) O Yeg(ay }>>0

geSs3 i=1
1 k—1 .
_6 <<{A 0 E 1}{'7/(9(1) © Yeg(2y }7§g(3) (Ek71)>>0
geSs i=1

(({Ao Ei_l}’ycg(l)’ycg(z)G(Ek_i © '7§g(3))>>0

Q
m
o)
w
I8
Il
-

+
N =
-Mk‘

HE Y UGE 0 96,0y 0 1) Veya) Voo Va0

k
- Z Z<<{G(Ekil o 7§g(1)) ° Elil © ’7#}7§9(2)7§9(3)7H>>0

geSs i=1

—k Z <<{G(Ek_1 oqt)o ”ch(1)}7<g(2)7<g(3)7#>>0
gESs

—6k Y (({G(E* 0q4M) 0 G(1) }E v 095 010 1o

i=1

k—1
3D ) (k= 20)(({G(E* " o, 09™) © Gr) FE ™ ey ) © Yoy 10
g€eSs i=1
k 1—1 ) ) o
23S (({G(A 0 B* ) 0 GBI )BT ya 095 09 1o
i=1 j=1
k i—1
+2 3 S (G(EF )BT 1G(A 0 B/ 00095 0790) o
1=1 j=1
1 k i—1 ‘ o
+_ Z ZZ (aa o B l) EJ_l}G(El_J_l O’ch(l)){'%g@) O’ch(a)}>>0

gESg =1 j=1

1 . i —im
_5 Z ZZ<<{A oF 1}G(Ek Yo Yoy © Vsg(2y )7@;(3)>>0
9653 =1
k i—1

1 —i j— i—j—
Y Z ZZ {Ao Ek }G(EJ ! O'chu) OFYCQ(Z))G(E =t O’ch(s))»o
qESg i=1 j=1
k oi—1

Z Z Z ({Ao EF o Vsg(1) }G(Ej71 © 'ch(g))G(Eiijil ° 7<g(3))>>0

96531 1j5=1
—k Z<<G(A o B¥"1) E {54 095 076 )))o

+2k( 1)((AE" {74 075 075 }))o-
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The proof follows from some tedious manipulation again, that is, substituting Lem-
mas [A 12 [A T3] into the above expression, and using Lemma [A14] to cancel
the redundant terms in the resulting expression, and then using Lemma for
possible simplification. O

The main result of this subsection is the following

Theorem 3.8. For any o, 8,0,

24{"a 75 7o H{{E*))1 — Pr)
12 Z <<{Ek o 7§g(1)}{7§g(2) © 7§g(3)}>>1 —12 Z <<{Ek O Vsg(1) © Vsg(2) }7§g(3)}>>1

gEeSs gESs3

k
+12 Z Z<<G(E%1 © Yoy ) © Ef'o Vea@ © Voo 11
g€eSs i=1

k
—12 Z Z<<G(E%1 © Yegr) © Vogz) © E"o Veois) )1

geSs i=1
+24k<<Ek_l ©%a ©7p © Yo))1 — 4k({({A o Ek_l}’?a’YﬂWU»O

k
1 —1 17—
+§ Z Z<<G(Ek © ’Y§g(1) )FY,LL’Y#{E ! © ,-ch(z) © ’Y§g(3) }>>0
geSs 1=1

k
1 —1 i—
—5 2 2 UGE T 06,0, 0% )1 LB 06,0 D)o
geSs 1=1

+2k Z (G(E* o Yoy © V) Vg2 Vsga) Vu) )0
gESs

1 _
_Ek Z <<{Ek 'o Veg1) }’Y#FYM{FYCQQ) O Yeg(ay }>>0
gES3

k—1
23 ) (k= 3)(({G(E" 0,0, 09") © Gy FE ™ ey ) © Yoginy 10

g€eSs3 i=1
1 k—1 . .
2 3 Y A O BT G(E 0,4, 0%, ey Mo
g€eSs i=1
1 k—1 . .
_5 Z Z(k - Z)<<{A o EZ_l}G(Ek_Z_l © 7§g(1)){7§g(2) O Ysg(zy }>>0
geSs i=1

k—1
—4k Z<<G(A ° Ek_i_l)Ei_l{”Ya ©7B o Yo }))o

+5k(k — 1) ({AE*"2{~4 0 v5 0 74 }))o,

where k > 0 and {<1,%2,53} = {a, B,0}.

Proof. Tt follows easily from Lemma B3] Lemma B and equation (271)). O

Remark 3.9. In Lemmal3d, Lemma[3.7, and Theorem[3.8, one can replace va, s,
and v, by v1,v2, and vs respectively for any vector fields v1,ve, and vs on the small
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phase space. The same holds for the following Lemmas [Z10, [3.12, [Z158, and
Theorems[313, [3.10.

3.3. Getzler equation G(E* E*2 ~, ~53) = 0. In this subsection, the following
explicit formulas for functions G1, Gy and G are derived from the above subsection.

Lemma 3.10. For ki, ks >0, and any «, 3,
Gl(Eklka2a7a77ﬁ)

_ 2 R
= 200 0 H(EF) =24 ) {BFTH 0 na 0y H(EH )

m=1

+24 ) ({E™® oo HE @ oya}))1 =24 3 ({EN 056, gy 1
he€S2 gES2
km

2
24 DD UGE o) 0 EX o h

g€Ssm=1 i=1

K
—24 Z Z<<G(E17l o ’7<g(1)) oEX ™o '7§g(2)>>17

gess i=1
where K = ky + kg and {1, 0} = {a, B}.
Proof. The proof follows easily from Lemma B.5 and equations @) and (I9). O
Remark 3.11. As in Remark[30, we also have the following equivalent form
G1(E™, E* 74, 75)

= 24{ya o sH(EF ) — 24 S {ERm 05 0} ((BF ),

m=1

+12 Z Z {Ekh(l) © 7§g(1)}<<Ekh(2) © 7{9(2)>>1 - 24 Z ’Y§g(1) <<EK © 7§g(2)>>1
gES2 h€S2 gES2
Em

2
+12 Z Z Z«G(Ei_l © '7@,(1)) oEf o ’7<g(2)>>1

gESs m=1 i=1

2 km o L
=243 Y UGB! oa 05) 0 EX )1 + 24K ((EX 71 070 0 98))1,

m=1i=1

by equations @) and (I9).
Lemma 3.12. For ki, ko >0, and any «, 3,
GO(EklaEkzuwaa’YB)

2
— —24{7a o 76}(1)1? + 24 Z {EK_km 0 Y © 73}(I)km

m=1

I? ~
- Z Z<<G(Elil © 7§9(1))7#7M{EK71. © Yeg(2) }>>0

geSsy i=1

T30 D0 D UGET o, W ud BN 056, 1o
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k1 ko

=D Y H{A ETITGER T 00 My Do
geSs 1=1 j=1
k1 ko

+6 3 3 S (H{GET 2 0ng ) 09%) 0 Gy Y ER 05 Mo

g€Ss i=1 j=1
—2k1k2<<AEK_2{'7a o /7,3}>>07
where K = k1 + k2 and {s1,52} = {«, B}.

Proof. By Lemmal[3.7 we get the expression of Go(E*, E*2, ~,,~s) which contains

three terms: ((G(EX~! 0 /)ya73m0)0, (({E¥ 1 0 3a}y,9{7s © E**}))o, and
(({E* 1 o v5}9,7"{Va © E**}))o. They are computed as follows.

(G(ER 0 4" yavsmu))o

(Gl EX " o 1))

= (B 5 09" 112G ()0 + (HEE 070} G(7)78))0
~(EX Y74 0 1817 G (),

({EM ™" o vayuy*{vs 0 E™}))o
(E* {5 0 7" 13 B 0 3 })o + ({EX ™ 0 a7 v8) o
—((E" 37 { EM " 0 70 0% }))o,
({EM 1 o530 {7a © EF}))o
= (BM Y 01"} { B 0 va}))o + ({EX L 0 varur™ 1) )0

—((EM 57 { E™ 070 09 }))o.
The proof is completed by Lemmas 3] and Theorem O

Theorem 3.13. For ki,ks >0, and any «, 3,

24{70 0 15 J((EF N1 — @) —24 S {ERHm 04 0y} ((E*))1 — B4,

m=1

= 21 Y ({EF0 0o HEM® o))y +24 S (({ER 09,0 ey )1
heSs gEeS?
k

2 i > .
—24 Z Z Z<<G(Ei_1 o ’7<g(1)) oEf o '7§g(2)>>1

g€Ss m=1 i=1

K
+24 ) D UG(E ™ org,) 0 BX Moy

QESQ =1

K =
+ Z Z<<G(E17l O/YCg(l))’y‘u’YH{EKiz O/YCg(z)}>>0

geSy 1=1

=3 2 D HGET o 1 EF T o0 o
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k1 ko

+ YD D ({A B TIG(ER T 0 g, ) )Yy )0
g€Ss i=1 j=1

ki k2

—6 3" S S HGEH2 oy, 07%) 0 GO HER T, Mo

geSy i=1 j=1
2k ks ((AEK {7, 05 1))o,

where K = ki + ko and {s1,9} ={, B}

Proof. Tt follows easily from Lemma BI0, Lemma and equation (27)). O

3.4. Getzler equation G(E*, E*2 E*s ~,) = 0. In this subsection, we will de-
rive the following results from subsection 3.3.

Lemma 3.14. For ky, ko, ks > 0, and any «,
Gl(EklkazaE]%vﬁya)
= 24 ((BM) +24) {EM oqa J((BX 7)1 — 24 (BN oy J(EM)),
i=1 i=1
where K = ki + ko + k3.
Proof. 1t follows easily from Lemma and equations (@) and (I9). O
Lemma 3.15. For ky,ks, ks > 0, and any «,

GO(Ek17Ek27Ek37/YOz)
3 3
= 24y,P; —24 Z{Ekl 0Vt P . +24 Z{EKﬁki ° Yo } P,

i=1 i=1
where K = ki + ko + k3.
Proof. Tt follows from Lemmas [3.12] [3.1] and Theorem O
Theorem 3.16. For ki, ks, ks > 0, and any «,

~ 3 —
Ta((EF))1 — @) = Z{EkiO%}(<<EK7’“>>1—‘I’1},,€)

= DR o (B ) — @),

where K = ki 4+ ko + k3.
Proof. Tt follows easily from Lemma [3.14, Lemma and equation (27]). O

3.5. Getzler equation G(E* EF2 EFs [EF1) = 0. The case in this subsection
has been studied in [I3]. We present alternative symmetric expressions as follows.

Lemma 3.17. For ki, ko, ks, ks >0,
Gl(Eklka2aEk35Ek4)

4
= B6K((EXTY)y —24)  EM((EXTR)), 43 ) BRotRee ((BRee TR

=1 gESy
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whereK:k1+k2—|—k3—|—k4.

Proof. Tt follows from Lemma [BI4] and Corollary 23 O
Remark 3.18. By Corollary [2.3, Lemma [317 is equivalent to Corollary 3.2 of
[13].

Lemma 3.19. For ky, ks, ks, ks >0,

GO(Ekl Ek2 Eka Ek4)
4
= 36KPx 1 +24Y EMdxy, —3 Y Eothee,

=1 gES,

g(4)?

where K = kl + k2 + kg + k4.
Proof. Tt follows from Lemma 315 and Corollary B4 O

Remark 3.20. It is easy to show that Lemma implies the definition of ®y
(k > 3) given in [13].
Theorem 3.21. For ky, ko, ks, kg >0,

2K ((BX 1)1 — @x-1)

4
= 80 BN(UBN T = @pg) = ) BRo e ((BROTR0)), = B i)
i=1 gESy

where K = kl + k2 + kg + k4.
Proof. Tt follows from Lemma BI7 Lemma and equation (27)). O

4. APPLICATION TO THE GENUS-1 VIRASORO CONJECTURE

In this section, we apply Getzler equations derived in Section 3 to study the
genus-1 Virasoro conjecture. Since Getzler equation G(E* EF2 Eks EF1) = 0
has been analyzed in great detail in [I3], we begin with the application of Get-
zler equation G(E®, E*2 Eks ~.) = 0. Tt provides the following relations among
{((E*))1 — @x}ao-

Theorem 4.1. For k > 0, and any «,
(B = 1) = Sh(E = DI 0 q (B - @2).
Proof. Tt is trivial for k = 0,1,2. For k > 3, let ky = k—2, ko = k3 = 1 in Theorem
B.16 we have
Yo ((B"))1 — @)
= 2{Eova} ((E" )1 — @) = {E? 0} ((B72))1 — Bi2)
+H{E* 207, (((E?)1 — @) (42)
Suppose that the theorem holds for k < n (n > 2). By equation ([@2), we have
Yo ((E"F1))1 = Pyt
= 2AEov} (((E") — @) — {E? oy} ((B" )1 — @na)
HE" o} ((B*)1 - @)
= n(n—D{E" " oqa} (((B*)1 — @2) + {E" " 070} ((B?))1 — @2)



22 YIJIE LIN

5= 1) = (B 070} (B — @)

- %n(n + D{E"  ona} ((B?)1 — @2).

The proof is completed by induction on k. 0

Remark 4.2. By Theorem[{.1], we have
2

{a 01 HUER ) — @) = Y {ER*m 0y 0 g} ((E*™))1 — @4,,,)

m=1
2I€1k2 7
= m{% oy H{((EM)1 — @5)

which gives an equivalent equation in Theorem [T 13
It follows easily from Theorem [Tl that

Corollary 4.3. For any «,
m—k

m—+k7a(<<Em+k>>1 = ®pyk)

= {E* o} ({E™)1 — @) — {E™ 0 7a }(((E)1 — ®p).
where k+m > 0.

Corollary 4.4. For any k > 0 and m > 0 satisfying m + k > 2, and any «,

K (E™)1 — Pm m—1 mtk
{E OFYQ} m - (m+k)(m+k—1)7a(<<E >>1_(I)m+k)'

It is easy to show that Theorem [Tl is equivalent to Theorem Due to the
fact y1 (((EF)); — @) = k(((EF=1)); — ®;,_1), Corollary 3] implies Virasoro type
relation for {®;} in Theorem 6.1 of [13] by setting v, = 71 and Corollary 23] while
Corollary E4 implies Lemma 6.3 in [13] if 7, = 71.

Next, we deal with more general case, i.e., Getzler equation G(E*, E*2 ~,, v3) =
0. It involves more complicated genus-1 data and genus-0 4-point functions. But
thanks to formulas ([I3]) and ([[d]), we may consider the following universal equation

G(E™,E™ y,,7" 0 7a) = 0.

Actually, we have
Theorem 4.5. For ki,ko > 0, and any «,
{A o H(((BFTE2)) — @y k)
= {A0EM oy }(((EM)1 — ®k,) + {A 0 B 09 }(((E™))1 — ).
Proof. By Lemmas B.10, and equations (I3), (), 30), it is easy to show that
G1(E*  E* ~, " 0,)
= 24{A 0y} (BN TF2)) — 24{A 0 EM oy, J((EM))1 — 24{A 0 E® 0 7o }((EM))
and
Go(E*, E*2 ~,,v" 0 7,)
= —2{A 0.} Pr 1k, + 24{A 0 B 07, } B, + 24{A 0 EF? 04,1y,
The proof is completed by equation (21). O
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It is equivalent to the following evidences for the genus-1 Virasoro conjecture.
Theorem 4.6. For any smooth projective variety X, we have
(A 0 7a) ((EF))1 — @1) =0,
forallk >0 and a € {1,2,...,N}.
Proof. Let k1 = ko = 1 in Theorem [£3] we have
(A 0 7a) ({E2)1 — B2) = 0.
Set k1 =k (k > 2) and ky = 1 in Theorem .5, we have
(A 07 (B )1 = Prr1) = (Ao Eova)(((E")1 — ).

Since « is arbitrary, the proof is completed. O

By setting k = 2 and 7, = 1, Theorem LGl implies Theorem 1.1 of [I5]. Hence it
provides more evidences for the genus-1 Virasoro conjecture. Since by the WDVV
equation ([0)), we have

Aova =Y mor"ova = Y (187 Nol(1o1u7*))0r”
Iz o,m,B
= ) (VN ol(erurs))or”.
o,
Hence by Theorem [£.6] we have for any k > 2
A11 A12 AlN "yl(<<Ek>>1 —‘I)k) 0
Agl AQQ AQN 72(<<Ek>>1 —‘I)k) B 0
ANl AN2 ANN ’}/N(<<Ek>>1 —(I)k) 0

where
Aas =D {10V Dol (e 1u78)0-

It is obviously that A, g = Ag . If the following symmetric matrix

A A .. Ain {(rmy7 " No (orum)o \

A1 Az ... Aoy ((2777*))o (Yo vur2))0
A AR : :

An1 An2 ... Ann ) ({(ynY7v"))o ((YovuIN))o

is invertible, then y*({(E*)); —®}) = 0 for any o € {1,2,---, N}, which is equivalent
to Yo (((EF))1 — @) = 0 for any o € {1,2,---, N}, and then the genus-1 Virasoro
conjecture holds.

The above argument gives an alternative proof of

Corollary 4.7 ([4 13,16, [18]). For any compact symplectic manifold with semisim-
ple quantum cohomology, the genus-1 Virasoro conjecture holds.
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Proof. Follow the notation in [I6] and restrict everything on the small phase space.
Let {&;} be the idempotents which span the space of primary vector fields on the
small phase space. Recall the following formulas derived in [I6]:

N

Eio & = 0i;Ei %V:Zwmf A= Z &

i=1
where g, = [|€a]|? and (14p) is a invertible matrix (see [L6] for more detail). Hence,
we have

N
_3
Aoy, = E 9; *Via&i
—

By Theorem [£.6] we have for any k > 2

_3 _3 _3
G %1 g Un . gnTUN EL(((EFY)) — @) 0
g;§¢12 9551/)22 cee 9;757/1N2 52(<<Ek>>1 - ‘I)k) _ 0
_g. 7§. L . k' _ :
91 2VIN  Go PN ... gN UNN En({(E ) — k) 0
The proof is completed due to the fact that the matrix (¢ng) is invertible. O

Finally, we obtain one new relation from Getzler equation G(E*, v, v3,7,) = 0.
The equation is G(E*, v,,v* 0% o ~Yus¥p) = 0 since in this case, using equations

([@3), @) and @0, we have
G1(E*, 70,7 07" 0, 78) = —24{A% 07, }((E®))1 + 24k (A% 0 E* T oy,))1 (43)
by Lemma B8l Actually, we have
Theorem 4.8. For all k > 1 and any p,
24((A% 0 B* o)y
= 5{({Ac EF e {A o))
+2(({A 0 B ra{y® 0, }A))o
—6(({A 0 B* 3G (v 07" o u)ra8))o
—6(({A 0 ¥ 09, }G (7 097 )ras))o
—6> (({G(A0 B 0y™) 0 G(ra)}E* " H{A oy, 1)

i=1

+4Z (Ao EHEF 1A% 04, 1))o

-3 Z((G(A oE" 1o 7H)Ek_i_1A2>>o

+(k = DA E*29,)o.
Proof. By Lemma 371 and using formulas (I3]), (I4)), 25) and Lemmas 311 B2l it

can be verified that

Go(E*, Yo, v 07 07,1, 78)



= 24{A%07,}®; — 5k(({A 0 EF 1 }yav*{A oy }))o
—2k({({A o E* v, {v* o v} A))o
+6k(({A 0 E*1}G(v* 0 F 0 4.)7av8) )0

+6k(({A o E" ' 0y, }G(v* 0 v )7a8))0
k—1

+6k Y (({G(A0E™ 0q™) o Gra)} B H{A o)

i=1

—4kZ G(Ao BTHEFTHA% 0y, 1))

+3k Z<<G(A o B 1o Vﬂ)Ek7i71A2>>0

—k(k = D){(A*E " 2y,))o.
By Theorem [0, we have
{A% 0y, H((EX))1 — @) = 0.

Together with equations (@3), @) and ([21), the proof is completed.

In particular, we have

Corollary 4.9.

7 1 .
(A1 = LBy Ao — & (AGH™ 07" arshho
Remark 4.10. Theorem[{.8 can be also obtained from
G(E* 70,7, A o) + G(E", 70,7 07, A) = 0.

APPENDIX A.
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(44)

In this appendix, we present the following results which are used in Lemma [3.7]
Notice that {a, 8,0} = {<1,52,¢3} is implicit below. We start with the computation

of each term on the right-hand side of equation ([@I) as follows.
Lemma A.1. For any «, 3,0

({(E*vav87sA))0

k—1
- _% Z Z<<{G(Ek_l) © A}%g(l)%y@){Ei_l © %9<3)}>>0

9653 i=1

k
2 37 DG 0 B ey LB 030 Do

9653 1=1

1 _
_gbl Z <<A7<g(1)7<g(2){Ek 'o Vsq(3) }>>0
gESs

k
1 —i i
3 Z Z<<{A o BM e, Yoy (B0 Vega) 1110

9653 1=1
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YIJIE LIN
1 k—1
~% (GE* ") A%, 0y LB 07,0 © Yoy 10
9653 =1
1 k—1
+§ <<{A © Elil}ﬁ)/(gu)ﬁkg(z) G(Ekil O Yeg(ay )>>0
g€eSs i=1
1 _
+§ <<{A © Ek 1}'-)/(9(1)7%(2)G(FYCQ(s))»O
gESs
1 _
+6 <<A7§g(1){Ek ! O/ygg(2)}G(’7§g(3))>>0
gESs
1 k—1
_6 <<{A © Elil}ﬁ)/(gu)ﬁkg(z) {G(Ekil) © ’Y§g(3) }>>0
g€eSs i=1
1 Eoi—1 _ _ .
+5 ({GE* ") 0 Ao BT 1G(E™77 096, 1) 0 Yoy Jsyi)))0
gESy i=1 j=1
1 k—1 _ _
+6b1 <<{A o Ekilil}G(E17l © Yeg1y © 7§g(2))’7§g(3)>>0
geSs 1=1
k i—1

1 —i i i
+§ Z ZZ<<Ek G(E’ ! O Yeg(1y °7§g(2))G(A o BT o'7§g(3))>>0

geSz i=1 j=1

k—1
1 i— —i—
_6 Z Z<<{A oF 1}G(Ek ! © 7§g(1) 0 ch(z))G(VCg(s))»O
g€eSs i=1
1 k i—1 ) ) o
-3 DY UHGA EF ) o BTGB 0461 © Yoy Yoy )0
g€Ss i=1 j=1
k—1k—i o o
=23 > ({GET) 0 B2 A {ya 095 0 0 )0

i=1 j=1

(({Ao Ekijil}G(Ejil O Ysg1) © Vsg(2) )”ch(g)>>0

|

L
=

+

2
]
1

k—1k—1i
1 —_— y—
tgbi+4) > ({2 0 MG (BT 0 96,0 {Vey2) © Ve 10

k i—1
_% ; Zl 2<<{G(Ek71) oAo Ejil}G(Eiijil © ’7<g(1)){'7§9(2) O Ysg(zy o
R |
_gbl Z Z«{A o EZ_l}G(Ek_Z_l © 7§g(1)){7§g(2) O Ysg(zy }>>0
o
- Z Z Z<<{Ek_i O Yeg(1y }G(Ao B’ o 'ch(g))G(Ei_j_l o 7<g(3))>>0

geSs i=1 j=1



k—1
1 i— —i—
+5 DD HET 09,0 YG(A 0 BF T o n 1, )G (e, )0
9653 =1
k i—1

+3 Z DD AHGACEF ) o BTGB 00,0 {7y © Yoy D)0

(]6531 1j=1

k—1
3 S G(A 0 B 0 B ) 096, )60

geSs i=1
k—1
+= Z Z ({Ao EFi O'ch(l)}G(El o '7§g(2))G('7§9(3))>>0
gGSQl 1
1 il - "
_gbl Z <<Ek_l_JG(A © El+]_2 o 7§g(1)){7§g(2) ° 7§g(3)}>>0
g€Ss i=1 j=1
k i—1

+3 ZZZ ({G(EM") 0 BT71G(A 0 B o, H{Vey) © Vg 10

(]6531 1j=1

k—1
1 —i— i—
_gbl Z Z<<Ek IG(A oElo 'ch(l)){”ch(z) 0 ”ch(s)}>>0
g€eSs3 i=1
k—11i—1 o . )
=3 Y (G o BT 0 GEM) BT {a 095 09 D)o
i—1 j—1
k—1k—1i

1 T— (3
Tk D DD (EMTIG(A 0,0 0 Y © B 0o,

g€eSs3 i=1 g:l
where k >0 and {s1,%2,53} = {a, B,0}.
Proof. By Lemma 210 we have

{E*vav87-A) )0
k—1
= Y UBE" Aol (170 {75 0 B 1o do
=1

- Z<<EEk_i{7a °9p© Ei_l}’YUA»O

_ Z (EE* iyey" Vo ((vpra{ys © B }AN)o

k—1

+ 3 UEM 0 Ao (878 © BT Y Eva))o
=1
k—1

+ 3 (B Yare7))o((vp {78 © BT HEA) o
=1

k
+3 ({E* " ova {10 BT Ev.A))o.

=1
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We compute each term of right-hand side of the above equation as follows. By
equation ([IT), we have

(EE* Ao ((7pYa{78 0 B 100
(({G(EF ") o Alvave{E" o va}))o + ({G(A) 0 E* }yave {E 0 v5}))0
—((G(A 0 E* ave{E" " 0 y5}))0 — b1{({A 0 E* " }yare {E* ! 0 v5}))o,

(EE""509°))o{(vp7a {78 0 B }A))o
= ({GE") oro}ra{ B oy} A))o + ({E* 7" 0 G(1) }7a{ B 0453 A))0
~({GE* " 0v0)7a {E T 0 y5}A))o = bi{({E" " 0o bva{ B 095} A))o,

(E* 70890 {(vp{78 0 B} Ee))o
<Ek_iA7a{G(Ei_l © /7,3) © '70}>>0 + <<Ek_iA'7a{G(/yU) oE" o /7,3}>>0
—((E* " AvaG(E o y5 0 75)))0 — bi((E* " Avo {E" " 095 076 }))o,

{E* Y0070 (vp s 0 BT EA) )
= (B* " {G(E™ o) 0 Ao + (B "1a7e{G(A) 0 B os}))o
—((E* 070 G(E o y5 0 A)))o = bi{((E* " 1ave { B! 0 75 0 A}))o.
By equation ([I0l), we have
<<EEk_i{'Ya o7 o Ei_l}”YoA»O
= (GE*" )M AE  ovaoysh))o + ((BY " AyeG(E™ 074 0 98)))0
HUEFTALET 070 095} G(10)))o + (B* 96 {E"™! 0 70 0 15}G(A)))o
—2(b1 + 1) {((E* "6 {E"" 074 095} A))o

o~ o~

and
<<{Ek_i o Yat{vp 0 Ei_l}E'YUA»O
= ((G(B* " ona){1s 0 B 1o A))o + {(({E* 070} G5 0 B e A))o
H{E* 0nat {5 0 G (10) Ao + ({EM o va} s 0 B 10 G(A)))o
=2(b1 + D(({E* " ova Hrp 0 B 10 A))o.
Next, using equation (28] to change the type of the following 4-point functions
({G(E* ") o v 11l B oys}A))o
= ({20 B 1avs{G(E* ) 076 }))o + (B Afya 0y HG(EM ) 096 }))o
(B 5{A 07 HG(E" ") 015 1o,

({G(ve) 0 E* "}y E" " 0 y5}A))o
({A o E¥"HE"" 0 v5}7aG(7s)

< -

+ ((B"A{E™ o5 H{na 0 G(r2) 1o

—((BMHET oy H{A 072} G(90)))o,

)

)

(G(E* " 0v0)va{E"" " 0 y5}A))

= (({A0 B aysG(E* " 0v6)))o + (B A{ya 0 18} G(EF " 076)))0
)
)

0
— (B 8{A 0va }G(E" 0 75)))o,
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= (({Ao B HE oyphyare))o + ((B* TA{E™ o5} {7a 0 10 1))o
~((E*H{E" o ysHA 070 }70))o,

(G(E"" o ya){78 0 B e A))o
({A 0 B }y37G(E* " 0 7))o + (B Ay 0 76 YG(E " 0 7a))o
—((E"HA 0y, 1aG(EF 7 0 70)))o,

(({E¥ " 070 }G(vs 0 B )70 A))o
({20 E" 3107 G(E™ o)) + ((E¥ " Afya 0 16 }G(E™ 0 95)))o
—((E*{A 095 }7aG(E* " 0 v)))o,

({E* " ova}{1p 0 B }G(75)A))o
= (({A0 E¥ Yya{1 0 BTG (v6)))o + ((E¥ " Afya 095 0 BTG (76)))0
—((E* "va{A0ys 0 B }G(70)))0s

({E*" o vaH{ys 0 B 1eG(A)))o
= (({G(A) o E* Iya{vs 0 E" " Iado + ((E* Yo {ya 08 0 "' IG(A)))o
—((E* "0 {G(A) o y5 0 B ' ))o,

({E* " ova}{yp 0 B }y0A) )0
= (({A 0 EF va{v 0 B 1o))o + (B ve{va 0 3 0 B '} A))o
—((E* v {A 0 y5 0 B }))o.

The proof is completed by a tedious computation, i.e., by firstly collecting all the
above results and using Lemma [3]] to reduce 4-point functions to 3-point func-
tions, and secondly using Lemma [3.2] to simplify the resulting expression, and then
symmetrizing the result. 0

Lemma A.2. For any «, 3,0,

1
9 Z <<Ek7<g(1) FYCg(z)7H>>0<<”Yu7cg(3)7p7p>>0
gESs

k
1 —i i
= ) Z Z<<{G(Ek )o Yegry © Vsgr2y }”y#’y“{E Yo ”ch(g)}>>0

9653 =1

k
1 —i i—
_5 Z Z<<G(Ek O Vsg(1y © Vsg(2) )7}17#{E o 7§g(3)}>>0
geSs 1=1

k
+ )0 (HGE 0v¢,0)) © ey 11V {E ™ 0 Y60 o
—5 SN MHGEY ) 0o Ao BTGB 0 9g, 0 HVepm) © Youiny )0
1 gESs z;l Z:I | | N
—5 SN D (HGEN) 0o BITG(A 0 B oy HVeym) © Yoy )0

geSsz i=1 j=1
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k
+3 Z(i ~ D({G(E*) 0 B2} A{va 075 0 %6 }))o

i=1

(({Ao Ej_l}G(Ei_l © Yeg1y © ’VCg(z))G(Ek_i_j © ’7<g(3))>>0

I
1M

Y Z <<Ek7i7jG(Eiil © FYCg(l) ° 'ch(g) )G(A © Ejil © ch(s))>>0

Il B
. e
!

k
S S e A B GE 0 070 e
geSs 1=1
k i—1

+ Z Z Z<<{A oEI o Veg1y }G(Ek_i o ’VCg(z))G(Ei_j_l © ’7<g(3))>>0
geSs i=1 j—1
k i—1

+ Z Z Z<<{Ei_j_l © Yeg1y }G(Ek_i o ’VCg(z))G(A oE’to ’7<g(3))>>0
geSs i=1 j—1
k i—1

- Z Z Z<<{A © Ei_2}G(Ek_i © 'ch(l)){'}/cg(z) © Vsg(3) o

9€Ss i=1 j=1
where k > 0 and {<1,%2,53} = {a, B,0}.
Proof. Tt follows from equation (28)) that

(B Yoy 1y Yoty YN0 (VYo 0 1077 )0

k
- = Z<<{G(Ekiz) o EZil O Yegry © Vsgez) }7§9(3)7p7p>>0
i=1
k - .
- Z<<{G(Ezil O Yoy © ch(z)) 0 Ekiz}FYCg(g)FYp'YP»O
i=1

k
+ Z<<{G(Ek71 © ’YCg(l)) o E171 © ’YCQ(Q) }FYCQ(?,) FYP’YP>>O
i=1
k

+ Z<<{G(Ei71 © 'ch(g)) oEF o Veg1) }ch(g)”Yp'Yp»O-
=1

Using equation (25)), we have

(({G(E*) 0 B 09¢, 1) © Ve 2 Fsny VoV’ ) )0
(({G(E"") 0 7,0y © Yeyiny 1Y {E " 076, )0
FUE ™ e, Yo {G(E* ) 0 96,4y © Yoy © ¥ 10

— (BT {GE*) 0 76,0) © Yoy Heowy © 77105

<<{G(Ei_l O Vsg(1y © 'VCg(z)) ° Ek_i}7§9(3)'7p'7p>>0
<<G(EZ_1 O Vsg(1) © Vsg(2) )VpVP{Ek_Z © Yegs o
F{EY 0,0 101G (B 0 7,00 © Yoyzy) 07710
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The remainder of the argument is analogous to that in Lemma [A 1]

31
_<<Ek7iﬁ)/ﬂ{ﬁ)/<g(3) © ’YP}G(Eiil O Yoy © 7{9(2))>>07

{G(Ekﬂ' o ”chu)) oE" o Veg(2) }%9(3)7”7[)»0
Ei71’7<g<3)’7p{G(Ek7i o ’chu)) © Vege2) © 7o
({G(E* "o Veorny) © Vg2 P B o Ve 10
(B0 © Yy HEER T 035,00 Y, Do,

(
(
+

({G(E" 076,)) © E¥ 7 07, 1) My 107 )0
(B Yoy Yo {G(E ™ 0 %6,00)) © Yspry © 7 10
H({GET 0 7,0) © Yoy, P10V LE T 076, Do
—((E* {7 © Yoy HG(E™" 0 7¢,0)) © Yoy })o-

Lemma A.3. For any «, 3,0,

Z <<Ek7<g(1)7#7p>>0<<7H7P7<g(2)7§g(3) >>0
gESs

k
- Z Z<<{G(Ekiz) O Yoy © 7#}769(2)769(3){Ei71 © 'Y#}>>O

g€S3 =1

k
=D D UGET 0 76,0, © V) ey Yoo LEX 0710

geS3 1=1

k
F) 0D (HGER 0v6,0)) 0 ¥ Pey) Voo LB 0710

geSs i=1

k
3 STUGE 097 07,0 P Tonis LB 0 1 h)bo
g€eSs3 i=1
k k—i

-6 Z Z((G(Eiﬂ'ﬂ ©Ya ©YB © Yo © WM)G(,Y#)Ekfifj»O

Il S
e
<

k
=23 > D AHGE T 0,0, 09) 0 GO HE {00, © Yoy D)o

i .
o Z Z _ <<{G(Ei+j72 © Yegary © 7)o G(’Yu)}Ekiiij{”chm © ’ch(s)}>>0

where k > 0 and {<1,$2,53} = {a, 5,0}.
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Proof. The proof is completed by the same argument in that of Lemma[A2 O
Lemma A.4. For k>0, and any «, 3,0,

{E* Y77 Vol {VuYaV8Y0) )0
k k

= =Y ({G(EF oMo B avpro))o — _(({G(A 0 BY) 0 B yansye))o

21 =1
+ Z<<{A o E* 11707570 ))o-

Proof. Tt follows from equations (28]) and (B0). O

By equation (@I and Lemmas [AT] [A22] [A-3] [A-4] one can obtain an expression
for Go(E*,va,78,7-). To simplify this expression, we have to reduce the number
of 4-point functions. In order to cancel redundant 4-point functions, the strategy
is to repeatedly use equation (23] to obtain some common 4-point functions, and
then use Lemma [3.1] and Lemma for possible reduction. The following results
are used to maximally reduce the number of 4-point functions.

Lemma A.5.

(({G(EF ") 0 Alve, ) Yoy LB 0 Vey 0
= (({G(E* ) o Ao B }vay870))0

i—1

=Y (HGE* ) o B JAG(E 07007950 %0)o

+> ({GEF ) o Ao BT IG(E™ " 09, ) © Yoy Voo )0
j=1
i—1

+ Z<<{G(Ek_l) oAo Ei_j_l}G(Ej_l © Ysg1y © '7§g(3))'7§9(2)>>0
J=1
1—1

— Y ({G(EF ) 0 Ao BT YG(E™ oy, Moy, © Yoy 1o

j=1
Proof. By equation (Z8), we have
({G(EF) 0 Alve, 4y Yegin {E " 0 Yoy )0
= (({G(E" ") 0 Ao B yavs70))o + (B {06y © Yoy sy IG(EF ) 0 A}))o
—((E" M e 0) Yoy IGE") 0 Ao g, 0 Do
The proof is completed by using Lemma [B.1] (]

By the same argument as in Lemma [A5] we have the following results, i.e.,

Lemmas [A.6] [A.7] [A.8]
Lemma A.6.
({(G(A 0 E* Mye, 1) Yoo LB 0 ¥e,0 10
= (({G(AE* ) o B yavsvo))o
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_Z AoEk i EZ - lG(EJ 1O’YaO”YﬁO”YG)>>

i—1
+ Z<<{G(A o Ek_i) © Ej_l}G(Ei_j_l O Yeg(2y © '7§g(3))'7§9(1)>>0

j=1
i—1

+> ({G(A 0 E*) o BT GE ™ 0796, 1) © Yoy Voo )0
j=1
i—1

Y ({G(AE¥ ) o BV YG(E™ oy H{ey0) © Yoy 1o

j=1
Lemma A.7.

<<{A © Ekii}'}@g(l)’kg(g) {Eiil © Vsg(3) }>>0
= <<{A o B* ' 1yav870))0

—Z ABM LGB 0 0 075 0 70)))o

i—1

+ Z<<{A o EM RGBT o Veg) © Veg@ )V Tsqy )0
j=1
i—1 ‘ ‘

+ Z<<{A o B*ITHG(ET o Yooy © Voo ) Vsg) )0
j=1

- Z«{A o Ek_H_]_l}G(El_J_l © ’7<g(3)){'7§9(1) O Ysg(2y o
j=1

Lemma A.8.

<<G(Ek_i)A’7<g(1) {Ei_l O Vsge2y © Vsgsy o

= (({Ao Ei_l}{Vgg@) © '7§g(3)}'7§9(1)G(Ek_i)>>0

i—1

+ D (({G(A 0 B 0 GEF)}EI™ e 045 0 0 })o
j=1
i1 _ o _

+ > ({G(EF) 0 BT AG(EI ™! 0 96 095 0 70)))o
=1

- Z<<{G(Ek_l) oAo EJ_I}G(El_J_l O Yeg(2y © '7§g(3))'7§9(1)>>0
j=1
i—1 _ o _

- Z<<{G(Ekiz) © Elijil}G(A oE’ o ’7<g(1)){’7<g(2) © Yegs) o
j=1

Lemma A.9.

<<{Ek_l o ’VCg(z)}A’ch(l)G('ch(s.))»O
= (({Ao Ek_l}’ycg(l)’ycg(z)G(7§9(3))>>0



34 YIJIE LIN

k—1
+ Z<<{G(A o Ek_z_l) o Ez_l}{'}/cg(l) O Vsg(2) }G('ch(s))»o
i=1
k—1 ‘ ‘
+ Z«{A o Ek_l_l}G(El_l O Vsg(1) © Vsg(2) )G(’ch(a) o
i=1
k—1 ‘ ‘
> {{AETG(E T 09, 0 ) Yoy © G(Yeya) )0
i=1
k—1 ‘ .
- Z«Ek_l_lG(A °oE" o ’7<g(1)){'7§9(2) © G(7§9(3))}>>0-
i=1
Next, the following two lemmas produce the 4-point function appearing in {4 o
v8 © Yo } Py which is used for simplification.

Lemma A.10.
k

> ({G(EF) o B o Alyavsvo))o

i=1

e

-1

= ({E"™" 070 098 0 30 11 " G(E*)))o

-
Il

+
wl| =
R

Z {G Ek l o EZ O Yoy © FY#}FYCQ(z)FYCg(g)FY,u»O
€S53 1=1

- Z<<{G(E’H) o B 17" {a 0 18 0 Yo }))0

k i—1

_Z;Z; G(E*)E71G(A 0 BT 0y, 095 0 75)))o

—% q;s §;<<{G(E“) oY HVeyt) © Yootz Feniny LB 0710
_ Zf; §<<{G(Eki) o B ITIIAG(E’ ™ o y4 095 070)))o

+ g = D{{GE") 0 E*}A{70 095 010} ))o.

Proof. By equation (28)), we have

({G(E" ") 0 B! o A}yav870))0

= (({GE") o B ov" oy, } 70870 ))0

= (({G(E* ") o B o v*}avs{m 070 D)o
+(({G(E*") 0 B 0 70 07" }1870 )0
—(({G(E*") 0 " 0 v*}98{Va © Yo }u))0

= (({G(E¥") 0 B! 075 0 v }ya87u))o
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H{G(E* ) 0 B ova 0 v }ya%0 7))o
—(({G(E*™") 0 B 0 v*}95{Va © o }7u))0-
Using equation (25)) again, we have
({G(E*) 0 B! o 4" }95{Ya © Yo }7u))0
= (({GE") o B Hrp o v Hrva 0 1o }u))o
+H({G(E*") 0o B 00 0 1o 397" 78) )0
—(({G(E"") 0 B 177" {7a 018 © 70 }))os

({G(E*") o B My 0 7" HYa © Yo } 7))o
= (({E7 om0 v Hra 0 16 JG(E*)))o
+(E v {vs o Y HG(E" ) 0 e 070 )0
—((E" 8 0 v Ha 0 o 0 Y }G(E* ")),

({G(E* ") 0 B! 094 0 70 J7u7¥8))0

= (({E"" o070 070 17" {G(E* ) o vu}))o
+H{E" 070 078 0 Y 1V G(EY)))o
—(({E"" 070 0 1o }G(E* " )7*{75 0 7 }))o,

({E"! 070 0% bys V" {G(E* ) o 1u}))o
(LB oy Hya 0 1o 11 {G(EF ) o vu}))o
+{ET ey {G(B* ) 070 0 %0 01 }))o
—((E" Hva 0 1o }6{G(E") 0 A}))o,
and
({E"" 070 07 }G(E" )3 {75 0 7}
({E™" oy Hva 070 Hvs 0 1} G(EFT)))o
H{E " {70 0 78 0 %0 0 1 YG(EFT)))o
— (B a0 90 Hos © AYGEF))o.
Collecting all the above equations and using Lemma B1] and equation ([B0), and
then symmetrizing the resulting expression, the proof follows. O
Lemma A.11.

(HGE*) 0710 © Yoy 1 (B 09000 Do

= ({E"" o 7a 075 01} G(EF))o
H{GE*) 0" ) © Yoy Peys LB 070

~(GE ) 0y © Yoy HE 0 3, 07 Do
+ 3 ({G(E*) 0 B/ AG(E ™ 09 095 07 )))o
i—1
- Z<<{G(Ek_l) oAo Ej_l}G(Ei_j_l © '7<g(3)){'7<g(1) © Yeg(2) o

Jj=1
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Proof. By equation (Z8), we have
({G(E* ) 0 76,0y © Yego IV {E ! 096,00 )0
({E"" 0 7a 078 0 1o}V G(E*)))o

H{GE") 07" HAeya) © Yooy HE T 0 Yey0) Fud)o

—((GE" ) {Vesny © Voo J1ulE T 07, © V1o,
and
{GE*) o v"HYeyr) © Voymy HE 1 0 Yoy 1))
{GE" ) o v"HVeyry © Veoia Moo LB 01 }))0
E7 Y {G(EF ) o v Hya 018 0 Y )0
E 7 0 ey © Yoo © M HG(E ) 04 1))o.
Notice that

{GE Y Vepry © Voo J1ud BT 07,08 © V1o
= ({GE*"") 0 © Yoy HE ™ 01 o © 7 1o

The proof is completed by using Lemma B and equation (30).
The following results are useful for further simplification.
Lemma A.12.

k
- Z Z<<{G(Ekil o ’7§g(1)) °© EZil o ’7#}7§9(2)7§9(3)7ﬂ>>0

geSs 1=1

k
1 —i i
_E Z Z<<{G(Ek ) °oE o /YH}{/YCg(l) O Yeg(2y }7§g(3)7ﬂ>>0

geS3 1=1

k
1 —i i
+§ E E <<{G(Ek JoE Yo Vsg1y © 7“}7<g(2)7<9(3)7#>>0
gES3 =1

k
= - Z Z<<{G(Ek7i © ”chu)) O Vsg(2) }FY;L'Y#{EFI © 7<g(3)}>>0

9653 1=1

k
- Z Z«{A o B'NG(EM o Voo ) Vea(2) Yoo 110

geSs 1=1

k
+ Z Z<<G(Ek_i ° %g(l))%g(z) {%g(s) ° VM}{Ei_l °Yu))o

geSs 1=1

k
o 3 A © B i, 0 e P G

gES3 i=1

k
1 i i—
+3 DY UGE N g0 © oy © 7 Pegin LB 0o
g€eSs i=1



k
Z Z (({Ao El_z}G(Ek_l © ’7<g(1)){'7§9(2) O Ysg(ay o
€Ssi=1j

Proof. Using equation (25), we have

({G(E" " 0 76,00) © B 0 " }ey 00 Yoty Vi) )0

= (({A0 EG(E " 0y, 0 ) Voo Yoo )0
H{GE* " 07¢,0)) © Yoy HE ™ 0 v IiVey0 )0
—(({E" oy }G(EF " 0 v¢, 0, Mewy {euis) © Tud))os

({G(E" " 0 76,0)) © Yoy HE ™ 07" IV, 0
(B Ay {G(ER 0 90,0)) 096y Do
HUGE" " 07,0,) © Yy 117 1B 076,50 D)o
(B Ve, © M HGE " 096,0,) © Yoy oy
and
({G(E* ") 0 B o v"H Yoy © Yooy Plonay Tu))0
= (({GE* ) 07,0y © Yeuo Mg Tl ET 07 o
H{A o B IG(E" )N Ve, © Yeuy Phenia )0
—(({E" o " }G(E" )N Veyy © Veur © Vet Voyia))0-
Since by equation (28) again, we have
({G(EF") 0 B 1 076,10, © V" My Yooty V)0
= (({E™" 0"}y i {G(E* ) 076,00y © sy 10
+(({A 0 BT HG(E ™) 07,00 Mo Yoo )0
~({GE") 09,0, HE" ™ 07"}, 1oy © W),
and
({G(E*™) 0,00 HE ™" 0 7" 100 {00 © Tu}))0
({G(E*") 0 E"1 0 4" e, Yooy {Vsaer © W }))0
+UGE" ) Yoy, © Yoy Hsowm © W HE ™ 07" 1o
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—(G(E"" ey (e © WHE ™ 076, © ¥ Po
= (({GE* ) 0v,m © B 0 v e, ) Yooy )0
FUGE" ) V1) © Vego HVeoisy © T HE " 09" 1o
—((GE* " ey {Vsai@) © Voo © W HET 04 o
Hence we have
({GE*) 076,40, 0 B 09" Iy Yo T o
H{G(E ) 0 Yoy © B 0 v 176,y Yoy Vs D0
= (({G(B*) 076,00 © Yoy Meyy Tl BT 0" 1o
H(({A 0 B g ) Yoy {G(E ) 07,00 o
~({GE" ) ey © Vegiar H Voo 0 W HE T 0" )0
FUGER M,0) {sg) © Vogiay © W HE T 0" 1)o
The proof follows by using Lemma [B.1] and equation (30).

Lemma A.13.
k
—2) ({G(E*) 0 B39y {va 078 0 %0 }))o
i—1
ki1 o _ ‘
= 23 S (({G(A 0 B 0 GEF ) B a0 0 10 1o
i—1 j=1
k i—1
—23 Y (GEMHET T G(A 0 B oya 075 07%0)))o
=1 j=1
1 k
_§ Z Z Ek l 7§g(1){7§g(2) 07§g(3) o }{El ! OFY#}>>
geSs =1
) Z Z G(E") 00 © Vogx H¥eoo) o Y*HE" oyu}))o
9653 i=1
+3 Z Z G(E" " ){Ao B 1}{7%(1) Vea@) I Vsa() )0-
qESg i=1

Proof. By equation (Z8), we have
({G(E"") o B }y,v"{7a © 18 0 Yo }))0
= (({G(E*") o B M yva{vs 090 07 1o
+H{GE*") o B Iy {ya 0 v Hs 070 1o
—(({G(E*") 0o B Y Ava{y5 0 10 }))0s

({G(E*) o " Y70 {78 0 10 07 1))o
(G(E" Mafrs 0 Yo o HE ™ 0 u}))o
+{ETHG(E) ovatv{rs 010 07 )0
—((E" Yo 0 v H78 © Yo 0 ¥*}G(EF )0,
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{G(E* o B " {70 0 v s 0 70 }))o
G(E* ) {8 0 Yo Hya 0 uHE " 040
(B8 06 317" {G(E"") 0 ya 0 7u}))o
(B {78 0 Yo H{Ya © AYG(E*")))o,

and

({G(E*") 0 B} Ava{v5 07 }))o
(G ){A o B Has 076 }7a))o
HET A5 01 HG(E ) 0 7a}))o
—({(B"HA 0 va s 0 1} G(E))o-
The proof is completed by using Lemma B and equation (30). O

Lemma A.14.

k
Z Z<<G(Ek_l © %g(l))%g@) {%g(a) © WH}{Ei_l °Yu}))o

geSs i=1

K
1 i —i
-2 Z Z<<{A o BTGB 0%, Ysy00) Yoot )0

gES3 =1

k
1 —1 i—
+§ Z Z<<G(Ek © ’Y§g(1) )FY,LL’Y#{E ! © ,-ch(z) © ’Y§g(3) }>>0
g€eSs i=1
k i—1

1 i—j— j— —1i
+5 DD Y HGA BT o EITGE ™ 0 76,0 ey © Yogisy )0
g€eSs i=1 j=1
k i—1

1 o i i
+§ Z ZZ<<{A o B 1}G(Ek O’ch(l))G(EJ ! © Yeg(2) O’ch(a))>>0
geSs 1=1 j=1
ki1

5 3 A 0 BTGB 06,0 (e © Tegn Do

g€Ss i=1 j=1
Proof. By equation (Z8), we have
(G (B 07,00 ey {Vsgy © YV HE ™ 0710
+HUGER 0796, 0 Moy Disomy © VHE ™ o vut)o
= (({A0 ETG(EM 096,00 Ve Ysg )0
+H{G(E 07,0 {0 © Yoy 1 LB 0 7)o,
and
{GE" 076,00 Dsp) © Yoy IYHLE ™ 07100
{G(E* " 0y, ) )WY {E" ™" 0 96,0 © Veuny 10
FUE T ALYy © Yoy JGE 076,000
—E T 002 © Vogisy @V IG(EN 096,00
The proof is completed by using Lemma [BI] and equation (30). O
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Lemma A.15.
- Z <<{G(Ek_1 o 7”) o 7§g(1)}’7§g(2)7§g(3)7ﬂ>>0
gESs
1 _
- 73 Z (e © Yooy 1YY {02 © Vogimy H)0
gESS
k—1
2 Z Z Ek = 1G(A°EJ O’ch(l)){’ycg(z) '7§g(3)}>>
geS3 j=1

~33 (G 0 BB a0 095 07 D)o

k—1
D) Z Z {AoEk = I}G(E] ! 07§g(1)){7§9(2) O/YCg(a)}»
!JGSej 1
k—1 ) )
= D {HGEF T 0,0y 07) 0 () FE ™ H{ey ) © Yeginy )0
geESs j=1

6 ({GE*1 09) 0 G} E ™ {3 093 0 1o} ))o

k—1
+5 Z Z ({Ao EM I G(E - 10%90) © Veg(2)) Voa(@ 10

965% j=1
=3(({A 0 E* "} yavs70))0

+ Z (G(E" o Vogy © V) Veo) Voo Tu))o-
gESs

Proof. Using equation (23]), we have
({G(E* 0 9*) 076, (1) Fsy) Youta T )0
= (GE" o) {0, © Foyn Psyn Wuddo + 5 Liao B “avs70))0
—((G(E* ™ 0 v") ey 0y Yooy {01 © Yoo )0
= (GO {Veyr) © Voua Fsy LEX 0¥ D)o + 5 <<{A0Ek "av870))0

_<<{G(Ek71 O Yegmy O )}”ch(l)”ch(g)'Y,u»Oa
and

—~

(GO Yoy © Voo Phogen LEX 107" H)o

((E*~ 1A%g(2){%gmovcg<g)}>>o+<<{E’“ 10 Yy IV G0 Vepry © Voo 10
—((B*~ “{%gm Voo H Yooy © Gru)1))o

(({EF %9(2)}%7 {700 © 7€y<3>}>>0+ <<Ek 1A7€g(2){%g(1) Vs 10

_<<Ek717 {7§g(1) © FYCQ(S)}{’YCQ(Q) ° G(FY#)}»O
The proof is completed by using Lemma 311 O
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|~



41

REFERENCES

[1] L. Borisov, On Betti numbers and Chern classes of varieties with trivial odd cohomology
groups, larXiv:alg-geom /9703023v2.

[2] D. Cox, S. Katz, Mirror symmetry and algebraic geometry, Mathematical Surveys and
Monographs, 68. American Mathematical Society, Providence, RI, 1999.

[3] B. Dubrovin and Y. Zhang, Frobenius manifolds and Virasoro constraints, Selecta Math.
(N.S.) 5 (1999), 423-466.

[4] B. Dubrovin and Y. Zhang, Bihamiltonian hierarchies in 2D topological field theory at one-
loop approzimation, Commun. Math. Phys. 198 (1998), 311-361.

[5] T. Eguchi, K. Hori, C. Xiong, Quantum cohomology and Virasoro algebra, Phys. Lett. B.
402 (1997), no. 1-2, 71-80.

[6] E. Getzler, The Virasoro conjecture for Gromov-Witten invariants, Algebraic geometry:
Hirzebruch 70 (Warsaw, 1998), 147-176, Contemp. Math., 241, Amer. Math. Soc., Provi-
dence, RI, 1999.

[7] E. Getzler, Intersection theory on ﬂ1,4 and elliptic Gromov-Witten invariants, J. Amer.
Math. Soc., 10 (1997), no. 4, 973-998.

[8] C. Hertling, Y. Manin, Weak Frobenius manifolds, Int. Math. Res. Not. (1999), no. 6, 277—
286.

[9] K. Hori, Constraints for topological strings in D > 1, Nucl. Phys. B. 439 (1995), no. 1-2,
395-420.

[10] S. Keel, Intersection theory of moduli space of stable n-pointed curves of genus zero, Trans.
Amer. Math. Soc. 330 (1992), no. 2, 545-574.

[11] M. Kontsevich, Intersection theory on the moduli space of curves and the matriz Airy
function, Comm. Math. Phys. 147 (1992), no. 1, 1-23.

[12] X. Liu, G. Tian, Virasoro constraints for quantum cohomology, J. Differential Geom. 50
(1998), no. 3, 537-590.

[13] X. Liu, Elliptic Gromov- Witten Invariants and Virasoro Conjecture, Commun. Math. Phys.
216 (2001), 705-728.

(14] X. Liu, Genus-1 Virasoro conjecture on the small phase space, Symplectic geometry and
mirror symmetry (Seoul, 2000), 265-279, World Sci. Publ., River Edge, NJ, 2001.

(15] X. Liu, Genus-1 Virasoro conjecture along quantum volume direction, Int. Math. Res. Not.
(2013), no. 8, 1747-1760.

(16] X. Liu, Idempotents on the big phase space, Gromov-Witten theory of spin curves and
orbifolds, 43-66, Contemp. Math., 403, Amer. Math. Soc., Providence, RI, 2006.

(17] X. Liu, Quantum product on the big phase space and Virasoro conjecture, Adv. Math. 169
(2002), no. 2, 313-375.

(18] C. Teleman, The structure of 2D semi-simple field theories, Invent. Math., 188 (2012), no.
3, 525-588.

[19] E. Witten, Two-dimensional gravity and intersection theory on moduli space, Surveys in
Diff. Geom. 1(1991), 243-310.

Y1JIE LIN: SCHOOL OF MATHEMATICS (ZHUHAI), SUN YAT-SEN UNIVERSITY, ZHUHAI, 519082,
CHINA
E-mail address: yjlin12@163.com


http://arxiv.org/abs/alg-geom/9703023

	1. Introduction
	2. Preliminaries
	2.1. Gromov-Witten invariants, quantum product and Virasoro conjecture
	2.2. Universal equations for Gromov-Witten invariants

	3. Universal equations from Getzler's genus one relation
	3.1. An explicit formula for the first derivative of k
	3.2. Getzler equation G(Ek,,,)=0
	3.3. Getzler equation G(Ek1,Ek2,,)=0
	3.4. Getzler equation G(Ek1,Ek2,Ek3,)=0
	3.5. Getzler equation G(Ek1,Ek2,Ek3,Ek4)=0

	4. Application to the genus-1 Virasoro Conjecture
	Appendix A. 
	References

