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Black Hole Mechanics for Massive Gravitons
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It has been argued that black hole solutions become unavoidably time-dependent when the gravi-
ton has a mass. In this work we show that, if the apparent horizon of the black hole is a null surface
with respect to a fiducial Minkowski reference metric, then the location of the horizon is necessarily
time-independent, despite the dynamical metric possessing no time-like Killing vector. This result is
non-perturbative and model-independent. We derive a second law of black hole mechanics for these
black holes and determine their surface gravity. An additional assumption establishes a zeroth and
a first law of black hole mechanics. We apply these results to the specific model of dRGT ghost-free
massive gravity and show that consistent solutions exist which obey the required assumptions. We
determine the time-dependent scalar curvature at the horizon of these black holes.

I. INTRODUCTION AND SUMMARY

It remains an open question: what would happen
to a black hole if the graviton were to have a mass?
Static black hole solutions in massive gravity appear to
unavoidably suffer from either infinite strong coupling
at all scales or coordinate-invariant curvature singular-
ities at the horizon. (See, e.g., [1–3] for specific argu-
ments.) In [2, 3] it was argued that these pathologies
can be avoided by adopting a time-dependent, spheri-
cally symmetric ansatz. In particular, perturbative time-
dependent solutions were found in [3] which are regular
at the horizon, are potentially consistent with the ex-
pected Yukawa asymptotics at large distances and weak
coupling, and possess a massless limit that smoothly re-
covers the Schwarzschild black holes of General Rela-
tivity. However, finding exact analytic time-dependent
black hole solutions has proved challenging.

In this work, we derive non-perturbative results for
these time-dependent black holes by focusing on the hori-
zon. We are primarily interested in the laws of black
hole mechanics [4] in the presence of a graviton mass.
In general, black hole mechanics are non-trivial for time
dependent metrics. We refer to [5–9] for resources.

We first consider general theories of a massive spin-2
particle. Generic theories of massive gravitons require a
fiducial reference metric fµν in addition to the dynami-
cal metric gµν in order to construct non-derivative poten-
tial terms. In this paper we show that, if the apparent
horizon of the black hole is a null surface with respect
to a fiducial Minkowski reference metric, then the loca-
tion of the apparent horizon is time-independent in the
coordinates of the dynamical metric. We derive several
additional consequences of this initial assumption: the
apparent horizon is then also a null surface in terms of
the dynamical metric; the surface gravity can be com-
puted in terms of the inaffinity of the Kodama vector
at the horizon; and the area of the apparent horizon is
never decreasing, consistent with a second law of black
hole mechanics. An additional assumption is required
so that the surface gravity is constant in time and thus
these black holes possess a zeroth law as well. A first law
follows naturally.

We then consider the implication of these results for
dRGT ghost-free massive gravity [10]. We solve the
dRGT equations of motion in the vicinity of the horizon.
We find solutions consistent both with the assumption of
a null apparent horizon and that have a time-independent
surface gravity. These solutions are nevertheless truly
time-dependent in that they possess no time-like killing
vector. In particular, the scalar curvature is not con-
stant along the horizon. We compute the time-dependent
scalar curvature at the horizon and discuss some impli-
cations.

II. FIXED HORIZONS

To construct a theory of a massive spin-2 particle,
one adds a non-derivative potential term to the Einstein-
Hilbert Lagrangian. In order to contract the indices of
the dynamical metric gµν in the potential in a non-trivial
way, one needs to introduce an additional fiducial “refer-
ence” metric fµν . In order for the theory to be Lorentz-
invariant, this reference metric is taken to be Minkowski
fµν = ηµν (or a coordinate transformation thereof). The
most general potential can be written as the trace of vari-
ous powers of the matrix g−1f = gµλfλν . We can express
this as:

U(g, f) =
∑

n∈Q

cn tr
[

(g−1f)n
]

. (1)

Here, the cn are arbitrary constant coefficients and we
only assume that n is a rational number, i.e., we include
fractional powers and inverse powers of g−1f . A generic
massive gravity Lagrangian can thus be written as

L =
M2

Pl

2

√−g
[

R(g)−m2 U(g, f)
]

, (2)

where R is the usual Ricci scalar and m is the graviton
mass.
The reference metric is Minkowski. Thus there exists a

set of coordinates which we denote by (τ, ρ, θ, φ) in which
the line element for fµν takes the form

ds2f = −dτ2 + dρ2 + ρ2dΩ2 . (3)
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For the dynamical metric gµν , we consider time-
dependent, spherically symmetric vacuum solutions.
There exists a set of coordinates which we denote by
(t, r, θ, φ) in which a generic spherically symmetric met-
ric can be written as

ds2g =−e2Φ(t,r)
(

1− 2GM(t,r)
r

)

dt2+
dr2

1− 2GM(t,r)
r

+r2dΩ2 .

(4)
The functions Φ(t, r) and M(t, r) are arbitrary and will
be fixed by the equations of motion. We have chosen this
definition of the radial coordinate r so that spheres have
area given by A = 4πr2. In general these coordinates
(t, r) will not coincide with the (τ, ρ) coordinates defined
above. However, at large distances from a source, we
expect the dynamical metric to be approximately flat.
In order for our Lagrangian to recover the Fierz-Pauli
form at weak coupling, we expect t → τ and r → ρ at
large r.
The time coordinate t for the dynamical metric is ill-

defined when 2GM(t, r) = r. It is useful to adopt a null,
ingoing Eddington-Finkelstein type coordinate v instead.
The dynamical metric becomes

ds2g =−F (v, r)2
(

1−
2GM(v,r)

r

)

dv2+2F (v, r)dvdr+r2dΩ2 .

(5)
where M[v(t, r), r] = M(t, r) and Φ(t, r) has been ab-
sorbed into a new function F (v, r). In this work we refer
to the usual three-dimensional trapping horizon (i.e., the
union of the 2D boundaries of the trapped regions) as
the apparent horizon. In the coordinates given above
(5), the location of the apparent horizon is determined
by the implicit expression

2GM(v, rH) = rH ⇒ rH(v) . (6)

For a generic function M(v, r), the location of the hori-
zon will depend on the lightcone coordinate v. In general,
the apparent horizon will not be a null surface. The norm
of the vector normal to the horizon nµ is given by

nµnµ = − 2 ṙH(v)

F (v, rH(v))
, (7)

where dot denotes derivative with respect to v. Thus only
when the location of the apparent horizon is independent
of v will the horizon be a null surface with respect to the
dynamical metric. What’s more, null surfaces of the two
metrics fµν and gµν do not generically coincide. Thus,
even if the the apparent horizon is a null surface with
regards to gµν , it will not necessarily be so with respect
to fµν .
The reference metric coordinates (τ, ρ) are related to

the Eddington-Finkelstein coordinates (v, r) via a yet-
undetermined coordinate transformation:

τ = τ(v, r) , ρ = ρ(v, r) . (8)

The four independent equations of motion that follow
from the Lagrangian (2) fix the four unknown functions:
M(v, r), F (v, r), τ(v, r) and ρ(v, r).

Let us consider explicitly the equations of motion using
the ansatz (5) for the dynamical metric. The variation
of the potential can be found using the relation

δ tr
[

(g−1f)n
]

= n tr
[

g (g−1f)nδg−1
]

. (9)

Accordingly, the vacuum equations of motion are

Rµ
ν − 1

2δ
µ
νR−m2Uµ

ν = 0 , (10)

where

Uµ
ν ≡

∑

n∈Q

cn

(

n
[

(g−1f)n
]µ

ν
− 1

2δ
µ
νtr

[

(g−1f)n
]

)

. (11)

We are particularly interested in the off-diagonal (1, 0)
component of the equations of motion which is given by

2G

r2
Ṁ(v, r) = m2

∑

n∈Q

cnn
[

(g−1f)n
]1

0
. (12)

In order to evaluate the right hand side of the above ex-
pression we note that, for a 2×2 matrix, the off-diagonal
components of the matrix raised to some power n (includ-
ing fractional or inverse powers) are always proportional
to the same off-diagonal component of the matrix itself.
I.e., if X is a 2× 2 invertible matrix then

(Xn)12 = X12 × (. . .) , (Xn)21 = X21 × (. . .) . (13)

Since the matrix g−1f is diagonal in its angular compo-
nents, it can be expressed as the direct product of two
2 × 2 matrices and the above argument can be applied.
In other words,

[

(g−1f)n
]1

0
= (g−1f)10 × (. . .) . (14)

For the metrics defined above in (3) and (5), this is com-
ponent is determined to be

(g−1f)10 =
ρ̇(v, r)2 − τ̇ (v, r)2

F (v, r)
(15)

+
(

1− 2GM(v,r)
r

)

(ρ̇(v, r)ρ′(v, r) − τ̇ (v, r)τ ′(v, r)) ,

where dots denote derivatives with respect to v and
primes denote derivatives with respect to r.
Let us now make an assumption that a null apparent

horizon is a desirable feature for our black hole to have,
in particular because it means that the apparent horizon
might be identified with the event horizon of the black
hole once the full structure of the spacetime is known.
Let us also use the external structure of the reference
metric to define the “nullness” of the horizon. In other
words, let us consider the consequences if we assume that

τ(v, rH (v)) = ±ρ(v, rH(v)) + const . (16)

An immediate result is that the rhs of (15) will vanish
when evaluated at the horizon

(g−1f)10
∣

∣

r=rH
= 0 . (17)



3

From the property (14) and the equations of motion (12)
it follows that

Ṁ(v, rH) = 0 . (18)

The location of the horizon is thus time-independent

rH(v) = const . (19)

We note that this is a coordinate invariant statement in
the following sense: if we fix the radial coordinate so that
spheres have the canonical area given by A = 4πr2, then
no coordinate transformation v will alter this statement
of time-independence.
Furthermore, referring to equation (7), we see that if

ṙH(v) = 0 then the apparent horizon is a null surface in
terms of the dynamical metric as well. In other words,
for the generic massive gravity theory, assuming that the
apparent horizon was null with respect to the reference
metric also implied its nullness with respect to the dy-
namical metric. In the next section we explore additional
implications for black hole mechanics.

III. MECHANICS

We now consider the consequences of the graviton mass
on black hole mechanics. We start with the second law.
We construct an outward radial null vector

kµ = N

(

2

F (v, r)
, 1− 2GM(v, r)

r
, 0, 0

)

, (20)

up to some overall normalization N . Let us introduce a
source Tµν to the equations of motion (10) and contract
all indices with kµ:

kµG
µ
νk

ν −m2kµU
µ
νk

ν = 8πGTµνk
µkν . (21)

Evaluating this expression at the horizon gives

4N2

F (v, r)

(

G1
0 −m2U1

0

)

∣

∣

∣

∣

r=rH

= 8πGTµνk
µkν |r=rH

.

(22)
As argued in the previous section, U1

0 vanishes at the
horizon whenever the apparent horizon is a null surface
in terms of fµν . If this condition holds for the sourced
equations of motion, then the term arising from the gravi-
ton mass drops out of the above expression (22). We are
left with the usual expression for General Relativity (see,
e.g., [8])

4N2

F (v, rH(v))

2GṀ(v, rH(v))

rH(v)2
= 8πGTµνk

µkν |r=rH
.

(23)
As we have defined v in equation (5) to be an ingoing

null coordinate, the function F (v, r) is positive. It follows
that

ṙH(v) ≥ 0 , (24)

as long as

Tµνk
µkν ≥ 0 . (25)

In other words, the area of the apparent horizon will not
decrease as a function of time (i.e., v) as long as the null
energy condition is satisfied.
To determine the surface gravity of these black holes,

we use the Kodama vector [11] in place of the time trans-
lation Killing vector used for static and stationary space-
times:

Kµ =
1

F (v, r)
(1, 0, 0, 0) . (26)

The norm of the Kodama vector is given by

KµKµ = −
(

1− 2GM(v, r)

r

)

. (27)

Like the time translation Killing vector,Kµ is normalized
so that KµKµ → −1 as r → ∞, assuming our dynamical
metric has flat asymptotics. Furthermore, the Kodama
vector is null along the black hole horizon.
If we adopt the condition of a fixed horizon (18) (and

only by adopting this condition), we find that Kµ obeys
the geodesic equation in a non-affine parametrization at
the horizon:

Kµ∇µK
ν |r=rH

= κKν |r=rH
, (28)

where

κ ≡ 1− 2GM′(v, rH)

2 rH
. (29)

Again, prime denotes derivative with respect to r. We
define the surface gravity κ via the inaffinity of Kµ.
The zeroth law of black hole mechanics states that the

surface gravity κ is constant everywhere along the hori-
zon, i.e., as a function of v. Here we see that this state-
ment holds only when M′(v, rH) = 0. If this condition is
assumed, by differentiating M(v, rH(v)) with respect to
v, it is straightforward to show that a first law of black
hole mechanics is also obeyed

dM =
κ

8π
dA , (30)

where A = 4πr2H . The function M(v, r) the Misner-
Sharp mass function [12] which can be interpreted as the
mass inside radius r as a function of v. It is equivalent to
the charge associated with the conserved current arising
from the Kodama vector; it reduces to the Bondi-Sachs
energy [13, 14] at null infinity and the Arnowitt-Deser-
Misner energy [15] at spatial infinity (see [5]).
For generic massive gravity, the function M′(v, r) is

fixed by the (0, 0) component of the equations of motion

−2GM′(v, r)

r2
= m2

∑

n∈Q

cn

(

n
[

(g−1f)n
]0

0
− 1

2 tr
[

(g−1f)n
]

)

,

(31)
and is not necessarily zero at the horizon. In the next
section we will see that, in the specific case of ghost-free
massive gravity, solutions exist with M′(v, rH) = 0.
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IV. GHOST-FREE MASSIVE GRAVITY

We now consider the implications of the above dis-
cussion for dRGT ghost-free massive gravity [10]. The
relevant Lagrangian is given by

L =
M2

Pl

2

√−g

[

R− 2m2
4

∑

n=0

βnSn(
√

g−1f)

]

. (32)

In the potential term, the Sn are the n-th elementary
symmetric polynomials of the eigenvalues of the matrix
square root of gµλfλν . They are given by

S0(X) = 1 ,

S1(X) = [X] ,

S2(X) =
1
2 ([X]

2 − [X2]) ,

S3(X) =
1
6 ([X]

3 − 3[X][X2] + 2[X3]) ,

S4(X) =
1
24 ([X]

4 − 6[X]2[X2] + 3[X2]2 + 8[X][X3]− 6[X4]) .

(33)

Here (and only here) the square brackets denote the trace
of the enclosed matrix. This form of the potential guaran-
tees that the classical theory propagates only the correct
five degrees of freedom of the massive graviton [16] and
no additional Boulware-Deser ghost [17]. Though some-
what unwieldy in metric notation, the polynomials have
a more elegant rewriting as wedge products of vielbeins
[18].
The βn are free coefficients. If we expand the dynam-

ical metric around flat spacetime gµν = ηµν + 2hµν/MPl

then the requirement of no tadpoles gives the following
condition on the βn:

β0 + 3β1 + 3β2 + β3 = 0 . (34)

In other words, this condition sets to zero the cosmolog-
ical constant term coming from the potential. Assuming
this condition, the correct normalization of the mass m2

means that

β1 + 2β2 + β3 = 1 . (35)

This condition guarantees that around flat spacetime, at
lowest order in the fields, the Lagrangian (32) reduces
to the linear Fierz-Pauli Lagrangian for the free massive
graviton, with mass term

m2

2
(hµνh

µν − hµ
µh

ν
ν) . (36)

We adopt the time-dependent spherically symmetric
ansatz given above (5) and solve the vacuum equations
of motion that follow from (32) in the vicinity of the
horizon. Here, for clarity, we present only the relevant
boundary values of the solutions. We find consistent so-
lutions that obey the condition for a null horizon:

V (v) ≡ τ(v, rH) = ρ(v, rH) . (37)

The function V (v) has the interpretation of the ingoing
lightcone coordinate for the Minkowski reference metric
on the black hole horizon:

2V (v) = τ(v, rH) + ρ(v, rH) . (38)

(Note that V ≥ 0 as ρ is a radial coordinate and thus
V (v) = ρ(v, rH) is always positive semidefinite.) With
the condition (37), it follows that we can set the location
of the horizon to be independent of v:

M(v, rH) =
rH
2G

. (39)

We also set the surface gravity to be constant everywhere
on the horizon:

M′(v, rH) = 0 . (40)

After setting these boundary conditions, the remaining
equations of motion near the horizon give the following
relation between v and V :

2V (v) = 2 rH ev/2rH , (41)

We can compare this coordinate transformation to the
transformation between lightcone Rindler vR and light-
cone Minkowski VM coordinates:

VM = 1
ae

avR , (42)

where a is the Rindler acceleration. Thus, by analogy, we
can identify the surface gravity κ = 1/2rH as we would
expect from the previous arguments. (The factor of two
on the lhs of (41) is a matter of convention and follows
from our definition (37).)
The function F (v, r) evaluated at the horizon is also

determined. It simplifies when expressed in terms of V .
We find:

F [v(V ), rH ] =
V f(V )

∫

dV f(V )
, (43)

where

f(V ) ≡
(

β1r
2
H + 2β2rHV + β3V

2

β0r2H + 2β1rHV + β2V 2

)2

. (44)

With these boundary solutions, the equations of motion
can be solved perturbatively, order by order in r− rH to
find M(v, r), F (v, r), τ(v, r) and ρ(v, r) away from the
horizon.
To summarize, we find that dRGTmassive gravity pos-

sesses time-dependent, spherically symmetric vacuum so-
lutions where (i) the apparent horizon is a null surface
and thus the location of the horizon is time-independent
and (ii) the surface gravity is everywhere constant on the
apparent horizon. However, the metric still possesses no
time-like Killing vector. Other physical quantities eval-
uated on the horizon will generically depend on v (or,
equivalently, V ).
In particular, we can compute the scalar curvature of

the dynamical metric on the horizon as a function of the
ingoing lightcone coordinate V on our solution. We find

R(V ) = −2m2

rH
(β0r

3
H + 3β1r

2
HV + 3β2rHV 2 + β3V

3)

× (β2
1 − β0β2)r

2
H + (β1β2 − β0β3)rHV + (β2

2 − β1β3)V
2

(β1r2H + 2β2rHV + β3V 2)2
.

(45)
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This function exhibits the following curious properties.
When v = 0 we have V = rH and R = 0 for all values of
the βn. We can set R(V ) = 0 for all V if we choose the
βn such that

β0 =
β2
1

β2
, β3 =

β2
2

β1
. (46)

However, these conditions cannot be satisfied if both (34)
and (35) are also satisfied. Thus the curvature at the
horizon is generically nonzero away from v = 0.

V. DISCUSSION

Having a null apparent horizon is a potentially attrac-
tive feature for a time-dependent black hole. It means
that the apparent horizon might coincide with the event
horizon once the full structure of the spacetime is known.
In this work we have shown that for massive gravity, by
assuming a null apparent horizon in terms of the fidu-
cial reference metric, a number of additional desirable
features are obtained. In particular, we can guarantee
(i) that the location of the horizon is time-independent
(ii) that the apparent horizon is also null with respect to
the dynamical metric (iii) the graviton mass term does
not disrupt the usual second law of black hole mechanics
and (iv) a notion of the surface gravity can be defined in
terms of the inaffinity of the Kodama vector.
We have also shown that dRGT ghost-free massive

gravity possesses solutions that realize this assumption
of a null apparent horizon and that, moreover, have con-

stant surface gravity and a first law of black hole mechan-
ics given by (30). These solutions nevertheless possess a
time-dependent scalar curvature at the horizon. An im-
mediate outstanding question is whether these solutions
can be matched to the expected, static Yukawa asymp-
totics at large r. Massive gravity has no Birkoff’s theo-
rem. Thus it also remains to be seen if these black hole
solutions can in fact be realized as, say, the endpoint of
gravitational collapse.
Particularly in the age of LIGO, a better understand-

ing of black hole solutions in massive gravity could poten-
tially lead to improved constraints on the graviton mass.
Independent of observations, black holes in massive grav-
ity are interesting in their own right: they possess hori-
zons which aren’t Killing horizons and the underlying
theory has no diffeomorphism invariance. Thus we can-
not rely on the basic assumptions we frequently use to
understand black holes in General Relativity (and related
issues such as locality in GR). A more thorough under-
standing of black hole thermodynamics and information
for massive gravitons might ultimately teach us some-
thing interesting about black hole information in General
Relativity.

Acknowledgements: I would like to thank Lam Hui,
Austin Joyce, Janna Levin, Riccardo Penco and Robert
Penna for discussions. This work was supported by DOE
grant DE-SC0011941, NASA grant NNX16AB27G and
Simons Foundation Award Number 555117.

[1] C. Deffayet and T. Jacobson,
Class. Quant. Grav. 29, 065009 (2012),
arXiv:1107.4978 [gr-qc].

[2] M. Mirbabayi and A. Gruzi-
nov, Phys. Rev. D88, 064008 (2013),
arXiv:1303.2665 [hep-th].

[3] R. A. Rosen, JHEP 10, 206 (2017),
arXiv:1702.06543 [hep-th].

[4] J. M. Bardeen, B. Carter, and S. W. Hawking,
Commun. Math. Phys. 31, 161 (1973).

[5] S. A. Hayward, Phys. Rev. D53, 1938 (1996),
arXiv:gr-qc/9408002 [gr-qc].

[6] S. A. Hayward, Class. Quant. Grav. 15, 3147 (1998),
arXiv:gr-qc/9710089 [gr-qc].

[7] A. Ashtekar and B. Krish-
nan, Living Rev. Rel. 7, 10 (2004),
arXiv:gr-qc/0407042 [gr-qc].

[8] A. B. Nielsen and M. Visser,
Class. Quant. Grav. 23, 4637 (2006),
arXiv:gr-qc/0510083 [gr-qc].

[9] A. B. Nielsen and J. H. Yoon,
Class. Quant. Grav. 25, 085010 (2008),

arXiv:0711.1445 [gr-qc].
[10] C. de Rham, G. Gabadadze, and A. J.

Tolley, Phys.Rev.Lett. 106, 231101 (2011),
arXiv:1011.1232 [hep-th].

[11] H. Kodama, Prog. Theor. Phys. 63, 1217 (1980).
[12] C. W. Misner and D. H. Sharp,

Phys. Rev. 136, B571 (1964).
[13] H. Bondi, M. G. J. van der Burg, and A. W. K. Metzner,

Proc. Roy. Soc. Lond. A269, 21 (1962).
[14] R. K. Sachs, Proc. Roy. Soc. Lond. A270, 103 (1962).
[15] R. L. Arnowitt, S. Deser, and C. W.

Misner, Gen. Rel. Grav. 40, 1997 (2008),
arXiv:gr-qc/0405109 [gr-qc].

[16] S. Hassan and R. A. Rosen,
Phys.Rev.Lett. 108, 041101 (2012),
arXiv:1106.3344 [hep-th].

[17] D. G. Boulware and S. Deser,
Phys. Rev. D6, 3368 (1972).

[18] K. Hinterbichler and R. A. Rosen, JHEP 07, 047 (2012),
arXiv:1203.5783 [hep-th].

http://dx.doi.org/10.1088/0264-9381/29/6/065009
http://arxiv.org/abs/1107.4978
http://dx.doi.org/10.1103/PhysRevD.88.064008
http://arxiv.org/abs/1303.2665
http://dx.doi.org/10.1007/JHEP10(2017)206
http://arxiv.org/abs/1702.06543
http://dx.doi.org/10.1007/BF01645742
http://dx.doi.org/10.1103/PhysRevD.53.1938
http://arxiv.org/abs/gr-qc/9408002
http://dx.doi.org/10.1088/0264-9381/15/10/017
http://arxiv.org/abs/gr-qc/9710089
http://dx.doi.org/10.12942/lrr-2004-10
http://arxiv.org/abs/gr-qc/0407042
http://dx.doi.org/10.1088/0264-9381/23/14/006
http://arxiv.org/abs/gr-qc/0510083
http://dx.doi.org/10.1088/0264-9381/25/8/085010
http://arxiv.org/abs/0711.1445
http://dx.doi.org/10.1103/PhysRevLett.106.231101
http://arxiv.org/abs/1011.1232
http://dx.doi.org/10.1143/PTP.63.1217
http://dx.doi.org/10.1103/PhysRev.136.B571
http://dx.doi.org/10.1098/rspa.1962.0161
http://dx.doi.org/10.1098/rspa.1962.0206
http://dx.doi.org/10.1007/s10714-008-0661-1
http://arxiv.org/abs/gr-qc/0405109
http://dx.doi.org/10.1103/PhysRevLett.108.041101
http://arxiv.org/abs/1106.3344
http://dx.doi.org/10.1103/PhysRevD.6.3368
http://dx.doi.org/10.1007/JHEP07(2012)047
http://arxiv.org/abs/1203.5783

